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Measurement-induced phase transitions by matrix product states scaling
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We study the time evolution of long quantum spin chains subjected to continuous monitoring projected
on matrix product states (MPS) with fixed bond dimension, by means of the Time-Dependent Variational
Principle (TDVP) algorithm. The latter gives an effective unitary evolution which approximates the real quantum
evolution up to the projection error. We show that such error displays, at large times, a phase transition in
the monitoring strength, which can be well detected by scaling analysis with relatively low values of bond
dimensions. Moreover, in the presence of U (1) global spin charge, we show the existence of a charge-sharpening
transition well separated from the entanglement transition which we detect by studying the charge fluctuations
of a local subpart of the system at large times. Our work shows that quantum monitored dynamics projected
on MPS manifolds contains relevant information on measurement-induced phase transitions and provides a new
method to identify measured-induced phase transitions in systems of arbitrary dimensions and sizes.
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I. INTRODUCTION

The dynamics of quantum many-body systems are partic-
ularly challenging due to the rapid growth of entanglement
throughout the system. Indeed, even if the initial state is a sim-
ple product state, unitary time evolution typically entangles
the different degrees of freedom in the system [1,2], and the
wave function rapidly becomes exponentially complex. This
picture is challenged when on top of the unitary dynamics
one adds an externally induced non-Hermitian contribution
to the evolution, for example, when the system is continu-
ously monitored or measured at a given rate γ [3–10]. In
this case, the average von Neumann entanglement entropy of
the system transits from a volume law scaling to an area law,
depending on the rate of monitoring. Such a phase transition
has been dubbed measured-induced phase transition (MIPT)
and has received a large experimental and theoretical attention
in the past years due to its numerous and inspiring connec-
tions with quantum computing and error correction theory
(e.g., [3–5,11–70]).

Here we aim to detect MIPT as a simulability tran-
sition by tensor network wave functions (see also, e.g.,
[65,71–73]). We consider matrix product states (MPS), which
are well-known efficient representations of any wave function
with area law entanglement scaling, [74–76]: that is, given the
bond dimension of the MPS χ , one expects that an MPS wave
function can represent any area law wave functions only up to
exponentially small (in bond dimension χ ) corrections. Do-
ing time evolution with MPS methods is instead challenging,
as the spread of entanglement throughout the system makes

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

their bond dimension grow, typically exponentially with time.
However, in the presence of strong monitoring, the bond di-
mension is expected to saturate at large times, signaling this
way the emerging area law phase.

Partially motivated by ideas of hydrodynamics, where clas-
sical nonlinear dynamics with the necessary conservation

(a)

(b)

FIG. 1. Monitored XXX chain initialized in the Néel state.
(a) Time evolution of the error rate multiplied by log χ with TDVP
evolution of a chain with L = 60 sites with different values of χ =
n2, n ∈ [4, 10] (light to dark shades of color) and with two values
of γ , one in the volume law phase and one in the area law phase.
(b) Same for the charge fluctuations on subsystems of size � with
different � ∈ [2, 30].
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laws well reproduce large-scale proprieties, here we consider
the time evolution of MPS with fixed bond dimension as
given by the Time-Dependent Variational Principle (TDVP)
[66,71,77–82]. Here, the Hamiltonian time evolution at each
time step is projected back on the manifold of MPS with
fixed bond dimensions χ . Such evolution is known to con-
serve total energy and any other local conserved charge, such
as total magnetization. Moreover, the TDVP time evolution,
as the projection is state dependent, is a unitary, nonlinear
evolution, as opposed to other methods for MPS evolution.
Therefore, the average of monitored projected trajectories is
expected to be much different from the average state. Here we
show that finite-χ scalings of the transition are very well
present in this effective projected quantum evolution. When
projecting the unitary time evolution of a Hamiltonian into the
space of MPS with bond dimension χ , the norm of the orthog-
onal vector to the space at any time step gives a measure of the
distance between the true quantum evolution and the projected
one. As the maximal entanglement entropy contained in an
MPS is log χ , such error rate (time averaged over long time
scales) decays as 1/ log χ for unitary evolution. Here we show
that this scaling changes drastically as the monitoring rate is
increased, transmuting to exponential decay, for γ > γc. This
transition, which remarkably can be already found within the
variational space of MPS wave functions, we conjecture to be
the same as the entanglement transition, and we characterize
by employing a rescaling in bond dimension χ . By involv-
ing relatively small values of bond dimensions and with no
limits in the system size, we can therefore access the MIPT
in regimes which would be impossible for other numerical
methods. Analogously to the equilibrium case (see, in par-
ticular, [83–86]), where the finite bond dimension introduces
an effective length L(χ ) ∼ χκ , and where scaling in bond
dimension can be usefully used to probe critical phenomena,
our approach extends these ideas to the study of MIPTs.

Moreover, given that the TDVP evolution preserves the
eventual global U (1) symmetry of the Hamiltonian, we em-
ploy a scaling to study the charge-sharpening (CS) transition,
which is conjectured to occur at smaller measurement rates
compared to the entanglement transition [87–90]. To extend
the CS protocol to large system sizes, here we consider the
variance of the fluctuations of the local magnetization on a
subsystem of size �. For example, by defining Q� = ∑

j∈� Sz
j ,

we introduce its variance as

W 2
� = 〈

Q2
�

〉 − 〈Q�〉2 =
∑
i, j∈�

〈
Sz

i Sz
j

〉c
, (1)

averaged over quantum trajectories (as for all other quantities
we compute), and we show that the latter shows a transition
at large times from an ETH-like extensive behavior W 2

� ∼
� [90–92] to a subextensive one W 2

� ∼ �α with α < 1, for
γ � γ#. We stress that a subextensive variance signals a form
of anticorrelated connected spin-spin correlations, and one
can also find subextensive fluctuations with purely unitary
evolution in some particular cases [93] or in Luttinger liquid
ground states, where W 2

� ∼ �0. We find that for any given
χ � 16, the data can be rescaled well on a piece-wise func-
tion such that f (γ − γ# ) for γ < γ# and f (log �(γ − γ# )) for
γ > γ#, in perfect agreement with the predicted Kosterlitz-
Thouless (KT) scaling [89] (which represents its first clear
observation in a experimentally relevant system). As the fitted
γ# is converged already at small values of bond dimension, we
find, in all cases studied, that such transition always appears
at a smaller rate than the MIPT γ# < γc.

II. MODELS AND METHODS

We focus on two generic interacting systems in one
dimension (whose MIPT has been also studied by differ-
ent means also in Refs. [19,94,95]), namely, a chain of L
spin-1/2 particles, unitarily evolving with U (1) symmetric
(magnetization-conserving) Hamiltonians, defined as

ĤJ-XXX =
L∑

i=1

(
Ŝx

i Ŝx
i+1 + Ŝy

i Ŝy
i+1 + Ŝz

i Ŝz
i+1

)

+
L∑

i=1

J
(
Ŝx

i Ŝx
i+2 + Ŝy

i Ŝy
i+2

)
, (2)

with spin operators Ŝα
i and with J = 0 (XXX chain) or J =

1/2 (J-XXX chain). In addition to unitary evolution, the sys-
tems evolve under continuous weak monitoring of the local
spin operator Ŝz

i , for each site i with a rate of measurement γ .
The associated monitored dynamics of the quantum state are
described by the following stochastic Schröööodinger equa-
tion (SSE) [96–98] for the many-body state |ψ〉,

d |ψt 〉 = − iHdt |ψt 〉 +
L∑

i=1

[√
γ
(
Ŝz

i − 〈
Ŝz

i

〉
t

)
dW i

t − γ

2

(
Ŝz

i − 〈
Ŝz

i

〉
t

)2
dt

]
|ψt 〉 , (3)

with the expectation value of the local magnetization given by
the state at a given time 〈Ŝz

i 〉t = 〈ψt |Ŝz
i |ψt 〉. Equation (3) can

be easily simulated by alternating its unitary and measurement
terms via a Trotter splitting,

|ψt+δt 〉 ≈ Ce
∑L

j=1[δW j
t +2〈Ŝz

j〉t
γ δt]Ŝz

j e−iĤδt |ψt 〉, (4)

where the set of δW i are generated each time step from a
normal distribution with variance

√
γ δt and zero mean and

C is a normalizing constant. As the measurements are only
made by single site operators, they do not require any TDVP

projection on the space of MPS, differently from the unitary
part, as we shall now describe. We begin by expressing the
wavefunction |	(M )〉 as an MPS made up of the set of tensors
{M} each with a local basis {|σi〉}di

σi=1 and bond dimensions
{χi},

|	(M )〉 =
∑

σ1,...,σL

Mσ1
1;χ1

· · · MσL
L;χL−1

|σ1 · · · σL〉, (5)

where in the following we always refer to χ as the maximal
value of the set {χi}. Typically, time evolution of MPS is
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FIG. 2. Entanglement/Error phase transitions in the XXX model, (a) and (c), and in the J-XXX model, (b) and (d). Dashed vertical
lines correspond to the extracted critical measurement rates. (a), (b) Tripartite mutual information I3 from ED simulations, time averaged for
t ∈ [2L, 4L], as a function of measurement rate γ for several sizes L. Inset: Data collapse for L � 16. (c), (d) In semi-log scale, the projection
error multiplied by log(χ ) obtained from the TDVP algorithm as a function of measurement rate γ for χ = n2 for n ∈ [2, 10] (from light to
dark shades of red) with dashed vertical lines corresponding to γc in the inset. Insets: Data collapsed obtained from finite scaling analysis for
χ = n2 for n ∈ [4, 10] (same color code) with corresponding critical parameters with additional data points around transition.

carried by methods such as TEBD [99], where two or higher
body gates are applied and entanglement is created between
adjacent sites. However, this gives an effective nonlinear
time evolution when truncating the entanglement to a fixed
maximal value. Another approach is to fix a maximal bond
dimension χi = χ and then time evolve the MPS such that at
each time step the evolution is projected back on the manifold
of MPS with that given bond dimension. This is achieved by
introducing a projector PTMM which projects onto the tangent
space of the state |	(M )〉 with fixed bond dimension χ , at any
time t , resulting in the TDVP time evolution

i∂t |	(M )〉 = PTMMĤ |	(M )〉. (6)

Projecting to the manifold of fixed bond dimension leads to
a projection error |φ〉 = Ĥ |	(M )〉 − PTMMĤ |	(M )〉, repre-
senting the orthogonal state to the local manifold of MPS. In
our analysis, we define the norm of this residue as the projec-
tion error rate. Given the projector Pψ (Mχ ) on the manifold of
bond dimension χ , the projection error rate is given by

E (χ ) = ||Ĥ |ψ〉 − Pψ (Mχ )Ĥ |ψ〉||2, (7)

which can be easily evaluated [77,78,100] and where, most
importantly, it can be decomposed in terms of L local terms.
We remark that, since the projector depends on the state itself
(in particular, on two copies of the state), this expression is
nonlinear in the density matrix ρ = |ψ〉 〈ψ |, therefore making
it a good quantity to detect MIPT.

To benchmark the TDVP data, we also implement exact
diagonalization (ED) simulations, where one can probe the tri-
partite mutual information I3 [46] and detect the entanglement
transition from the crossing of I3 (obtained by partitioning the
system into three parts of equal lengths) for different Ls as
function of γ . To find the correct critical parameters for the
transitions, a finite-size scaling analysis of a given observable
O is performed with O(γ , A) ∼ f [x(γ , γO, A, νO )], where
A corresponds to either L, in the case of ED simulations,
or χ in the case of TDVP, and x is an appropriate scaling
function. The standard ansatz for the scaling function is x =
xA(γO, νO ) = (γ − γO )A1/νO together with the logarithmic
(KT) scaling in A in the limit νO → ∞, x = xA(γO,∞) =
(γ − γO ) log(A). To fit the MPS transition, given the much
quicker convergence in χ on the left of the critical point (see
Fig. 2), we need to introduce a piece-wise ansatz, namely

x = κA(γO, νO ) =
{

(γ − γO ) γ < γO

(γ − γO )A1/νO γ > γO
, (8)

and we cross checked this scaling with the one where only the
right side of the transition is fitted, giving analogous results.
When O(γ , A) probes the MIPT, then γO = γ A

c and νO = νA
c ,

else if the CS is probed, γO = γ A
# and νO = νA

# . We refer
the reader to the Appendixes for more details on the fitting
procedure.
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FIG. 3. CS phase transitions for (a) the XXX model and (b) the J-XXX model. Dashed vertical lines correspond to the extracted critical
measurement rates. Main plots: In semi-log scale, magnetization variance divided by � shifted by 0.02 for each different χs (to increase
readability) and for increasing � ∈ [2, 25] (light to dark shades of colors); the dashed vertical line corresponds to γ# from the inset. Insets(I)
data collapsed for χ = 49 with corresponding γ#. Insets(II), shown in log-log scale, W 2

� /� as a function of � for γ = 0.05 n with n ∈ [0, 10]
(light to dark shades of gray with γ = 0 shown in red) for χ = 100. The inset tables show the extracted values of the critical transition rate
(with KT scaling) at different values of χ .

III. RESULTS AND DISCUSSION

Starting always with the initial Néel state, |	(0)〉 =
|↓↑↓↑ . . . ↓↑〉 , we perform monitored evolution at different
values of χ . In Fig. 1, we show the time evolution of the error
rate for two different values of γ to illustrate how after a time
scale of order L the latter saturates to a steady value, which
we plot as a function of χ in Fig. 2. As expected for the
volume law phase, at lower γ , E (χ ) log(χ ) converges to a
constant value in χ at large χ for fixed γ < γc. By increasing
γ , we observe a transition to a regime where the error decays
exponentially with χ , corresponding to the area law phase.
The existence of a transition can also be verified by ED simu-
lations. There, a crossing in I3 as a function of γ for different
values of L allows for the identification of the transition. In
both cases, the critical parameters are precisely found by a
scaling analysis which reveals how MPS scaling determines
a critical measurement rate γ χ

c quite smaller than that of the
ED, γ L

c . Indeed, it is expected that the critical measurement
rates obtained in a small system L drift toward the left with
increasing L, as a smaller circuit is easier to volume law
entangle (which is visible also from Figs. 2(a) and 2(b)). The
unitary (entangling) terms tend to dominate over measure-
ments for small L, an effect which is indeed more prominent
in the (longer range) J-XXX model. The extracted γ χ

c instead
does not suffer from finite L corrections as the system here
is large enough (L = 60 in all data presented here, and we
have checked that different values of L � 40 give the same
results), but it could in principle suffer from finite χ effects,
which should instead cause a drift of the critical γ toward the
right, as larger values of χ allow for more entanglement in
the MPS. However, we find it very well converged already
for relatively small values of bond dimension. For the XXX
chain, the critical value γc � 0.19 has been already found by
different MPS-based methods in Ref. [94], and it is indeed
much smaller than the value predicted by ED with L � 24,
γ L

c � 0.22.
The two extracted critical exponents also slightly differ

between ED and MPS, but in general, they are expected to do
so. Indeed, for pure states, a finite χ typically translates into

a finite effective correlation length L(χ ) ∼ χκ [83–86], with
therefore a factor κ between L-scaling and χ−scaling. While
the latter is indeed well established for equilibrium ground
states, much less is known for nonequilibrium settings.

Moving to the CS transition, we extract the late time value
of the variance, and we plot it in Fig. 3. For small γ , W 2

� /�

converges to a constant(γ , χ ) (which, quite remarkably, is not
a monotonous function γ ) at large �, for fixed γ < γ# and
any χ , meaning that the charge fluctuations are extensive in
the subsystem size �. When γ = 0, this scaling is expected
by ETH-like arguments, as the system thermalizes locally
to a canonical state within the MPS manifold. Increasing γ

enough, one encounters a transition to a phase where W 2
�

scales sublinearly. Once again, we observe that such behavior
converges very fast with bond dimension. Using a KT piece-
wise scaling, we can fix the critical γ#, which we find again
slightly smaller than the ones predicted by ED simulations
(see the Appendixes), where the difference is again imputable
to finite L effects. Finally, we remark that our findings are only
partially in agreement with the theory carried for a random
circuit with large qudits [89]: despite the agreement on the
predicted KT scaling, we find a transition from extensive to
subextensive variance (as also observed in Ref. [90] in small
systems), where in Ref. [89] the transition is between an
extended critical log � scaling for 0 < γ < γ# and a subex-
tensive scaling phase. The differences could be imputable to
either deviations from the theory, due to small/intermediate-
scale physics, or to the TDVP effective classical dynamics
used here. However, by cross checking with ED simulations,
here we provide strong evidence that the transition observed
must be the same, even if the scaling of the variance in the two
phases is apparently different. We shall leave this interesting
question to further studies, yet we stress the importance of
methods such as the one proposed here to probe the CS tran-
sition in large systems with continuous time.

IV. CONCLUSION

Our work shows the surprising fact that monitored dy-
namics at large times within the MPS manifolds at fixed χ
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already contains information about MIPT and CS transitions.
Therefore, besides introducing new tractable numerical ways
to estimate critical parameters of MIPT in large systems,
we show that MIPT can also be seen as transitions directly
inside manifolds of variational states rather than on the whole
Hilbert space. We have found a transition in the error rate at
large times, of the TDVP, directly related to the entanglement
transition. We stress that the fact that such transition exists
is far from obvious: indeed, MPS can simulate quantum evo-
lution correctly only by taking the limit χ → ∞ first, then
t → ∞ (at least in the volume law phase). Here we show that,
remarkably, by reversing the two limits, the MIPT and CS can
still be detected. Moreover, the relatively quick convergence
in χ could be understood from the fact that an ensemble of
MPSs can successfully incorporate short (quantum-like) and
long (classical-like) fluctuations (see [101,102]). As MIPTs
probe the proprieties of the ensemble of quantum trajectories,
it is reasonable that many of its features are already visible by
an ensemble of MPS with relatively small bond dimensions,
enough to incorporate the leading quantum effects. It therefore
remains a lingering question to better clarify the scaling with
χ , as done for equilibrium critical states, and to employ our
method, for example, to access MIPTs in higher dimensions.
It will also be interesting to study more closely monitored
TDVP evolution at small values of bond dimension as done
for quantum scars dynamics [103,104].

Finally, we remark that our approach directly gives new
useful insights to circumvent the well-known postselection
problem [65,105,106], namely the exponential complexity of
measuring the entanglement entropy a single quantum trajec-
tory. Given the optimal performance of the scalings shown
here, it is clear that the distance of Eq. (7), between the exact
state |ψ〉 (obtained by an exact quantum simulation) and its
projected state |ψMχ

〉 (classically computed by evolving the
state on the manifold at fixed χ with the same measure-
ments outputs) on the MPS manifold with bond dimension
χ , namely the observable

E (χ ) = 1 − 〈ψ |ψMχ
〉, (9)

can be effectively computed on each quantum trajectory |ψ〉,
and by rescaling in χ , analogously to what is done in Fig. 2,
one can get access to most of the MIPT critical parameters.
We shall return to this exiting application in the near future.
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APPENDIX A: CS TRANSITION IN ED SIMULATIONS

To probe the CS transition, the initial state is chosen to be
in a superposition of states in all possible charge sectors,

|	(0)〉 =
L⊗

i=1

(|↑〉 + |↓〉). (A1)

For the time evolution, we employ a first-order Trotteriza-
tion protocol to separate the unitary evolution operator into
layers of commuting 2-qubit gates. In the case of the XXX
model, the time evolution operator for a single step is given
by

ÛXXX ≈
∏

i

ûXXX
2i,2i+1

∏
i

ûXXX
2i−1,2i, (A2)

with an odd followed by an even layer of 2-qubit gates

ûXXX
i,i+1 = exp

[ − iδt
(
Ŝx

i Ŝx
i+1 + Ŝy

i Ŝy
i+1 + Ŝz

i Ŝz
i+1

)]
, (A3)

where δt  1. In the case of the J-XXX model, we apply
the same evolution operator of the XXX model followed by a
dense arrangement in three layers of all possible 2-qubit gates

ûJ
i,i+2 = exp

[ − iδtJ
(
Ŝx

i Ŝx
i+2 + Ŝy

i Ŝy
i+2

)]
. (A4)

To implement the measurements, a strong measurement
procedure was employed. With probability p = γ δt , each site
i is measured according to the Born rule,

|ψ〉 → P± |ψ〉 , P± =
(
1

2
± Ŝz

i

)
, (A5)

where P± is the projector or Kraus operator corresponding to
Ŝz

i and + or − is chosen with corresponding probability p± =
〈ψ | P± |ψ〉.

Apart from the initial state, the simulations of Figs. 2(a)
and 2(b) follow the same protocol. However, since the models
are U (1) conserving, meaning all 2-qubit gates are block
diagonalized as

û =
⎛
⎝û1×1

û2×2

û1×1

⎞
⎠, (A6)

if the initial conditions are such that we are bound to a single
sector of the Hilbert space, then we need not simulate the other
sectors. Taking these symmetry considerations into account
is important to perform more efficient simulations and reach
larger system sizes and sampling pools [108].

The measurements will eventually collapse the state of
Eq. (A1) into a single sector, which can happen at different
time scales, depending on γ . For γ < γ#, the time scale is
O(L), whereas for γ > γ#, it is sublinear in system size [87].
At any time, the spread of the active sectors is given by the
variance

W 2(t ) = 〈Q2(t )〉 − 〈Q(t )〉2, (A7)

where, for the total magnetization of the system, we drop the
label � in Eq. (1), meaning � = L.

Due to the change in CS time scales, a crossing of W 2 at
t ∝ L is observed at the critical measurement rate (Fig. 4).
Analogously to the main text, we find that γ L

# = 0.151(2) for
the XXX model in Fig. 4(a) is smaller than that of the J-XXX
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FIG. 4. Magnetization variance W 2 at time t = 2L for (a) the XXX model and (b) the J-XXX model, as a function of γ for different L.
Dashed vertical lines correspond to critical measurement rates. Insets: data collapse and corresponding critical parameters.

model, γ L
# = 0.207(3), in Fig. 4(b). These critical measure-

ment rates are larger than corresponding ones found with
the TDVP method (see Fig. 3), reflecting the phenomenology
already found in the entanglement/error transition.

APPENDIX B: DESCRIPTION OF THE FITTING
ALGORITHM

The correct critical parameters for the scaling functions are
the ones that minimize the cost function [46,109,110]

W (γO, νO )

= 1

n − 2

n−1∑
i=2

w(xi, yi, di|xi−1, yi−1, di−1, xi+1, yi+1, di+1),

(B1)

where xi = x(γi, γO, Ai, ν
A
O ) is the scaling function value of

the ith data point of a total of n data points, sorted such

that xi+1 � xi, with values yi = O(γi, Ai ) and corresponding
errors di. The cost density is given by w(xi, yi, di| . . . ) =
(yi − y)2/�, with

y = (xi+1 − xi )yi−1 − (xi−1 − xi )yi+1

xi+1 − xi−1

� = d2
i +

(
xi+1 − xi

xi+1 − xi−1
di−1

)2

+
(

xi−1 − xi

xi+1 − xi−1
di+1

)2

.

If xi−1 = xi+1 (which happens with the κA scaling function),
we get undefined 0/0 terms in the cost density, which we
resolve by taking the limit where xi sits precisely in the mid-
point between xi−1 and xi+1 as they approach each other. This
cost function works by minimizing the distance from yi to the
line determined by the points at i − 1 and i + 1, consequently
locally aligning the points.
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