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Magnonic ϕ Josephson junctions and synchronized precession
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There has been a growing interest in non-Hermitian physics. One of its main goals is to engineer dissipation
and to explore ensuing functionality. In magnonics, the effect of dissipation due to local damping on magnon
transport has been explored. However, the effects of nonlocal damping on the magnonic analog of the Josephson
effect remain missing, despite that nonlocal damping is inevitable and has been playing a central role in magnon-
ics. Here, we uncover theoretically that a surprisingly rich dynamics can emerge in magnetic junctions due to
intrinsic nonlocal damping, using analytical and numerical methods. In particular, under microwave pumping,
we show that coherent spin precession in the right and left insulating ferromagnet (FM) of the junction becomes
synchronized by nonlocal damping and thereby a magnonic analog of the ϕ Josephson junction emerges, where ϕ

stands here for the relative precession phase of right and left FM in the stationary limit. Remarkably, ϕ decreases
monotonically from π to π/2 as the magnon-magnon interaction, arising from spin anisotropies, increases.
Moreover, we also find a magnonic diode effect giving rise to rectification of magnon currents. Our predictions
are readily testable with current device and measurement technologies at room temperatures.
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I. INTRODUCTION

Recently, non-Hermitian physics [1] has been attracting
growing interest from both fundamental science and appli-
cations such as energy-efficient devices. One of its main
themes is to engineer dissipation and to explore the result-
ing functionality. Since magnons are intrinsically damped in
magnetic systems, the goal of non-Hermitian physics aligns
well with magnonics [2–4], which aims at efficient trans-
mission and processing of information for computing and
communication technologies using magnons as its carrier in
units of the Bohr magneton μB. To this end, establishing
methods for the control and manipulation of magnon transport
subjected to dissipation is crucial. In magnonics, the effect
of dissipation due to local (Gilbert) damping on magnon
transport, such as the magnonic analog of the Josephson
effect [5], has been explored [6–8], where the macroscopic
coherent magnon state, the key ingredient for the magnonic
Josephson effect, realizes an oscillating behavior of magnon
transport. However, the effect of nonlocal damping on the
magnonic Josephson effect and the resulting functionality re-
main missing, despite that nonlocal damping is inevitable and
has been playing a central role in non-Hermitian magnonics
[9–11].

Here, we fill this gap. We find that the inherent nonlocal
damping leads to rich dynamics, and, interestingly, can be
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utilized to realize a magnonic analog of the ϕ Joseph-
son junction [12–32]. Under microwave pumping, coherent
spin precession in each insulating ferromagnet (FM) of the
magnetic junction (see Fig. 1) is synchronized by nonlocal
damping as time advances and gives rise of a magnonic ϕ

Josephson junction, where ϕ stands for the stationary value
of the relative precession phase of the left and right FMs.
Interestingly, we find that ϕ decreases monotonically from
π to π/2 as the magnon-magnon interaction, arising from
spin anisotropies across the junction, increases. Applying mi-
crowaves to each FM continuously, the junction reaches the
nonequilibrium steady state where the loss of magnons due to
dissipation is precisely balanced by the injection of magnons.
Hence, spins in each FM continue to precess coherently, and
the synchronized precession of the left and the right magne-
tization remains stable even at room temperature. Finally, we
show that the magnetic junction exhibits rectification and acts
as a diode for the magnon current.

This paper is organized as follows. In Sec. II, we in-
troduce the model system for coherent magnons under
microwave pumping, magnonic Josephson junction, and de-
rive the magnonic Josephson equations in the presence of
nonlocal damping. We then describe the synchronized pre-
cession of the left and the right magnetization in magnonic
ϕ Josephson junctions and study the behavior of ϕ as a
function of magnon-magnon interactions in Sec. III. We
also show that magnonic ϕ Josephson junctions exhibit
a rectification due to nonlocal damping in Sec. IV. In
Sec. V, we discuss experimental feasibility of our theo-
retical predictions. Finally, we summarize and give some
conclusions in Sec. VI. Technical details are deferred to the
Appendices.
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FIG. 1. Magnonic ϕ Josephson junction, formed by a ferro-
magnetic bilayer coupled by a nonmagnetic spacer. Magnons are
subjected to local damping at rate γ > 0. The spacer layer-mediated
interaction V between the two FMs consists of coherent coupling
(J ) and nonlocal damping (G). Under microwave pumping, the
spatially uniform mode of magnons is injected into each FM at rate
P , generating coherent spin precessions. The loss of magnons due
to dissipation is exactly balanced by the injection of magnons. In
the steady state, the spin precessions in each FM get synchronized
due to nonlocal damping and a relative precession angle emerges
ϕ = limt→∞[θR(t ) − θL(t )] that depends on the magnon-magnon in-
teraction. The associated magnon currents IL,R get rectified when
G �= 0.

II. MAGNONIC JOSEPHSON JUNCTIONS

We consider a magnetic junction, shown in Fig. 1, consist-
ing of a bilayer of two insulating ferromagnetic layers, where
the two FMs are separated by a nonmagnetic spacer layer,
thereby weakly spin-exchange coupled. Applying microwaves
to each FM and tuning the microwave frequency � > 0 of
GHz to the magnon energy gap, ferromagnetic resonance is
generated for each FM separately, where spins precess coher-
ently. Under this microwave pumping, the zero wavenumber
mode (i.e., spatially uniform mode) of magnons is excited and
injected into each FM at the rate of P > 0 [33]. The magnons
are subjected to local Gilbert damping at the rate γ > 0 in
each FM.

In addition, there is nonlocal damping [9,10] that is
mediated by the spacer interaction between the two FMs,

see Fig. 1. Using the Holstein-Primakoff transformation
[34], this coupling term becomes in the leading order [11]
V = (J − ih̄G/2)a†

LaR + (J ∗ − ih̄G/2)aLa†
R, where a(†)

L(R)
represents the magnon annihilation (creation) operator for
the zero wavenumber mode, which satisfies the bosonic
commutation relation. Here, J ∈ C, with its complex
conjugate J ∗, describes coherent coupling, while h̄G ∈ R
describes the nonlocal damping (or dissipative coupling) [11].
The real part of coherent coupling, Re(J ) = JRe, arises from
the symmetric spin-exchange interaction between the two
FMs, while its imaginary part [5,33,35,36], Im(J ) = JIm,
is induced, for example, by the Dzyaloshinskii-Moriya
interaction when the spatial inversion symmetry of the
nonmagnetic spacer layer is broken [37]. Each component of
J /h̄ can reach MHz in experiments [38,39]. The values of
γ and G are typically within the MHz regime [40], and the
condition, h̄� � |J |, h̄γ , |h̄G|, is satisfied. The condition
|G| � 2γ ensures the complete positivity of the system
dynamics [11,41,42], and we focus on this regime henceforth.
We note that the coupling term V becomes non-Hermitian
due to nonlocal damping, i.e., V �= V † for G �= 0.

The magnon-magnon interaction in the left (right)
FM, UL(R), arises from anisotropies of spin, where UL =
(U/2)a†

La†
LaLaL, UR = (U/2)a†

Ra†
RaRaR. Here, U can take

both positive and negative values, depending on the combi-
nation of anisotropies such as the spin anisotropy along the
quantization axis and the anisotropy of the spin-exchange
interaction in each FM [5,33].

In this study, we envisage to continuously apply mi-
crowaves to each FM, which results in spins exhibiting macro-
scopic coherent precession characterized as 〈aL(R)(t )〉 �= 0
[33]. Therefore, assuming a macroscopic coherent magnon
state, thereby using the semiclassical approximation, we re-
place the operators aL(t ) and aR(t ) by their expectation
values as 〈aL(t )〉 = √

NL(t )eiθL(t ) and 〈aR(t )〉 = √
NR(t )eiθR(t ),

respectively, where NL(R)(t ) > 0 represents the number of
coherent magnons for each site in the left (right) FM and
θL(R) is the phase (see Fig. 1). Defining the relative precession
phase as θ (t ) = θR(t ) − θL(t ), each time evolution [e.g., θ̇ (t )
represents the time derivative of θ (t )] is described as (see the
Appendices for details [43])

θ̇ (t ) = JRe

h̄
cos θ (t )

⎛
⎝

√
NR(t )

NL(t )
−

√
NL(t )

NR(t )

⎞
⎠ + sin θ (t )

⎡
⎣(JIm

h̄
+G

2

)√
NL(t )

NR(t )
−

(JIm

h̄
− G

2

)√
NR(t )

NL(t )

⎤
⎦ + u[NL(t ) − NR(t )],

(1a)

ṄL/R(t ) = −2γ NL/R(t ) ± 2

[JRe

h̄
sin θ (t ) +

(JIm

h̄
∓ G

2

)
cos θ (t )

]√
NL(t )NR(t ) + P, (1b)

where u = U/h̄. The second term on the right-hand side of
Eq. (1b) describes the nonmagnetic spacer layer-mediated
transport of coherent magnons in the junction.

The transport of coherent magnons in this junction is anal-
ogous to the Josephson effect [44] in the sense that the current

arises as the term of the order of V , O(V ), for the interaction
V = V (J ,J ∗, G) between the two FMs (see Fig. 1) and is
characterized by the relative precession phase θ (t ). For these
reasons [37], we refer to the transport of coherent magnons
and the junction as the magnonic Josephson effect and the
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magnonic Josephson junction, respectively. Note that, in con-
trast, the current for incoherent magnons arises from a term of
O(V 2) [45,46].

III. SYNCHRONIZED PRECESSION

To seek for a junction setup that exhibits synchronization
and rectification effects, we consider the case where

JRe = 0 and JIm/h̄ = G/2 > 0. (2)

Under these assumptions, Eqs. (1a) and (1b) become

θ̇ (t ) = G
√

NL/NR sin θ + u(NL − NR), (3a)

ṄL = −2γ NL + P, (3b)

ṄR = −2γ NR − 2G
√

NLNR cos θ + P, (3c)

where we suppressed for brevity the explicit time-dependence
of the quantities θ (t ) and NL/R(t ). Under microwave pumping
P , the nonequilibrium steady state θ̇ (t ) = ṄL(t ) = ṄR(t ) =
0 is realized, where θ (t ), NL(t ), and NR(t ) approach their
stationary values as time advances, i.e., ϕ = θ (t → ∞) and
NL(R)(t → ∞) = N∞

L(R). Using Eqs. (3a)–(3c), we find the fol-
lowing relations between these asymptotic quantities:

cos ϕ = (γ /G)
(
N∞

L − N∞
R

)
/
√

N∞
R N∞

L , (4a)

tan ϕ = −uN∞
R /γ , (4b)

where N∞
L = P/2γ is a constant, while N∞

R becomes a func-
tion of the relative precession phase ϕ. In what follows, we
will show that there is a unique solution to the system of
Eqs. (4a) and (4b). Thereby, a magnonic analog of the ϕ

Josephson junction [12–31] is realized.

A. Absence of magnon interaction: u = 0

First, we study the behavior of ϕ in the absence of the
magnon-magnon interaction, u = 0. From Eq. (4b), we im-
mediately find that ϕ can only be equal to ±π or 0. One of
these three values is chosen based on the initial condition
θ (0). Figure 2 shows the plots of the relative phase θ (t ) for
several initial conditions θ (0) as a function of time obtained
by numerically solving Eqs. (3a)–(3c). If θ (0) = 0, the rela-
tive phase stays constant, θ (t ) = 0. If the symmetry is broken,
i.e., θ (0) �= 0, we have ϕ = π sgn θ (0). This shows that the
coherent spin precessions in each FM get synchronized with
each other as time advances. This asymptotic locking of the
spin precessions is a direct consequence of the dissipative
coupling term G. The junction behavior represents a magnonic
analog of the well-known π Josephson junction effect in su-
perconductors [12–17].

Figure 2 also shows that the point θ (0) = 0 is unstable
in the sense that ϕ = 0 for the initial condition θ (0) = 0,
whereas ϕ = ±π for θ (0) �= 0. However, to realize such a
special condition, θ (0) = 0 with u = 0, will be out of ex-
perimental reach. Moreover, in what follows, we will show
that any finite value of u results in ϕ �= 0, no matter what
initial value we choose for θ (0) including the fine-tuned value
θ (0) = 0, see Fig. 3.

We emphasize that our results are independent of the initial
values NL(0) and NR(0) and do not depend on the assumption
that both FMs are pumped at the same rate P . A detailed

FIG. 2. Plots of the relative phase θ (t ) as a function of time
in the absence of the magnon-magnon interaction, i.e., u = 0, for
the initial condition θ (0) = 0 and |θ (0)| = π/2n with n = 0, 1, ..., 7
obtained by numerically solving Eqs. (3a)–(3c) for the parameter val-
ues JRe = 0, JIm/h̄ = G/2 = 0.5 MHz, γ = 1.1 MHz, P = 2γ =
2.2 MHz, and NL(0) = NR(0) = 10−6. As time advances, coherent
spin precession in each FM is synchronized and forms the magnonic
π Josephson junction as ϕ = θ (t → ∞) = ±π for θ (0) �= 0. The
initial condition θ (0) = 0 for u = 0 results in ϕ = 0.

discussion is available in the Appendices [43]. We also remark
that the synchronized precession of the left and the right
magnetization, θ̇ (t ) = 0, remains valid even if the parameter
values deviate from Eq. (2). For details of the parameter de-
pendence of our results, see the Appendices [43], where we
numerically show the robustness of the synchronized preces-
sion. We note that under the initial condition θ (0) = 0, we
have ϕ �= 0 for JRe �= 0, whereas ϕ = 0 for JRe = 0. Also
in this sense, the point θ (0) = 0 is unstable. See the Appen-
dices [43] for more details.

B. Finite magnon interaction: u �= 0

Next, we study the behavior of ϕ in the presence of the
magnon-magnon interaction, u �= 0, and determine ϕ as a
function of u. First, from Eq. (4b), we deduce that ϕ(u) is an
odd function of u, i.e., ϕ(u) = −ϕ(−u) (mod 2π ). Here, we
used that N∞

R (ϕ) = N∞
R (−ϕ), which follows from Eq. (4a). In

Fig. 3, we solve numerically Eqs. (3a)–(3c) and confirm that
ϕ(u) is odd. Remarkably, even if the initial condition is chosen
as θ (0) = 0, for u �= 0, the magnitude of ϕ monotonically
decreases from |ϕ| = π to |ϕ| = π/2 as the magnitude of
the magnon-magnon interaction increases. We note that this
condition is consistent with the requirement that the direction
of magnon propagation in the junction, see Fig. 1, is chosen
to be from left to right (see also below).

Introducing the rescaled magnon-magnon interaction ũ =
(u/γ )N∞

L and combining Eqs. (3a)–(3c), we get the following

033207-3



NAKATA, ZOU, KLINOVAJA, AND LOSS PHYSICAL REVIEW RESEARCH 6, 033207 (2024)

FIG. 3. (a) Plots of the relative phase θ (t ) as a function of time for several values of ũ obtained by numerically solving Eqs. (3a)–(3c)
for the same parameter values as in Fig. 2 as well as for θ (0) = 0. The stationary relative phase, ϕ = θ (t → ∞), decreases from |ϕ| = π to
|ϕ| = π/2 as the magnon-magnon interaction |ũ| increases, where we set |ũ| = 10−6, 10−2, 0.5, 1, 3, 5, 10. We note that sgn(ϕ) = sgn(u). (b),
(c) The relative phase |ϕ| decreases as |u|/γ and G/γ increase. These plots are obtained by numerically solving Eq. (5) for the same parameter
values as in Fig. 3(a). (c) Plot of |ϕ| as a function of |u|/γ , showing that |ϕ| decreases monotonically from π to π/2 as |u|/γ increases. For
u �= 0, the value of |ϕ| does not depend on the initial conditions. For u = 0, |ϕ| depends on the initial condition θ (0) as |ϕ| = π for θ (0) �= 0,
whereas ϕ = 0 for θ (0) = 0 (see Fig. 2).

implicit equation on tan ϕ:

tan4 ϕ + 2ũ tan3 ϕ + (1 + ũ2) tan2 ϕ

+ [2 + (G/γ )2]ũ tan ϕ + ũ2 = 0, (5)

whose solution gives us ϕ as function of ũ. For ϕ ∈ [−π, π ],
there are generally four solutions for ϕ. The two solutions with
cos ϕ > 0 are excluded as they will result in an unphysical
direction of the current IR that is set by the nonlocal interaction
term V (see below). Finally, one more solution is eliminated
as it breaks the condition tan ϕ < −ũ, which follows from
Eqs. (4a) and (4b) for ũ > 0. That leaves us with a unique
solution for ϕ.

In Fig. 3(b), we investigate |ϕ| as a function of both |u|/γ
and G/γ by numerically solving Eq. (5). For a given ũ (G),
|ϕ| decreases monotonically from π to π/2 as G (ũ) increases,
see Figs. 3(b) and 3(c). The asymptotic expressions for ϕ for
the two limiting cases of weak and strong interactions can be
obtained also analytically. Indeed, from Eqs. (5) and (4a) and
for strong interactions, ũ � 1, we get in leading order in 1/ũ,

ϕ � π/2 + 1/ũ, (6a)

N∞
R /N∞

L � 1 + G/ũγ . (6b)

In the opposite limit of weak interactions, 0 < ũ  1, we
obtain, keeping leading corrections in ũ in each quantity,

ϕ � π − cũ, (7a)

N∞
R /N∞

L � c(1 − G(cũ)2/
√

G2 + 4γ 2), (7b)

where c = (
√

1 + (G/2γ )2 + G/2γ )2. These equations to-
gether with Fig. 3(c) are one of the main results of this study.
Remarkably, both limiting values for ϕ, namely π/2 and
π , are obviously universal, i.e., independent of any material
properties as well as of initial conditions. This underlines
the robust and universal property of the synchronization of

precessions brought about by the nonlocal damping in mag-
netic junctions driven by microwaves.

IV. RECTIFICATION

The magnonic ϕ Josephson junction can be regarded as a
magnonic analog of the Josephson diode [47–49], in the sense
that it exhibits a rectification effect for the magnon currents,
as we will show next. From Eq. (1b) one gets that the current
of coherent magnons that flows from the nonmagnetic spacer
layer into the left (right) FM (see Fig. 1), IL(R)(t ) = O(V ), is
given by

IL/R = ± 2

[JRe

h̄
sin θ +

(JIm

h̄
∓ G

2

)
cos θ

]√
NLNR, (8)

in units of gμB for the g-factor g of the constituent spins, and
where we suppressed for brevity the explicit time dependence
of the quantities θ (t ) and NL/R(t ). The condition specified in
Eq. (2) results in

IL(t ) = 0, (9a)

IR(t ) = −2G
√

NL(t )NR(t ) cos θ. (9b)

Since the nonequilibrium steady state is realized under mi-
crowave pumping P , the current IR(t ) continues to flow while
keeping the rectification effect characterized by IL(t ) = 0 in
the magnonic ϕ Josephson junction (see Fig. 1). We empha-
size that the rectification of the magnon current holds also in
the presence of the magnon-magnon interaction.

Note that our analytical solutions for ϕ must satisfy
cos ϕ < 0 and thus the magnitude of ϕ is bounded as π/2 <

|ϕ| � π to ensure limt→∞ IR(t ) � 0. We recall that the non-
local damping G provides the non-Hermitian property to the
nonmagnetic spacer layer-mediated interaction described by
V . Under the special conditions stated in Eq. (2), one gets
V = −ih̄GaLa†

R. This shows that propagation of magnons
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becomes chiral and is allowed only in the direction from left
to right in the junction. This is consistent with the sign choice
of the current and its direction as shown in Fig. 1.

In the absence of nonlocal damping, G = 0, the current of
coherent magnons propagates in both directions through the
nonmagnetic spacer layer, from the left to the right FM and
vice versa [5]. This results in IR(t ) = −IL(t ) for G = 0 [see
Eq. (8)]. Thus, we see that rectification only occurs in the
presence of nonlocal damping when G �= 0.

If instead of Eq. (2), one uses the condition

JRe = 0 and JIm/h̄ = −G/2, (10)

we get from Eq. (8) that

IL(t ) = −2G
√

NL(t )NR(t ) cos θ (t ), (11a)

IR(t ) = 0. (11b)

Thus, the rectification effect changes its direction. We con-
clude that the polarity of the rectification effect is determined
by the sign of G.

V. EXPERIMENTAL FEASIBILITY

The key ingredient for the magnonic Josephson effect is the
coherent magnon state 〈aL(R)(t )〉 �= 0 (i.e., coherent spin pre-
cession), and it can be realized through microwave pumping
[33]. Since each component of coherent coupling J is tunable
by adjusting the thickness of the nonmagnetic spacer layer
[38,50–53] or applying an electric field [54–57], the magnonic
ϕ Josephson junction is realizable by tuning coherent coupling
appropriately. Moreover, applying microwave to each FM
continuously, the loss of magnons due to dissipation is pre-
cisely balanced by the injection of magnons achieved through
microwave pumping. Therefore, spins in each FM continue
to precess coherently, and the synchronized precession of
the magnonic ϕ Josephson junctions remains stable. Thus,
our theoretical prediction is within experimental reach with
current device and measurement techniques through magneti-
zation measurement.

For the observation of our theoretical predictions, a few
comments are in order. It has been established in experiments
in which one attaches a heavy metal (e.g., platinum) to FMs
that magnon currents can be measured electrically by the in-
verse spin Hall effect [58]. This is a promising way to observe
the effects predicted in this work. Here it should be noted that
the coherence length of magnons in yttrium iron garnet (YIG)
reaches the order of 10 µm (i.e., macroscopic) [59,60], and
experimental observation of a magnonic Josephson effect in
YIG and that of a magnon supercurrent in YIG have been re-
ported in Refs. [61] and [62], respectively, by using Brillouin

light scattering spectroscopy. Hence, we expect that YIG is
one of the best platforms for the realization of our proposed
setup. Note that the magnitude of the nonlocal damping can
be comparable to the local damping in general [40], and re-
cent experimental studies reported that the value of the local
damping for YIG reaches the order of MHz [63].

VI. CONCLUSION

We have investigated the effect of nonlocal damping on
magnetic junctions and found that it serves as the key in-
gredient for the synchronized precession and gives rise to a
magnonic ϕ Josephson junction. The spacer layer-mediated
interaction between the two FMs in the junctions consists
of coherent coupling and nonlocal damping, and it becomes
non-Hermitian due to nonlocal damping. Tuning them appro-
priately, coherent spin precession in each FM is synchronized
by nonlocal damping as time advances and forms a ϕ Joseph-
son junction, where the relative precession angle ϕ decreases
monotonically from |ϕ| = π to |ϕ| = π/2 as the magnitude of
the magnon-magnon interaction increases, with both limiting
values being entirely universal. The magnon currents in the
junction exhibits rectification and gives rise to a magnonic
diode effect. Applying microwaves to each FM continuously,
the junction reaches the nonequilibrium steady state where the
loss of magnons due to dissipation is precisely balanced by the
injection of magnons achieved through microwave pumping.
Hence, spins in each FM continue to precess coherently, and
the synchronized precession of the left and the right magneti-
zation remains stable.
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APPENDIX A: MAGNONIC JOSEPHSON EQUATIONS

In this Appendix, we provide details on the deriva-
tion of the magnonic Josephson equations. The effective
non-Hermitian Hamiltonian H for the magnonic Josephson
junction is given as [5,11,33] H = HL + HR + V + UL + UR

with (see also main text) HL = h̄(� − iγ )a†
LaL and HR =

h̄(� − iγ )a†
RaR, where a(†)

L(R) represents the magnon annihila-
tion (creation) operator for the zero wavenumber mode (i.e.,
spatially uniform mode) in the left (right) FM. This provides
the time evolution of each operator as

ih̄ȧL(t ) = h̄(� − iγ )aL(t ) + (J − ih̄G/2)aR(t ) + Ua†
L(t )aL(t )aL(t ), (A1a)

ih̄ȧR(t ) = h̄(� − iγ )aR(t ) + (J ∗ − ih̄G/2)aL(t ) + Ua†
R(t )aR(t )aR(t ). (A1b)

Here, assuming a macroscopic coherent magnon state, thereby using the semiclassical approximation, we replace the operators
aL(t ) and aR(t ) by their expectation values as 〈aL(t )〉 = √

NL(t )eiθL(t ) and 〈aR(t )〉 = √
NR(t )eiθR(t ), respectively, where NL(R)(t ) ∈

R represents the number of coherent magnons for each site in the left (right) FM and θL(R)(t ) ∈ R is the phase. Defining the
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relative phase as

θ (t ) = θR(t ) − θL(t ), (A2)

Eqs. (A1a) and (A1b) for NL(R)(t ) �= 0 become

ih̄
(1

2

ṄL

NL
+ iθ̇L

)
= h̄(� − iγ ) + UNL +

[
JRe + i

(
JIm − h̄

2
G

)]√NR

NL
eiθ , (A3a)

ih̄
(1

2

ṄR

NR
+ iθ̇R

)
= h̄(� − iγ ) + UNR +

[
JRe − i

(
JIm + h̄

2
G

)]√NL

NR
e−iθ , (A3b)

where Re(J ) = JRe ∈ R and Im(J ) = JIm ∈ R. Real and imaginary parts of Eqs. (A3a) and (A3b) provide

−h̄θ̇L = h̄� + UNL +
[
JRe cos θ −

(
JIm − h̄

2
G

)
sin θ

]√NR

NL
, (A4a)

h̄

2

ṄL

NL
= −h̄γ +

[
JRe sin θ +

(
JIm − h̄

2
G

)
cos θ

]√NR

NL
, (A4b)

−h̄θ̇R = h̄� + UNR +
[
JRecosθ −

(
JIm + h̄

2
G

)
sin θ

]√NL

NR
, (A4c)

h̄

2

ṄR

NR
= −h̄γ −

[
JRe sin θ +

(
JIm + h̄

2
G

)
cos θ

]√NL

NR
, (A4d)

where Eq. (A4a) is the real part of Eq. (A3a), Eq. (A4b) is the imaginary part of Eq. (A3a), Eq. (A4c) is the real part of Eq. (A3b),
and Eq. (A4d) is the imaginary part of Eq. (A3b). Taking the difference between Eqs. (A4a) and (A4c), those are rewritten as

θ̇ (t ) = JRe

h̄
cos θ

(√
NR

NL
−

√
NL

NR

)
+ sin θ

[(JIm

h̄
+ G

2

)√
NL

NR
−

(JIm

h̄
− G

2

)√
NR

NL

]
+ u(NL − NR), (A5a)

ṄL(t ) = −2γ NL + 2
[JRe

h̄
sin θ +

(JIm

h̄
− G

2

)
cos θ

]√
NLNR, (A5b)

ṄR(t ) = −2γ NR − 2
[JRe

h̄
sin θ +

(JIm

h̄
+ G

2

)
cos θ

]√
NLNR. (A5c)

In this study, we assume to continuously apply microwaves to each FM. The coherent magnon state, the key ingredient for the
magnonic Josephson effect, is realized by microwave pumping. Under microwave pumping, coherent magnons are injected into
each FM at the rate of P [33]. Taking this effect of the magnon injection through microwave pumping into account, Eqs. (A5b)
and (A5c) become

ṄL(t ) = −2γ NL + 2
[JRe

h̄
sin θ +

(JIm

h̄
− G

2

)
cos θ

]√
NLNR + P, (A6a)

ṄR(t ) = −2γ NR − 2
[JRe

h̄
sin θ +

(JIm

h̄
+ G

2

)
cos θ

]√
NLNR + P . (A6b)

Finally, the magnonic Josephson equations under microwave pumping in the presence of nonlocal damping are summarized as

θ̇ (t ) = JRe

h̄
cos θ (t )

(√
NR(t )

NL(t )
−

√
NL(t )

NR(t )

)
+ sin θ (t )

[(JIm

h̄
+ G

2

)√
NL(t )

NR(t )
−

(JIm

h̄
− G

2

)√
NR(t )

NL(t )

]
+ u[NL(t ) − NR(t )],

(A7a)

ṄL(t ) = −2γ NL(t ) + 2
[JRe

h̄
sin θ (t ) +

(JIm

h̄
− G

2

)
cos θ (t )

]√
NL(t )NR(t ) + P, (A7b)

ṄR(t ) = −2γ NR(t ) − 2
[JRe

h̄
sin θ (t ) +

(JIm

h̄
+ G

2

)
cos θ (t )

]√
NL(t )NR(t ) + P . (A7c)

033207-6



MAGNONIC ϕ JOSEPHSON JUNCTIONS AND … PHYSICAL REVIEW RESEARCH 6, 033207 (2024)

APPENDIX B: NONEQUILIBRIUM STEADY STATE FOR
FINITE MAGNON INTERACTION

In this Appendix, we provide details on the derivation
of the equation for ϕ as a function of the magnon-magnon
interaction. For

JRe = 0 and JIm/h̄ = G/2, (B1)

Eqs. (A7a)-(A7c) become

θ̇ (t ) = G

√
NL(t )

NR(t )
sin θ (t ) + u[NL(t ) − NR(t )], (B2a)

ṄL(t ) = −2γ NL(t ) + P, (B2b)

ṄR(t ) = −2γ NR(t ) − 2G
√

NL(t )NR(t ) cos θ (t ) + P .

(B2c)

Under microwave pumping P , the nonequilibrium steady
state θ̇ (t ) = ṄL(t ) = ṄR(t ) = 0 is realized, where θ (t ), NL(t ),
and NR(t ) approach asymptotically to time-independent
constant as time advances, ϕ = limt→∞ θ (t ) and N∞

L,R =
limt→∞ NL,R(t ). Thus, from Eqs. (B2a), (B2b), and (B2c), for
u �= 0, we get

N∞
L − N∞

R = −G

u

√
N∞

L

N∞
R

sin ϕ, (B3a)

N∞
L = P

2γ
, (B3b)

N∞
L − N∞

R = G

γ

√
N∞

L N∞
R cos ϕ. (B3c)

From Eq. (B3c), we get the ratio between the number of
coherent magnons in the left and right FMs,√

N∞
R

N∞
L

=
√

1 +
(

G

2γ
cos ϕ

)2

− G

2γ
cos ϕ. (B4)

Combining Eq. (B3a) and Eq. (B3c), we obtain

tan ϕ = − u

γ
N∞

R , (B5)

(N∞
L − N∞

R )2 = −G2

γ u
N∞

L
sin(2ϕ)

2
. (B6)

If u > 0, the solution exists only for tan ϕ < 0. Substituting
N∞

R from Eq. (B5) into Eq. (B6), we arrive at the implicit
equation for tan ϕ:(γ

u
tan ϕ + N∞

L

)2
= −G2

γ u
N∞

L
tan ϕ

1 + tan2 ϕ
. (B7)

This equation can be brought into the form of a quartic equa-
tion displayed in the main text:

tan4 ϕ + 2ũ tan3 ϕ + (1 + ũ2) tan2 ϕ

+
[

2 +
(

G

γ

)2
]

ũ tan ϕ + ũ2 = 0, (B8)

where we introduced the rescaled dimensionless magnon-
magnon interaction parameter ũ = (u/γ )N∞

L . We note that the
solution is possible only for tan ϕ < 0 (tan ϕ > 0) for u > 0

(u < 0). We note that for a quartic polynomial one can find an
explicit solution. However, it is too involved to be displayed
here. In the main text we give the analytical expressions for ϕ

for the limiting cases of small and large ũ.

APPENDIX C: DYNAMICS WITH DIFFERENT PUMPING
RATES

In this Appendix, we consider the case where JRe = 0,
JIm/h̄ = G/2, and u = 0, with different pumping rates for
two FMs. By solving the dynamics analytically, we show that
our results do not rely on the initial conditions.

When we only pump the left FM with rate P , the coupled
dynamics is described by the following equations:

θ̇ = G

√
NL

NR
sin θ,

ṄL = −2γ NL + P,

ṄR = −2γ NR − 2G
√

NLNR cos θ.

(C1)

We now solve these equations analytically. We first introduce
nL/R(t ) = e2γ t NL/R(t ), which allows us to rewrite the equa-
tions into the following form:

ṅL = e2γ tP, θ̇ = G

√
nL

nR
sin θ, ṅR = −2G

√
nRnL cos θ.

(C2)

The first equation can be solved as

nL(t ) = NL(0) + P
2γ

(e2γ t − 1). (C3)

The last two equations leads to

dθ

dnR
= −1

2

tan θ

nR
, (C4)

and hence

| sin θ (t )|
√

nR(t ) = | sin θ (0)|
√

NR(0). (C5)

We then obtain the equation for θ (t ) under the initial condition
θ (0) �= 0 and θ (0) �= ±π as

dθ

dt
= G

√
nL(t )

| sin θ (0)|√NR(0)
sin θ | sin θ |. (C6)

We remark that the above equation can be solved analytically
because the integral of

√
nL(t ) can be performed analytically.

Henceforth, for our purpose, we focus on the case where t �
1/(2γ ), and hence nL(t ) ≈ (P/2γ )e2γ t .

Here, without loss of generality, we consider the case of
sin θ (0) > 0 and look for the solution that satisfies sin θ (t ) >

0: One can similarly solve for the case when sin θ (0) < 0. We
then get

tan θ (t ) = 1

cot θ (0) − αeγ t
, (C7)

and hence

θ (t ) = arctan

[
1

cot θ (0) − αeγ t

]
, (C8)
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where α is the constant defined by

α ≡ (G/γ )
√
P/(2γ )

sin θ (0)
√

NR(0)
. (C9)

In the large t → ∞ limit, we can drop cot θ (0) in the expres-
sion. Then the expression of θ (t ) is reduced to

θ (t ) = π − 1

α
e−γ t . (C10)

One can also easily write down the expression of nR(t ) as√
nR(t ) = α| sin θ (0)|

√
NR(0)e2γ t . (C11)

At large t → ∞, we get√
N∞

R

N∞
L

= G

γ
. (C12)

It should be noted that this final value is independent of the
initial condition and also the pumping rate P .

When we pump the two FMs at the same time, the physics
is very similar to the case that we discussed above. The only
difference is that N∞

R is different. The equations are given by

θ̇ = G

√
NL

NR
sin θ,

ṄL = −2γ NL + PL,

ṄR = −2γ NR − 2G
√

NLNR cos θ + PR,

(C13)

where PL and PR are the pumping rates of the two FMs.
Introducing the ratio

β ≡
√

N∞
R

N∞
L

, (C14)

FIG. 4. Plots of the relative phase θ (t ) as a function of time in the
absence of the magnon-magnon interaction, i.e., u = 0, for the initial
condition θ (0) = 0 and |θ (0)| = π/2n with n = 0, 1, ..., 5 obtained
by numerically solving Eqs. (A7a)–(A7c). The parameter values are
the same as in Fig. 2 of the main text, e.g., G = 1 MHz, except
for (a) C1 = C2 = 10 kHz and (b) C1 = 100 kHz and C2 = 10 kHz.
Even in the presence of such perturbation C1(2), the synchronized
precession of the left and the right magnetization, θ̇ (t ) = 0, remains
valid, and the magnitude of ϕ is still bounded as Eq. (D2) where
the value of ϕ slightly changes depending on the magnitude of the
deviation (C1 and C2). Under the initial condition θ (0) = 0, we get
ϕ �= 0 for C1 �= 0.

FIG. 5. Plots of the relative phase θ (t ) as a function of time
obtained by numerically solving Eqs. (A7a)–(A7c) for the same
parameter values as in Fig. 4 except for (a) C1 = 1 MHz and C2 =
10 kHz and (b) C1 = C2 = 1 MHz. The magnitude of ϕ is no longer
bounded as Eq. (D2), and the value of ϕ changes depending on
the initial condition θ (0). Still, the synchronized precession of the
left and the right magnetization, θ̇ (t ) = 0, remains valid. Under the
initial condition θ (0) = 0, we get ϕ �= 0 for C1 �= 0.

it is determined by the equation

β2 − G

γ
β − PR

PL
= 0, (C15)

and hence

β = G/γ +
√

(G/γ )2 + 4PR/PL

2
(C16)

at t → ∞. Here, without loss of generality, we consider the
case of sin θ (0) > 0 and look for the solution that satisfies
sin θ (t ) > 0. Similar to our previous conclusion, θ (t ) also
approaches π exponentially fast but now with a different
exponent as

π − θ (t ) ∝ e−(G/β )t . (C17)

FIG. 6. Plots of the relative phase θ (t ) as a function of time
obtained by numerically solving Eqs. (A7a)–(A7c) for the same
parameter values as in Fig. 5 except for C1 = 0 and C2 = 1 MHz.
The magnitude of ϕ is bounded as Eq. (D2), and the synchronized
precession of the left and the right magnetization, θ̇ (t ) = 0, remains
valid. Under the initial condition θ (0) = 0, we get ϕ = 0 for C1 = 0.
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We note that in the absence of the pumping of the right FM
PR = 0, we get β = G/γ and π − θ (t ) ∝ e−γ t . This agrees
with what we obtained before.

APPENDIX D: ROBUSTNESS OF SYNCHRONIZED
PRECESSION

In the main text, to seek for the junction that exhibits a
rectification effect characterized by IL(t ) = 0, we consider the
case

JRe = 0 and JIm/h̄ = G/2 > 0 (D1)

and find that the magnitude of ϕ is bounded as

π/2 < |ϕ| � π. (D2)

In this Appendix, although the rectification effect ceases
to work and it becomes IL(t ) �= 0, we numerically show
that the synchronized precession of the left and the right

magnetization, θ̇ (t ) = 0, remains valid even if the parameter
values deviate from Eq. (D1). For this, we consider cases with

JRe/h̄ = C1 and JIm/h̄ = G/2 + C2, (D3)

where C1(2) is the constant that satisfies the condition |J | 
h̄� for weakly spin-exchange coupled junctions. For |C1| 
G, Fig. 4 shows that the magnitude of ϕ is bounded as
Eq. (D2). For |C1| ∼ G, i.e., when the value of C1 increases
and reaches an order of magnitude of G, Fig. 5 shows that
the magnitude of ϕ is no longer bounded as Eq. (D2). For
|C2| ∼ G and C1 = 0, Fig. 6 shows that the value of ϕ differs
from ±π , but still its magnitude is bounded as Eq. (D2). We
emphasize that the synchronized precession of the left and the
right magnetization, θ̇ (t ) = 0, remains valid in all of these
cases (Figs. 4–6). We also note that under the initial condition
θ (0) = 0, Figs. 4–6 with Fig. 2 of the main text show that we
get ϕ �= 0 for C1 �= 0, whereas ϕ = 0 for C1 = 0. Also in this
sense, the point θ (0) = 0 is instable.
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