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The Dicke model describes an ensemble of two-level atoms that are coupled to a confined light mode of an
optical cavity. Above a critical coupling, the cavity becomes macroscopically occupied, and the system enters
the superradiant phase. This phase transition can be observed by detecting the photons that are emitted from the
cavity; however, it only becomes apparent in the limit of long observation times, while actual experiments are

of a finite duration. To circumvent this problem, we here make use of recent advances in Lee-Yang theories of
phase transitions to show that the superradiant phase transition can be inferred from the factorial cumulants of the
photon emission statistics obtained during a finite measurement time. Specifically, from the factorial cumulants,
we can determine the complex singularities of generating functions that describe the photon emission statistics,
and by extrapolating their positions to the long-time limit one can detect the superradiant phase transition. We
also show that the convergence points determine the tails of the large-deviation statistics of the photon current.
Our paper demonstrates how phase transitions in the Dicke model and in other quantum many-body systems can

be detected from measurements of a finite duration.
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I. INTRODUCTION

The Dicke model, or the Dicke-Hepp-Lieb model, de-
scribes a quantum many-body system that exhibits a superra-
diant phase transition at a critical light-matter coupling [1-4].
It consists of a large ensemble of two-level atoms that interact
with a single light mode of an optical cavity, as illustrated in
Fig. 1(a). It can also be realized using superconducting circuits
[5-14], trapped ions [15], or collective electronic systems
[16]. Above the critical coupling, the system enters the super-
radiant phase, where the ground state acquires a macroscopic
cavity occupation with the photon number being on the order
of the number of atoms. Because of its simplicity, the model
has been used to investigate a range of critical phenomena,
including chaos [17,18] and entanglement [19] at criticality.
Still, a direct experimental observation of the superradiant
phase transition has proven challenging [4].

To observe the superradiant phase transition, effective
physical realizations involving driven-dissipative systems
have been explored. In these setups, internal [20,21] or mo-
tional [22,23] degrees of freedom are pumped to realize
effective strong couplings, but with finite dissipation rates.
The combination of the external driving and dissipation results
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FIG. 1. Lee-Yang theory of the open Dicke model. (a) The sys-
tem consists of an optical cavity with resonance frequency o, that
is coupled to N two-level atoms with energy splitting 7%w,. The
coupling amplitude is denoted by X, while « is the rate at which
photons are emitted from the cavity. (b) Fourth (dashed, k = 4)
and fifth (solid, k = 5) factorial cumulant of the photon emission
statistics in the normal phase defined in Egs. (23)—(27). (c) Poles of
the factorial cumulant generating function extracted from the results
in panel (b) using Eq. (46). The black dots mark the convergence
points in the long-time limit, s.. (d) Extracted convergence points as
a function of the coupling. Parameters are w. = 2k and w, = 0.5«,
and A denotes the critical point of the closed Dicke model, while A _
and X, are the critical points of the open Dicke model according to
Egs. (12) and (22).
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in a nonequilibrium phase transition, which is of a different
universality class than for the closed system [4,20,24-26].
However, this phase transition is easier to access experimen-
tally, and it will be the focus of our paper. The phase transition
occurs in the thermodynamic limit of many atoms and is visi-
ble in the photon emission statistics collected over a long time.
For example, the cavity occupation changes abruptly at the
critical coupling [27]. At the same time, however, measure-
ments of the photon counting statistics are of a finite duration,
so practical approaches to predict the long-time behavior from
finite-time statistics are needed.

In this paper, we make use of recent advances in Lee-
Yang theories of phase transitions to observe the superradiant
phase transition in the open Dicke model from the photon
counting statistics measured during a finite observation time.
The theory of phase transitions by Lee and Yang was orig-
inally formulated for equilibrium phase transitions [28-31].
It concerns the zeros of the partition function in the complex
plane of a control parameter, for example, the inverse temper-
ature or an external magnetic field. For systems of finite size,
the zeros are complex. However, if the system exhibits a phase
transition, the zeros will move towards the critical point on
the real axis as the thermodynamic limit is approached. The
theory of Lee and Yang has been extended to other types of
phase transitions, including nonequilibrium phase transitions
[30-32], trajectory phase transitions [33], dynamical quantum
phase transitions [34-37], and quantum phase transitions at
zero temperature [38—40]. Lee-Yang zeros have also been
determined in several experiments [41-44].

In the approach we follow here, the phase transition is
inferred from the photon counting statistics collected during
a finite observation time [33,43]. As illustrated in Fig. 1(b),
we use the high factorial cumulants of the photon counting
statistics to extract the dominant pole of the corresponding
generating function, which plays the role of the partition
function for equilibrium systems. As shown in Fig. 1(c), we
can then determine the convergence point in the limit of long
observation times. Away from the phase transition, the con-
vergence point is nonzero. However, as we tune the coupling
to its critical value, the dominant pole converges to zero, and
we can detect the phase transition, as illustrated in Fig. 1(d).

The rest of our paper is organized as follows. In Sec. II, we
derive a master equation for the open Dicke model in the limit
of many atoms. Here, we follow earlier works on the Dicke
model, and we include this section for the sake of complete-
ness. In Sec. III, we consider the photon emission statistics
from the cavity and derive an analytic expression for the
generating function, which is valid at all times. In Sec. IV, we
describe the Lee-Yang theory to detect the superradiant phase
transition from the photon counting statistics measured during
a finite observation time. In Sec. V, we use this approach to
determine the critical behavior of the open Dicke model from
the high factorial cuamulants of the photon counting statistics.
We also show how the extracted convergence points control
the tails of the large-deviation statistics of the photon current.
Finally, in Sec. VI, we conclude on our paper and provide
an outlook on possible developments for the future. A few
technical details are deferred to the Appendix.

II. DICKE MODEL

Figure 1(a) shows a physical implementation of the Dicke
model consisting of a single-mode optical cavity coupled to
an ensemble of two-level atoms, noting that other physical
realizations are also possible [5—16]. Some implementations
are based on driving internal transitions of multilevel atoms
[20,21], or on the motional states of atoms in a Bose-Einstein
condensate [22,23]. The latter implementation involves dissi-
pative effects, which we will also include in our treatment.

We denote the frequency of the cavity by w., while w,
determines the energy splitting of the two-level atoms. The
Hamiltonian of the cavity-atom system reads

. . hA A
H = ol + ho . + — @ + o) +7), ()
z \/N +

where N is the number of atoms, and A denotes the coupling
between the cavity and the atoms. We have also introduced
the creation and annihilation operators of the cavity, ¢' and
¢. We treat the ensemble of two-level atoms as a pseudospin
of length N/2, and J. and J. are then collective angular mo-
mentum operators with J, measuring the angular momentum
in the z direction, while J.. are the usual raising and lowering
operators.

As illustrated in Fig. 1(a), photons are emitted from the
cavity at the rate «. Correspondingly, the density matrix of the
open cavity-atom system evolves according to the Lindblad
equation

d Qs .
Zp(t)— h[H,p(t)]Jr/cD[C]p(t), (2)

where the commutator accounts for the unitary dynamics of
the system if isolated. The dissipator

DIeIp(t) = ep(1)é” — 3{e'e, p(1) 3)

describes the emission of photons from the cavity. Related
to the realizations discussed in Refs. [20,22], the cavity and
atomic frequencies in Eq. (1) are effective frequencies in a
rotating frame of a drive, and the dissipation in Eq. (2) acts
locally on the cavity mode only. In that respect, it is a nonequi-
librium problem as the dissipation will not cool the system to
its ground state, but instead it will lead to a nonequilibrium
steady state.

We now derive an effective model in the thermodynamic
limit of many atoms. To this end, we follow Refs. [18,45]
and repeat the main steps for the sake of completeness. First,
we employ a Holstein-Primakoff transformation [46,47] to
represent the many atoms by a single bosonic mode. Specifi-
cally, we express the angular momentum operators in terms of
bosonic operators as

N — ataa, @
and

J.=a'a—N/2 5)
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where the creation and annihilation operators fulfill the
usual bosonic commutation relation [a, '] = 1. Under this
transformation, the Hamiltonian becomes

H = hw "¢ + hoya’a

. ata ata
it +¢ A‘\/l—— \/1——A ., (6
+ hA(¢ +c)<a N + N a (6)

having omitted an offset that is proportional to N.

We now consider the thermodynamic limit. For small cou-
plings, the system is in the normal phase, where averages of
a'a do not grow with N, and we obtain

Hyp = hw ' + fiwga'a + in@™ + e)at +a). (1)

The dissipator in Eq. (2) is independent of the number of
atoms. Therefore, the Lindblad equation becomes

d A
Eﬁ(t) = _%[HNPa P(O] + kDIe]p(2). ®)

Next, we diagonalize the Hamiltonian using eigenvalue de-
compositions such that

6’2817121 ‘i‘t‘91+6?1f'f‘i?/27‘22"‘f_‘5\2+£;L ®)

with a similar expression for the operator @, which eventually
drops out. The Hamiltonian then becomes

Hp = hond|d, + hand)ds (10)
with the corresponding master equation reading
R
P === [HD, p®)] + k(e Dld] + €] DId|]
+ &3 Dldy] + 3 DId;1)p(1), (11)

having omitted fast-rotating terms of the form cilT c?; . The co-
efficients €1, », and the frequencies w;, are defined in the
Appendix. The smallest frequency vanishes if

A= VOa (12)
2
which sets an upper limit on A for the normal phase.

In the superradiant phase, the average occupation of the
cavity and the number of excited atoms increase with N.
We thus employ a mean-field ansatz to find an effective
Hamiltonian in the thermodynamic limit. To this end, we
define the operators

VN, a=a+ /N, (13)

which are independent of N, and r, is a real constant, while r,
can be complex. The macroscopic occupation is determined
such that all terms proportional to ~/N vanish in the master
equation, yielding the condition for a stable stationary state
that [18,45]

c=¢C—

41— (ho/M)]

QCw, —ik)? (14)

c =
and

= [1 = (ho/1)*1/2. s)

Here, we have defined the coupling

ko =/ (€ + 4?0,/ 160, (16)

above which occupations become macroscopic in the limiting
case of vanishing emission rate, x = 0.
The Hamiltonian in the superradiant phase now reads

T8+ hdge (@™ + )
&+ oa+a, (17

where we have introduced the frequency

Hep = hiw. 2T + hQ,a
+ fidca(

Q= w, + Aere{ﬁ} (18)
together with the couplings
Aea = Aﬂ, (19)
=7
and
» =A2( r“)ﬁR (Wreh 20)

Moreover, the master equation becomes

%f)(t) = —%[ﬁsp, P+ kD[E1p). 2y
Just as in the normal phase, we can diagonalize the
Hamiltonian using eigenvalue decompositions. We then arrive
at the same Hamiltonian and master equation as in Eqgs. (10)
and (11), however, with different coefficients ¢, », and fre-
quencies ), as detailed in the Appendix. In this case, the
smallest frequency vanishes for

3/4

N _(K +4a)) NH
T 42w, ’

which sets a lower limit on A for the superradiant phase.
We note that A, depends on «, and only when ¥ < w,, we
have A, = A_. It will also be important that the master equa-
tion in Eq. (11) describes two uncoupled quantum harmonic
oscillators.

(22)

III. PHOTON EMISSION STATISTICS

To observe the phase transitions using our Lee-Yang the-
ory, we consider the probability P(n,t) that n photons are
emitted during the time span [0, ¢]. It is useful to introduce
the factorial moment generating function

Mp(s.t) =Y P(n.t)(1+5)", (23)

n=0

which yields the factorial moments upon differentiation with
respect to the counting variable s as

(n")p (1) = 0 M (s, 1)lso.- 24)
The factorial moments are given by the ordinary ones as

e =(mn—1)...(n—k+ 1)). (25)
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For instance, the first two factorial moments read (n)r = (n)
and (n?)r = (n*) — (n) in terms of the ordinary ones. We also
define the factorial cumulant generating function

Fr(s,t) = In Mp(s, t), (26)
which yields the factorial cumulants as
() £ (6) = 8 Fr (s, )l=o0. @7

The factorial cumulants can also be expressed in terms of the
ordinary ones as

(Ve = (nn—1)...(n —k + D). (28)

Factorial cumulants are useful to characterize discrete quan-
tities, such as the number of photons [48-52]. Indeed, for
a Poisson distribution, only the first factorial cumulant is
nonzero. By contrast, ordinary cumulants are useful to char-
acterize continuous variables, and they are defined so that
only the first two cumulants are nonzero for a Gaussian
distribution.

To find the generating functions, we resolve the density
matrix with respect to the number of emitted photons during
the time span [0, #], which defines p(n, t) [53]. We can then
express the photon counting statistics as

P(n,t) =tr{p(n, t)}. (29)

These density matrices obey the system of equations

d Poa
—pn,t)y=——[H, p(n,t
dtp(n ) h[ p(n, 1)]

+ K(az)(n —1,n¢" — %{@Te, o(n, z)}). (30)

To solve these coupled equations, we define

p(s,t) = Zi)(n,t)(1+S)”, €29

n=0

whose equation of motions reads

%f)(s,t) = —%[ﬁ, p(s, )]+ kDs[e1p(s, 1), (32)
where the counting variable now enters the dissipator as
Dy[e]p = (1 + s)epe’ — 3e'e, p). 33)
Solving for p(s, t), we obtain the generating function as
MEg(s, t) = tr{p(s, 1)} 34)

Next, we employ the diagonalization in Eq. (9) and switch
to the interaction picture with respect to the Hamiltonian that
governs the unitary dynamics. In the rotating-wave approx-
imation, we neglect cross terms such as ﬁfﬁ; , and we thus
arrive at the master equation

d . . .
PG,y =k(ef Dildi] + ¢ Dild]]

+ &3 Dilda] + &3, Dyld3]+ Nlrcls)p(s. 1),
(35)

where r, in the superradiant phase is given by Eq. (15), while
it vanishes in the normal phase.

The master equation above describes three independent
processes. There are the photon emissions from two inde-
pendent quantum harmonic oscillators as well as the photon
emission from a Poisson process with rate k N|r.|. As a result,
the generating function factorizes as

Me(s, 1) = MP(s, DMP (s, HMP (s, 1), (36)

where Mg’z)(s, t) are the generating functions corresponding
to each of the two harmonic oscillators, while

MP(s,1) = exp (kN|r.|ts) (37)

describes the Poissonian emission of photons. In a recent
work, some of us determined the generating function of a
quantum harmonic oscillator, which reads [54]

N Eg)e’(.ft
M (s.1) = @ @ : D2t (2@
§;” cosh (Ej Kjl‘) + [sj ] sinh (sj Kjt)
(38)
where we have defined the constants
Ky =rk(el. —€1)/2,
(39
Ky = K(&‘%_ — 8§+)/2,
together with the functions
‘f;‘j(.k):\/1—4ﬁj(l+ﬁj)[(l+s)k— 1] (40)
with
fll = 8%+/(8%7 — Sir), (41)
iy = si/(sgf - 8§+).

These expressions fully characterize the emission statistics of
the Dicke model for all possible observation times.

IV. LEE-YANG THEORY

We are now ready to use our Lee-Yang theory to detect the
superradiant phase transition. In the original theory of equi-
librium phase transitions by Lee and Yang, they considered
the zeros of the partition function in the complex plane of the
control parameters, for instance, an external magnetic field or
the inverse temperature [28-31]. For systems of finite size,
the zeros are complex and the imaginary part is finite. How-
ever, if the system exhibits a phase transition, the zeros will
approach the point on the real axis, where the phase transition
occurs, as the system size is increased. The Lee-Yang theory
of equilibrium phase transitions has found use across a wide
range of fields in physics and related areas [30,31]. It has
also been shown that Lee-Yang zeros can be experimentally
determined from the fluctuations of the observable that cou-
ples to the control parameter [55], for instance, the inverse
temperature couples to the energy [56], and a magnetic field
may couple to the magnetization of a spin system [57-59].
In addition, Lee-Yang zeros have been determined in several
experiments [41-44].

While the theory of Lee and Yang was developed for
equilibrium phase transitions [28,29], it has subsequently
been extended to several types of nonequilibrium situations
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FIG. 2. Lee-Yang theory of the normal phase. (a) Fourth (dashed) and fifth (solid) factorial as a function of the observation time in the
normal phase. (b) The dominant pole extracted from the factorial cumulants in panel (a). (c) Convergence point of the dominant pole in the
long-time limit as a function of the coupling. Parameters are w. = 2« and w, = 0.5«.

[30—40]. In such nonequilibrium situations, the phase tran-
sitions are not manifested in the partition function or the
associated free-energy density. Instead, other quantities, such
as the moment generating function or the Loschmidt ampli-
tude, play the role of the partition function, whose complex
zeros determine the phase behavior of the system. In the ap-
proach that we follow here, the generating function in Eq. (23)
plays the role of the partition function. The partition function
is given by a sum over all possible microconfigurations of an
equilibrium system weighted by Boltzmann factors. Similarly,
the factorial moment generating function is given by a sum
over all possible dynamical trajectories, characterized by the
number n = 0, 1, 2. .. of photons that have been emitted dur-
ing the time span [0, 7], weighted by the counting variable
s. For an equilibrium system, the thermodynamic limit is
approached as the system size, for example, the number of
spins in a spin lattice, is increased. By contrast, in our case,
the thermodynamic limit is approached as the observation
time is increased, and the quantum jump trajectories become
long. Thus, as our dynamical free-energy density, we take the
scaled factorial cumulant generating function, defined in the
long-time limit as

Or(s) = lim Fp(s,1)/t = lim In{Mp(s,D}/1.  (42)

In this case, the system exhibits a phase transition, if the
dynamical free-energy density becomes nonanalytic at s = 0.
However, the nonanalytic behavior only emerges in the long-
time limit, and one may wonder if it can be observed in an
experiment, where the observation time remains finite. To this
end, we note that the nonanalytic behavior of the dynamical
free energy at s = 0 is due to zeros or poles of the factorial
moment generating function that approach the origin as the
observation time increases. As we will see, these zeros and
poles can be determined from measurements of the factorial
moments at finite times, and one can determine their converge
points in the limit of long observation times by extrapolation.

In general, the factorial moment generating function can
have both zeros and poles in the complex plane of the counting
variable. For systems of finite size, the partition function only
has zeros. However, when dealing with bosons for example,
infinitely many states are involved, and the partition function
may also have poles [56]. In earlier works, we have developed
methods that allow us to extract both the zeros and the poles

from the high cumulants [36,56]. However, for the factorial
moment generating function in Eq. (36), the situation simpli-
fies since it only has poles. (At the points, where the numerator
vanishes, 5;2) = 0, the denominator also vanishes, and the
function is nonzero.) Thus, in the following, we formally
expand the factorial moment generating function in terms of
its unknown poles, s,(¢), as

Mi(s.t) = e T [11 = s/s40)]! (43)

q=0

where c¢ is independent of s. Using the expression for the
factorial cumulants in Eq. (27), we then have

by = S K= D!
(n >>F(t)—q§ PR k> 1. (44)

From this expression, we see that the high factorial cumulants
are dominated by the pole that is closest to the origin, s = 0,
which allows us to express them as

(k—1)!
s’é(t)

(D (1) = o k> (45)
for sufficiently high orders. Inverting this expression for the
closest pole, we find that it can be expressed as

(" ")e ()
(" hr @)

in terms of the high factorial cumulants. Thus, from two high
factorial cumulants, which are measurable quantities, we can
determine the pole that is closest to the origin, and we can
follow its motion as a function of the observation time to
determine its convergence point in the thermodynamic limit
of long observation times.

so(t) = (k—1) k> 1 (46)

V. PHASE TRANSITIONS

We now extract the pole that is closest to the origin of
the complex plane of the counting variable from the fac-
torial cumulants. This procedure is illustrated in Fig. 2(a),
where we show the fourth and fifth factorial cumulants as a
function of the observation time for three different couplings
in the normal phase. We have checked that the results do
not significantly change, if the cumulant order is increased,

033181-5
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FIG. 3. Lee-Yang theory of the superradiant phase. (a) Fourth (dashed) and fifth (solid) factorial cumulant as a function of the observation
time in the superradiant phase. (b) The dominant pole extracted from the results in panel (a). (c) Convergence point in the long-time limit as a
function of the coupling. Parameters are N = 100, . = 2«, and @, = 0.5«.

which shows that the approximations in Eqgs. (45) and (46)
are valid. For each coupling, we extract the position of the
dominant pole, which we show in Fig. 2(b) as a function of
the inverse observation time. The position of the pole is well
approximated by the expression [43,55,56,59]

Iso(r) — sc| o< 1/xt, (47)

where s, is the convergence point in the limit of long times.
Thus, for each value of the coupling, we can extract the
convergence point in the long-time limit, and in Fig. 2(c),
we show the extracted convergence point as a function of the
coupling. For small couplings, the convergence point does not
reach the origin. However, as we approach the critical cou-
pling, A >~ X_, the convergence point becomes smaller, and it
eventually vanishes at A = A_, signaling a phase transition.
Thus, from measurements of the fourth and fifth factorial
cumulants at finite times, one can detect the phase transition
at A = A_. In particular, from Figs. 2(a) and 2(b), we see that
one would be able to determine the convergence point in the
long-time limit from measurements of the factorial cumulants
for times that are shorter than k¢ = 1. Here, it should be noted
that the extraction of the dominant pole in Eq. (46) works best
for short times, where the poles are well separated. Also, high
factorial cumulants can be more accurately measured at short
times [43,52].

In Fig. 3, we take the same approach for large couplings,
where the system is in the superradiant phase. In Fig. 3(a), we
show the fourth and fifth factorial cumulants as a function of
the observation time for different couplings. We then show
the dominant pole as a function of the inverse observation
time, which allows us to extract the convergence points in
the long-time limit as shown in Fig. 3(b). In Fig. 3(c), we
show the convergence point as a function of the coupling
in the superradiant phase. For large couplings, A > A, the
convergence point does not reach zero. However, it becomes
smaller as the coupling is reduced, and it finally reaches the
origin of the complex plane for A = A.. Thus, we again see
that it is possible to detect the phase transition at A = A,
which occurs in the long-time limit, from observations of the
high factorial cumulants at finite times.

The results above show how we can detect phase transi-
tions that occur in the limit of long times from measurements
of the factorial cumulants during a finite duration. As we now
go on to show, the extracted convergence points also influence

the large-deviation statistics of the photon emission current.
To this end, we invert the expression for the factorial moment
generating function in Eq. (23) and write the probability dis-
tribution as

1 in
P(n,t) = Z_m/ dsMp(e® —1,0)e™™.  (48)

Now, defining the photon emission current as J = n/t and
considering the limit of long times, we can write

P, t) = ﬁ /m dsexp{[®(s) — sJ]t}, 49)

where we have used that ®(s) = Op(e® — 1) is the scaled
cumulant generating function. From Eq. (36), we find

2
Os) =Y kil = \/1 — 41+ aj)(e* — 1]

j=1

+ kNlrc|(e’ — 1) (50)

in agreement with Ref. [45]. At long times, the integral in
Eq. (49) is amenable to a saddle-point approximation, such
that the large-deviation statistics becomes [60]

In[P(J,1)]

; >~ O(ssp) — sspJ, (5D

where ssp = ssp(J) solves the saddle-point equation
O'(ssp) = J. (52)

With these definitions at hand, we can calculate the large-
deviation statistics of the photon emission current. In the
normal phase, we note that 71y >> 7y, if w. > w, or w. K w,,
and the term with j = 2 in Eq. (50) is then negligible. In that
case, we find

2e7e f Kk/(e7 — i)
\/1 — (¥ — D[2e1,61 /(e — 8?+)]2

which we will also refer to as the s-biased current and denote
by J(s) = ©'(s). In Fig. 4(a), we show it for three different
couplings in the normal phase.

O'(s) = . (53
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FIG. 4. Large-deviation statistics of the photon emission current. (a) The s-biased current, J(s) = ®'(s), in the normal phase given by
Eq. (53). (b) Large-deviation statistics in the normal phase given by Eq. (56). The dashed lines are the approximation of the tails based on
Eq. (57). (c) Large-deviation statistics in the superradiant phase with A = 1.1A, and N = 100 and 500. The other parameters are w, = 2k and

w, = 0.5«. The dash-dotted lines represent Poisson distributions.

The solution to the saddle-point equation now becomes
1+ (5 -

262 ¢l k2| o4
LEL

1 2
SSPZEIH J

In the normal phase, we then find the expression

where we have defined

k= (e], +e )k (55)

In[PU, 0] _ & —e, T | (&)
n[P( )]: ) (;) _5 l+<

t 2 2

which we show in Fig. 4(b) for three different couplings.

To better understand these results, we return to the s-biased
current in Fig. 4(a), where we see that it diverges at the
nonanalytic point of the scaled cumulant generating func-
tion, and those nonanalytic points are directly related to the
convergence points found in Figs. 2(b) and 2(c). Thus, for
large currents, J >> i, the saddle point is given by the con-
vergence point as ssp(J) ~ e’ — 1 ~ 5. for s, < 1, allowing
us to approximate the tail of the large-deviation function by
the straight line:

In[P(J, t)]
t

~0O(s.) — s, I >k, 57
which we show in Fig. 4(b) with dashes. The slope of the
line is given by s., which becomes smaller as the coupling
approaches its critical value, and s, goes to zero. Thus, we see
that the extracted convergence points determine the tails of the
large-deviation statistics.

The same phenomenon can be observed for the large-
deviation statistics in the superradiant phase shown in
Fig. 4(c). In that case, we rely on a numerical solution of
the saddle-point equation. Still, we again see that the tails of
the distribution are determined by the convergence points as
shown by dashed lines. Moreover, in the superradiant phase,
the bulk of the distribution becomes increasingly Poissonian,
as the number of atoms is increased according to Eq. (50).
Thus, for the sake of comparison, we show in Fig. 4(c) the

; (56)

2 J1+(E)Y =1
) -1 _gln ]ZL

28%+8il(2

~| =

large-deviation statistics for N = 100 and 500 atoms together
with Poisson distributions that are represented by dotted
lines.

VI. CONCLUSIONS AND OUTLOOK

We have investigated the superradiant phase transition in
the open Dicke model using our Lee-Yang theory of phase
transitions. Specifically, we have shown how the dominant
pole of the factorial cumulant generating function can be
extracted from the high factorial cumulants of the photon
emission statistics obtained during a finite observation time.
As such, our method makes it possible to detect the super-
radiant phase transition, which occurs in the limit of long
times, from measurements of the photon emission statistics,
which are limited to finite durations. We have also shown how
the convergence point of the dominant pole in the long-time
limit determines the tails of the large-deviation statistics. Our
method is not restricted to the Dicke model, and it can be
applied to other systems that exhibit phase transitions, such as
the Rabi model [61-65] or the Lipkin-Meshkov-Glick model
[66-69], both in theory and experiments.

We have seen that the system transits directly from the
normal phase to the superradiant phase at a specific critical
coupling, if the emission rate from the cavity is small. How-
ever, for larger decay rates, the critical coupling splits into
two different values, and a small gap develops between the
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two phases. Here, we have applied our Lee-Yang theory to
each of the phases, where the system can be mapped onto two
uncoupled quantum harmonic oscillators, and the problem can
be solved. By contrast, we are not aware of a solution in the
gap region, which would allow us to calculate the factorial
cumulants and thereby apply our Lee-Yang method. How-
ever, theoretically, it may be possible to explore this region
using a different diagonalization procedure [45], higher-order
operator-cumulant expansions beyond the mean-field approx-
imation [4], or advanced numerical methods for systems of
finite size. Also, measurements of the photon counting statis-
tics for an open Dicke model may shed further light on the
unexplored region between the two critical points using our
Lee-Yang formalism. We leave these tasks as interesting open
problems for future work.
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APPENDIX: DIAGONALIZATION PARAMETERS

We here provide the parameters for the diagonalization in
Eqgs. (9) and (10). To this end, we introduce the dimensionless

parameters, @1 = w;2/w., with similar meanings for other
parameters with a tilde.
In the normal phase, we have

&1, = sy s &y, = COS s A
L 2«/ &)1 2+ )/ 2\/&)2

with

o) = \/[1 tap (@ - 1) +16120,]/2. (A2

and

@ = \/[1 +alF \/(a)g — 1)’ +1632@,]/2,  (A3)

where the signs are plus for @, > 1 and minus for &, < 1.
Furthermore, the parameter y is obtained from

tan(2y) = 4i——, (A4)
wﬁl - 1
For the superradiant phase, the eigenfrequencies are
1 = (1 + Hhaal + B2 £ V)2, (A5)
and
B2 = (1 + Hhaala + 2 F V)2, (A6)

where the signs are determined in the same way as for the
normal phase. We have also introduced the parameter

o =1+8(222, — hua) 0 —2(1 — 812, )22 + 8242, + 2,
(A7)

and the parameter y is obtained from

Qg 2 . L 1 1
cos(y)z\/zﬁ—i-ﬁkaaﬁa—E(l +ﬁ>' (A8)
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