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Non-Bloch theory for spatiotemporal photonic crystals assisted by continuum effective medium
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As one indispensable type of nonreciprocal mechanism, a system with temporal modulations is intrinsically
open in the physical sense and inevitably non-Hermitian, but the space and time degrees of freedom are
nonseparable in a large variety of circumstances, which restrains the application of the non-Bloch band theory.
Here, we investigate the spatially photonic crystals (PhCs) composed of spatiotemporal modulation materials
(STMs) and homogeneous media, dubbed as the STMPhC, wherein the spatial and temporal modulations are
deliberately designed to be correlated. To bypass the difficulty of the spatiotemporal correlation, we first employ
the effective medium theory to account for the dispersion of fundamental bands under the influence of Floquet
sidebands. Based on the continuum generalized Brillouin zone condition, we then analytically give the criteria
for the existence of the non-Hermitian skin effect in the STM. Assisted by developing a numerical method
that embeds the plane wave expansion in the transfer matrix, we establish the non-Bloch band theory for the
low-frequency Floquet bands in the STMPhCs, in which the identification of the generalized Brillouin zone
is central. We finally delve into the topological properties, including non-Bloch Zak phases and non-Bloch
bulk-boundary correspondence. Our work validates the idea that the effective medium assists the non-Bloch
band theory applied to the STMPhCs, which delivers a prescription to broaden the horizons of non-Bloch theory.
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I. INTRODUCTION

Recent increasing efforts have been devoted to a myriad
of physically open systems, ranging from condensed matter
to classical waves, thus leading to non-Hermitian physics
[1-6]. The allure of non-Hermitian physics lies in its com-
plex spectrum, although the non-Hermitian systems with
pseudo-Hermiticity can still possess real spectra [7-12]. The
complexification immediately gives rise to two intriguing
spectral features unique to non-Hermitian systems, known as
exceptional degeneracy and point gaps [3,4,13—16]. The for-
mer handles an abundance of geometry formed by exceptional
points and corresponding properties, including higher-order
exceptional lines [17,18], eigenvalue braidings [19,20], the
non-Abelian conservation rule [21], and so on [3,4,13,15,22—
25]. The latter indicates the nonzero eigenvalue winding num-
bers and further implies the wave function localization to the
system boundary under open boundary conditions (OBCs),
dubbed as the non-Hermitian skin effect (NHSE) [26-31].
The emergence of NHSE has led to the failure of the bulk-
boundary correspondence based on the Hermitian Bloch band
theory [26-28]. For restoring it, one prevailing approach is
employing the generalized Brillouin zone (GBZ) to build
up a comprehensive non-Bloch band theory, which works
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excellently in one-dimensional (1D) systems [26,32-34]. In
higher dimensions, the non-Bloch band theory and the GBZs
still have the same role as in one-dimension, although how
to acquire the OBC spectra and wave functions from the non-
Bloch band theory for a particular class of higher-dimensional
systems is still under exploration [35-41].

Aiming to investigate the non-Hermitian photonic crystals
(PhCs), the fact that the non-Bloch band theory is concomi-
tant with the NHSE requires nonreciprocal electromagnetic
materials [42] since the NHSE in lattice models has been
achieved mainly by using nonreciprocal hoppings [26-28].
Besides using external fields or nonlinearity, time modulation
is another possibility to break reciprocity [42,43], and by
using it, a plethora of schemes have then been proposed to
realize a large variety of fancy phenomena, such as temporal
double-slit interference [44], Fresnel drag effect [45], axion
responses [46], time crystals [47—49], and so on [50-58].
As a promising nonreciprocal material, the spatiotemporal
modulation materials (STMs) are excellent candidates for the
component in non-Hermitian PhCs, wherein the existence of
exceptional points has been revealed [59-62]. The occurrence
of NHSE is then seemingly apparent, and so is the non-Bloch
band theory, but establishing it in the STMs is not straightfor-
ward because of the inherently (d + 1)-dimensional problem
herein (d is spatial dimensionality) [63,64]. The difference
between spatiotemporal systems and purely spatial problems
is at least twofold. The complexity of both problems is rooted
in the boundary condition (BC) of whatever spatiality or
spatiotemporality is to be considered [35,38]. However, the
temporal axis possesses its own uniqueness, such as causality,
which fundamentally alters the wave scattering at temporal
interfaces compared with spatial boundaries [47,48,65]. It is
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more worth pointing out that most studies on spatiotemporally
modulated systems nowadays deal with cases where space
and time are separable or possess a uniform modulation speed
in the space-time domain, certainly not fully leveraging the
role of temporal degrees of freedom in non-Hermitian physics
[45,46,56,59-62].

By targeting the establishment of non-Bloch band theory
for the (1 + 1)-dimensional PhCs, we spatially stack the STM
possessing a traveling-wave modulation in its permittivity and
permeability with other homogeneous media, constituting the
so-called STMPhCs. Firstly, we deploy the effective medium
theory (EMT) to represent the fundamental Floquet band of
STM influenced by the Floquet sidebands. By further using
the continuum GBZ condition, we analytically work out the
criterion for the existence of NHSE in STM (Sec. II). With
the recipe for STM in hand and by generalizing the transfer
matrix method (TMM) through embedding plane wave expan-
sion (PWE), we establish the non-Bloch band theory for the
STMPHCs by identifying the GBZ and the OBC spectra and
electromagnetic fields (Sec. III). To validate the established
non-Bloch band theory, we finally explore the non-Hermitian
topological behaviors, including the non-Bloch Zak phase and
topological edge states (TESs) in Sec. IV. The discussions and
conclusions are drawn in Sec. V.

II. NON-BLOCH PROPERTIES OF SPATIOTEMPORAL
MODULATION MATERIALS

The non-Bloch band theory requires knowing the map
f and its inverse f~' from the complex frequency (en-
ergy) domain C to the complex wave number domain C¢
[26,32,33,36], which is the beginning of exploring non-Bloch
properties. Compared to traditional stationary models, the
complex dispersion relationships arising from the interaction
between wave numbers and Floquet quasifrequencies pose
challenges to the study of the non-Bloch properties of STM

J

and the ensuing STMPhCs. The EMT, a method only valid
in the long-wavelength limit, establishes the map f analyti-
cally, thereby mitigating the complexity of using non-Bloch
band theory [66,67]. Aiming to utilize such analyticity and
convenience, we first establish the EMT for the STM with
non-Hermitian modulations in this section, which embeds the
influence of Floquet sidebands in the zeroth band analytically
as the effective parameters. For straightforwardly revealing
the power of EMT in spatially and temporally correlated mod-
ulations, the permittivity and permeability under investigation
are of a traveling-wave manner as

D(x,t) = eoe(x,t )E(x,t), B(x,t) = pou(x,t)H(x,1),

(H
e(x,t) = &1 4+ 2a.cos(gx — Q1 + ¢)], 2)
wr 1) = 1,1+ 20,0508 —  + ). ()

where &, (u,) represents the background permittivity (per-
meability), o, («,) represents the complex modulation of
permittivity (permeability), ¢, (¢,) denotes the initial phase
of the modulation in permittivity (permeability), and g (£2) is
the spatial (temporal) frequency. Figure 1(a) depicts a typical
spatiotemporal modulation of material parameters and the
corresponding Floquet band structure (BS) calculated by the
PWE for E, polarization is illustrated by the red lines and
circles in Fig. 1(b) (see the Supplemental Material [68] for
the method details; this includes Refs. [69-79]). The leading
three sets of bands, namely, the fundamental order and two
sidebands of order +1, have been displayed in Fig. 1(b),
wherein several frequency gaps are from the interaction be-
tween the fundamental bands and sidebands. If we focus on
the long-wavelength limit that EMT works, namely, the bands
highlighted in the black dashed box, the STM defined by
Egs. (1)—(3) can be modeled as a homogeneous bianisotropic
material [45,80] (see Ref. [68] for details),

Dx E0&eff,x 0 0 0 0 0 Ex
D, 0 £0€eft,y 0 0 0 +c e || Ey
D | _ 0 0 £0€eff 2 0 —c e 0 E; @)
Bx B 0 0 0 o Meff,x 0 0 Hx ’
B}’ 0 0 _Cil‘i:eff 0 Lo Meft,y 0 Hy
B, 0 +C_1~5;:eff 0 0 0 Mo Meff - H;
where ¢ = 1/./eotto, v = 1/ /€ooér4r, and the effective medium parameters are
Eeffx = Ery  Meff x = MUy, (5)
2 202 2 202
Eeff,y = Eeff,; = & | 1 + o m s Meffy = Meff,; = Mr| 1+ aﬂm ) (6)
o = tp 222 cos(ge — ) @)
eff — Qelty v2g2 — 92 € w/-

The matching dispersion relation and eigenmodes for E,
polarization are

w w 1
ky = —&epr = —negr,  Yx = ( L)v ®)
c c F

Zesy

(

where the subscript £ denotes the waves propagating
along the +x and —x directions, negs = ,/€efr, - heff,y> Zeft =

\/m, and ¥ = ((/&E;, ‘/,uoHy)T. The dispersions
by Eq. (8) are displayed by solid green lines in Fig. 1(b), and
excellent agreement with the PWE is seen within the black
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FIG. 1. (a) Schematic of the permittivity distribution in the space-time domain of an STM. (b) A typical Floquet BS for the STM (red
lines and circles), wherein only real parts of the frequency are plotted. The green lines represent the EMT dispersions. (c), (d) Contour plot
of A in the arg(w,)-arg(c,,) plane (c) and the g-kq plane (d). The red pentagram in (c) and the dashed line in (d) denote the scenario of (b),
and the black pentagram denotes the scenario that will be investigated in Fig. 2(a). The solid red line in (d) represents the speed of light in
the background material. g¢ is a parameter that accounts for the concrete physical system, facilitating the nondimensional coordinates here.

Besides the parameters indicated in the figures, other parameters are ¢, = 6, i, = 1, and ¢,

dashed box, which motivates us to utilize EMT to investigate
the non-Bloch properties of STM.

When the effective medium defined by Eq. (4) is placed
in a cavity (its length being L) with its boundaries being
perfect electric conductors (PECs) or perfect magnetic con-
ductors (PMCs), the eigenfrequency and specific form of the
eigenmodes under the OBC can be analytically derived (see
the Supplemental Material [68] for details). From the specific
forms of these OBC eigenmodes, we can see the potential
emergence of NHSE. Its occurrence prevents the OBC eigen-
modes from being expressed as linear combinations of tradi-
tional Bloch states. Therefore, it becomes necessary to extend
the Bloch states, initially confined to the Brillouin zone (BZ),
to non-Bloch states in the GBZ. Meanwhile, the OBC spectra
in the thermodynamic limit (L — 0c0) being essentially the
same under various BCs also beg for the non-Bloch theory,
namely, the determination of GBZ. The essence of the non-
Bloch band theory is to identify the GBZ from the unit cell,
so we need the non-Bloch theory for the continuum effective
medium to resolve the complex wave numbers corresponding
to the OBC eigenmodes and spectra. Technically speaking, the
GBZ is of the same dimension as the physical one, and thus,

= ¢, =0.

on top of vanishing the characteristic polynomial, another
constraint is required to derive from the BCs in one dimension
to determine the GBZ. The number of BCs applied at each
end of the cavity is 1, and the continuum GBZ condition is
then Im k; = Im k_ [34,75]. A simple physical interpretation
of this condition is that in the thermodynamic limit, to form a
standing wave, the two counterpropagating waves involved in
the linear combination must exhibit the same decay behavior.
By expressing Im k. explicitly from Eq. (8) as
w// w/ ,
T”fo + ?n/eff>’ ©
the condition Im ky(0?) =Im k_(0?) = t(w?) gives the
following (w? denotes the OBC spectrum),

T(0?) = ke(—nlgly + nlgllie) /0l = ke, (10)

where k. = Re(a)o)/c € R, is a continuous variable in the
thermodynamic limit and

" o
Im ki(a)) = (Tééff —+ ?Eé}f +

= (—Tggebegy + Negrete)/Megr- (1)

The prime and double prime superscripts denote the real
and imaginary parts, respectively. The quantity e~ here plays
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the same role as || in the GBZ of lattice models, where g
describes the localization behavior of non-Bloch states; its
formal definition is 8 = e’ (k is the complex wave number).
Equation (10), together with Eq. (8), already determines the
continuum GBZ of STM for the fundamental Floquet bands.
Note that we focus on the n); # 0 case [Eq. (11)] because
n.; = 0 only occurs at the transition of modulation speed
from the superluminal to the subluminal region, which will
be discussed later. Equation (10) not only provides the oc-
currence criteria for NHSE but also indicates that the sign
of T(w?) delineates the localization characteristics of NHSE.
Hence, the dispersion relation [Eq. (8)] shall be solved to-
gether with the continuum GBZ condition to identify 7(«?)
and the ensuing OBC spectra. As alternative evidence, the
non-Bloch properties can also be examined by the dynamical
degeneracy splitting (DDS) approach, which yields the same
result as Eq. (11) (see the Supplemental Material [68] for
details).

Since all the above considerations converge to the crite-
rion for the emergence of NHSE, we depict in Figs. 1(c)
and 1(d) the distribution of A in different parameter planes.
By considering e, ,| < 1 in reality, resulting in nj; < nlq
and nl &l > nlpEly, we set ¢, =0 and ¢, = 0 through-
out this work to maximize &.g. Consequently, we investigate
A in two parameter planes: [arg(c,), arg(o,)] and (g, €2).
Since the dominant contribution is from n £, the maxi-
mum value of A in the arg(o,) — arg(a,) plane occurs at
arg(a,) + arg(a,) = /2 + nm, consistent with Fig. 1(c).
This relation, which the modulation phase of o, and «,, should
satisfy to maximize A, indicates that synchronously modulat-
ing imaginary parts of ¢ and u does not imply the NHSE.
In contrast, modulating real parts of ¢ (u) and imaginary
parts of  (¢) simultaneously will maximize the localization
of skin modes. Besides the magnitude of A, Fig. 1(c) also
shows its sign change by varying arg(c, ) and arg(e,, ), which
is seemingly straightforward from Eq. (7), whereas the sign of
A also flips when the modulation transits from the subluminal
region (2 < vg) to the superluminal one (2 > vg) with all
other parameters fixed. For the modulation at the red markers
in Fig. 1(c), we show in Fig. 1(d) the distribution of A in the
g—S2 plane. The sign change is clearly seen when the modula-
tion goes across the speed of light (2 = vg), but the effective
medium near 2 = vg becomes near zero-index material, at
which Egs. (10) and (11) should be amended (see Ref. [68]
for details). Since the EMT near Q2 = vg cannot capture the
essence of STM, we do not delve into the green region near the
diagonal in Fig. 1(d) [81,82]. It is worth pointing out that the
NHSE is absent when the modulation becomes purely spatial
(2 = 0) or temporal (g = 0) since therein exists symmetry to
make the spectra purely real or complex pairs, leading to the
absence of point gaps [7-12,29-31].

To validate our findings, we conduct a detailed investiga-
tion of the two marked examples (red and black pentagrams)
in Fig. 1(c). The Floquet BS, the OBC spectra, and a typical
state are presented in Figs. 2(a) and 2(b) [Figs. 2(c) and 2(d)]
for the parameters highlighted by the black (red) pentagram
in Fig. 1(c). The consistency (disparity) between the periodic
boundary condition (PBC) and OBC spectra in the top panel
of Fig. 2(b) [Fig. 2(d)] shows the absence (appearance) of the
NHSE, as demonstrated by the state (labeled by the black

arrow) shown in the bottom panel of Fig. 2(b) [Fig. 2(d)].
Moreover, the non-Bloch properties of STM calculated by
PWE (markers) are reflected nicely by the EMT results (solid
lines), as shown in Fig. 2. Crucially, the OBC spectra have
been benchmarked by the continuum GBZ condition (see
Ref. [68] for details). All demonstrate the validity of Eq. (11).

Until now, we have expounded the fundamental Floquet
bands in the long-wavelength limit of the STM with their
critical features under both PBC and OBC able to be captured
by the EMT faithfully. More precisely, the EMT excellently
models the envelope of time-averaged electromagnetic fields
over the period 27 /2 in the long-wavelength limit (see
Ref. [68] for details). This not only illustrates the valid
range of EMT but also reflects that the EMT quantifies the
slow-varying components in the STMs. The fast-varying com-
ponents, which the EMT cannot describe, contribute to the
difference in the NHSE between STMs and EMT framework
(see Ref. [68] for details). However, for the fundamental Flo-
quet bands, the power and conciseness of EMT afford a handy
way toward scrutinizing the non-Hermitian system contain-
ing the STM as one component, which will be demonstrated
next.

III. GENERALIZED BRILLOUIN ZONE OF
SPATIOTEMPORAL PHOTONIC CRYSTALS

In order to corroborate the EMT recipe for the STM
that can successfully embed in the composite non-Hermitian
system, we now consider a spatial PhC composed of homo-
geneous materials and STMs, as illustrated in Fig. 3(a). The
boundaries are still formed spatially and, thus, we dub the
system in Fig. 3(a) the STMPhC. Let us begin with solving
the PBC spectra of this STMPhC. Due to the periodicity in
space-time, the modes still obey the form of Bloch-Floquet
states, and the PWE method shown in Ref. [68] is then avail-
able to determine the PBC spectra, as displayed by the open
stars in Fig. 3(b). Only the lower two bands are shown herein
because Re(wA /2w c) < 0.6 [equivalently, Re(w/2) < 0.15]
is within the validity of EMT. This permits replacing the
STM with an effective bianisotropic medium as component b,
and now the PhC is constituted by two homogeneous media,
referred to as an effective photonic crystal (EPhC). The cor-
responding EPhC results are shown in Fig. 3(b) by the solid
lines, and good agreement is seen compared with the PWE
method. The color of the stars and lines denotes Im(w”) (the
superscript P stands for the PBC case), and the correspon-
dence from the DDS perspective indicates the NHSE for both
bands propagating toward the left-hand side (—x direction)
[38].

To validate the NHSE, we investigate a finite-sized STM-
PhC by applying PEC BCs at both ends. The PEC here is
equivalent to the Dirichlet BCs used in condensed matter. The
OBC spectra generally relate to the scattering matrix, so we
first formulate the TMM for the STMPhC [72,83], and the
scattering matrix is then obtained recursively from the transfer
matrix (see the Supplemental Material [68] for the method
details). Since the TMM is numerically unstable when the
wave number becomes complex, or the system size increases,
we adopt TMM for the unit-cell level calculations but use the
scattering matrix method (SMM) for finite-sized calculations.
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FIG. 2. (a), (c) The PBC BS in the long-wavelength limit when (a) @, = o, = 0.2i and (c) o, = 0.2i, or;, = 0.2. The black dashed lines
in (a) are the bands without modulations (o, = @, = 0). The solid lines and open markers in (a), (c) represent the EMT and STM results,
respectively. (b), (d) The OBC spectra (top) and fields (bottom) when (b) &, = «, = 0.2i and (d) @, = 0.2, o, = 0.2. The gray dashed lines
are the PBC spectra reproduced from (a), (c). The dots and lines in green and red represent the EMT and STM results, respectively. The bottom

panels display the field distribution of states indicated by the black arrow. Other system parameters are &, = 6, w, = 1, ¢,

Q/g = 0.2c.

The established TMM and SMM can be generalized to the
STMPhCs composed of STMs with the same time-modulated
frequency but possessing different spatial modulations (see
Ref. [68] for details). Before obtaining the scattering matrix,
we first apply the PBCs in the TMM to acquire the PBC BS
[circles in Fig. 3(b)], which agrees well with both PWE and
EPhC, validating the transfer matrix. By imposing the PEC
BCs in the scattering matrix, we obtain the mode condition
function g(w) (see Ref. [68] for explicit expressions), which
is plotted by the color contours in Fig. 3(c). The zeros of g(w),
which correspond to the OBC spectra, are highlighted by the
red diamond markers, and two bands and one in-gap state are
seen. The Re(w?®) range of both bands is almost the same
as the PBC one, but the Im(w?) is one order of magnitude
smaller than Im(w”). Such disparateness hints at the NHSE, as
demonstrated by the electric field distribution (the red dashed
line) in Fig. 3(d) for the bulk state marked with the black pen-
tagram in Fig. 3(c). The skin modes apparently localize at the
left-hand side boundary, confirming the previous statements.
For comparison, the electric field distribution for the in-gap
state is depicted in Fig. 3(e) by the red dashed line, which is
localized at the right-hand side boundary. The occurrence of

¢, =0, and

NHSE and the in-gap state begs for the non-Bloch band theory
because the GBZ informs the skin mode localization behavior
and identifies the parametric loop on which the integral of the
topological invariant performs.

As stated previously, the vanishing of the characteristic
polynomial f(8, w) = 0, where 8 = €', is inadequate to de-
termine the GBZ, whatever f(8, w) is from the tight-binding
model (TBM) or the TMM in the STMPhC. Specifically in the
1D lattice model, another constraint derived from Dirichlet
BCs is known as |By(w)| = |Bu+1(w)|. This states that for
the @ in the OBC spectra, the norm of the two middle roots
of B shall be equal when the 2M roots of B are sorted by
their moduli incrementally. Although the BCs in Fig. 3(a) are
essentially Dirichlet BCs, we formally prove from the transfer
matrix that the criterion for discriminating the OBC spectra in
the STMPhC is still (see Ref. [68] for proof)

|Ba+1(@)] = |Bat42(@)|.

Here, B; is the ith eigenvalue of the transfer matrix. These
eigenvalues are sorted in ascending order of their magni-

tudes as |81 | < B2 IS ... <|Buar+1) | < |Bui+2)|, where [,
is the cutoff defined in the PWE (see Ref. [68] for details).

12)
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FIG. 3. (a) Schematic of a spatial PhC composed of homogeneous materials (component a) and STMs (component b). The unit cell is
labeled herein with its lattice constant A = 2w N/g. (b) The PBC BS of an STMPhC with its unit cell shown in (a). The color of all these plots
represents Im(w”). Solid lines, open circles, and open stars correspond to numerical results of the EPhC, TMM, and PWE, respectively. The
frequency Re(wA /2 c¢) = 0.6 here corresponds to Re(w/2) = 0.15 in Fig. 2. (c) The spectrum of a finite-sized STMPhC under PEC BCs.
The color plot shows |g(w)| with its zeros marked by the red diamonds. The green dots and blue lines represent the results from EPhC and
GBZ, respectively. The gray dashed lines are the PBC spectra reproduced from (b). The field distributions of a bulk state (black pentagram)
and the TES (purple pentagram) are shown in (d,e), respectively. The green (red) lines are from the EPhC (STMPhC). The parameters of the
component a are &, = i, = 1 and d,/A = 0.5 (N = 20), while those of the component b are the same as Fig. 2(c). The number of unit cells
is N, = 15. The numerical cutoff is set to /. = 2, n. = 60, and o. = 100.

Figures 4(a) and 4(b) show the GBZ calculated by Eq. (12)
for the lower two bands (blue circles). The radii of both
GBZs are smaller than 1, indicating the skin modes localized
at the left boundary, which is qualitatively the same as the
continuum medium. We further obtain the corresponding w?
on the GBZs, which is depicted in Fig. 3(c) by the blue lines.
The consistency between the SMM and GBZ seen in Fig. 3(c)
validates Eq. (12).

To validate the EPhC description for STMPhC in the OBC,
we recall the EPhC setup. The OBC spectra and field dis-
tributions calculated by the SMM are represented by green
dots and lines in Figs. 3(c)-3(e), and the acquired GBZs by
Eq. (12) with /. = 0 are shown by the green dashed lines in
Fig. 4. Again, excellent agreement between the EPhC and
STMPHhC further manifests that the EMT is a faithful de-
scription and connotes the possibility of EMT-based GBZ
being accessible analytically. The electromagnetic fields for
E, polarization of the EPhC satisfy

Ly = %KE(x)w/r(xx (13)

~ 0 4
=(3 )
_(ee:(x) —&e(x)
KE(X)‘(—EE(x) uE,y(x))’ (14)
_{ JRE(®)
'/’(x)— (\/I/L_OHy(x)>’

where the subscript E in K signifies that it is the material pa-
rameter matrix describing the EPhC. The matrix components
of K are piecewise continuous functions. By considering the
following transformation [66,67],

¥(x) = r(x)Dx)Q(x), (15)
where r(x) = expli f; 2&p(v)du], D(x) = Diag
ez, 1772, ey ()77, and Q(x) = [Qe(x)  Qu)1"

is an auxiliary field quantity defined by Eq. (15), we
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FIG. 4. The GBZs for band 1 and band 2 in Fig. 3(b) are depicted in (a), (b), respectively. The blue markers, green dashed lines, and red
solid lines represent the GBZs calculated using the STMPhC, the EPhC, and analytical methods. The solid gray line represents the adjoint

GBZ, and the gray dashed line depicts the BZ.
reformulate Eq. (13) as

r)LD()Q(x) = [%KE(X)V(X) - [I:r(X)]}D(X)Q(X)

w _

~r (D) 'Q). (16)
Subsequently, by introducing the operator Ls=

D(x)LD(x), we reorganize Eq. (16) into a more concise

form as

Ls0w) = ZQ). (17

The absence of £ in the operator Lg indicates that the
EPhC spectra are disconnected from &g, and either Qg(x)
or Oy (x) can then be used to determine the EPhC spectra.
The PEC (E; = 0) and PMC (H, = 0) BCs become Qg =0
and Oy = 0 at the boundary, which are essentially Dirichlet
or Neumann BCs, depending on the Q¢ or QO being em-
ployed. All these conclude that the OBC spectra of the EPhC
[Eg. (13)] can be investigated by the operator I:s [Eq. (17)].

Concerning Fig. 3, it is crucial that e¢ ;(x) and ug y(x) are
both real, thus ensuring the Hermiticity of the operator Lg un-
der the inner product (Q,|Q,) = fx Xlz (Q,)'Q,dx [84], where
the integration interval spans a unit cell (entire system) under
the PBC (OBC). This explains why the OBC spectra of the
EPhC lie entirely on the real axis. What is more profound is
that the GBZs of the EPhC [Eq. (13)] can then be determined
by Eqgs. (15) and (17) analytically as

c

e ()] ,
Bn.(q) = exp l/ Ep(v)dv + igA |, (18)

where a)f,_ (g) stands for the PBC spectra of Lg with its sub-

script n; (superscript S) denoting the band index (the I:S case).
Considering &g (x) is a piecewise function, we can then see
that In|B,,(¢)] = —c '@} ()6} foA, Where f, =d,/A is the
filling ratio of the STM. When f, = 0 (f, = 1), In|8,,(¢)| =0
[In|B,,(g)| = —t A] recovers the BZ [the continuum GBZ in

Eq. (10)]. This indicates that the GBZ radius of the EPhC
is determined by the filling ratio and dispersion relations to-
gether as shown by the solid red lines in Fig. 4. The excellent
agreement herein reveals that Eq. (18) offers a straightforward
approach to accessing the GBZ of the STMPhC, and Eq. (15)
plays exactly the same role of similarity transformation used
in some intriguing TBMs [26]. Compared with Refs. [75,85],
which also have utilized TMM to explore the non-Bloch prop-
erties of electromagnetic coupling materials, our method, see
Eq. (15), not only provides analytical formulas for the GBZ
but also eliminates the requirement of left eigenvectors when
calculating topological invariants due to the Hermiticity of L.
With such a powerful tool, we are now ready to investigate the
topological properties of the STMPhC.

IV. TOPOLOGICAL PROPERTIES OF SPATIOTEMPORAL
PHOTONIC CRYSTALS

To examine the edge states of the STMPhC system, we
construct a domain wall formed by two STMPhCs, as depicted
in Fig. 5(a). The unit cells of both STMPhCs are chosen to
be symmetric, which will simplify the following analysis. To
better leverage the analytical theory developed in the previ-
ous sections, we aim to reveal the topological properties of
STMPhCs from the EPhC approach. We set the parameters
of STMPhC?2 to be the same as those that have already been
investigated in Fig. 3, and Fig. 5(b) shows its non-Bloch BS,
which contrasts the Bloch BS; see Fig. 3(b). With the vertical
axis still showing Re(wA /2mc), the horizontal axis uses the
argument of § instead of ¢, while the line color reflects |S]|.
Such non-Bloch BS with the GBZs and the OBC spectra
information contained shall be utilized when investigating
the topological properties of a finite-sized system. We focus
on the second non-Bloch band gap, and the non-Bloch Zak
phases of the two bands below the gap are indicated therein.
The non-Bloch Zak phase is calculated on the GBZ by using
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FIG. 5. (a) Schematics of a domain wall formed by two STMPhCs. (b) The non-Bloch BS Re(wA /2w ¢) — arg(B)/2n of the STMPhC2
with the line color representing |8|. The non-Bloch Zak phase of each non-Bloch band is indicated nearby. The parameters herein are the same
as in Fig. 3, except for the symmetric unit cell adopted here. (c) The non-Bloch Zak phase (left y axis) and the OBC spectra (right y axis) of
the STMPhCI as a function of &f'.. (d) The PBC spectra of the STMPhCI as a function of ¢f'_. The parameters of the STMPhCI fixed in
(©), (@) are ug' = pp', =1,da/A = 0.7, a. = 0.15i, and &, = 0.15. We adjust the values of e7'_ accordingly with &', to align the second
non-Bloch band gap. The numerical calculations in (b—d) are performed based on the EPhC corresponding to the STMPhC. (e), (f) The OBC
spectra of the composite PhCs. The PhC in (e) [(f)] is composed of the one defined in (b) and (M) [(B)] marked in (c). The green (black)
markers represent the results obtained using the EPhC (STMPhC) setup, in which the circles (pentagrams) denote the bulk states (TESs). The
purple and blue shaded regions highlight common non-Bloch band gaps of the two PhCs. The number of unit cells for both PhCs in the OBC

calculations is chosen to be ten.
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the following biorthogonal Berry connection,

‘9,,Ziak = %(;anl d(p/g[ < Uy, 9B |8‘/’ﬁ U, Wﬂ)] (19)

where ¢g = arg(B), n; is the band index, and u® (u") rep-
resents the periodic wave function of the non-Bloch right
(left) wave function. u® is located on the GBZ, while u”
located on the adjoint GBZ (see the Supplemental Material
[68] for the details regarding u® and u"). The transformation
of Eq. (15) implies that the conclusions drawn from the Her-
mitian PhC defined by Eq. (17) can be applied to the EPhCs,
which guarantees the quantization of the non-Bloch Zak phase
shown in Fig. 5(b) [79,86,87].

To make TESs occur in the second gap, we introduce the
STMPhCI by varying ¢!, and adjusting &}’ accordingly

to pin its non-Bloch band gap center at where

(ﬂ%zdafiziézdbz) ’
{al, a2, b1, b2} denotes the regions claimed in Fig. 5(a) and
ng = /€ :IE.y- All other parameters of the STMPhCI are
fixed and claimed in the caption of Fig. 5. Figure 5(c) depicts
the OBC spectra of the STMPhC1 by the gray shaded area,
and the non-Bloch Zak phase of the second non-Bloch band
is depicted by the solid green line. It is evident that the non-
Bloch Zak phase successfully coincides with the non-Bloch
band gap closure at 8%{2 ~ 1.51. Its PBC spectra depicted by
the light yellow shaded area are shown in Fig. 5(d) for compar—
ison, where the second Bloch band gap is closed within &§;
1.39-1.65. Such inconsistency between the PBC and OBC re-
sults underscores the importance of the GBZ in non- Hermman
topology. To further illustrate, we then focus on gf, = 1.2
(case M) and ¢, = 1.9 (case B). The non-Bloch Zak phase of
the first band is 7 and will always be 7 within the chosen &',
range. Therefore, the TESs do not appear in the second non—
Bloch band gap when ¢’ = 1.2 but will emerge when &

1.9, as demonstrated by the OBC spectra m Figs. 5(e) and S(f)
The TESs are indeed observed when eE . = 1.9, confirming
that the non-Bloch theory based on EPhC can reflect the
topological properties of STMPhCs. In addition to discussing
the existence of TESs, their delocalization, a phenomenon
unique to non-Hermitian systems [75-78,88], has also been
demonstrated by our theory (see Ref. [68] for details). The
successful employment of the GBZ established in Sec. III
validates the non-Bloch BS for the STMPhC, thus providing
a recipe for analyzing the fundamental Floquet bands when

they experience non-Hermiticity. From the application point
of view, Im(w) in Fig. 5(f) is positive, and then the localization
and delocalization competition unique in the non-Hermitian
TES, skin modes, and their interplay potentially will give rise
to various lasing scenarios [89-95].

V. DISCUSSIONS AND CONCLUSIONS

In summary, we have established the non-Bloch band the-
ory for the (1 + 1)-dimensional PhCs with the aid of the
effective medium description for the STM. Due to the fact that
the STM in the long-wavelength limit is able to be modeled by
the effective medium, and also thanks to the DDS viewpoint
and continuum GBZ condition, we have, firstly, analytically
made clear the occurrence condition and mode profile of
NHSE in the STMs. Based on such an EMT recipe, the
non-Bloch band theory for the STMPhCs is then successfully
formulated and verified by the TMM with multiple Floquet
sidebands. As a consequence, the GBZ obtained from the
non-Bloch band theory has demonstrated that it can predict the
topological transition of bulk bands, restore the bulk-boundary
correspondence, and realize the delocalization of TESs. The
validity of our non-Bloch band theory only relies on the accu-
racy of effective parameters for the STM so that it can handle
multiple bands and find its role in the non-Abelian Floquet
system [96-98]. Regarding the generalization to d > 2 se-
tups, if the EMT still works, so does our prescription, which
paves an alternative way to higher-dimensional spatiotempo-
ral crystals. All powerful theoretical methods and fancy wave
phenomena previously investigated at the EMT level can then
be utilized to digest the non-Hermitian physics in higher-
dimensional Floquet systems [96,98,99]. The holistic view
of the (d + 1)-dimensional problem requires further investi-
gation because the space-time symmetry and spatiotemporal
boundaries shall be considered together [63,64], but the nu-
merical method established here provides one scheme to cope
with both the spectra and wave functions.
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