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Particle accelerators generate charged-particle beams with tailored distributions in six-dimensional position-
momentum space (phase space). Knowledge of the phase space distribution enables model-based beam
optimization and control. In the absence of direct measurements, the distribution must be tomographically recon-
structed from its projections. In this paper, we highlight that such problems can be severely underdetermined and
that entropy maximization is the most conservative solution strategy. We leverage normalizing flows—invertible
generative models—to extend maximum-entropy tomography to six-dimensional phase space and perform
numerical experiments to validate the model’s performance. Our numerical experiments demonstrate consistency
with exact two-dimensional maximum-entropy solutions and the ability to fit complicated six-dimensional
distributions to large measurement sets in reasonable time.
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I. INTRODUCTION

Particle accelerators generate charged-particle beams with
tailored distributions in position-momentum space (phase
space). Measuring the phase space distribution in the acceler-
ator enables model-based beam optimization and control and
provides a valuable benchmark for simulation codes. In the
absence of direct measurements [1-3], the distribution must
be reconstructed from its projections.! Figure 1 illustrates a
generic setup in which the beam is measured under varying ac-
celerator conditions and reconstructed at a location upstream
of the measurement device.

If the accelerator linearly transforms the phase space co-
ordinates and does not couple the three planes of motion,
one can reconstruct the two-dimensional (2D) phase space
distribution using conventional tomography algorithms. It is
more challenging to reconstruct the four-dimensional (4D)
or six-dimensional (6D) phase space distribution. Many con-
ventional algorithms represent the distribution on a grid and
face massive storage requirements as the phase space di-
mension scales [5]. Several authors have developed new
algorithms and diagnostics to sidestep this issue and fit 4D
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!The 1D beam density can be measured by recording the secondary
electron emission from a wire swept across the beam. Scintillating
screens provide 2D projections of electron beams or low-intensity,
low-energy hadron beams. Two-dimensional projections of higher-
energy hadron beams are only available from specialized diagnostics
such as laser wires [4].

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2024/6(3)/033163(12)

033163-1

phase space distributions to 2D projections [5-10]. Recent
work has also explored extensions to five-dimensional (5D)
and six-dimensional (6D) phase space [11-13].

An additional challenge is that high-dimensional recon-
structions may be ill posed; since the measured dimension
is fixed, the set of feasible distributions (those consistent
with the measurements) may proliferate with the phase space
dimension. It is usually infeasible to compensate by expo-
nentially increasing the number of measurements, as one is
typically limited to tens of views because of slow diagnos-
tic devices and limited beam time. Additionally, it is not
yet clear how to derive the information-maximizing set of
high-dimensional phase space transformations under given
measurement conditions—and in any case, accelerator con-
straints place many transformations out of reach.

To select a single solution from the feasible set, our
strategy is to define a prior probability distribution over the
phase space coordinates and update the prior to a posterior
by incorporating the information in the measurements. Our
information comes in the form of constraints, and we per-
form the update by maximizing a convex functional subject
to these constraints. Under basic self-consistency require-
ments, the functional must be the relative entropy [14—17].
Entropy maximization ensures that the posterior does not de-
viate from the prior unless forced to by the data. This is a
conservative strategy that eliminates all spurious features from
the reconstructed distribution.

Entropy maximization is not always feasible, especially
in high dimensions, because it entails a highly nonlin-
ear constrained optimization. Although a reliable exact
maximum-entropy algorithm exists for 2D tomography, its
computational complexity scales exponentially with the
phase space dimension, rendering its extension to 6D pro-
hibitively expensive at this time. In this paper, we leverage
normalizing flows—invertible generative models—to find ap-
proximate 6D maximum-entropy solutions. Our approach is a
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FIG. 1. Generic phase space tomography setup. An initial phase
space distribution p(x) travels through an accelerator segment
represented by the symplectic transformation u, = M, (x) for mea-
surement index k. Each projection gi(uy) of the transformed
distribution is a different low-dimensional view of the initial
distribution.

straightforward extension of two previous studies. Loaiza-
Ganem, Gao, and Cunningham [18] first proposed the use of
normalizing flows for entropy maximization subject to statisti-
cal moment constraints; we incorporate projection constraints
using the differentiable physics simulations and projected
density estimation proposed by Roussel er al. [10] in the
generative phase space reconstruction (GPSR) framework. We
refer to the resulting approach as MENT-Flow.

We begin by deriving the form of the n-dimensional
maximum-entropy distribution subject to m-dimensional pro-
jection constraints, following the analysis in Ref. [19]. We
then discuss the shortcomings of existing maximum-entropy
tomography algorithms when n = 6 and describe the flow-
based solution. Finally, we perform numerical experiments to
validate the model’s reliability in 2D settings and examine the
effects of entropic regularization in 6D tomography.

II. MAXIMUM ENTROPY TOMOGRAPHY

Let p.(x) be a prior probability distribution over the phase
space coordinates X € R”. We wish to update the prior to a
posterior p(x) by maximizing the relative entropy

_ p(x)
H(p(x), px(x)] = — | p(x)log dx ()
Px(X)

while enforcing consistency with a set of m-dimensional pro-
jections. We refer to this problem as an n:m reconstruction.

We assume the kth measurement occurs after the sym-
plectic transformation M, : R" — R". By splitting the trans-
formed coordinates

u;, = Mk(X) (2)

into a projection axis u;, € R™ and an orthogonal integration
axis u, € R"™™, we can write the constraints as

Glp(x)] = gr(uy) — g (uy) =0, (3)

where gi (uy, ) are the measured projections and

Be(ug) = / px(ue)duy, @)

are the simulated projections. The form of the maximum-
entropy posterior distribution can be derived from a new
functional,

W= H1p(.p.001+ 3 [ 1a(u)Gulpldus,, ($
k

where A (uy, ) are Lagrange multipliers [20]. Enforcing zero
variation of W with respect to p(x) and A;(uy, ) gives

p(x) = pu(x) | | expli(ug, (x))]
k

= p(x) [ [ e, (x)), (6)
k

where we have defined /;(u;) = exp[Ar(ug)]. Substituting
Eq. (6) into Eq. (3) generates a set of coupled nonlinear
integral equations from which /; are to be solved.

A. MENT

The MENT algorithm [19-22] leverages a Gauss-Seidel re-
laxation method to optimize the Lagrange functions in Eq. (6).
After initializing the distribution to the prior within the mea-
surement boundaries:

1, ifgi(ug) >0,
(g, ) = : . 7

0, otherwise,
1)} (3

&i(uy) = /,O*(X(llk))1_[hj(llju(llk))dllkL )
J

the Lagrange functions are updated as

he(e,) < h(u)| 1+ of S0 _
gr(uy)

where

are the simulated projections and 0 < @ < 1 is a learning rate
[20]. The updates are performed in order (k =1,2,3,...),
and each updated 4, is immediately used to simulate the next
projection. One epoch is completed when all functions are
updated. The iterations in Eq. (8) converge [21,22].

MENT maximizes entropy by design: fitting the data
generates an exact solution to the constrained optimization
problem. MENT is also efficient: it stores the exact number of
parameters needed to define the maximum-entropy distribu-
tion and typically converges in a few epochs. Finally, MENT
is essentially free of hyperparameters.

The MENT formulation above is valid for n:m tomography,
but the integrals in Eq. (9) limit the value of n in practice.
Ongoing work aims to demonstrate efficient implementations
when n = 4 [19,23]. Extension to n = 6 may be possible, but
it has yet to be demonstrated, and the runtime would likely be
quite long if there were many high-resolution measurements.
Even if the algorithm converged, sampling particles from the
posterior [Eq. (6)] would be a nontrivial extra step.

B. MENT-Flow

In the absence of a method to directly optimize the La-
grange functions in Eq. (6), we may try to minimize the loss
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function

L= —H[p(x), p()] + it Y _ Dlgi(uy,), Z(uy,)]
k

(10)

for an increasing sequence of penalty parameters u. Here,
Dlg(uy,), 8 (ug,)] is a non-negative number quantifying the
discrepancy between the measured and simulated projections,
which we choose to be the Kullback-Leibler (KL) divergence.
Exact solutions may require © — 00, but approximate solu-
tions obtained with finite u are often sufficient.

The above approach requires us to represent the dis-
tribution using a finite set of parameters, 6. Grid-based
representations become expensive when n > 4. An attractive
alternative is to directly predict the value of p(x) up to a
normalization constant; however, computing the distribution’s
entropy [Eq. (1)] and projections [Eq. (4)] would require
expensive integration or Monte Carlo sampling. We might
instead define the distribution indirectly via the transformation

x = F(z;0), (1D

where F : R” — R” is a map parametrized by 0, and z € R”
is a random variable drawn from a base distribution p((z)
defined in a “normalized” or “latent” space. The base distri-
bution is typically a Gaussian. Sampling from p(x) reduces
to sampling from py(z) and applying the un-normalizing
transformation in Eq. (11). Thus, Eq. (11) defines a gen-
erative model. In most generative models, F is a neural
network trained to learn an unknown distribution from data
samples [24].

Roussel et al. [10] showed that generative models can also
be trained to match projections of the unknown distribution.
To train the model via gradient descent, the transformations
from the base distribution to the measurement locations must
be differentiable:

e = Mi(F(z;0)). 12)

This is possible using a differentiable beam physics simula-
tion [25] to represent M. The calculation of the projected
density gi(u;) in Eq. (4) must also be differentiable. This
is possible using 1D or 2D kernel density estimation. It is,
however, difficult to maximize the entropy without access to
the density p(x).?

A normalizing flow, or simply flow, follows the same
paradigm but provides access to the probability density. A

2Roussel et al. [10] proposed to maximize the emittance, or root-
mean-square volume, ¢ = |X|"/?, where ¥ = (xx”) is the n x n
covariance matrix of second-order moments, as a proxy for the
entropy. For certain distributions, the logarithm of the emittance is
proportional to the entropy, but this is not true in general. Like en-
tropy maximization, emittance maximization removes unnecessary
linear correlations from the reconstructed distribution. However, it
cannot remove nonlinear correlations, as the emittance depends only
on second-order moments. Furthermore, the maximum-emittance
distribution is not unique. In linear systems, the covariance matrix is
typically overdetermined by the tomographic measurements, i.e., all
distributions that fit the data have the same emittance. Particle-based
entropy estimates based on k nearest neighbors [26] may perform
better.

normalizing flow is a differentiable map F : R” — R”" with
a differentiable inverse F~' [27]. These properties ensure
we can compute the change in probability density under the
transformation in Eq. (11):

log p(x) = log po(z) — log |det J=(2)], (13)
where
AFL dF
d]: 9z) e 9z,
Jr(z) = I7 : : (14)
z I F, AT,
8zl e 82’,,1

is the n x n Jacobian matrix of F, accounting for volume
change, and z = [z1, ..., z,]7. To compute the probability
density at x, we flow backward and multiply the base dis-
tribution at z by the absolute value of the Jacobian matrix
determinant. To generate samples {x;}, we sample points {z;}
from the base distribution and un-normalize them by flowing
forward. We also obtain the probability density {o(x;)} at each
sampled point by tracking the Jacobian matrix determinant
during this forward pass.

The ability to generate particles and evaluate the probabil-
ity density at each particle is useful for computing expected
values. Given N samples {x;} from p(x), the following ex-
pression is an unbiased estimate of the expected value of a
functional Q[p(x)]:

1 N
E{Qlp(x)]} = /p(X)Q[p(X)]dX ~ N ;Q[p(xi)l s5)

Since the entropy is the expected value of log[p(x)/ps(x)],
the following expression is an unbiased estimate of the
entropy [18]:

1 N
HIp(), p-(0] ~ = 3 Jloglp(x)/pu(x)l. (16)
i=1

Since the estimate is differentiable, it can be maximized via
stochastic gradient descent [18]. Thus, our approach is to use
the GPSR method [10] with a normalizing flow instead of a
conventional neural network. We call this approach MENT-
Flow, in reference to the MENT algorithm.

It is not immediately obvious whether normalizing flows
can learn complex 6D distributions from projections in rea-
sonable time. Flows preserve the topological features of the
base distribution; for example, flows cannot perfectly repre-
sent disconnected modes if the base distribution has a single
mode [28]. Thus, building complex flows requires layering
transformations, either as a series of maps (discrete flows) or
a system of differential equations (continuous flows), often
leading to large models and expensive training.’

We found that neural spline flows (NSFs) [30] provide
a sufficient blend of speed and power. In this model, the

3A relevant example comes from Green, Ting, and Kamdar [29],
who used continuous flows for 6D phase space density estima-
tion from measured stellar phase space coordinates. Training times
ranged from hours to days on a GPU, depending on the distribution
complexity, with approximately 10* particles per batch.
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un-normalizing transformation F has the following autore-
gressive form:

-5 Zi=1))s a7

where x = [x1, ..., x,07, z=1[z1,...,2.]7, and 7 is an in-
vertible function parametrized by c¢;(zy, ..., zi—1). The trans-
formation is invertible for any c;, and since ¢; depends only
on the first i — 1 dimensions, the transformation has a trian-
gular Jacobian matrix whose determinant can be computed
efficiently. In the NSF model, the 1D transformer () is a
monotonic rational-quadratic spline [30]. The spline is defined
by the locations of K different knots and the derivative at each
knot. These parameters are provided by the conditioner (c),
a masked neural network [31] in which connections between
nodes in a regular feedforward neural network are removed to
produce the triangular Jacobian matrix.

The model’s representational power increases with the
number of parameters in the masked neural network and the
number of knots in the rational-quadratic splines. We can also
define more than one flow layer. For the composition of T
layers

xi = t(z; iz, -

.szTofT_]O"'O.FZO.F] (18)
and transformed coordinates
z = Fi(z-1), (19)
the Jacobian determinant is available from
T
|det J(20)| = ] ] 1det Iz, (z,-1)I. (20)

t=1

Compared to MENT, MENT-Flow increases the recon-
struction model complexity and does not guarantee an exact
entropy maximum. However, MENT-Flow scales straight-
forwardly to n-dimensional phase space and immediately
generates independent and identically distributed samples
from the reconstructed distribution function.

III. NUMERICAL EXPERIMENTS

The following numerical experiments demonstrate that
MENT-Flow solutions approach MENT solutions in 2D phase
space. Subsequent experiments demonstrate that MENT-Flow
can fit complicated 6D phase space distributions to large
measurement sets in reasonable time and that entropic reg-
ularization keeps the reconstruction close to the prior. To
simplify the examples, we focused on linear phase space
transformations rather than more realistic accelerator models.
We also tended to use ground-truth distributions without linear
interplane correlations, highlighting nonlinear features.* We

*Equivalently, we assume we know the covariance matrix ¥ =
(xx") = VVT, where V is a symplectic matrix, and reconstruct
the distribution in normalized coordinates x, = V~'x by setting
M — M, V. The covariance matrix is usually overdetermined by
the measurements—for example, three measurements determine the
2 x 2 covariance matrix—so that all distributions that fit the data
share the same covariance matrix. In these cases, it is reasonable to
fit the covariance matrix first.

chose to maximize the entropy relative to a Gaussian prior.’

The flow’s base distribution is also a Gaussian, so the en-
tropy penalty pushes the flow toward an identity or scaling
transformation.

Our normalizing flow architecture is described in the previ-
ous section. The flow consists of five layers. Each layer is an
autoregressive transformation, where the 1D transformation
along each dimension is a rational-quadratic spline with 20
knots; the function values and derivatives at the knots are
parametrized by a masked neural network with 3 hidden layers
of 64 hidden units. Note that increasing the model size should
not lead to overfitting since we train via maximum entropy,
not maximum likelihood.

We compare MENT-Flow to MENT. Our MENT imple-
mentation uses linear interpolation to evaluate the Lagrange
functions at any location on the projection axes, and we simu-
late the projections by numerical integration. We also compare
to an unregularized neural network (NN) whose only aim is to
fit the data. The NN is a standard fully connected feedforward
network with 3 hidden layers of 32 hidden units and tanh
activation functions.

We used 2 x 10* samples to estimate the entropy and pro-
jections. During each epoch, we trained the normalizing flow
using 400 iterations of the Adam optimizer. After each epoch,
we multiplied the penalty parameter by 1.5. We stopped train-
ing when

L
(D) =< > Digi(uy,), g(ug)] < e, 2D
k=1

where (D) is the average divergence between the simulated
and measured projections, K is the number of measurements,
and € ~ 107* is a threshold. Other hyperparameter values are
found in Ref. [32], which contains the code to reproduce the
figures in this paper.

A. Two-dimensional reconstructions from 1D projections

Our first experiment tests the model performance in 2:1
phase space tomography. We assume an accelerator composed
of drifts and quadrupole magnets, such that a symplectic trans-
fer matrix M approximates the dynamics. The transfer matrix
can be decomposed as

M = V(aa, B2)R(W)V (a1, B1), (22)
where
vap=[2 1] 3)
VB VB

3 A Gaussian prior may be a reasonable choice for accelerator appli-
cations: (i) the prior has no interplane dependence and can expand to
approximate a uniform distribution; (ii) any known elements of the
n X n covariance matrix can be used to define the Gaussian prior; (iii)
beams are typically clustered in phase space and are approximately
Gaussian at equilibrium; and (iv) a Gaussian prior can be used to
limit the beam size in dimensions that are weakly constrained by the
data.
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FIG. 2. Two-dimensional reconstructions from evenly spaced 1D projections. The top four rows plot samples from the true distribution,
the MENT reconstruction, the MENT-Flow reconstruction, and the NN reconstruction. Faint lines show the evenly spaced projection angles,
increasing from 1 in the left column to 7 in the right column. In the bottom rows, the distributions are projected onto the measurement axes.
(The four profiles overlap in most cases.)

is a normalization matrix, parametrized by « and §, and is a rotation by the phase advance p. The projection angle, and
hence the reconstruction quality, depends only on the phase
R(u) = |:cps W sin ,u] (24) advance. Various constraints can limit the projection angle

sinjt  cos

033163-5



AUSTIN HOOVER AND JONATHAN C. WONG

PHYSICAL REVIEW RESEARCH 6, 033163 (2024)

negative entropy

—H [p(x), p« (x)]

AL L S B B S S S By B B B S B B B

0 1000 2000 3000 4000
Iteration (global)

FIG. 3. Entropy and data mismatch during training.

range, but we assume the projection angles are evenly spaced
over the maximum 180° range.

Figure 2 shows reconstructions from a varying number
of projections, comparing MENT, MENT-Flow, and the un-
regularized NN. It is clear that maximizing the stochastic
estimate in Eq. (16) pushes the distribution’s entropy close
to its constrained maximum. (Recall that MENT maximizes
entropy by construction.) Although the MENT solutions are
of higher quality, the differences are not visible from afar.

Figure 2 illustrates that entropy maximization is a con-
servative approach to the reconstruction problem. All recon-
structed features are implied by the data. In contrast, the
distributions in the bottom rows fit the data but are unneces-
sarily complex. Of course, reconstructions from one or two
projections are bound to fail if the prior is uninformative,
but these cases are still useful because they demonstrate
MENT’s logical consistency: given only the marginal distri-
butions and an uncorrelated prior, the posterior is the product
of the marginals. On the other extreme, with enough data,
the feasible distributions differ only in minor details. MENT
shines in intermediate cases where the measurements contain
just enough information to constrain the distribution’s primary
features. For example, the continuous spiral structure develops
rapidly with the number of views in Fig. 2.

Figure 2 also illustrates the flow’s capacity to represent
complicated distributions despite the restriction to invertible
transformations. This example focuses on spiral patterns,
which are characteristic of nonlinear dynamics. (Additional
examples are included in the Supplemental Material [33].) It
is important to note that, while our analysis focuses on the
beam core, low-density regions can also impact accelerator
performance [34]. Flows can struggle to model distribution
tails [35]. Our ground-truth distribution does not have a sig-
nificant halo and we do not report the agreement at this level,
however, preliminary studies indicate the KL divergence may
enhance the dynamic range relative to, e.g., the mean absolute
error when fitting data.

Figure 3 plots the entropy and data mismatch terms during
training. The end of each epoch is clear from the sharp
jumps in the loss curves when the penalty parameter p in-
creases. We aimed to keep the penalty parameter updates as
small as possible. More aggressive update schedules did not
lead to dramatically different results, but we did not explore
this in detail. We did not see significant improvements using
more sophisticated augmented Lagrangian methods [18]. A

more important choice seems to be the stopping criteria, as
increasing p can eventually cause ill conditioning. Our stop-
ping condition [(D) < 10~*1in Eq. (21)] was chosen based on
visual comparison of the simulated and true projections. We
are not sure if the ideal stopping condition can be determined
automatically.

B. Six-dimensional reconstructions from 1D projections

It is more difficult to design and evaluate high-dimensional
numerical experiments. First, establishing reconstruction ac-
curacy requires high-dimensional visualization or statistical
distance metrics. We selected ground-truth distributions with
clear high-dimensional structure and leveraged complete sets
of pairwise projections and limited sets of partial projections
(projections of slices) to aid the visualization.

Second, we cannot determine the distance from the recon-
structed distribution to the true maximum-entropy distribution
without an analytic solution. We point to Fig. 2 as evidence
that the entropy penalty can push the MENT-Flow solution
close to the exact solution. We also continued to train an
unregularized neural network on the same data to show that
additional solutions can exist far from the prior.

Third, for a given beamline and a fixed number of mea-
surements, we do not yet know how to find the information-
maximizing set of 6D phase space transformations. In 2:1
tomography, if the transformations are linear, the reconstruc-
tion quality is tied to a single parameter (the projection angle).
There is no such connection in n:2 tomography when n >
3, as there is no obvious analog of the projection angle in
these cases. Here, to demonstrate the method, we instead
restrict our attention to 1D projections. A 1D projection axis
can be specified by a point on the unit sphere; if the dis-
tribution is spherically symmetric, we hypothesize that the
optimal projection axes are uniformly spaced on the sphere.
In two dimensions, this leads to evenly spaced projection
angles between 0 and 7 radians. In our numerical experi-
ments, we approximated this condition by randomly sampling
points from a uniform distribution on the sphere. The points
will not be uniformly spaced, but in the limit of many
projections, the reconstruction should converge to the true
distribution [36].

Our first high-dimensional experiment, shown in Figs. 4
and 5, reconstructs a seven-mode Gaussian mixture distribu-
tion (a superposition of seven Gaussian distributions, each
with a random mean and variance) from random 1D pro-
jections. Figure 4 uses 25 projections and Fig. 5 uses 100
projections. This reconstruction used the same flow architec-
ture as the 2D experiments. The NN architecture was changed
to 2 layers of 50 units, still with tanh activation functions.

We draw the following conclusions.

(1) Normalizing flows can represent complicated 6D distri-
butions far from the unimodal base distribution. All simulated
measurements match the training data. Charged-particle
beams are often smooth and unimodal, so this example rep-
resents a challenging case. Therefore, flow-based models are
likely sufficient for many applications in accelerator physics.

(ii)) MENT-Flow can simultaneously fit a large number of
measurements.
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FIG. 4. Reconstruction of a 6D Gaussian mixture distribution from 25 random 1D projections. The MENT-Flow reconstruction on the
left is compared to the NN reconstruction on the right. [(a), (b)] Simulated projections (blue) vs measured projections (red). [(c), (d)] Low-
dimensional views of the reconstructed distribution (blue) and the ground-truth distribution (red). One-dimensional profiles are plotted on the
diagonal subplots. Two-dimensional projections are plotted on the off-diagonal subplots.

(iii)) The entropy penalty works as intended. The entropy-
regularized solution fits the data just as well as the NN
solution but eliminates high-frequency terms in the distribu-
tion function. The MENT-Flow solution is much closer to the
smooth prior.

The Gaussian mixture distribution has little overlap be-
tween modes, so mismatch between the true and reconstructed
distributions is obvious from low-dimensional views. Hol-
low structures in high-dimensional phase space are not
always evident from low-dimensional views. As an example,
measurements at the Spallation Neutron Source Beam Test
Facility show space-charge-driven hollowing in 3D and 5D
projections of the 6D phase space distribution [1-3]. This
motivates us to consider distributions with hidden internal
structure. To this end, an n-dimensional “rings” distribution
serves as the ground truth in Figs. 6 and 7; particles pop-
ulate two concentric n-spheres with radii r, = 2r|, and the
radii are perturbed with Gaussian noise to generate a smooth
density.

The entropy-regularized solution maintains the spherical
symmetry of the Gaussian prior, flattening and eventually

inverting its radial density profile to fit the data.® The sliced
views reveal an internal structure—a dense core surrounded
by a low-density cloud—that MENT-Flow better approxi-
mates when measurements are scarce. In addition to injecting

The one-dimensional projections in Figs. 6 and 7 are nearly Gaus-
sian. Klartag [37] proved that almost all m-dimensional projections
of an isotropic (no linear correlations) n-dimensional log-concave
distribution function are nearly Gaussian when n > m. Many dis-
tributions commonly used in accelerator modeling are log concave,
such as the n-dimensional Gaussian, Waterbag (uniformly filled ball),
and KV (uniformly filled sphere) distributions. A practical implica-
tion of this theorem is that small fluctuations in the m-dimensional
projections have a greater impact on the n-dimensional reconstructed
distribution as n — m increases—for instance, completely inverting
the density profile from peaked to hollow. Thus, we found that
later training epochs can significantly change the distribution while
only slightly decreasing the loss function. It follows that, for certain
distributions, there may be some value of n —m for which n:m
tomography is practically impossible.
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FIG. 5. Reconstruction of a 6D Gaussian mixture distribution from 100 random 1D projections. The MENT-Flow reconstruction on the
left is compared to the NN reconstruction on the right. [(a), (b)] Simulated projections (blue) vs measured projections (red). [(c), (d)] Low-
dimensional views of the reconstructed distribution (blue) and the ground-truth distribution (red). One-dimensional profiles are plotted on the
diagonal subplots. Two-dimensional projections are plotted on the off-diagonal subplots.

unnecessary correlations between planes, the unregularized
solution ejects all particles from the core. Surprisingly, adding
additional measurements does not solve the problem and gen-
erates two distinct modes in the reconstructed density. Using
a different random seed to define the measurement axes can
generate different patterns, but the hollowing and splitting just
described are typical. Note that this internal structure is not
obvious from the full 2D projections in the left columns of
Figs. 6 and 7.

IV. CONCLUSION AND EXTENSIONS

In conclusion, MENT-Flow is a promising approach to
high-dimensional phase space tomography. Numerical exper-
iments demonstrate consistency with known 2D maximum-
entropy solutions and the ability to fit complex 6D distribu-
tions to large measurement sets. In the 6D tests, although
there are no available benchmarks, we found that entropic
regularization pulls the solution closer to the prior. Thus,
MENT-Flow is an effective way to incorporate prior infor-
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FIG. 6. Reconstruction of 6D “rings” distribution from 25 random 1D projections. The MENT-Flow reconstruction on the left is compared
to the NN reconstruction on the right. [(a), (b)] Simulated projections (blue) vs measured projections (red). [(c), (d)] Two-dimensional
projections of the 6D distribution p(x, x’, y, ¥, z, ') within a shrinking 4D ball in the x-x'-y-y’ plane. We define a ball of radius 7, by r; < 71,

where r| =

x2 4 x”2 4+ y% + y2. Therefore, we write the projected density as p(z, 7/|r. < 7). The ball shrinks from left to right. The largest

radius (on the left) selects nearly all particles, while the smallest radius (on the right) selects particles near the core.

mation in high-dimensional reconstructions. Our numerical
experiments also emphasize the potential importance of un-
certainty quantification in high-dimensional tomography, as
we found that some distributions can only be reconstructed
from large numbers of 1D measurements. Future work should
apply MENT-Flow to more realistic distributions, accelerator
models, and diagnostics, especially 2D projections. Future
work should also aim to extend MENT to higher dimensions
to serve as a benchmark.

MENT-Flow has several limitations. First, particle sam-
pling is over 50% slower than a conventional neural network,
and the total runtime is inflated by the need to solve multiple
subproblems to approach the maximum-entropy distribution
from below. This motivates the search for more efficient flows
and sample-based entropy estimates. Note that our training
times ranged from 5 to 20 min on a single GPU, depending
on the number of projections, phase space dimension, batch
size, and penalty parameter updates. Second, MENT-Flow
maximizes the entropy using a penalty method that does not
generate exact solutions and requires a hand-tuned penalty
parameter schedule to avoid ill-conditioning. It is unclear
whether this process can be automated or whether alternative
strategies can better prevent ill-conditioning. Third, MENT-
Flow does not attach uncertainty to its output.

We now discuss possible extensions to new problems.
First, it may be possible to fit n-dimensional distributions
to m-dimensional projections when m > 2. This problem is
of theoretical interest but also has some practical relevance.
3D and 4D projections can be measured relatively quickly
using slit-screen-dipole measurement systems in low-energy
hadron accelerators [1-3]. We propose to draw samples from
the measured projections and minimize a differentiable sta-
tistical distance between these samples and samples from the
normalizing flow.

Second, an interesting application of maximum-entropy
tomography is to intense hadron beams, in which particles
respond to both applied and self-generated electromagnetic
fields. Phase space tomography is a significant challenge for
such beams because the forward process depends on the
unknown initial distribution. We do not know if the maximum-
entropy distribution is unique in this case. Including space
charge in the GPSR forward process may be possible using
differentiable space charge solvers [38].

Finally, quantifying reconstruction uncertainty is a crucial
step for the operational use of phase space tomography. In this
paper, we defined a prior probability distribution p(x) over
the phase space coordinates x. We may also define a prior
over the space of distribution functions. In practice, the phase
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FIG. 7. Reconstruction of 6D “rings” distribution from 100 random 1D projections. The MENT-Flow reconstruction on the left is compared
to the NN reconstruction on the right. [(a), (b)] Simulated projections (blue) vs measured projections (red). [(c), (d)] Two-dimensional
projections of the 6D distribution p(x, x’, y, ¥, z, ') within a shrinking 4D ball in the x-x'-y-y’ plane. We define a ball of radius 7, by r; < 71,

where r| =

x2 4 x”2 4+ y% + y2. Therefore, we write the projected density as p(z, 7/|r. < 7). The ball shrinks from left to right. The largest

radius (on the left) selects nearly all particles, while the smallest radius (on the right) selects particles near the core.

space distribution is parametrized by § € R, so we may write
the prior as P(6). The set of discretized measurements, i.e.,
histograms, can be expressed as another parameter vector
d € RM, Bayesian inference provides the update from prior
to posterior:

i) = PAOPO

P@)

where P(d|0) is the likelihood, encoding the forward model,
and P(d) is a normalizing constant. The principle of max-
imum entropy implies that we should prefer higher entropy

(25)

phase space distributions. Skilling and Gull [15] addressed
this problem for image reconstruction and argued that the
prior P(#) should be proportional to the exponential of the en-
tropy H (). Given this prior, the strategy in this paper finds the
maximum, or mode, of the posterior P(6|d). The full posterior
maps the entire solution space, encoding the reconstruction
uncertainty. Future work could attempt to sample from a
Gaussian approximation of the posterior at its maximum [15].
Alternatively, it may be possible to sample from a more accu-
rate approximation of the posterior using Markov chain Monte
Carlo (MCMC) or machine learning methods [39].
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