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Quantum state over time is unique
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The conventional framework of quantum theory treats space and time in vastly different ways by representing
temporal correlations via quantum channels and spatial correlations via multipartite quantum states—an imbal-
ance absent in classical probability theory. Since Leifer and Spekkens [Phys. Rev. A 88, 052130 (2013)] called
for a causally neutral formulation of quantum theory in their seminal work, numerous attempts have been made
to rectify this asymmetry by proposing a dynamical description of a quantum system encapsulated by a static
quantum state over time, without a definite consensus on which one is most appropriate. In this paper, we propose
sets of operationally motivated axioms for quantum states over time alternative to the ones proposed by Fullwood
and Parzygnat [Proc. R. Soc. A 478, 20220104 (2022)], which we show is unable to induce a unique quantum
state over time. Our proposed axioms are better suited to describe quantum states over any spacetime regions
beyond two points. Through this reformulation, we prove that the Fullwood-Parzygnat state over time uniquely
satisfies all these operational axioms, unifying the bipartite spacetime correlations of quantum systems.
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I. INTRODUCTION

Quantum theory has been considered a generalization of
the classical probability theory in the sense it is essentially for
calculating probabilities of measurement outcomes [1]. How-
ever, there is a fundamental asymmetry between space and
time in the conventional formalism of quantum theory. In the
classical theory, both timelike and spacelike correlations can
be described with joint distributions, but in quantum theory,
the spacelike correlation can be expressed as a multipartite
quantum state, while the time evolution is described with
quantum channels. Leifer and Spekkens encapsulated this
problem into the following question in their seminal work [2]:
Is it really impossible to formalize a causally neutral quantum
theory? There have been various attempts to solve this prob-
lem [3-16] and a particular effort lies in constructing quantum
state over time. It enables us to map dynamical quantum
processes to static quantum states over time, the quantum
counterpart of the joint probability distributions, so every
correlation can be expressed as a quantum state regardless of
their causal structure, as in classical probability theory.

Multiple candidates have been presented as states over time
(or quantum Bayes maps that could be induced by states
over time through the result of Ref. [17]) including those
by Ohya [18], Leifer-Spekkens [2], Wilde [19], Fitzsimons-
Jones-Vedral (FJV) [20] and Sutter-Tomamichel-Harrow [21].
(Reference [17] gives a comprehensive introduction to states
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over time and their applications to the quantum Bayes’ rule.)
At one point, a no-go result by Horsman et al. [22] seemed to
forbid the existence of a state over time that satisfies several
mathematical axioms. Nevertheless, Fullwood and Parzygnat
circumvented this [23] by appropriately adjusting the axioms
to physically relevant forms and introducing a state over time
based on the Jordan product that is equivalent to the FJV
function for qubits [22]. However, whether the Fullwood-
Parzygant (FP) function is the only one among its class was
an open problem [23,24].

In this paper, we answer this in the affirmative. We
achieved this by identifying a minimal set of axioms, such
that a unique description for a quantum state over spacetime
emerges. Our strategy is to elucidate the logical relation be-
tween different axioms that have been imposed on QSOT
functions. We first propose a set of axioms whose operational
meaning is clearer than the previous one. In particular, we
show that the axioms employed previously are not strong
enough to uniquely characterize a QSOT function. We also
show that our uniqueness result is robust against a slight
change of the axioms by identifying four equivalent yet differ-
ent sets of axioms and studying the logical relations between
them.

II. QUANTUM STATE OVER TIME

First, we introduce some basic notation: quantum systems
and their associated Hilbert spaces are denoted by A, B, etc.
Let €(A, B) denote the set of quantum channels from A to B,
and B(A, B) as the set of operators acting on A and output to
B. If A = B, we denote them by €(A) and *B(A). Finally, let
G(A) and $H(A) be the respective set of quantum states and
Hermitian operators on A.

Let A and B be quantum systems at different time steps
connected by a quantum channel Eg4. When the initial
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quantum state is prepared as pa, the bottom-line requirement
for the quantum state over time would be as follows.

Definition 1. A quantum state over time (QSOT) function,
or a star product, * : €(A, B) x &(A) — B(AB), is a function
that satisfies

Tra&pia * pa = Epa(pa), ()

TrpEpia * pa = pa- 2

The resultant bipartite operator psp = Epja * pa is called a
quantum state over time.

One can immediately notice the lack of positivity in psp
in contrast to a conventional quantum state. However, it has
been pointed out in previous works on QSOT that positivity
poses severe difficulty [22] that can only be circumvented
by compromising operationally more meaningful properties
such as linearity [2]. In fact, one should refrain from blindly
imposing positivity to QSOTs, considering positivity is equiv-
alent to nonnegative measurement probabilities, while it is
still unclear what the characterization of measurements im-
plementable upon QSOTs is.

Moreover, the framework of the nonpositive quantum state
is rapidly gaining relevance in the recent development of
quantum information theory. For example, virfual quantum
processes utilize simulatability of nonpositive quantum states
at the cost of computational overhead [25], with various ap-
plications such as quantum resource distillation [26], error
mitigation [27-30], and quantum state broadcasting [31]. This
implies that quantum state over time allows for spatial simu-
lation of temporal quantum correlation through such virtual
processes. See Supplemental Material Sec. IV [32] for further
discussion.

III. ON LINEARITY

If there is uncertainty in the input state and process so
they are probabilistic mixtures of other states or processes,
then we would naturally expect the resultant QSOT to be
the mixture of the corresponding QSOTs. Therefore, it has
been commonly argued [22,23] that a QSOT function should
satisfy two linearities: process linear, namely, linear in the
first argument, and state linear, i.e., linear in the second ar-
gument. If a QSOT function sarisfies both properties, then it
is bilinear [33]. Our first result is the identification of two
physical axioms, completeness and compositionality, which
jointly underpin bilinearity.

Axiom (E): Completeness

For any quantum state over spacetime psr with two
arbitrary regions A and E in spacetime, and any quantum
channel )4, the action of QSOT function on a subsystem
Epa * pae can be defined and has the following properties:
For any completely positive trace nonincreasing operation
Tk on system E,

ZelEpia * pae] = Epja * Le(paE)- 3)

The completeness axiom, i.e., (E), conveys the require-
ment that the state over time provides a consistent description

when seeing A as a subsystem of a larger system AE. This is
analogous to how complete positivity is defined as positivity
of a linear map acting on any subsystem of a joint system.
Axiom (E) is therefore very intuitive, yet powerful enough
to induce many useful properties. For instance, one can eas-
lly observe that (E) 1mp11es TI'E [6B|A * ,OAE] = EB\A * 04 and
Epia * (4 ® o) = (Epja * pa) ® oF.

While completeness is motivated by purely physical
considerations, it turns out that Axiom (E) implies state linear-
ity [34] and can be extended to the converse. In other words,
for any QSOT function * satisfying (E), the following holds
for any state psr over spacetime:

Epia * par = (£ ® idg)(pag). 4)

where £* is the mapping ps — Epu * pa and idg is the
identity channel on E. Conversely, every state-linear QSOT
function satisfies (E) through Eq. (4). The proofs of these
claims are found in Supplemental Material Sec. I [32].

Although the completeness axiom is a natural property to
expect, surprisingly not every known QSOT satisfies it. In
particular, the Leifer-Spekkens QSOT function violates it [2].
Given the established role of the Leifer-Spekkens function in
inducing the Petz recovery map via Bayesian retrodiction, and
its extensive use in thermodynamics [35], its incompleteness
poses a conceptual challenge.

Observing in Eq. (1) that the map ps = Try o Epu * pa
is linear, for any bipartite state psr over spacetime, one can
define Tra[Epja * pae] = (Epa @ idg)(pak ) consistently. This
leads us to the introduction of the compositionality axiom, i.e.,
(P), independent of (E).

Axiom (P): Compositionality [24]

A QSOT function should be compatible with compo-
sition of quantum channels. In other words, for any two
quantum channels Epj4 and F¢ |z, we have

Trp[Feip * (Epa * pa)l = (F 0 E)cia * pa. @)

Fundamentally speaking, (P) says that the QSOT function
is essentially determined by the corresponding time expan-
sion, (ida/ja * p4), the function that expands a single-time
state p4 via trivial dynamics. More concretely, we denote
the identity channel between isomorphic systems A and B as
idpa [36].

Proposition 1. For any QSOT function x, axiom (P) is
equivalent to that for any Egj4 € €(A, B) and py € G(A):

Epia * pa = (idg ® Epa)(idarja * pa). (6)

Moreover, it implies that  is process linear, and the definition
of » can be linearly extended to arbitrary linear maps g4 that
may not be a quantum channel through Eq. (6).

We prove Proposition 1 in Supplemental Material
Sec. IT A [32]. In summary, axioms (E) and (P) force a QSOT
function to be bilinear. In other words, the failure of fulfilling
bilinearity leads to the malfunction of QSOT in multipartite
settings. This partially answers, in the negative, one of the
open problems on the possibility of operationally meaningful

033144-2



QUANTUM STATE OVER TIME IS UNIQUE

PHYSICAL REVIEW RESEARCH 6, 033144 (2024)

states over time that are process nonlinear [17]. However,
we remark that not every bilinear QSOT function satisfies
(P)—highlighting that one should base guiding intuition on
the physical considerations while understanding bilinearity
as a necessary implication instead. (Remark 2, Supplemental
Material Sec. IV [32]).

The compositionality axiom is arguably simpler and more
operational compared to the associativity [37] given in
Ref. [23]. Perhaps a simpler form of associativity could
be [23]

(FrE)xp=F*(Exp), (N

where the star product of £ and F is understood as (F %
E)o):=F*xE(o) for all 0 € G(A). However, it is unclear
if Eq. (7) is applicable to QSOT functions that may not satisfy
Eq. (6) because it is not immediately clear if the definition of
* can be extended to arbitrary linear maps. On the other hand,
Corollary 1 and Proposition 1 show that axioms (E) and (P)
circumvent this issue, and thus we have

(Feig *x Epia) * pa = [(Fep * ) o Epal * pa
= [(Fcp*B) © Epal(idarja * pa)
= Fcig * (Epja * pa), (8)

i.e., Eq. (7) follows. This means (P) can safely replace as-
sociativity in Eq. (7), whenever we assume state-linearity.
Furthermore, we also note that compositionality for any two
quantum channels ensures compositionality for arbitrarily
many channels (Supplemental Material Sec. II B [32]).

IV. ON TIME-REVERSAL SYMMETRY

Fundamentally speaking, the state over time should exhibit
a causally neutral structure between inputs and outputs of a
process. In particular, suppose we have a classical state Pyy
describing the input and output of a channel E. When E is the
identity channel, Pyy = Pyy, i.e., the classical state over time
is invariant under a swap of inputs and outputs. This property
yields the following axiom for quantum states over time:

Axiom (T): Time-reversal symmetry

A state over time corresponding to the trivial evolution
should be symmetric under the time reversal transfor-
mation, i.e., Fyp(idpja * pa)Fap = idgja * pa for all p, €
G(A), where Fyp denotes the swap gate between systems
A and B.

In previous literature, Hermiticity is more commonly
discussed compared to (T). They are equivalent if one asso-
ciates time-reversal operation with complex conjugation, as
in Ref. [23]. However, although it is plausible when applied
to the Kraus operator of quantum channels [38], there is no
a priori reason for complex conjugation to represent the time
reversal of quantum states. Meanwhile, (T) is already effec-
tive in operationally capturing the essence of causally neutral
structures. We discuss in detail the difference in technical
implications for both axioms in a later section.

A. On classical limit

Naturally, a given state over time should reduce to a clas-
sically correlated bipartite state between input and output
systems when the process is effectively a classical channel.
To this end, the classical limit axiom has been widely em-
ployed [17,22,23]. In particular, given channel &, let Z[£]
denote the (Jamiotkowski) channel state [39],

D1€] := (ids ® Epa ) (Fan), 9)

recalling that Fy4 denotes the swap gate between systems A
and A’, which is a copy of A. Furthermore, denote the identity
operator on B as 1. The classical limit axiom states that
whenever the commutator [Z[E], pa ® 15] = 0, then

Epia * pa = Z[E](pa @ 1p). (10)

However, it appears to be stronger than what it aims to
achieve. One direct consequence of Eq. (10) is that the state
over time for the maximally mixed input state 74 := |A|~'1,
is the channel state Z[€] up to the normalization factor. We
first explicitly spell it out as an independent axiom.

Axiom (J): Jamiotkowski
For a system A with dimension |A], the state over time
associated with the maximally mixed state 74 is

I
Epax s = W(ldA ® Epja ) (Fanr). (11

Favoring the Jamiolkowski state over other alternatives
such as the Choi matrix is a quantum-exclusive feature that
does not appear in classical systems. Hence, let us reformu-
late the classical limit axiom to eliminate its reliance on (J).
This refinement yields a conceptually clearer criterion, which
we term classical conditionability, whose formal definition is
elaborated on in Appendix A.

Axiom (CC): Classical conditionability (informal)

When the input state and the channel are prepared in
an ensemble {A;, 74, Epja,}, then the corresponding QSOT
is given as Ega * Q_; Aimma,) = Y _; Ai€pja, * T4, Where
Epia = 2_; Epia,-

As its name suggests, (CC) requires the QSOT to be
consistent with conditioning on classical information. A note-
worthy insight is that the classical limit axiom is effectively a
composite result derived from the interplay of axioms (J) and
(CCO). In other words, Axioms (CC) and (J) are jointly equiv-
alent to the classical limit axiom as represented by Eq. (10).
We present the proof in Supplemental Material Sec. III A [32].
Moreover, Axioms (CC) and (J) have logical dependence un-
der other assumptions. See Appendix A for further discussion.

B. Uniqueness of the Fullwood-Parzygnat state

Having carefully reasoned out a set of physically moti-
vated, fundamental axioms, we now introduce the Fullwood-
Parzygnat QSOT function xpp (or the FP function for short)
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given as Epja *pp P4 = %{PA ® 1p, Z[£]}, where {X,Y} =
XY 4 Y X is the Jordan product (or anticommutator).

The FP function has several useful mathematical proper-
ties, i.e., Hermiticity, bilinearity, preservation of classical limit
and associativity. These properties were proposed earlier by
Fullwood and Prazygnat as axioms that should characterize
any reasonable candidate for a state over time [17,22-24].
Although the trace of a quantum state over time should be nor-
malized to one, it has been observed that such a state need not
be positive. This does not necessarily mean that its definition
is pathological, similarly to the negative sign associated with
time in the spacetime interval in relativity [24]. We carefully
discuss the subtleties of linearity and nonpositive properties in
Supplemental Material Sec. IV [32]. It was an open problem
if the FP function is unique in satisfying such conditions [23].
Our main result is to solve this problem in the affirmative.

Theorem 1. The FP function gp is the only QSOT function
that satisfies (E), (P), (T), and (CC).

The proof is contained in Supplemental Material Sec. V
[32]. In other words, the FP function is indeed the unique
QSOT function satisfying the operationally motivated set of
axioms formulated in consideration of multipartite settings,
considering that a satisfactory state over time should be con-
sistent with mixed causal structures [2].

V. ALTERNATIVE CHARACTERIZATIONS OF THE FP
STATE OVER TIME

A natural following question is whether the set of ax-
ioms in Theorem 1 is unique and minimal for singling out
the FP function as the QSOT function. We show that they
are not by exploring alternative sets of axioms for QSOT
functions.

We start by discussing an axiom that has often been used to
impose a reduction to the classical limit. Let us first observe in
classical probability theory a simple way to update probability
distributions given a process map. Suppose we start with some
input distribution Py (x), which we may encode in a diagonal
matrix [D,]y, := Py (x). Furthermore, any classical channel
can be fully specified by the conditional distribution matrix
Cyx := Py;x(y|x), and the joint distribution of input and output
distributions of this channel, J;, := Pxy(x, ), can be obtained
from a simple matrix multiplication:

J=CD,. (12)

Observe also that the matrix D, is a natural way to
render the input distribution into a self-adjoint, positive-
semidefinite operator, and furthermore D,|x) = Px (x)|x). One
may then ask themselves: What would be the quantum analog
of this?

Axiom (QC): Quantum conditionability
For every state p € G(A), there exists a state-rendering
function ®, [17,40,41] on ‘B(A) such that

Epa* pa = (O, ®idp)(Epja x 14) (13)

for all £ € €(A, B), where ©,, is linear, and for any M €
B(A), whenever [p, M] = 0, we have ©,(M) = pM.

This axiom is a generalization of Eq. (12): First, ® , renders
the input state analogously to D,. Meanwhile, the conditional
state over time Epa x 14 acts as a propagator encoding the
full process, and therefore is analogous to C, while Egja * pa
is analogous to the joint distribution J.

Axiom (QC) is often employed to enable conditioning
on arbitrary input states p through ®, and the conditional
quantum state Egja * 14. In particular, (QC) tries to start with
a causally neutral formulation of quantum theory resembling
classical probability theory, where conditioning is always pos-
sible.

Proposition 2. A self-adjoint state-rendering function that
is linear in p must be of the form @’;(M) = upM + (1 —
)M p for real number w. If ®,, is also positive-semidefinite,
then u is between 0 and 1.

The proof of Proposition 2 can be found in Supplemental
Material Sec. VI B [32]. Two extreme cases of such functions
are known as the left bloom @5(M ):=Mp and the right
bloom @’;(M ) := pM. However, all the convex sums other
than the symmetric bloom, ®f,(M )= %(,oM + Mp) yield
a state over time that is not Hermitian, and would yield a
time-expansion function idgj4 * p4 that is asymmetric under
time reversal. This observation motivates us to investigate the
axiom of Hermiticity and discuss its interplay with (T).

Axiom (H) Hermiticity
For any quantum channel and state s, pa, the state
over time Ep4 * p4 must be Hermitian.

Recall from Theorem 1 that (E), (P), (T), and (CC) give us
a unique QSOT function. What happens if we substitute (T)
with (H)? To answer this, note that our previous discussions,
together with our discussions on compositionality versus asso-
ciativity, show that (E), (P), (H), and (CC) imply the original
set of axioms considered in Ref. [23]: Hermiticity, bilinearity,
preservation of classical limit and associativity (except for
positivity, see Supplemental Material Sec. IV [32]). However,
we show that (H) is weaker than (T) because it cannot induce
a unique QSOT function (Supplemental Material Sec. VII
[32]). Alternatively, Proposition 2 tells us that (H) requires a
stronger version of (QC), namely, (QC+SA), which requires
0, to be self-adjoint to arrive at a unique characterization of
the FP function. See Appendix B for further discussion. We
summarize the equivalence relation between sets of axioms
that singles out the FP function in the following theorem.

Theorem 2. The following sets of axioms are equivalent,
and satisfied only by the FP function:

E)+P®P)+(€CC)+(T) or (E)+P)+ )+ (T)
or (E) +(QC)+(T) or (E)+ (QC+SA)+ (H).

VI. CONCLUSIONS

We demonstrate the restoration of symmetry between
spatial and temporal correlations in quantum theory by es-
tablishing the uniqueness of quantum states over spacetime:
(1) We first showed that the axioms introduced in literature
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do not yield a unique QSOT function and (2) introduced a
set of operationally motivated axioms for QSOT functions
with a focus on its application in multipartite settings that is
stronger than the one given in Ref. [23]. (3) We also analyzed
the (in)equivalence relations between alternative sets of ax-
ioms and (4) characterized the Fullwood-Parzygnat function
as the unique QSOT function. Interestingly, the mathemati-
cal technique [42] originally employed in demonstrating the
no-go result [22] turns out to also be the key in establishing
uniqueness. This achievement marks a significant milestone
in developing a causally neutral quantum theory framework.
With this groundwork being laid, further attempts can now be
directed towards discovering the various applications of this
formalism [24,43].

Recently, we became aware of an independent work of
Parzygnat et al. that characterizes the FP function from a
different set of axioms [31].
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APPENDIX A: ON CLASSICALITY AXIOMS

First, we introduce the technical definition of axiom (CC)
that was informally introduced in the main text.

Axiom (CC): Classical conditionability

Consider a quantum channel &gy such that Eppy o
Q- Ady, ) = Epa, where A= D,;A; and Adx(:):=
X()XT. Then, for any probability distribution {A;}, we
have

Eppa * (Z )»iﬂA,) = Z Ai€pla, * T, (A1)

where Epja, is the limitation of Epu, i.e., Eppu, = Eppa 0
Ady, .

Can we weaken the constraint of the classical limit axiom,
say, to either axiom (CC) or (J)? We answer this affirmatively,
and comment on the proof technique with the full proof in
Supplemental Material Sec. III B [32].

Proposition 3. Assuming axioms (E) and (P), axioms
(CC) and (J) are equivalent, and furthermore they imply quan-
tum conditionability (QC).

We remark that (J) is applicable when A is a subspace
of a larger Hilbert space. This is physically plausible; for
example, a system with an energy cutoff could be considered
a system on its own. If we reject this and consider a weaker
version of (J) called (J) applicable only to full systems,
then the equivalence with (CC) under (E) and (P) breaks
down. See Supplemental Material Sec. III C [32] for more
information.

APPENDIX B: ON QUANTUM CONDITIONABILITY

Let us scrutinize the condition ®,(M) = pM whenever
[p,M] =0. This condition is motivated by a reduction
to the classical limit with commuting algebras. However,
the following result shows that, without (T), this often-
employed condition is actually not strong enough to induce
either of (CC) or (J), assuming axioms (E) and (P). This
highlights the importance of a proper quantum conditional
state. See Supplemental Material Sec. VI A [32] for the
proof.

Proposition 4. Axiom (QC) with (E) implies (P), however,
they cannot imply either (CC) or (J). Nevertheless, when
supplemented with axiom (T), axiom (QC) implies both (CC)
and (J).

Propositions 3 and 4 show that (QC) is logically weaker
than (CC) or (J). What if we strengthen it by requiring
the state-rendering function ®, to be self-adjoint or, more
strongly, positive-semidefinite with respect to the Hilbert-
Schmidt inner product like its classical counterpart? It is
shown in Proposition 2 that such modifications of (QC)
can narrow down the set of QSOT functions, but not to a
unique one.
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