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One of the open challenges in quantum computing is to find meaningful and practical methods to leverage
quantum computation to accelerate classical machine-learning workflows. A ubiquitous problem in machine-
learning workflows is sampling from probability distributions that we only have access to via their log
probability. To this end, we extend the well-known Hamiltonian Monte Carlo (HMC) method for Markov chain
Monte Carlo (MCMC) sampling to leverage quantum computation in a hybrid manner as a proposal function. Our
new algorithm, Quantum Dynamical Hamiltonian Monte Carlo (QD-HMC), replaces the classical symplectic
integration proposal step with simulations of quantum-coherent continuous-space dynamics on digital or analog
quantum computers. We show that QD-HMC maintains key characteristics of HMC, such as maintaining the
detailed balanced condition with momentum inversion, while also having the potential for polynomial speedups
over its classical counterpart in certain scenarios. As sampling is a core subroutine in many forms of probabilistic
inference, and MCMC in continuously parametrized spaces covers a large class of potential applications, this
work widens the areas of applicability of quantum devices.
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I. INTRODUCTION

Fueled by the success of machine learning (ML) [1] and
recent developments in quantum computing hardware [2-7],
substantial interest has developed at the intersection of these
fields [8—10]. Sampling from difficult distributions is key to
many classical machine-learning workflows. Sampling rou-
tines are often leveraged as a critical component of workloads
such as Bayesian inference [11], optimization [12], machine
learning [13], statistical inference/modeling [14], and energy-
based models (EBMs) [15,16], to name a few. Research at
the intersection of classical and near-term quantum machine
learning has been heavily focused on parametrized quan-
tum circuits [17] for problems such as quantum simulation
[18-20], reinforcement learning [21-23], and mathematical
applications [24-26]; however, we explore a different di-
rection to accelerate classical machine-learning workflows.
Specifically, we investigate the potential for quantum com-
puters to accelerate Hamiltonian Monte Carlo (HMC) [27]
proposals. HMC is a continuous parameter-space Markov
chain Monte Carlo (MCMC) method that approximates
Hamiltonian dynamics to provide improved proposals [28,29].
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MCMC methods [30], such as HMC, are some of the most
established methods in classical machine learning and provide
a general-purpose toolkit for sampling from target probability
distributions. Accelerating MCMC with quantum proposals is
a research direction that has only just begun [31-37].

As novel physics-based accelerators for probabilistic sam-
pling are on the horizon, it is important to benchmark the
performance of quantum computers for this task. In this paper
we take a first step towards porting a core sampling algorithm
to quantum devices. Here, we propose a method for extending
the HMC approach to leverage quantum computation via an
algorithm we call Quantum Dynamical Hamiltonian Monte
Carlo (QD-HMC). Our algorithm directly builds upon the
work of Layden et al. [32], in which they proposed the use
of quantum simulations to generate MCMC proposals in dis-
crete state spaces, and Verdon et al. [38], which proposed a
continuous variable (CV) quantum approximate optimization
algorithm (QAOA) [39]. CV-QAOA is effectively a variational
Trotterization of continuous space dynamics, similar to QD-
HMC’s randomized Trotterization of dynamics. Our method
utilizes quantum computers to more efficiently simulate the
Hamiltonian dynamics used for the proposal for HMC. We
outline the theory behind this algorithm and present initial
small simulations of QD-HMC. Given the classical complex-
ity of simulating quantum dynamics, there is clear potential
in using quantum hardware to generate proposals. QD-HMC
leverages hybrid quantum computing to effectively create a
method for quantum devices to be relevant to probabilistic and
Bayesian inference at large scale. We hope that this link will
fuel further explorations of scalability and performance for
QD-HMC.
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II. BACKGROUND

There are many cases in physics, machine learning, and
optimization in which we do not have access to a desired
target distribution, but we do have access to an energy function
(or an oracle for the un-normalized negative log likelihood)
[40]. To sample from this target distribution we can use
MCMC methods, which often requires only the ability to
evaluate the log probability (i.e., the energy). Mathemati-
cally, we can represent these distributions as a Boltzmann
distribution where P(x) = Le FW/*T with Z being the par-
tition function | e E(")/dex. In many cases, such as that of
modern deep neural network-based EBMs, kT is just set to
1. One of the earliest and most popular MCMC sampling
methods is the Metropolis-Hastings algorithm [41], which
achieves sampling from the target distribution by repeat-
edly alternating between proposal and acceptance steps. In
Metropolis-Hasting, a proposal g(y|x) is generated using any
one of many possible methods, e.g., random walk, Langevin
dynamics [42,43], splines [44], or normalizing flows [45],
which is then fed into the acceptance function A(y|x) =
min[1, Zg;gg“f;] In our notation, 7 (x) = P(x), which rep-
resents the target distribution. In many cases, the proposal
function is symmetric [i.e., g(x|y) = q(y|x)], which eliminates
the need for the so called “Hasting’s correction” and reduces
A(y|x) to min[1, %]. In the case of energy-based models,

this becomes min[1, e£E®—E07,

In continuous high-dimensional state spaces, HMC pro-
vides a way to leverage Hamiltonian dynamics and the
gradient information of the log probability to simulate the
trajectories of particles traversing the energy landscape [46].
Specifically, HMC adds an auxiliary variable momentum p to
create a kinetic energy term (in addition to the log probability
term defined to be the potential energy). Given the function
7 (x), HMC draws from a joint density 7 (x, p) = m (p|x)m (x).
The Hamiltonian of this joint density is H = —Inm(x, p) =
—Innm(plx) —Inm(x) = K(x, p) + U(x) (i.e., the sum of ki-
netic and potential energies). By picking a value for the

momentum, one can 51mulate the Hamiltonian dynamics 4% =

d
9H _0H a
T = 5. Inm(x). Although

= —3—plnn(p|x) and < E = -5

there are a variety of methods for 1ntegrat1ng approximations
for these dynamics [47], one of the most common methods is
a leapfrog integrator that approximates these dynamics via the

following finite difference estimation:

681 ),
P n 7 (x;

Xip1 =X + €M piyy,

Pi+1 = Di

€ 0
- Ealn”(xi-&-l)a (D

where € is the step size and M is the mass matrix (often a
multiple of the identity matrix) [48]. This proposal is then
fed into the acceptance function min[1, exp(—H (x;41, pit+1) +
H(x;, pi)].

Since HMC proposals (ideally) conserve energy [47], their
acceptance probability can be much higher than other MCMC
methods. Naturally, if we could perfectly simulate Hamilto-
nian dynamics the acceptance probability would be 1 [27].
Since the Hamiltonian dynamics are energy conserving, the

Pi+1 = Pi+1

acceptance probability would always be ¢” = 1. Our aim is
to show how these classical dynamics (classically simulated
via symplectic leapfrog integration) can be replaced using
a quantum computational simulation of dynamics, and how
this confers a potential quantum advantage for the task of
sampling from distributions in continuous spaces.

III. QUANTUM DYNAMICAL HAMILTONIAN
MONTE CARLO

Quantum Dynamical Hamiltonian Monte Carlo (QD-
HMC) consists of leveraging digitally simulated or analog
continuous quantum dynamics in order to suggest propos-
als for a Metropolis-Hastings acceptance step in continuous
spaces. Let us first outline the steps of the QD-HMC algorithm
before demonstrating its theoretical and empirical justifica-
tions. This can also be seen in Algorithm 1. We present the
algorithm for digitally simulated quantum dynamics here.

OD-HMC Algorithm. First, prepare bltstrmg |x) With
f(x) as the target distribution, define H,,;\ =k > +Af(X)
with p being the momentum and chosen hyperparameters
1, A. Via random Trotterization, apply Uy = e~ it Sample
bitstring measurement y ~ | (y| Unk |x) |2. Accept with proba-
bility A(y|x) = min{1, el=f+fOh,

To understand how QD-HMC relates to traditional HMC,
we need to look at the ansatz and how each layer in the
simulated evolution maps the position and momenta in the
Heisenberg picture. Our algorithm can be seen as a merg-
ing of quantum-enhanced MCMC [32] with HMC using the
continuous evolution techniques of Verdon ef al. [38]. The
evolution of these Trotter updates are very similar to those
of a CV-QAOA, a connection readily seen in the following
section.

Suppose the log probability is a function of N variables;
f@):RY - R. As a quantum operator, this function be-
comes part of the Hamiltonian f(¥), where X is the position
operator corresponding to a quadrature of a simulated N-
dimensional quantum system. In photonic or analog systems,
such quadrature operators could be represented directly, while
in digital quantum systems, this quadrature can be represented
in the one-hot or binary representation. In this work we follow
the convention of Refs. [49,50]. That is to say, we represent a
discretized position operator X; over d qubits via

X F —J N 1)1 2

= (7 (5 1)), @
where N =2¢ and J; = z;!;; 2@=D=i 11y (1|19 with |[1)
(1/9) acting on the jth qubit only. A computational basis
state |k) on d qubits is an eigenvector of X; with the eigenvalue
Xy = /2w /N(k — N/2). The states |k) therefore represent
positions on a one-dimensional grid with half-open interval
m[—\/ﬁ /2, N /2), and the binary representation of k
provides a little-endian description of position with respect
to the negative bound of the domain. Using a centered Fourier
transform £, [49], defined as . = XoF X, with X, being the
Pauli X gate on the Oth qubit and F being the quantum
Fourier transform [51], the momentum operator in this space
is defined as p; = I:}fcdﬁj and has corresponding momentum
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FIG. 1. A QD-HMC update: 10 Trotter Steps showing the evolution of the wave-function probability for a 2D Gaussian p =

eigenstates |px) = F |k) with eigenvalues identical to the po-
sition eigenvalues.

Now that we have outlined how to represent the function
of interest, we can focus on understanding the Hamiltonian
1-7,“ First, let us focus on what is called the kinetic term K =
3 Z i1 P K %j)z [38]. For analog devices, this represents
the momentum, or the canonically conjugate variable to the
position where we have the commutation relation [£;, pi] =
id . For the binary representation of these operators, we can
simply use the fact that momentum is analogous to posi-
tion in Fourier space. Using a centered Fourier transform £,
[49], the momentum operator in this space is thus defined as
Da F "%4F,.

Next, let us examine the action of each layer in the random
Trotterization of the Hamiltonian. In the Heisenberg picture,
the kinetic term of the Hamiltonian generates a change in
position of the form

einﬁzﬂﬁ-e—irlilzﬂ =%+ np,

3

where 7 is a choice of parameter analogous to inverse mass,
n = m~'. With this, we can see that the position gets updated
by the momentum divided by mass (i.e., the velocity). Now,
for the next step, the momentum operator is translated through
evolution under the target Hamiltonian as

M P pe=M® = p_ A VF(R), @

thus the momentum is shifted in a manner proportional to the
negative gradient of the target function. The details of these
derivations are presented in Appendix A. Evolving under both
the target and kinetic Hamiltonians yields

X — X+ np—nAVf(&). 4)
This is analogous to gradient descent with momentum, or
classical kinematics, with n = At/m and A = At for time-
step size At. For infinitesimal time steps, alternating between
Eq. (3) and Eq. (4), two steps is equivalent to the quantum dy-
namics of a particle undergoing motion in a high-dimensional
potential, i.e., kinematic evolution.

As an illustrative example of the dynamics of the Hamilto-
nian simulation done by the QD-HMC algorithm, see Fig. 1.
For a log probability, or target function, that is a two-
dimensional (2D) Gaussian with mean at (0,0) we show the
probability of the wave function over 10 trotter steps. The
wave function is initialized to a location that is away from
the mean and we can see the initial wave function is 100% in
the location because every step of QD-HMC is initialized to
the single state |x). As the evolution progresses, we see the
final result is a wave function localized at the desired mean
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.5

(0, 0).

(0,0). This is not steps of HMC, but Trotter steps within a
single run of our quantum proposal function. Although this
evolution is heavily dependent on the number of Trotter steps
and the time simulated by these steps (t = 2 in this example),
this provides intuition and pedagogical insight into how the
algorithm proposal step works.

Let us highlight the connection between the above dy-
namics and the symplectic integration more explicitly. Taking
Eqg. (1) and looking only at the position update, we can see the
leapfrog integrator’s x update is

x—>x+eM1(p—§Vlnn(x)>. (6)
With 77 (x) = ef® we can see this reduces to
2
x—>x+eM 'p— EM*Vf(x). (7)

Since the inverse of the diagonal mass matrix is the diagonal
matrix of inverses M;;' = (M;;)~', and we have established
n~ %, then we can see these terms are equivalent with
€ = At. Withn = %, wecanset A = &L = % ‘We can now see
clearly the similarities of the Hamiltonian dynamics between
symplectic leapfrog integration in Eq. (7) and the quantum
Hamiltonian dynamics in Eq. (5). We see that we recover the
symplectic integrator behavior, except this is done quantum
coherently, allowing for exponentially complex superposi-
tions over position values to be simultaneously symplectically
integrated.

Now that we have illustrated the mechanisms of Hamil-
tonian simulation, we will outline how QD-HMC functions
as a Markov chain Monte Carlo (MCMC) algorithm. First,
we show that our QD-HMC algorithm meets the require-
ment of conserved energy In the classical case this can be
easily shown via < W =), [gi{ ‘j;;‘ + gf ‘2’:’] =) %% —
2—22—5] =0 [48]. In the quantum case, we can use inspi-
ration from the Ehrenfest theorem to show our quantum

Hamrltonlan conserves energy As was shown in Appendix A,
dx

S =np= and = —AVf(®) = =2 Thus, following
these derrvatrons, ‘2—7 =), [gf ‘s; + g;’ ‘fjpt'] =0, since this

becomes identical to the classical case. Using these same
derivatives, it is straightforward to show the quantum Hamil-
tonian dynamics preserve volume since the divergence of the
vector field V- F, F = (%, p) — (a—p, ——) is O (this is the
same approach as in Ref. [48]).

Next, a key requirement of MCMC algorithms is re-
versibility, i.e., it must satisfy the detailed balance condition.
This condition states that for a stationary distribution 7 and
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FIG. 2. Comparison of QD-HMC and HMC samples energies
over 10000 iterations on a variety of optimization problems for
temperature 0.1 and 0.01.

transition probability p; ; = P(x;41 = jlx; = 1),

Tipij = T;pji Vi, J. (®)
We show that QD-HMC obeys this condition by proving the
symmetry of the proposal function |(y|Uy;|x)|> = [{x|Uy[y)[?
for our algorithm. The proof is presented in Appendix B.
Since our proposal is symmetric, we can augment it with a
classical acceptance/rejection step which meets the detailed
balance condition. In HMC, one needs to add a sign flip to the
momentum term to ensure reversibility. Intuitively, the Hamil-
tonian dynamics only go “forward,” so g(x|y) — 0, which
means proposals would never be accepted. Adding a sign flip
on the momentum, (x, p) — (x, —p) enables this reversibil-
ity (but is of no practical importance since the momentum
is resampled), see Ref. [28, sec 5.4] for more information.
Analogous to this, there is a momentum flip necessary at the
end of our quantum proposal to ensure reversibility, but as
with HMC is of no practical relevance due to the random
Trotterization. Having established the theory of QD-HMC, we
now present some example experiments to outline how the
algorithm functions.

IV. SIMULATIONS & EXPERIMENTS

We evaluate our algorithm on a number test functions
[52] as is common in optimization literature [53,54]. The
QD-HMC and classical comparisons are generated from
implementations built on TensorFlow Probability [55], Ten-
sorFlow Quantum [56] and Continuous Variable TensorFlow
Quantum [57]. All code is available in Ref. [58]. Note that
all results come from noiseless and exact state-vector sim-
ulations. The results of these experiments can be seen in
Fig. 2, which compares the energy over 10 000 proposals on
a set of functions for low temperatures 7 = 0.1 and 0.01. We
add this temperature so the adjusted log probability becomes
In p(x)/T (i.e., the same way temperature is included in the
Boltzmann distribution). The x axis is scaled logarithmically.
For each function, we used Optuna [59] to optimize the
classical and quantum hyperparameters independently. It is
important to emphasize that these empirical results are not
meant to suggest that QD-HMC is universally better than
HMC, or that QD-HMC should be used (with simulations)
as a replacement. These results are purely a proof of con-
cept and of intuitive, explanatory, and pedagogical interest.

1024 —o— HMC
QDHMC

o)
©
£
% 10* 4
()
~

100 4

10t 102 103 10
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FIG. 3. Estimation of autocorrelation time 7 as a function of
number of samples for a double well.

There are many HMC improvements that could likely do
even better on these problems [60,61]. The log probability for
each function are defined as followed; Gaussian: Zi —X; — xl-z,
Rosenbrock: — )", 10(x;41 — x)* 4+ (1 — x;)?, double well:
—(x¢ — 4x} +x}) — 0.5x0, and Styblinski-Tang: —§ >, x} —
16xl-2 + 5x;. These show the minimization of the negative log
probability (energy) function (labeled at the top) for low tem-
peratures, making this energy a good proxy for free energy.
Although the results are comparable at higher temperatures
with HMC performing very well, the low-temperature results
highlight the potential of quantum dynamical simulation. The
initial points for optimization are selected randomly across the
range of possible digital quantum representations (which is
often far from the minimum, something as a qualitative point
HMC sometimes struggles with overcoming). These results
are averaged over 50 repetitions with different initial points.

To further understand the advantages QD-HMC might
yield, we also estimate the autocorrelation time across these
problems for QD-HMC and HMC. The integrated autocorre-
lation time T is estimated for a finite chain observable { f,-}f’: I
via [62,63]

1 o0
= — 1),
T 2+;Pf()

N Y i = ) Uie = )
N =0 3L (fi =y

We plot an example of the estimation of autocorrela-
tion time as a function of samples in Fig. 3. The plots for
the other problems are available in Appendix C. These ex-
periments were all performed (and averaged) over the 2D
version of functions and were conducted at 7 = 5.0. As these
experiments reveal, QD-HMC is able to achieve lower auto-
correlation times, which means samples become independent
faster and can result in improved sampling convergence rates.
Although there are a multitude of methods when it comes to
evaluating MCMC samplers, autocorrelation time is a com-
mon and important foundation. For example, it forms the
backbone of effective sample size (ESS) estimation (ESS is
proportional to %). As before, these results are not meant to
offer strong and universal claims of quantum advantage but

pr(t) = ©))
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FIG. 4. Acceptance probability comparison as a function of tem-
perature for a 2D double well.

to investigate regimes of interest and mechanisms of potential
advantage (such as having a lower autocorrelation time).

To explore QD-HMC further we focus on low-temperature
regimes. We can see the resilience of the proposals empirically
when varying the temperature and observing the acceptance
rates. Figure 4 shows an example of this, in which we plot the
acceptance probability of the quantum and classical proposals
for 100 different random points for a 2D double-well function.
The hyperparameters used are the same as the 7 = 0.1 double
well above. As can be seen, the quantum proposals average
around 50% independent of temperature, whereas the classical
proposals are strongly positively correlated with temperature.
The classical acceptance rates could likely be increased with
hyperparameter optimization for each temperature, however,
this often results in infeasible step sizes at very low tempera-
tures. This result demonstrates that the areas in which it might
be best to probe for the advantage of QD-HMC are likely at
low temperatures and this highlights the potential benefit of
lessened dependence on properly tuned hyperparameters.

V. DISCUSSION AND CONCLUSION

First, let us remark on the important distinctions between
QD-HMC and the quantum enhanced MCMC (QEMCMC)
of Ref. [32]. While we take inspiration and build upon their
work, QD-HMC operates on a different class of problems
(general continuous optimization vs discrete Ising models)
and which we show is analogous to performing HMC on a
quantum computer. This allows for implementation on both
continuous variable and discrete quantum computers. Addi-
tionally, continuous dynamics adds difficulty in analytically
computing advantage bounds. Unlike in the discrete case, we
cannot materialize the transition matrix for exact analysis.
Orfi and Sels [64] demonstrated by analyzing the spectral
gap of the transition matrix that the QEMCMC of Layden
et al. [32] offers no speedup in the general worst case. Al-
though this proof of no speedup does not directly apply to
QD-HMC, it does motivate our experiments to focus on ar-
eas in which QD-HMC could provide practical advantages
and to focus on the mechanisms of potential advantages.
The potential for a polynomial speedup in low-temperature
regimes occurs as the quantum dynamics become a Grover

FIG. 5. High-temperature trajectory comparison between HMC
(left) and QD-HMC (right).

search [65] with a narrow Gaussian as the target state [38]. In
contrast to the low-temperature evaluations above, as the wave
function becomes delocalized during the evolution at high
temperatures, the proposals find themselves in a highly non-
local part of the landscape (i.e., traversing larger distances).
Under high-temperature conditions, we see high-weight up-
dates, compared to simulated annealing or HMC. Consider,
as an illustrative example, Fig. 5. These show the trajec-
tory HMC and QD-HMC algorithms take, respectively, for
a high-temperature (7 = 100) optimization in a simple one-
dimensional (1D) double well. The QD-HMC updates are
substantially larger than the classical due to the aforemen-
tioned delocalization. Note that this cannot be trivially solved
by increasing the HMC step size or integration steps, as this
results in convergence failures on this example. The coherent
evolution and delocalization in position space enables tun-
neling, since the potential and kinetic strengths are randomly
sampled.

This work begins to unlock a number of interesting fu-
ture directions. There are improvements that could be made
to this algorithm, e.g., the optimization of hyperparameters
that defined the kicking magnitudes, how to tune all hyper-
parameters in certain optimization or probabilistic inference
scenarios, etc. For example, one could tune the temperature
synchronously with the temperature hyperparameters [66].
Another potential area of exploration would be the potential
of population transfer for very low-temperature updates [67].
Experimenting with real quantum hardware is another impor-
tant future direction. Adapting any algorithm to hardware is a
challenge as the simulation of the Hamiltonian induces many
two-qubit gates (which have substantially higher error rates)
presenting an added challenge for this algorithm. However,
the CV-QAOA subroutine, which is highly similar in structure
to the transition kernel used in this work, was the subject
of a recent hardware implementation [68]. For digital simu-
lation of continuous dynamics, accessing the higher energy
states of qutrits (e.g., through superconducting transmon hard-
ware [69]) may be helpful for hardware-efficient emulation of
qudit-based qumodes.

In this paper we demonstrated how to generalize HMC to
quantum computing by leveraging coherent quantum dynam-
ics. Building upon work done for quantum enhanced MCMC
and CV-QAOA, we presented a new algorithm with promis-
ing machine learning use cases. This algorithm, QD-HMC,
is theoretically outlined within the quantum mechanical and
MCMC frameworks. We provide an empirical and theoret-
ical analysis of our algorithm to demonstrate the potential
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advantages QD-HMC may offer. Given the prevalence and
importance of classical HMC in a variety of applications,
improvements on it are meaningful to substantial portions of
the Bayesian, machine learning, and optimization communi-
ties. QD-HMC expands the potential applications of quantum
hardware for all of these areas.
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APPENDIX A: HEISENBERG PICTURE UPDATE RULES

In the Heisenberg picture the wave function defines a time-
independent basis with time-dependent operators, as opposed
to the Schrodinger picture in which the wave function is a
function of time and the operators are time independent. The
resulting Heisenberg observables O) can be described in
relation to the Schrodinger observables O via

O(H)(t) — eiI-Alt/hO(S)e—iI-?t/h. (A1)

We can see the evolution of our operators at each layer of
in the Trotterization. The evolution of these operators in the
Heisenberg picture can be represented via

Loy = %[H, 01, (A2)

dt
With this background, we can now derive the updates in
the right-hand side of Egs. (3) and (4) to see the evolution
of the position and momentum operators (for a single time
step). Starting with the momentum operator we have the single
(discrete Trotter) update, i.e., whenr = 1.

Since
A p .
H = Uy + Af(X), (A3)
we have
d il p?
Lo Lo fark). &
X h[nz +Af(X) X]

. ) )
= %((n% + Af(ﬁ))fc - X(n% + /\f(fc)>>

i b e o o
=—-|n=—X+AfX)X—Xn— —XAf(X) ). (A4)
r\ "2 2

Using a temporary wave function for clarity, and knowing
that f(X) and X commute, we can see

i pzﬁ—i—kf(f()f( an? SR )Y
a\2 5
Y )
S O SV
—h<n2xw anllf>

L
—Zhnp,

[P, X1p + PP, XD

l
ﬁﬂ(

= S-n(=ifp — iip)

= np. (AS)
Thus, we can see that the discrete Trotter step enacts a
change on X via np, thus recovering the update in Eq. (3).
Now let us walk through the same steps, but for momen-
tum.

We have

d i p?

S N
7P h[n2+ J (%) p]

=

i p2 R . . a2 .
= ﬁ((’?j + )»f(X)>P - P<’77 + Af(x)))

p’ p’
(777 +Afp— 17 - f)xf(ﬁ)). (A6)

Adding in a wave function once again, we can see

. ~3 A3

%(n% +AfR)Pp — n% — f»\f(fc))w
= SA(f PV — PFRIV)
= AMfRVY = V(f(R)Y))
= MfR)VY — FRVY — Y V(X))

= —AVf(X). (A7)

Thus, we can see that the discrete Trotter step enacts a
change on p via —AV f(X), thus recovering Eq. (4).

APPENDIX B: QD-HMC AND DETAILED BALANCE

In this section we will prove that QD-HMC, as outlined
in Algorithm 1, obeys the detailed balance condition, as it is
essential to showing that the sampled distribution converges to
the true target Boltzmann distribution in the asymptotic limit.

ALGORITHM 1: QD-HMC algorithm.

1. Prepare bitstring |x).
2. Where f (%) is the problem function, define

X 7
H, = 7)7 +Af(E)

with chosen hyperparameters 7, A.
3. Via random Trotterization, apply
l7n,\ = ¢~int
4. Optionally, flip the momentum via Algorithm 2.
4. Sample bitstring measurement

Y~ 101 O ) 2.
5. Accept with probability

A(ylx) = min{1, e*[f(y)—f(x)]}.
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Claim.
[T 1) 1? = (x| O 0 > ¥, y, 1, A (B1)

Proof.

Note. (e = A"

Eq. (B1) holds if Uy, = U,
This equality is equivalent to

= P> +Af@1 = np* + rfR),
= )" =p". (B2)

Note. p=FiF"and FT = F.
Therefore,

= (F)YpF? = —p. (B3)

We can make this transition invertible by adding a momen-
tum flip as seen in Algorithm 2.

Uy > MUy | MUuM = U (B4)

ALGORITHM 2: Momentum flip.

1. Momentum flip:
M = FIRjoke,
2. Convert to momentum space.
3. Flip most significant bit.
4. Convert back.

M =M.

Since

=1, (BS)
it follows that

= MOMMT
=MU. (B6)
Thus,
[T ) [ = x| O )P Y, y, 1, A (B7)
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FIG. 6. Estimation of autocorrelation time 7 as a function of
number of samples.

APPENDIX C: FURTHER AUTOCORRELATION
ESTIMATES

Figure 6 shows the estimates of t for different 2D
problems.
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