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We present the quantum simulation of the frustrated quantum spin—% antiferromagnetic Heisenberg spin
chain with competing nearest-neighbor (J/;) and next-nearest-neighbor (J,) exchange interactions in the real
superconducting quantum computer with qubits ranging up to 100. In particular, we implement the Hamiltonian
with the next-nearest neighbor exchange interaction in conjunction with the nearest-neighbor interaction on
IBM’s superconducting quantum computer and carry out the time evolution of the spin chain by employing the
first-order Trotterization. Furthermore, our implementation of the second-order Trotterization for the isotropic
Heisenberg spin chain, involving only nearest-neighbor exchange interaction, enables precise measurement of
the expectation values of staggered magnetization observable across a range of up to 100 qubits. Notably, in both
cases, our approach results in a constant circuit depth in each Trotter step, independent of the number of qubits.
Our demonstration of the accurate measurement of expectation values for the large-scale quantum system using
superconducting quantum computers designates the quantum utility of these devices for investigating various
properties of many-body quantum systems. This will be a stepping stone to achieving the quantum advantage

over classical ones in simulating quantum systems before the fault tolerance quantum era.
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I. INTRODUCTION

The landscape of quantum computing has experienced sig-
nificant evolution, especially with the emergence of noisy
intermediate-scale quantum (NISQ) computers [1,2] and be-
yond at scale such as IBM Quantum processors. Despite their
inherent noise and limitations, these platforms have opened up
new avenues for delving into fundamental physics. Quantum
simulation [3-5] of seemingly complex many-body quantum
systems using near-term, noisy quantum computers presents
an intriguing possibility. While the algorithm for quantum
simulation using quantum computers was initially outlined
for many-body Hamiltonians in Ref. [6] and subsequently
refined in works such as [7—14], its actual implementation on a
quantum computer necessitates comprehensive quantum error
correction.

Using near-term, noisy quantum computers to simu-
late fundamental physics presents significant challenges
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including error rates that affect computation accuracy, con-
straints on qubit numbers limiting the complexity of simulated
systems, and difficulty in maintaining qubit stability over
extended periods. Nevertheless, ongoing advancements in
error-mitigation techniques and algorithms [15-22] for noisy
quantum devices are enhancing their capability to perform
detailed and accurate simulations of fundamental physics.
These successes showed the utility of noisy quantum com-
puters before the advent of fault-tolerance [22]. Despite these
advancements, an important question remains: are currently
available quantum computers capable of simulating large
quantum systems and extracting precise values for observ-
ables on more realistic problems? This question warrants
further investigation to assess the practical limitations and
potential of current quantum technology in the realm of
large-scale quantum simulations. Recently, Kim ef al. [22]
successfully performed time evolution simulation of the Ising
model on IBM quantum computers at a scale beyond ex-
act classical methods with accuracy competitive with tensor
network methods. However, it remains an open problem to
achieve such quantum utility for a broader range of practical
problems.

In this study, we expand the utility of noisy quantum
computers to more general and complicated cases of time
evolution driven by Hamiltonians at large-scale noisy super-
conducting quantum computers. We focus on the simulation
for the time evolution of quantum spin-% antiferromagnetic

Published by the American Physical Society


https://orcid.org/0000-0002-0158-6598
https://orcid.org/0000-0003-0826-074X
https://orcid.org/0000-0002-3254-0015
https://orcid.org/0000-0003-2142-5166
https://orcid.org/0000-0002-3263-4767
https://ror.org/001tmjg57
https://ror.org/05wv2vq37
https://ror.org/02ex6cf31
https://ror.org/03xrrjk67
https://ror.org/02ex6cf31
https://ror.org/02ex6cf31
https://ror.org/02ex6cf31
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.6.033107&domain=pdf&date_stamp=2024-07-25
https://doi.org/10.1103/PhysRevResearch.6.033107
https://creativecommons.org/licenses/by/4.0/

CHOWDHURY, YU, SHAMIM, KABIR, AND SUFIAN

PHYSICAL REVIEW RESEARCH 6, 033107 (2024)

Heisenberg model with frustration and assess their abil-
ity to accurately capture the intricate spin dynamics of the
model. The frustrated spin-% antiferromagnetic model serves
as a paradigmatic representation of a quantum many-body
system characterized by competing interactions among its
constituents. In a magnetically frustrated system, the ground
state becomes degenerate due to the inherent ambiguity of
the spin configurations not being able to satisfy all of the
antiferromagnetic interactions simultaneously. Consequently,
the ground state of the frustrated systems becomes highly
entangled, leading to exotic phases of quantum matters such
as quantum spin liquids (QSLs) [23-25].

In particular, we consider the spin—% antiferromagnetic
spin chain with competing nearest-neighbor (J;) and next-
nearest-neighbor (J;) exchange interactions [26,27] in the
real superconducting quantum computer with qubits rang-
ing up to 100. The antiferromagnetic quantum spin chain
has a rich ground-state quantum phase diagram [28-32].
Apart from its rich quantum phase structure, interestingly,
the antiferromagnetic spin chain model can be related to the
Schwinger model [33-36], a toy model in (1 + 1) dimensions
[(1 + 1)D] that captures the features of a strongly coupled
sector of quantum chromodynamics (QCD). To simulate
the time evolution of the quantum spin—% antiferromag-
netic Heisenberg spin chain with competing nearest-neighbor
and next-nearest-neighbor exchange interactions on noisy
superconducting quantum computers, we developed a new
Trotterization [37-39] circuit design. The main challenge of
the circuit design is originated by the limited connectivity of
superconducting quantum computers. Since the model has the
interaction between the next-nearest-neighbor in addition to
the nearest neighbor, the limited connectivity of the system
is a huge barrier for efficient Trotterization while the nearest-
neighbor interaction can be efficiently implemented on linear
qubit connectivity. Our new circuit design for the model is
suitable for linear qubit connectivity (circular connectivity
for a periodic boundary condition). Also, the design has a
constant circuit depth with respect to the system size (the
number of qubits) so that this implementation is scalable. This
circuit design is described in detail in Sec. III B.

Moreover, a special case (J, = 0) of the model is the
Heisenberg isotropic spin chain model. In this case, we pro-
pose a new second-order Trotterization implementation. In
general, a second-order Trotterization has twice the longer
circuit depth than the corresponding first-order Trotterization.
However, we achieve the second-order Trotterization by only
an additional constant circuit depth than the circuit depth
of the first-order Trotterization. Since we have a trade-off
between numerical noise and quantum device noise when
we increase the order of Trotterization, implementing the
second-order Trotterization with only constant circuit depth
increase from the first-order Trotterization is a great benefit.
The implementation detail is described in Sec. III A.

Subsequently, we validate our new circuit designs with 20,
96, and 100 qubit systems on the IBM quantum processors
of 127 qubits and 133 qubits. To cope with the quantum
errors and noises, we apply several quantum error mitigation
methods to our new circuit designs (Refer to Sec. IV B).
We successfully simulate the time evolution with 3888 and
3978 CX gates using open and periodic boundary conditions,

(a)
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FIG. 1. (a) In the absence of frustration, the nearest-neighbor
interaction prefers the antiferromagnetic or the Néel ordering. (b) In
contrast, the onset of next-nearest-neighbor interaction J, makes the
system frustrated as it favors the antiparallel alignment of the next-
nearest-neighboring spins, leading to a parallel combination between
neighboring spin pairs.

respectively, that are presented in Sec. V. Finally, we conclude
in Sec. VL.

II. FRUSTRATED SPIN-% ANTIFERROMAGNETIC SPIN
CHAIN MODEL

The frustrated spin-% antiferromagnetic Heisenberg spin

chain is described by the following Hamiltonian:

N
H = J1 Z (Sjc f—t—l + SLVS,)_;,_] + AS:'ZSt'Z+1)
i=1

N
Y (SIS, + SIS, + SES5), e))
i=1

where the antiferromagnetic nearest-neighbor (NN) coupling
Ji1 > 0, next-nearest-neighbor (NNN) coupling J, > 0 and the
exchange-anisotropy parameter A > 0 control the parameter
space of the Hamiltonian. Besides, the spin operators, S =
1o obey the SU(2) algebra,

[S¢. 87 = is;eP7s? )

where «, 8, y =x,y,z and i, j=1,...,N. Our analy-
sis considers open boundary conditions (OBC) and periodic
boundary conditions (PBC). The PBC is imposed by setting
Sy = Si'. Besides, we take the total number of spin sites on
the chain as even N = 4n, where n takes on positive integers.
Additionally, this Hamiltonian is referred to spin-% Ji—
XXZ Hamiltonian in many instances. From Fig. 1, we can
see that when the next-nearest-neighbor interaction J; is set
to zero, the spin alignment, for example along the z axis,
follows the antiferromagnetic ordering but the onset of J,
introduces a competing interaction which would disrupt the
initial antiferromagnetic ordering for large enough J, value.
Hence, the spin chain becomes frustrated.

The couplings (J;, J», A) of the Hamiltonian would result
in a rich ground-state phase diagram of the frustrated quan-
tum spin-% antiferromagnetic spin chain. In the subsequent
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analysis, we focus on two important Hamiltonians for partic-
ular parameter values, as detailed below.

Isotropic Heisenberg Hamiltonian. The isotropic Heisen-
berg Hamiltonian, also known Hjg,, is characterized by the
parameters, J; > 0, J, =0, and A = 1. Unlike the general
case of A # 1, it has a full global SU(2) symmetry.

Dimer Hamiltonian. The dimer Hamiltonian correspond-
ing to the Majumdar-Ghosh (MG) point, denoted here as
Hgimer, is characterized by J; > 0, J, = 24, A =1 [40,41]. It
also enjoys the full SU(2) symmetry. The crucial feature of
this Hamiltonian is that its ground state manifests as a doubly
degenerate valence bond solid (VBS) phase where the pairs of
neighboring spins on the chain form spin-singlets, referred to
as dimer states.

A. Time evolution of the quantum system

In this work, we focus on the time evolution of the spin
chain under the Hamiltonians, H;s, and Hginer. As our focus
is to study the accuracy of the measurement of observables
associated with the spin chain at the superconducting quantum
computers, we focus on the temporal variation of the expecta-
tion value of the staggered magnetization that characterizes
the antiferromagnetic ordering in the spin chain. The stag-
gered magnetization observable Oy, is defined as follows:

N

A 1 .

Om, = N E (=1)'S;. (3)
i=1

One can choose a specific spin configuration of the quan-
tum spin chain and calculate the expectation value of the
staggered magnetization observable to characterize the spin
states’ antiferromagnetic ordering. There exist myriad options
for selecting such spin states. However, for simplicity and
clarity, we opt for the Néel state that encapsulates some of
the fundamental features of the antiferromagnetic spin chain.
It is defined as

[UNeet) = [T - TN “

where each |1) or ||) represent the spin projection of
spin-1/2 particle at the ith site along the z axis in spin
space.

Consequently, we determine the time evolution of the ex-
pectation value of staggered magnetization observable for
the Néel state under the Hamiltonian Hi,, and Hgjmer In
IBM’s superconducting quantum computers and corrobo-
rated the results with state-of-the-art classical numerical
tools.

III. IMPLEMENTATION OF TIME EVOLUTION UNDER
THE SPIN CHAIN HAMILTONIAN

Starting from this section, we use O as the first index
instead of 1 to keep consistency with IBM Qiskit’s qubit
index convention. Hence, the index varies from 0 to N — 1
instead of from 1 to N. Also, we assume N is even. Equa-

tion (1) is reformulated by the Pauli operators, o7, a}.v, a]? as
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FIG. 2. The first-order Trotterization of the Hamiltonian H,
with open boundary condition. The layers surrounded by the straight
lines are the even layers and the layers surrounded by the dotted lines
are the odd layers. For a periodic boundary condition, the odd layers
have the two-qubit gates, U (6), between gn—1 and go. One Trotter
step is composed of the even layer and the odd layer.

follows:
-1
_ X X y_y T2
H=7Y (Lojojy, +4oj0),, + Jojoi,,)
j=0

=

-1

S

+ 7 2 (070fn +ojoj, +ojoi,). )
j

where J; = AJy/4and J, = J, = J; /4.

Il
=}

A. The second-order Trotterization for isotropic Heisenberg
Hamiltonian

In this section, we address a specific case of the Hamil-
tonian [Eq. (5)], which has J, = 0. We have a basic building
block for the time evolution as follows:

il 'exxx 0)’)’)‘ szz
U;(0) =exp | —i §Uj0j+l+50jaj+l+30jaj+1 ,

(6)
where 6 = (Ox, 0y, 0;) = (24, At, 2J,At, 2J,At) with the
Trotter step size At. By the Trotter approximation, we can
arrange the U;(0) operators in staggered placement [42,43]
as shown in Fig. 2. Hence, one Trotter step is formulated as

follows:

N/2—1 N/2—1
u@ =[] vi@® || [] 2i+1®)
j=0 j=0

We define the even layer Ue(é) and the odd layer U,,(é) as
follows:

N/2-1 N/2—1
U@ =[] ts® | U@ =] Uain®|.
j=0 j=0

respectively. The even layers and the odd layers are high-
lighted in straight lines and dotted lines, respectively, in Fig. 2.
The first-order Trotterization (Fig. 2) needs 2M layers when
we have M Trotter steps.
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FIG. 3. The second-order Trotterization of the Hamiltonian H;s, with open boundary condition with two Trotter steps. The dotted parts are
one Trotter step of the second-order. The one step of the second-order Trotterization is composed of an even layer, an odd layer, an odd layer,

and an even layer in order. For a periodic boundary condition, the odd layers have the two-qubit gates, U (%), between g,_; and g.

The second-order Trotterization is described in Fig. 3.
Even though the accuracy of the second-order Trotteriza-
tion increases, the circuit depth increases double in general.
However, we can compress the circuits of the second-order
Trotterization for the Heisenberg XXX spin chain Hamilto-
nian. It is trivial since we have the following equality:

U (6)U.(6>) = U, (61 + 6>) and U,(6))U,(6>) = Uy(6; + 65).

Hence, we can merge the adjacent odd layers, and the last
even layer can be merged with the first even layer of the
next Trotter step. Figure 4 shows the merged circuit dia-
gram of the second-order Trotterization in Fig. 3. The merged
second-order Trotterization depicted in Fig. 4 shows that the
implementation needs only 2M + 1 layers when we have
M Trotter steps. Note that the first-order Trotterization (cf.
Fig. 2) has 2M layers with M Trotter steps. We achieve
the second-order Trotterization by adding one even layer at
the end of the first-order Trotterization and adjusting the
angle parameters (9). Considering the trade-off between the
Trotterization error and the quantum noise when we use a
higher-order Trotterization, it is a great benefit to achieve the
second-order Trotterization with only constant circuit depth.

B. The first-order Trotterization for the dimer Hamiltonian

The dimer Hamiltonian Hyjne, has additional terms in ad-
dition to the Heisenberg XXX spin chain Hamiltonian Hjg,
as shown in Eq. (1). The additional terms have coefficient J;.
The J, terms have interaction with the next nearest-neighbor
sites. Hence, the dimer Hamiltonian has the interaction with
the nearest neighbor and the next-nearest-neighbor sites. This
is the main challenge to make a quantum circuit for the time
evolution of the Hamiltonian on quantum computers having
limited connectivity between qubits such as in superconduct-
ing quantum computers.

In this section, we describe our new quantum circuit design
for the dimer Hamiltonian on the quantum devices having
only connection between nearest-neighbor qubits. That is,
all qubits have two connections except the first and the last
qubits (a path graph) on open boundary conditions. In pe-
riodic boundary conditions, the first and the last qubits are
connected (a circle graph). Figure 5 shows one Trotter step of
the first-order Trotterization for the dimer Hamiltonian. In the
figure, the box surrounded by the straight line is the isotropic
Heisenberg Hamiltonian part (cf. Fig. 2). The dotted box part
in Fig. 5 represents our new circuit design for the J, terms.

e e[ Jue [ lud [
Sy = /() /() fp—— 0] () [ m—
g UG | —— VO | —— U U6 | —— UG |
Sy /() [ /() p—— o ()} [ m—
0 U($) U(6) uey| U@ U |
Qn—41: . R N — R L
s U | —— VO | —— VO | _|UO) | —— UG |
PO — 7/ ()] [pm— §7{( ] [jpu—— {1/ ()} [e—
. U(9) U(6) uey| U@ U |

FIG. 4. The optimized second-order Trotterization of the Hamiltonian Hs, with open boundary condition with two Trotter steps. For a
periodic boundary condition, the odd layers have the two-qubit gates, U (6), between ¢,,_; and go. The circuit diagram in Fig. 3 is optimized

by merging adjacent even layers and odd layers, respectively.
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FIG. 5. One Trotter step implementation for the Hamiltonian
Hyimer. Here, 0 = 2J,8t and 0’ = 2J,8t = J,6t (as for dimer case,
J» = J1/2). For a periodic boundary condition, the odd layers in the
straight line box have the two-qubit gates, U (5), between ¢g,_; and
qo and the SWAP gate between g, and g in the second and the third
SWAP gate layers in the dotted line box.

In this circuit design, we assume that the n is a multiple of
four. In the numbering notation, the upper bar of a number
represents a modulo number of four. For example, k means
k mod four. In addition, SWAP(i, j) represents the SWAP gate
between ¢; and g;. The first step is placing SWAP(1, 2). This
is depicted in the first SWAP layer in the dotted box in Fig. 5.
The second is placing the even layer on the whole qubits. The
first SWAP gate layer and the following even layers process
the J, terms between 0 and 2, and 1 and 3, respectively. The
third is placing SWAP(1, 2), and SWAP(3, 0) of the neighbor.
If it is under PBC, swaP(n — 1, 0) is added. swar(1,2) is
reversing the first step, SWAP(1, 2). The fourth is placing the
even layer on the whole qubits. SWAP(3, 0) of the neighbor and
the following even layers process the J, terms between 2 and
0, and 3 and 1, respectively. Finally, SWAP(3, 0) of neighbor
are placed. If it is under PBC, SWAP(n — 1, 0) is added. The
final process is reversing the SWAP(3, 0) of the neighbor in the
third process. The whole process of the circuit construction is
summarized in Table I.

Finally, we remark on the second-order Trotterization
of the dimer Hamiltonian. In contrast with the isotropic
Heisenberg Hamiltonian in Sec. IIT A, the second-order Trot-
terization of the dimer Hamiltonian does not have a significant
benefit. The first-order Trotterization of the dimer Hamilto-
nian has seven layers including the three SWAP gate layers for
one Trotter step as shown in Fig. 5 while the second-order
Trotterization needs twelve layers. Even though the Trotter-
ization error (numerical error) will decrease when we adopt
the second-order Trotterization instead of the first-order Trot-
terization, the quantum device error by the longer circuit depth
will increase and we anticipate the device error would be more

TABLE 1. Summary of the circuit construction for the J, terms
in Fig. 5.

Notation

n is the number of qubits and a multiple of 4.

The numbers represent qubit index from 0 to n — 1.
k represent k modulo 4.

1: Place SWAP gates between 1 and 2

2: Place the even layer of 6 on the whole qubits.

3: Place SWAP gates between 1 and 2, and between 3 and 0.
if PBC, place SWAP gate between n — 1 and 0.

4: Place the even layer of 6" on the whole qubits.

5: Place SWAP gates between 3 and 0.
if PBC, place SWAP gate between n — 1 and 0.

dominant than the gain of the decrease of the numerical error.
Hence, we do not adopt the second-order Trotterization in our
experiments for the dimer Hamiltonian.

IV. IMPLEMENTATION FOR EXPERIMENTS

As we discussed in the previous section, the basic build-
ing block for the quantum circuit implementation is U;(6) in
Eq. (6) for both the isotropic Heisenberg Hamiltonian Hi, and
the dimer Hamiltonian Hyimer- Hence, the key to a successful
simulation on noisy quantum computers lies in the implemen-
tation of an efficient quantum circuit, as contemporary noisy
quantum computers are susceptible to various quantum noise
sources, including quantum gate errors. In this section, we de-
scribe our specific circuit implementation of Eq. (6) to execute
the time evolution on the IBM quantum computers. Sec-
tion IV A summarizes the quantum circuit implementation. As
described in Sec. III, we need only an efficient implementation
of Eq. (6) for the time evolution of the isotropic Heisen-
berg Hamiltonian (Hiy,) and the dimer Hamiltonian (Hgimer)
as well as SWAP gates between the nearest-neighbor qubits.
Since our new circuit implementations for His, and Hgimer
only use quantum gates working on the nearest-neighbor
qubits, these implementations circumvent the limited qubit
connection issue of IBM quantum computers. Based on the
quantum circuit implementation, various quantum error miti-
gation methods are applied and the methods are described in
Sec. IVB.

A. Quantum circuit implementation

To implement Eq. (6), we start from the Ising coupling gate
Rz.7;(0) as follows:

e 0 0 0
0 €3 0 0
= —izoi0t ) =
Rz,.zj(Q)_exp< 120'1 Uj> 0 0 ei% 0 s
0 0 0 e
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which is implemented as RZZGate in IBM Qiskit. Since we have Clifford gate identities, we have the induced Ry, () and

Ryy,(0) gates as follows:

—{H] El
Rxx(0) =

R.(0) )

— o \/(FT
Ryy(0) =

—Vo? b R(0) b /or ' | -
Rz7(0) =

—b{R.(0) FO——

where H is the Hadamard gate,

L1+
x\1/2 _ ~
(@) _2<1—i

and

Hence, Ui(é) in Eq. (5) is implemented as follows:

1 —i
1+1i)

4] i

R.(0) Voo 4

N
D

Voo

(N

9*

R.(0) & \/oz' —D— R.(0)

and this implementation has six CX gates and thirteen circuit depths. This circuit is compressed and optimized by circuit identities

as follows:

—D— R-(6:)

D
N>

rah)
N>

®)

i

R.(0.+ %)

This circuit has three CX gates and seven depths. The induction
of the circuit identity is described in detail in Appendix A in
Ref. [44]. Since quantum gates have gate errors and two-qubit
gates such as CX are noisier than single-qubit gates, reducing
the number of CX gates as well as the circuit depths is essential
to reduce the overall noise on the quantum computers. Hence,
we adopt the quantum circuit described in Eq. (8) for the
implementation of Eq. (6).

B. Quantum error mitigations

The troublesome challenge of running quantum algorithms
on contemporary quantum devices, including IBM Quantum
processors, is the errors and noise on the quantum devices
To cope with the errors and noises, quantum error correction

R.(—0y)
sy

(

(QEC) was suggested [45,46]. However, QEC has a qubit
overhead that is daunting to implement on a large problem
on the contemporary quantum processors even though they
are optimized [47,48]. On the other hand, quantum error
mitigation (QEM) accepts the imperfection of contemporary
quantum devices and adopts methods of mitigating or sup-
pressing quantum errors and noises. QEM has a low or no
qubit overhead. In recent years, various QEM methods have
been developed, and their practicality has been proven in
practical problems [20-22,49]. Hence, we apply four QEM
methods, zero-noise extrapolation (ZNE), Pauli twirling (PT),
dynamical decoupling (DD), and matrix-free measurement
mitigation (M3) to cope with the quantum device errors and
noises in our experiments. A quantum circuit for one Hamil-
tonian simulation at a time is extended to three variational
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CX or CZ = CX or CZ

FIG. 6. A circuit diagram for Pauli twirling for CX, CZ, or ECR
gates. At positions 1, 2, 3, and 4, Pauli gates, {/,c*, ¢, c*} are
placed.

circuits including itself for the ZNE method and each vari-
ational circuit is duplicated to ten copies to apply the PT.
Hence, we have 30 circuits for one Hamiltonian simulation at
a time. We explain the QEM methods in detail in the following
subsections.

1. Zero-noise extrapolation

Zero-noise extrapolation (ZNE) is a quantum error miti-
gation method that estimates an ideal expectation value (no
noise expectation value) from other expectation values at dif-
ferent noise levels by extrapolation methods [16,17,50]. In our
experiments, we adopted local unitary gate folding [50] with
scaling factors 1, 3, and 5 only on two-qubit gates such as
CX (or CZ. Refer to Sec. IV C) gates rather than applying the
folding to all gates since the two-qubit gate is more than ten
times noisier than single qubit gates.

2. Pauli twirling

Pauli twirling is a method averaging out the off-
diagonal coherent errors of the circuits in the Pauli basis,
{I,0%, 0”7, 0%} [51-53]. In Pauli twirling, a Clifford gate is
surrounded by the Pauli gates back and forth which is math-
ematically identical to the Clifford gate. The efficiency is
empirically proved in previous studies [21,22]. Figure 6 shows
the Pauli twirling method we applied to this study. First, we
searched all the combinations of Pauli gates that are mathe-
matically identical up the global phase with only the Clifford
gate (CX or CZ gate depending on the target quantum device in
our experiments). This is our Pauli twirling gates set. Since the
Pauli gate set has four elements and we have four positions,
the search domain is 256(= 4*) cases. The trivial case is
placing the identity gate in the position 1, 2, 3, and 4 in Fig. 6.
One nontrivial case is putting 0%, 0%, 0%, and o* at 1, 2, 3, and
4, respectively. We duplicated 10 copies of the base quantum
circuit. After that, we randomly chose a Pauli twirling gate
combination out of the prepared Pauli twirling gates set and
applied them to the Clifford gate as described in Fig. 6.

3. Dynamical decoupling

Dynamical decoupling (DD) is a quantum error mitigation
method that reduces errors caused by spectator qubits. DD is
implemented by periodic sequences of instantaneous control
pulses that average out the coupling with the system environ-
ment to approximately zero [54]. In particular, a set of single
qubit operators are interleaved using basis transformation on
idle qubits so that environmental contamination from other
qubits is decoupled. Consequently, the coherence time of the
circuit becomes longer. The efficiency of DD is empirically
tested in various environments [21,22,49,55,56]. In this study,
we added (¢t/4, o*, t/2, o*, t/4) sequence in every idling

period through Qiskit PassManager, where ¢ is the idling
time except for the two XGate pulse durations.

4. Measurement error mitigation

The canonical measurement error mitigation meth-
ods [57-59] correct the measurement error over N qubits
by computing the measurement error probability matrix as
follows:

Snoisy = MSideals

where Snoisy and Sigear are a state vector of noisy probabilities
returned by the quantum system, and a state vector of the
probabilities in the absence of measurement errors, respec-
tively. Since Syoisy and Sigea are state vectors of N qubits,
the matrix M has 2V x 2V dimension with entry A; ; is the
probability of bit string j being converted to bit string i
by the measurement-error process. Although errors across
multiple qubits can be accurately approximated by employ-
ing no more than O(N) calibration circuits, the method has
to compute the inverse of M in order to estimate the ideal
measurement after getting noisy measurement results. This
makes the method impractical at large qubit numbers. Instead
of the canonical measurement error mitigation methods, a
matrix-free measurement mitigation (M3) method has been
invented [60]. The method M3 works in a reduced subspace
determined by the noisy input bit strings requiring correction.
This space often contains significantly fewer unique bit strings
compared with the expansive multiqubit Hilbert space, mak-
ing the resulting set of linear equations notably simpler to
resolve. This method is implemented in Python [61]. Since
we conducted the experiments with 20, 96, and 100 qubits,
it was not possible to use the canonical measurement error
mitigation methods. So, We adopted M3 for our measurement
error mitigation by using the implementation [61].

C. Circuit implementation for experiments and post processing

In this study, we used two 127-qubit IBM quantum proces-
sors, ibm_sherbrooke, ibm_brisbane, and one 133-qubit
IBM quantum processor, ibm_torino. The 127-qubit pro-
cessors are IBM Eagle r3 quantum processors and they have
a basis gate set, {ECR, I,RZ, SX, X} where I, RZ, SX, and
ECR are the identity, R,, (%)%, and JLE(IX — XY), respec-
tively [62—-64]. On the other hand, the 133-qubit processors
adopt the IBM Heron r1 processor type. This type has the ba-
sis gate set {CZ, I, RZ, SX, X}, where CZ is a controlled-Z gate,
I ®10) (0] +Z ® 10) (0] or Z® |0) (O] + 1 ® |0) (O] (refer to
Sec. IV A for the quantum gate definitions). In the basis sets,
ECR and CZ are two-qubit gates and other gates are one-qubit
gates. These two-qubit gates are primitives for constructing CX
gate. In our circuit construction, we used CX gates regardless
of the target devices. The Qiskit transpiler converts all other
gates into the gates in the basis gate set depending on the target
devices.

To construct the quantum circuit with the error mitigation
methods described in Sec. IV B, we first transpiled the quan-
tum circuits of each Trotter step. The circuit implementation
of the Trotter steps is described in Secs. III and IV A. For the
transpiling, we used the qubit mapping visualized in Fig. 11.
During the transpiling process, the logical qubits are mapped
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FIG. 7. Time evolution of the expectation value of staggered magnetization for the Néel state under the Hamiltonian Hy, for N = 20 qubits

with OBC (left) and PBC (right), respectively.

to physical qubits as described in Fig. 11, and the logical
quantum gates are converted into sets in the basis gate set with
circuit optimizations. We applied the highest optimization
level during the transpiling.

After that, we duplicated each circuit two times (three
circuits including the base circuit) and applied a local unitary
gate folding with scaling factors 1, 3, and 5 to the three
circuits, respectively. In the next place, we applied the Pauli
twirling. We duplicated each circuit 10 times including the
base circuit and surrounded the Clifford gate with a randomly
chosen Pauli twirling combination out of the prepared Pauli
twirling gates set as described in Fig. 6. Finally, we applied
the dynamical decoupling method to all those circuits. Up to
now, we have thirty circuits for a Trotter step.

To execute each circuit, we used 10000 shots (repeated
circuit execution for the measurement sampling) in all cases.
At the end of the circuit executions, we applied the measure-
ment error mitigation method. We used a Python library [61]
to calibrate the library from the system error information and
to correct the measurement errors. After gathering all the
measurement results of ten circuit duplications for the Pauli
twirling, the expectation values are computed for each ZNE
folding copy (1, 3, and 5 scaling factors). Finally, the ZNE is
estimated by a quadratic polynomial fitting curve.

TABLE II. Averaged staggered magnetization with time for His,
and N = 20 from five experiments on ibm_sherbrooke. The +
terms represent the standard deviation of the data.

Staggered magnetization

Time, ¢ OBC PBC

0.5 —0.37524+0.0011 —0.36804+0.0012
1.0 —0.1555 4+ 0.0004 —0.1448 = 0.0007
1.5 0.03741 £0.00032 0.591 £ 0.0007
2.0 0.0811 £0.0017 0.0836 £ 0.0009
2.5 0.0417 £ 0.0008 0.0413 £0.0008
3.0 —0.0099 + 0.0005 —0.0156 +£0.0010
35 —0.0333 +0.0006 —0.0303 +0.0007
4.0 —0.0201 £ 0.0008 —0.0137 £0.0010

V. RESULTS AND DISCUSSION

To ensure the accuracy of the results obtained from quan-
tum computers, it is crucial to cross-check those results with
classical numerical methods used to study the many-body sys-
tem. Nevertheless, the classical approach becomes inefficient
with the number of qubits, given the exponential growth in
the dimensionality of the Hilbert space and therefore impor-
tance of quantum computing becomes crucial for large-scale
calculations. In the following, we briefly present our two
adopted classical methods for checking the measured values
from IBM’s quantum devices.

In the experiments, we limit the initial state to the Néel
state in order to focus on the time evolution of the Hamil-
tonians. Because of the complexity of the implementation of
the Hamiltonians and the decoherence limit of the quantum
devices, the maximum circuit depth is limited. Therefore, we
adopt the Néel state as the initial state (one depth in the
implementation regardless of the system size) to minimize the
circuit depth for the initial-state preparation.

Direct method. One straightforward approach, denoted the
direct method in this work, is to calculate the time-evolved
expectation value of the staggered magnetization Oy, for N
qubits with respect to the Néel state, ({/Neel (t)|0AMS, | VUNeel (1))
where |[Yneel (1)) = e | Yneer). The Hamiltonian H is either
the isotropic Hamiltonian Hjg, or the dimer Hamiltonian Hgimer
of our study. Here, H is a 2V x 2" Hermitian matrix that acts
on the Hilbert space of dimension 2. We have implemented
this approach using our own Python implementation and have
checked the results with QuSpin [65]. This method is the sim-
plest and most accurate. However, it becomes an inefficient
computational mode for calculating the time evolution of state
vectors with N Z 20 qubits, as the Hilbert space’s dimension-
ality increases exponentially with the number of qubits. For
example, the number of qubits N = 50 requires 16 petabytes
of memory allocation in double precision for expressing just a
state vector, which is possible only for present supercomput-
ers. Therefore, we turn to the classical approximation method
based on matrix product states to calculate the time evolution
of state vectors with N > 20 qubits.

MPS-TDVP method. Matrix product states (MPSs) is
a common method used to study the time evolution of
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FIG. 8. Time evolution of the expectation value of staggered magnetization with respect to the Néel state under the Hamiltonian Hyjye, for

N = 20 qubits.

large quantum many-body systems [66,67]. MPS is a one-
dimensional array of tensors linked together, with each tensor
corresponding to a site or particle of the many-body system.
The indices connecting the tensors in the MPS are called
bond indices, which can take up to x values (also known
as bond dimensions). Meanwhile, the open indices of each
tensor correspond to the physical degrees of freedom of the
local Hilbert space associated with a site or a particle of the
system, which can take up to d values (for our system of
spin-1/2 particles, d = 2). While the MPS can represent any
quantum state of the many-body system, the bond dimension
x needs to be exponentially large in the system size to cover
all states in the Hilbert space. We determine the time evolution
of the expectation value of staggered magnetization for the
Néel state, which we denote here as the MPS-TDVP method,
using approximation method based on time-dependent vari-
ational principle (TDVP) [68,69], facilitated by the package
ITensor [70-72]. The time evolution of MPS using the TDVP-
based method is advantageous as it cannot only handle the
Hamiltonian with long-range interactions rather than only the
nearest-neighbor interaction but is also computationally less
demanding when the PBC is imposed on those Hamiltonians.

In the subsequent analysis, we consider the time parameter
t in an arbitrary unit where /s = 1 and J; = 1. One can simply
restore ¢ in seconds by mapping t — ht/J;. For a typical
value of exchange interaction, J; ~ O(eV) that is associated
with magnetic materials, ¢ falls in 0(10719) s, the timescale
of atomic transitions. Besides, we choose 6t = 0.1 as the

TABLE III. Averaged staggered magnetization with time for
Hginmer and N = 20 from five experiments on ibm_torino. The +
terms represent the standard deviation of the data.

Staggered magnetization

Time, ¢ OBC PBC

0.2 —0.4665 £ 0.0005 —0.470 £0.006
0.4 —0.4383 +£0.0014 —0.427 £0.005
0.6 —0.3264 +£0.0012 —0.320 +£0.004
0.8 —0.22524+0.0011 —0.2089 +0.0030
1.0 —0.1328 +0.0005 —0.1245 £ 0.0014

time-step size and maximum allowed error € = 10~'? for each
sweep in the MPS-TDVP method, which leads to 10 and 40
sweeps when we evolve the system up to r = 1 and r =4,
respectively.

A. N = 20 qubits

We present the time evolution of the expectation value
of the staggered magnetization observable for the Néel state
under the isotropic Heisenberg Hamiltonian Hi, using the
second-order Trotterization (Sec. Il A) in Fig. 7 for N = 20
qubits with OBC and PBC cases, respectively. In the exper-
iments on ibm_sherbrooke, we applied the error mitigation
techniques which are already delineated in Sec. IV B, and
ran each circuit with 100 000 shots (trials). This process was
repeated five times. The Qiskit simulation is a Qiskit sampling
simulation (qasm_simulator) of the circuits with 100000
shots. The Qiskit experiment is executed once.

From Fig. 7 (left), we can see an excellent agree-
ment among the classical computations (both direct and
MPS-TDVP methods), the Qiskit simulation, and the
ibm_sherbrooke experiments. The plot of ibm_sherbrooke
is the average of the five executions. We tabulate the average
values and the standard deviations in Table Il and Appendix A.

TABLE IV. Circuit depth with respect to the Trotter steps for Hi,
with N = 20, 96, 100 qubits after transpiling with the optimization
level 3.

Circuit depth for Hig,
OBC PBC
Trotter step N=20 N =100 N=20 N =96
1 41 41 40 47
2 67 67 66 71
3 93 93 92 106
4 119 119 118 135
5 145 145 144 164
6 171 171 170 193
7 197 197 196 222
8 223 223 222 251
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TABLE V. Number of CX gates for H;, after transpiling with the
optimization level 3.

No. of CX gates for Hi,

OBC PBC
Trotter step N =20 N =100 N =20 N =96
1 87 447 90 432
2 144 744 150 720
3 201 1041 210 1008
4 258 1338 270 1296
5 315 1635 330 1584
6 372 1932 390 1872
7 429 2229 450 2160
8 486 2526 510 2448

In contrast, in Fig. 7 (right), for PBC, although we also have an
excellent agreement among the direct, the Qiskit simulation,
and the ibm_sherbrooke experiments, there is a mismatch
between the results obtained from the direct and MPS-TDVP
methods. This mismatch between the two methods is inher-
ently related to the requirement of a larger bond dimension
due to the linking between the tensors at the first and last sites
of the many-body system and the resulting larger truncation
error compared with the OBC cases. We note that for Hjg,
and N = 20 qubits with OBC, the maximum link dimension
results in x = 102 after 40 sweeps as we evolve the system up
tot = 4. On the other hand, for the PBC case, after 40 sweeps,
we end up with x = 991 while keeping the error within €.
Figure =8 presents the experimental results of
<wNeel (t)loMJ, |¢Neel (t)> for Himer with N = 20 quits uSing
the first-order Trotterization (Sec. III B) and comparison with
classical computations. The Qiskit simulation is a Qiskit
sampling simulation (gqasm_simulator) of the circuits with
100000 shots. The experiments of ibm_sherbrooke and
ibm_torino uses 100000 shots with the QEM (Sec. IV B).
The ibm_torino experiment was repeated five times while
the ibm_sherbrooke experiment was executed once. The
average values and the standard deviations of ibm_torino
are tabulated in Table III and Appendix A. The direct
computation and the Qiskit simulation show great agreement
in both boundary conditions. Again, like the case of Hig,,

we see a mismatch between the direct computation and the
MPS-TDVP for the Hgimer With PBC in Fig. 8 (right). In
the case of OBC, we get the maximum link dimension to
be x = 28 after 10 sweeps to evolve up to r = 1, whereas,
for the PBC, it was y = 251 after 10 sweeps while keeping
the error within €. In addition, the ibm_sherbrooke results
show a larger discrepancy than the ibm_torino results.
We presume the accuracy difference is originated from the
hardware accuracy of ibm_torino and ibm_sherbrooke
which have 0.8% and 1.7% error per layered gate (EPLG),
respectively, in a chain of 100 qubits [73].

In the comparison between the His, and the Hgimer, the
ibm_sherbrooke results for Hj, in Fig. 7 show a good
agreement and the results for Hgimer in Fig. 8 have no-
table discrepancy in both boundary conditions. We conjecture
that the reason is that the circuit depth and the number
of CX gates are different in each Trotter step as shown in
Tables IV, V, VI, VII, and Appendix B. Since the Hgimer
Hamiltonian has the additional term [refer to Eq. (5)] and
the implementation for the additional term needs two layers
SWAP gates, the Hgimer Hamiltonian implementation needs
about 60% more circuit depth than the Hj,, Hamiltonian
implementation.

B. N =96 and N = 100 qubits

After cross-checking the measurements of staggered mag-
netization with the real quantum computers for N = 20 qubits
with classical (direct and MPS-TDVP) methods and Qiskit
simulations, we present here our main results of large-scale
quantum simulation of the Heisenberg spin chain. In this
extension, we used the same circuit implementation methods,
error mitigation methods, and the number of shots (100 000)
except for the number of qubits. We used 100 qubits for the
OBC. However, since the PBC needs a connection between
the first qubit and the last qubit, we adopted 96 qubits for the
PBC. The qubit mapping for these cases is depicted in Fig. 11.

In Fig. 9, we can see that the results of
(¢Neel(t)|OMx,|¢Neel(t)) for Hiso for N =100 quitS (OBC)
with ibm_brisbane (left figure) and N = 96 qubits (PBC)
with ibm_sherbrooke (right figure), respectively, are in
excellent agreement with the results from the MPS-TDVP
method. Note that for such large-scale systems with N & 100

TABLE VI. Circuit depth with respect to the Trotter steps for Hgimer With N = 20, 96, 100 qubits after transpiling with the optimization

level 3.
Circuit depth for Hyimer
OBC PBC
N =20 N =100 N =20 N =96
Trotter ibm_ ibm_ ibm_ ibm_ ibm_ ibm_ ibm_ ibm_
step sherbrooke torino brisbane torino sherbrooke torino sherbrooke torino
1 66 64 71 70 68 64 80 69
2 141 132 155 144 144 132 163 146
3 215 200 239 218 218 200 246 223
4 298 268 293 292 292 268 329 300
5 363 336 407 366 366 336 412 377
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TABLE VII. Number of CX gates for Hynme, after transpiling with the optimization level 3.

No. of CX gates for Hyimer

OBC PBC
N =20 N =100 N =20 N =96
Trotter ibm_ ibm_ ibm_ ibm_ ibm_ ibm_ ibm_ ibm_
step sherbrooke torino brisbane torino sherbrooke torino sherbrooke torino
1 138 138 738 738 150 150 720 720
2 288 288 1548 1548 315 315 1512 1512
3 438 438 2358 2358 480 480 2304 2304
4 588 588 3168 3168 645 645 3096 3096
5 738 738 3978 3978 810 810 3888 3888

qubits, the direct method and the Qiskit simulations are
unavailable.

Figure 10 shows the results of time-evolved staggered
magnetization for Hgiper With time up to r =1 with N =
100 qubits (OBC) (left figure) and N = 96 qubits (PBC)
(right figure) using ibm_brisbane, ibm_sherbrooke, and
ibm_torino. Likewise the N = 20 cases, this case shows a
notable discrepancy between the results of the IBM quantum
devices and the MPS-TDVP results.

As discussed in Sec. V A, we presume that the discrepancy
is originated from longer circuit depth and more CX gates in
the implementation for the time evolution of Hjyer. Also,
the difference between ibm_torino and ibm_brisbane is
derived from the hardware accuracy of ibm_torino and
ibm_brisbane which have 0.8% and 1.9% EPLG, respec-
tively, in a chain of 100 qubits [73].

C. Discussion and future work

The staggered magnetization defined in Eq. (3) represents
the antiferromagnetic ordering of spin-1/2 particles on the
chain along the z axis, and its value is either 0.5 or —0.5,
depending on the chosen ordering. In our specific case, the
staggered magnetization of the initial Néel state, as given in
Eq. (4), is determined to be —0.5 at r = 0. Subsequently,
when the system undergoes time evolution driven by either the
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Isotropic Heisenberg Hamiltonian Hjg, or the dimer Hamil-
tonian Hgimer, the staggered magnetization of the initial Néel
state, which is not an eigenstate of either Hamiltonian, grad-
ually relaxes to zero as time progresses. This behavior is
depicted in Figs. 7-10, where the staggered magnetization
shifts from its initial value of —0.5 at # = 0 towards a value of
zero at t > 0 during the time evolution.

In Figs. 7 and 9, we tracked the time evolution of the
staggered magnetization under Hi, up to t = 4, demonstrat-
ing its relaxation towards zero over time. Conversely, due to
limitations posed by larger circuit depths and error rates in real
devices, we only determined the time evolution of the stag-
gered magnetization under Hgiper up to t = 1, as represented
by the raised plots in Figs. 8 and 10.

In our experiments, the Hgmer cases have larger error
rates while all the Hjy, cases show great accuracy. As the
results from the Qiskit simulation also show better consis-
tency with the direct computation at N = 20 cases, as seen
in Fig. 8, we conclude that the discrepancy comes from
the quantum device errors and noises rather than numeri-
cal errors of the first-order Trotterization. This also explains
the disagreement between the values of quantum devices
and the MPS-TDVP method, presented in Fig. 10 for N =
96 and N = 100 with Hgyer. Besides, this conclusion is
also supported by the comparison of the results between
ibm_torino and ibm_sherbrooke in Fig. 8. The results

Staggered Magnetization, N = 96, PBC
T T T T[T T T[Ty T T[T T

T
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FIG. 9. Time evolution of the expectation value of staggered magnetization for the Néel state under the Hamiltonian Hi,, for N = 100

qubits with OBC and N = 96 qubits with PBC.
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FIG. 10. Time evolution of the expectation value of staggered magnetization for the Néel state under the Hamiltonian Hgjye, for N = 100

qubits with OBC and N = 96 qubits with PBC.

of ibm_torino show certainly better accuracy than the re-
sults from ibm_brisbane and ibm_sherbrooke because
ibm_torino, ibm_sherbrooke, and ibm_sherbrooke have
0.8%, 1.7%, and 1.9% EPLG, respectively, in a chain of 100
qubits [73]. The EPLG measures the average gate process
error in a layered chain of 100 qubits. It is derived from a
similar quantity known as layer fidelity (LF), and the LF is the
process fidelity of the layered chain of 100 qubits [74]. Since
the quantum circuit implementation for the Hgimer consists
of the two parts, J; terms and J, terms, we conjecture that
the main reason for the discrepancy of the Hgimer than Hig,
is a longer circuit depth by the J, terms and, in particular,
CX gates implementing the SWAP gates of the J, terms. The
relative errors of the Hgmer cases (Figs. 8 and 10) is sum-
marized in Table VIII. The relative errors of each case show
the tendency to increase as time evolves. Even though several
relative errors decrease as time steps increase, we conjecture
the main reason is that the error mitigation methods applied to
our experiments work nonlinearly with respect to the circuit
depth.

Even though our experiments adopt specific numbers for
the parameters, J; and J,, in Eq. (1), the methods applied to
the experiments can be easily extended to any number of Jj,
J» because they change the angles of R, gates in Eq. (8) and
does not change the structure of the quantum circuit such as
the circuit depth and the number of CX gates. When we have

A # 1, the optimized circuit implementation of Eq. (8) is im-
possible. However, it can be implemented by using different
angles in Eq. (7) even though the circuit implementation is
noisier than Eq. (8) because of more CX gates. Hence, a more
efficient circuit implementation for the case of A # 1 will be
our future work.

In our future work, we study how to fine-tune the param-
eters of the error mitigation methods discussed in Sec. IV B.
In particular, we assume that there will be a better extrapo-
lation fitting function for the Hgimer cases. Additionally, we
explore other quantum error mitigation methods and find ways
to combine them more efficiently. Furthermore, we plan to
extend our study to include valid state preparation before the
time evolution, allowing us to tackle more realistic quantum
simulation problems.

VI. CONCLUSION AND OUTLOOK

In conclusion, our study represents a significant step
forward in the realm of quantum simulation before the
fault tolerance quantum era, as we successfully implemented
the quantum simulation of a frustrated quantum spin—%
antiferromagnetic Heisenberg spin chain on IBM’s super-
conducting quantum computer. The incorporation of both
nearest-neighbor J; and next-nearest-neighbor J, exchange

interactions, particularly utilizing first-order Trotterization

TABLE VIII. Relative error (%) in the measured value of the staggered magnetization with time for Hgi,e, With N = 20, 96, 100 qubits.

Relative error (%) in measured staggered magnetization

OBC PBC
N =20 N =100 N =20 N =96
ibm_ ibm_ ibm_ ibm_ ibm_ ibm_ ibm_ ibm_
Time  sherbrooke torino(avg.) brisbane torino sherbrooke torino(avg.) sherbrooke torino
0.2 5.47% 3.05% 13.04% 14.51% 5.37% 2.12% 10.10% 10.66%
0.4 8.08% 2.56% 21.21% 8.17% 18% 0.88% 17% 8.54%
0.6 17.38% 5.57% 31.01% 13.75% 15.55% 5.42% 26.80% 9%
0.8 18.50% 8.80% 36.20% 13.41% 22.74% 11.30% 32.86% 11.85%
1.0 22.17% 7.87% 36.57% 10.10% 15.26% 3.90% 29% 6.57%
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FIG. 11. Circuit qubit mapping layout.

for the latter, demonstrates the versatility and capability of
quantum computing technologies. Notably, our application
of second-order Trotterization for the isotropic Heisenberg
spin chain, coupled with precise measurements of staggered
magnetization expectation values across a substantial range of
qubits (up to 100), establishes the potential of these quantum
devices for investigating properties of large-scale quantum
systems.

The constant circuit depth achieved in each Trotter step,
independent of the initial qubit number, adds a practical
dimension to our findings, addressing a critical aspect of
quantum simulation scalability. Moreover, our ability to ac-
curately measure expectation values for such a large-scale
quantum system using superconducting quantum computers
underscores their utility in probing the intricacies of many-
body quantum systems.

In this study, we broaden the applicability of noisy
quantum computers to encompass more intricate scenarios
involving the time dynamics of Hamiltonians on a larger
scale, specifically within the context of noisy superconduct-
ing quantum computers. In the future, our efforts pave the
way for forthcoming quantum computing calculations, show-
casing the quantum advantage over classical methods in

simulating intricate quantum systems more prominently. As
we continue to push the boundaries of quantum computing
capabilities, our findings contribute to the growing body of
evidence supporting the transformative potential of quan-
tum computers in advancing our understanding of quantum
phenomena.
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APPENDIX A: AVERAGED STAGGERED
MAGNETIZATION FOR N = 20

In this Appendix, we present the averaged value of the
staggered magnetization with respect to the Néel state for sim-
ulation time in the case of isotropic Heisenberg Hamiltonian
His, and the dimer Hamiltonian Hgjne, presented in Figs. 7
and 8. For the case of Hiy, with N = 20 qubits, we perform
five repeated experiments of the staggered magnetization on
ibm_sherbrooke for both OBC and PBC, and obtain the
corresponding averaged value in each Trotter time steps up
to t = 4. The following term of =+ represents the standard
deviation of the data.

In addition, for Hgimer With N =20 qubits, we use
ibm_torino to measure the staggered magnetization re-
peatedly five times at each Trotter time step up to ¢t = 1,
and determine the average value. The standard deviations in
Tables II and III show that each experimental datum is dis-
tributed close to the average value.

APPENDIX B: CIRCUIT DEPTH AND CX GATE COUNTS

We present the circuit depth and CX gate counts for Trot-
ter steps associated with the Trotterization circuits for the
Hamiltonians His, and Hgimer, respectively. The circuit depth
is an important measure of how many operations one can
implement before the coherence breaks down in a quantum
computer. Therefore, the circuit depth associated with the
Trotterization circuits essentially captures how reliable the
time evolutions of spin-chain under the isotropic Heisenberg

and the dimer Hamiltonians are, and how the system size
scales with the initial number of qubits. In addition, CX is
the noisiest gate in the base gate set. Hence, measuring the
number of CX gates in a circuit can be used to estimate the
noise of the circuit. In the following tables, the circuit depths
and the number of CX gates are measured transpiling with the
optimization level 3 in Qiskit. Refer to Tables IV, V, VI, and
VIIL

APPENDIX C: RELATIVE ERROR IN MEASURED
STAGGERED MAGNETIZATION FOR Hjimer

In this section, we tabulate the relative error in measured
value of the staggered magnetization with respect to its the-
oretical value for different simulation time when evolving
under the dimer Hamiltonian. The relative error in percentage
is given by

X0 — X

x 100%, CD

ox =
X

where x and x; are the theoretical and measured value of the
staggered magnetization, respectively. For N = 20 with both
OBC and PBC cases, we use theoretical values from direct
method as they are the most exact values. On the other hand,
for N =96 (PBC) and N = 100 (OBC) cases, we only have
approximate theoretical values from MPS-TDVP method. Re-
fer to Table VIII,

APPENDIX D: CIRCUITE QUBIT MAPPING LAYOUT

Here, we present the qubit mappings of ibm_sherbrooke
and ibm_brisbane for N = 20, 96, and 100 qubits in Fig. 11
which are used in our experiments. Refer to Fig. 11.
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