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We investigate the stationary (late-time) training regime of single- and two-layer underparameterized linear
neural networks within the continuum limit of stochastic gradient descent (SGD) for synthetic Gaussian data.
In the case of a single-layer network in the weakly underparameterized regime, the spectrum of the noise
covariance matrix deviates notably from the Hessian, which can be attributed to the broken detailed balance
of SGD dynamics. The weight fluctuations, are in this case, generally anisotropic but effectively experience an
isotropic loss. For an underparameterized two-layer network, we describe the stochastic dynamics of the weights
in each layer and analyze the associated stationary covariances. We identify the interlayer coupling as a distinct
source of anisotropy for the weight fluctuations. In contrast to the single-layer case, the weight fluctuations are
effectively subject to an anisotropic loss, the flatness of which is inversely related to the fluctuation variance. We
thereby provide an analytical derivation of the recently observed inverse-variance flatness relation in a model of

a deep linear neural network.

DOLI: 10.1103/PhysRevResearch.6.033103

I. INTRODUCTION
A. Motivation

Deep neural networks have proven to be formidable tools
in the area of machine learning [1-3]. Their ability to gen-
eralize from data often hinges on the dynamics of their
training processes, notably the stochastic gradient descent
(SGD) method. While the success of these networks in practi-
cal applications is well documented, the underlying principles
governing their learning dynamics, especially concerning
weight fluctuations and loss landscapes, are still not fully
understood. In order to address some of these aspects ana-
Iytically, we focus here on one- and two-layer linear networks
trained on synthetic Gaussian data with noisy labels. These
simplified models have been proven to share many aspects
of the learning dynamics of full nonlinear networks [4-9].
In fact, in the stationary regime at the end of training, a
deep nonlinear network typically follows a linearized dynam-
ics (multivariate Ornstein-Uhlenbeck process with correlated
noise) [10-12]. We employ here the continuum description
of SGD in terms of a Langevin equation, which allows us to
analyze training dynamics and steady-state properties from a
statistical physics perspective [13—15].

One motivation of the present study stems from the re-
cently observed inverse relation between the variance of a
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weight fluctuation mode and the flatness of the loss along
the direction of that mode [16]. While this inverse-variance
flatness relation (IVFR) has been investigated from various
perspectives [16—19], we seek here a first-principles derivation
in a neural network model. This requires, as a preparatory
step, also a detailed understanding of the various sources of
anisotropy of the weight fluctuations, which we address in
the first part of this study, focusing on single-layer linear
network. Complementing recent papers on this aspect [20,21],
we consider in particular the slightly oversampled regime near
the interpolation threshold (i.e., the point where the sample
number equals the input dimension) and investigate the de-
pendencies on the parameter count, sample number, and label
noise. We find that arguably the simplest model showing an
IVFR is a two-layer linear network. In fact, the interlayer
coupling of the weights is a crucial ingredient responsible for
the loss anisotropy, which therefore does not occur in the case
of a single-layer network. However, even for a single-layer
network, the weight fluctuations are anisotropic except in the
highly oversampled regime. In a physical sense, the IVFR in-
dicates that the effective noise temperature is higher in regions
where the loss valleys are narrow, thus effectively biasing the
model towards flat regions of the loss. Notably, wide loss
valleys are typically associated with improved generalization
ability of the network [11,22,23].

Another motivation of our study stems from the observa-
tion that, while the (deterministic) gradient flow dynamics
of deep linear networks has been addressed in several stud-
ies [4,9,24], the corresponding layerwise stochastic gradient
flow dynamics has received less attention so far. A notable
exception is the online learning in two-layer nets, which
can be assessed analytically in certain regimes [25-28]. Re-
cently, effects of stochasticity in two-layer linear nets have
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been analyzed to explain the observed bias towards sparse
weight distributions [29]. In the present paper, we focus on
supervised learning of minibatches of data and study the asso-
ciated stochastic dynamics of the weights in each layer within
a Langevin approach.

B. Related work

Continuum modeling of SGD. The modeling of SGD in
terms of a stochastic differential equation (SDE)—in the
sense that the former emerges from a Euler-Maruyama time-
discretization of the latter—is an established approach in the
literature [10-12,30-35]. In particular, the steady-state dy-
namics at the end of training can be described as a multivariate
Ornstein-Uhlenbeck process [10,11,20,36,37]. Despite being
formally derived in the limit of infinitely small learning rate
[38], the continuum approximation to SGD is typically found
to be meaningful also for finite-learning rates [39] and is
has been successfully used to study various aspects of the
training of neural networks. The noise due to the minibatch
sampling of gradients in SGD plays an important role for
the generalization ability of a model as it directs the weights
towards wider minima of the loss, which improves generaliza-
tion [11,18,22,40-48] and helps escaping from saddle points
and sharp minima [33,44,49,50].

For sufficiently large minibatch sizes, the central limit the-
orem implies a Gaussian distribution of the gradient noise
[10,11,51,52], although deviations towards more heavy-tailed
distributions have been observed [53-55]. Moreover, the
gradient noise is assumed to be uncorrelated in time (see,
however, Ref. [56]). A crucial property of the noise is its
anisotropy, i.e., its dependence on the direction in parameter
space [16,21,42,44,50]. In the simplest case, this anisotropy
is modeled by taking its covariance to be proportional to
the Hessian [20,51,57]. However, this approximation becomes
exact only in the infinite-sample limit (see discussion in
Sec. IIB2 below). In fact, the discrepancy between noise
covariance and Hessian implies that detailed balance is bro-
ken in the stationary state reached by SGD, giving rise to
intriguing nonequilibrium behavior such as persistent cur-
rents [12,19,20]. In the context of linear regression, effects
of parameter-dependent (multiplicative) noise have been ad-
dressed in [36]. The relation of the noise covariance matrix to
the Hessian and the Fisher matrix is further analyzed in [58].

(Deep) Linear nets. Single-layer linear networks often ad-
mit closed form analytic solutions, which qualitatively explain
many properties observed in deep nonlinear networks (see,
e.g., [7,8,13,59,60]). In the limit of large width, the neural
tangent kernel provides a linear approximation of a non-
linear network around initialization [61,62]. Moreover, the
steady-state dynamics of a trained nonlinear network becomes
effectively linear—a fact that, e.g., is utilized in the construc-
tion of Bayesian sampling methods [10,12]. Notably, linear
networks with two or more layers have a nonlinear gradient
descent dynamics of the weights and feature a nonconvex
loss landscape [4,63,64]. Deep linear nets have emerged as
important toy models for the study of more general networks
with nonlinear activation functions, enabling fundamental in-
sights into training dynamics, generalization ability, implicit
regularization, and spectral bias [4-6,9,24,29,65-70].

Inverse-variance flatness relation (IVFR). The inverse re-
lation between the magnitude of the steady-state weight
fluctuations and the flatness of the loss has been first dis-
cussed in [16]. As emphasized in [17], using the formalism
of [71-73], the actual effective potential (understood as the
inverse of the covariance matrix of the weight distribution) is
not the loss, but the product of the inverse of the (generally
anisotropic) diffusion term and the loss. This indeed follows
also from the classic theory of stochastic processes [20,74,75]
and has been realized in various machine-learning contexts
[10,12]. In Ref. [18], IVFR has been derived within a simple
dynamic model of slow and fast degrees of freedom. The
stability of IVFR under dropout has been discussed in [76].

C. Outline of the present paper

We first consider learning of synthetic data via SGD in a
single-layer linear network (Sec. II). Employing the contin-
uum description of the training dynamics, we show that the
spectrum of the noise covariance matrix in the stationary state
deviates significantly from the Hessian, which we relate to the
well-known broken detailed balance of the SGD dynamics.
As a consequence, the weight fluctuations in the underparam-
eterized regime are generally anisotropic, i.e., their amplitude
depends on the directions of the principle modes.

Proceeding to a two-layer linear network (Sec. III), we
determine a continuum description of the layerwise training
dynamics under SGD. We obtain coupled stochastic differ-
ential equations for the weights and determine expressions
for the drift and diffusion matrices in the large batch regime.
These matrices turn out to be generally rank deficient due to
the coupling between the network layers. As a consequence
the weight fluctuations in each layer are anisotropic.

We finally apply our results to study the shape of the
loss under a perturbation along a principle weight fluctuation
mode. In the case of a single-layer network, the loss remains
isotropic despite the anisotropy of the weight fluctuations. For
a two-layer network, we confirm the recently observed [16]
inverse relation between the amplitude of a weight fluctuation
mode and the flatness of the loss along the direction of that
mode. The coupling between the layers of the network is
crucial for our result. The present paper thus provides a deriva-
tion of the inverse-variance flatness relation in an analytically
tractable model of a deep neural network.

II. SINGLE-LAYER LINEAR NETWORKS

In this section, we consider the fluctuating dynamics of the
weights of an underparameterized single-layer linear network.
The network evolves under a mean-square loss and thus solves
a linear regression problem. The present linear framework can
be matched to a nonlinear network in a stationary state (see
Appendix A).

A. Linear regression

We begin by recapitulating the theory of linear regres-
sion that is necessary for the subsequent parts of our
study [77,78]. The training data consists of P samples
x* e RN (u e1,...,P), the components being independent
and identically distributed (i.i.d.) Gaussian random variables
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Teacher:
Y= ulx +e€

FIG. 1. Single-layer linear neural network model. The student
network (left) transforms the input x to the output ¥ using its learned
weights w, while the teacher network (right) generates the targets
(“labels”) y using fixed random weights u and noise € (see text).

x/ ~ N (i, o) with mean y, and variance o2 = 1/N [79].
The targets y* € R are provided by a linear teacher model,

YW =ulx" 4 et 2.1)

with a fixed random weight vector u € RY with u; ~
N(O, o,f) (we typically take O’uz = 1) and a residual error
€' ~ N(0,02) modeled as a i.i.d. Gaussian noise. The error
term describes the residual dependence between inputs and
targets that can not be captured by a linear relationship. In
a slight abuse of terminology, we will also in the present
regression context refer to y and € as “label” and “label noise”,
respectively [20,21]. The complete set of the training data
(x*, Y")eq1,...py 1s called batch, while a randomly chosen
subset (x*, y*),ep of size S < P with B = {m (1), ..., w(S)}
(and 7 being a random permutation of the P elements) is
called a minibatch. The case of statistically independent ran-
dom labels y*, which occasionally is useful in order to analyze
fluctuations, corresponds to the replacements u = 0, €* —
y*. We define a design matrix X € R¥*F with the columns
representing the samples x*, and, correspondingly, a noise
vector € = (¢!, €2, ..., €’) e R'*P, such that Eq. (2.1) can
be written as

Y =u'X +e R, (2.2)

The linear student network is defined by y = w’ x, with the
learnable weights w € RY (see Fig. 1). The full-batch loss
takes the form of a least-squares regression model,

1 1
L(w) = lIW'X = Y|P = (WX = V)(w'X —¥)'

1
= E(WT W —wl ZY — 29 Tw 4 yyYT/P), (2.3)

with the moment matrices

1 1
> =—H=—xxT, ¥¥=_xyT.
P P

24
Here, H € RV*V denotes the Hessian, which is identical to
¥** for this model [see Eq. (2.9) below]. Over- and un-
derparameterized regimes correspond to N > P and N < P,
respectively. We will typically consider u, = 0; hence X
represent covariance matrices and, due to the i.i.d. assumption

for x*, in limit P — oo one has H;; = GXZ, while H;; = 0 for
i # j. In the following we make use of the Moore-Penrose
pseudoinverse A*1 of a matrix A. The pseudoinverse can be
expressed as AT = (AT A)~' AT if A has linearly indepen-
dent columns, and as A+ = AT (AAT)~! if A has linearly
independent rows.

Using the elementary derivative rule 9(x"a)/dx =a =
d(a’x)/9x, the condition for the minimum of the loss can be
written as

VoL = T9w* — T% = . .5)

In the underparameterized case, the solution readily follows
as w, = (Z*)~!1'$¥*, By contrast, in the overparameterized
case, X is not full rank, and hence infinitely many solutions
can be obtained by adding an arbitrary vector of the nullspace
of £ to any particular solution w*. Taking advantage of
this freedom, one thus typically considers the minimum norm
solution obtained from the constrained minimization problem
L =|w|]> — (w'X —Y)k, where k € R” is a vector of La-
grange multipliers [80]. The solution in the overparameterized
case then follows as wj = XXT™xX) vy = (xxT)+xy7,
where we used the fact that the so-called gram matrix X7 X €
RP*P now has full rank and applied the general identity

X(XTX)* = (XXT)*X of the pseudoinverse. Defining

p
1 1
J=5 ;x“e“ = FXeT e RY, (2.6)

the minimum-norm solution of the linear regression problem
can be compactly written as

W* — (EXX)+ x

XX")"'XY" =u+H"'J, N <P (underpar)
| xxTX) 'Yy =H*Hu+H*tJ, N> P. (overpar.)
2.7

The quantity H+H can be understood as a projector onto the
orthogonal complement of the nullspace of H.

Notably, by using only general properties of the pseudoin-
verse [and not Eq. (2.7)], the loss in Eq. (2.3) can be rewritten
as [21]

L(w) = %(w —u—H'HTHw—u—-H'))

1 1
R H+ _ T.
2.] J+ 7P €€
Using the symmetry of H and the elementary relation
HYHH* = H* of the pseudoinverse, one can readily show
that Eq. (2.8) is minimized by Eq. (2.7). Accordingly,
Eq. (2.8) can be reformulated as

(2.8)

1 1 1
L I  wt TH  wt __JTH+J _ T’
(w) 2(w w9 H(w —w") > + 2P€€

(2.9)

making the minimizing property of w* apparent. In the over-
parameterized case, the last two terms in Eq. (2.9) cancel,
such that L(w*) =0, showing that the model is able to
perfectly fit the data generated via Eq. (2.1). This cancella-
tion can be proven by using the SVD X = VD'2UT [V ¢
RN¥*N_ D1/2 ¢ RV*P 7 ¢ RP*P with V, U being orthogonal
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and D'/? having min(P, N) singular values on the diago-
nal] and the relation X* = U(D'/?)*VT, which implies that
XT(XXT)*X = 1p.p. By contrast, the latter relation does not
hold in the underparameterized case, since U1, ,UT # 1pyp
if N < P, where 13, is the unit matrix with the last P — N
elements on the diagonal being zero.

B. Dynamics

Next, we consider the continuum approximation of the
stochastic gradient descent, i.e., the stochastic gradient flow
(SGF), which we will use to study the spectrum of the noise
and its dependence on the number of parameters and on the
label noise. We consider the stationary state at the end of
training, where the weights fluctuate around the solution w*.

1. SGD and continuum approximation

With the minibatch loss (S = || is the minibatch size)

Lp(w) = 31, Do w),  (w) = %(waM —y"), (2.10)

nenB

and the learning rate A, the weights evolve according to
SGD as

w(T + 1) = w(t) — AVyLp(W(T))
=w(t) — AVL(W(1)) — L E(W(7)), (2.11)

where t denotes the discrete time step. The minibatch noise &
is defined as

&(w) = VLg(w) — VL(w) (2.12)

and fulfils VL = (VLg) i, where (-)p denotes the expectation
over the full batch.

In order to proceed to the continuum limit, we follow
[11,12,20,32] and assume the learning rate X to be sufficiently
small, such that Eq. (2.11) can be approximated, in the weak
sense, by a SDE (Langevin equation),

dw(t) = —VLW()) + VA @),
VL(w) = H(w — w"),
(EDEH ) = C(W)S(t — 1),

where t = 7/)A is a new time variable. The noise &(¢) has
weight-dependent Gaussian correlations in weight space, as
characterized by the correlation matrix C(w), which is further
analyzed below. The noise is interpreted in an Ito sense, since,
according to Eq. (2.11), w(r) is independent of w(r + 1)
[75]. Although the SGD-SDE mapping is not strictly rigorous
[38,39], we find that the results obtained from Eqgs. (2.13) and
(2.11) agree well even for rather large learning rates.

(2.13)

2. Noise covariance

According to Eq. (2.12), the covariance matrix of the noise,
averaged over batches (with replacement), is given by (see
Appendix C)

P
% D (Ve Ve — (VLY(VL)"

pn=1

C=- (2.14)

The expression in the case of batching without replacement
differs by the prefactor and vanishes for § = P, but ap-
proaches the above when S « P. Note that for batching with
replacement, which we use mainly in the present paper, gra-
dient noise is nonzero even if S = P. In the case of linear
regression, we have V,, 0% = (w” x* — y"*)x* [see Eq. (2.10)].
Using Eq. (2.1), the covariance takes the form

1]1
Cap = § F Z[V_VTXH - eﬂ«]lel«xll; - HV_VWTH s

a

(2.15)

This result shows that, beside the external source of ran-
domness stemming from the minibatching of input data x*
and the label noise €”, also the fluctuations of the weights
w contribute to the SGD noise, rendering it state dependent
[21,57,81]. Estimating the typical magnitudes of the vari-
ous terms in Eq. (2.15) (see Appendix D) indicates that the
w-dependent terms dominate if ||‘7vz||(rx2 > 03. In the ab-
sence of label noise (ae2 = 0), this condition is fulfilled at all
times. By contrast, if 03 > 0, we write w = wW* + dw, where
ow denotes the weight fluctuations around the stationary so-
Iution w* [Eq. (2.7)]. Since the typical stationary variance
(Swiz) ~ ()»/S)O'ez [cf. Eq. (2.34) below and Appendix D] and
[|H='J||> ~ 0%/o?, multiplicative noise terms will dominate
in the stationary state only if (1/S)o2 3 1. In the case of
nonvanishing label noise (o> > 0), the additive noise approx-
imation is therefore warranted for typical choices of model
parameters and normalized data. Exceptions can arise at early
stages of the training, where ||W|| can be large. In the follow-
ing, we will study in more detail the various approximations
to the SGD noise.

Additive noise approximation for finite sample number (P <
o0). The additive noise approximation consists of evaluating
C [Eq. (2.15)] on the stationary solution w = w* [Eq. (2.7)],
assuming low-noise magnitude (S >> 1). For an overparam-
eterized network, each individual loss gradient vanishes for
w=w"* ie., Vy£*(w*) = 0 [82]. Consequently, in this case,
the noise and the weight fluctuations vanish in the steady state
[see also the discussion after Eq. (2.9)],

C =0 if N > P (overparameterized). (2.16)

By contrast, in the underparameterized regime, only the sum
over the total batch is zero, Zi Vwt* = 0. We remark that
the analysis here also applies for output dimensions larger
than one, i.e., y* € R% with d, > 1, since the different output
channels are not coupled by the loss.

Since generally J # 0 [see Eq. (2.6)] for finite sample
number, Eq. (2.15) takes the form

P
1 R
Cop = 5 XM:(JTHJFX" — ey nixl | = §(XKXT)aba

2.17)
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FIG. 2. Deviations from the Hessian approximation of the noise covariance of SGD of a linear network [Eq. (2.17)]. (a) Variance of the
matrix elements of P = XX, which enters in Eq. (2.18), as a function of the sample number P rescaled by the input dimension N. Curves for
various N and P superimpose when expressed in appropriately scaled coordinates. (b) Entries, ordered by magnitude, of the diagonal random
matrix K [Eq. (2.18)], which determines the covariance of the SGD noise in Eq. (2.17). The various solid curves correspond to sample numbers
ranging between P = 70 and P = 10000 (from bottom to top) with fixed input dimension N = 50, averaged over 100 realizations of K. The
dotted-black curve represents the approximation K** = (€")?, where €" is a vector of independent Gaussian random numbers of zero mean

and variance o2. The scaling of var(P) o« N~ls~!3

observed in (a) ensures that the elements of the diagonal matrix K, which characterizes the

deviation of the noise from the Hessian [see Eq. (2.17)], are Gaussian i.i.d. for s — oo.

with a diagonal matrix in sample space,

KH* = 1 - 1 14 VH+ " 1% SHY
= F Z FG .Xk ijj — €
Jk oy

17/1 "2
=—||—-eXTH™X — ¢ S,
Pl\P

Note that these expressions are general and do not rely on
specific assumptions for the statistics of the data or the label
noise. In the case of fully random labels y*, they apply with
the replacement € — y*. Similar forms of C in various limits
have also been obtained in [36,83].

In the overparameterized case, one readily shows, us-
ing identities for the pseudoinverse, that X7 (XX7)*X =1,
hence K = 0. In the underparameterized case, instead, one
has XT(XXT)*X = X*X =: P, which is a projector on the
row space of X and is independent of the variance of X. In
the large sample regime P >> N, a numerical analysis [see
Fig. 2(a)] reveals that the variance of the elements of this
matrix behaves as var(P) oc P~!'8N~! (the variance is slightly
larger on the diagonal), while the mean value along the diag-
onal (P;) >~ N/P. For the purpose of estimating the variance
of ¢P, we write P ~ (N/P)1p + P "°N=05P, where P is a
random matrix with i.i.d. entries of zero mean and unit vari-
ance. Accordingly, we infer var(eX*X);; ~ Paezvar(P) -0
as P — oo, which implies K*" ~ (e")?8"V, i.e., in the rel-
evant oversampled regime and for Po? >> 1, K essentially
becomes a diagonal matrix of squared Gaussian random num-
bers. This is illustrated in Fig. 2(b), where the diagonal entries
of K (ordered by magnitude) are displayed for various sample
sizes P.

In Fig. 3(a), the spectrum of the noise covariance matrix
obtained from numerical experiments via minibatch sampling
in the stationary state is shown and compared to the theoretical
prediction of Eq. (2.17) averaged over the distributions of
the data x and the label noise ¢ (which we take here to be

(2.18)

Gaussian i.i.d., see Sec. I A). The good agreement of the
two spectra supports the validity of the additive noise ap-
proximation in this regime. As shown in Fig. 3(b), the noise
spectrum deviates in general from the Hessian approximation
of Eq. (2.20), but approaches the latter in the strongly un-
derparameterized limit P/N — oo. This is also confirmed by
the calculations leading to Eq. (2.20) below. The deviation is
caused by the intermixing between the data eigenmodes due
to the label noise [see Eq. (2.17)], as illustrated in Fig. 3(c).
This becomes also clear by noting that, from the SVD of the
design matrix X = VD'2UT (with V. e RVN, U e RP*V,
and a positive-semidefinite diagonal matrix D'/? € RV*V),
the noise covariance in the Hessian eigenbasis takes the form
vIicy = %Dl/zUTKUDl/Z, which differs from D/S since
UTKU # 1.

Large sample number limit (P — 00). In this regime, using
the Gaussian i.i.d. assumption of the data and the label noise,
the matrix C can be evaluated as [21,84]

1
C = g[H\TV\TvTH +tw(HWW)H + 0?H], P — oo,

(2.19)

which explicitly reveals the multiplicative character of the
gradient noise. Using the fact that / = 0 [see Eq. (2.6)] for
P — oo (since x* and € are uncorrelated), we have w ~
w* = u in the stationary state [see Eq. (2.7)]. Setting thus
w = 0in Eq. (2.19) renders the additive noise approximation

2

o
C~-2H, P— oo.

S (2.20)

This direct proportionality between the gradient covariance
and the Hessian is often assumed in the literature [11,20,46].

Multiplicative noise process for o> = 0. Returning to the
general case w # w*, further insight into the nature of the
stochastic process associated with SGD can be gained in
the case of vanishing label noise ¢ = 0. In this situation,
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FIG. 3. Gradient noise of SGD for a linear network [see Eq. (2.15)]: anisotropy, dependence on sample number, and deviations from
the Hessian approximation. (a) Eigenvalues of the gradient noise covariance matrix C, ordered by their magnitude, for varying number of
samples P (increasing from bottom to top) in the underparameterized regime and at input dimension N = 100. Numerical results obtained
from SGD (single data realization with learning rate A = 0.1, minibatch size S = 10, label noise o> = 1072; solid lines) are compared to the
theoretical predictions obtained from Eq. (2.17) (averaged over multiple data realizations). (b) Validity of Hessian approximation of the noise
for P/N > 1: Eigenvalues of C given by Eq. (2.17) (solid lines) compared to those of Eq. (2.20) (broken lines, essentially corresponding to
the eigenvalues of the Hessian H), for P/N = 1.1, 2, 50 (from bottom to top right) at N = 100. The inset shows the maximum and minimum
eigenvalues of C from Eq. (2.17) (solid connecting lines) and Eq. (2.20) (dashed connecting lines) for varying P. Eigenvalues in (a) and (b) are
normalized by the factor 0202 /S, where 6> = 1/N is the variance of the samples [see also Eq. (2.20)]. (c) Visualization of the noise covariance
(for N/P ~ 0.67) in the basis of the Hessian H [Eq. (2.4)], i.e., C = ([VTCV|),., where the average is over several data realizations and the
matrix V consists of the eigenvectors of H as columns. The color range is scaled logarithmically and normalized to the maximum entry of C.

The magnitude of the off-diagonal entries decrease upon increasing P.

Eq. (2.14) becomes

1 P

- 2:—‘;1;;#/&—,

Cw = 5| p WiX; Xg X X; W
"

1

_E: oy

) xbxjwj
N

1
= §c0vx[(\7v - X)X]ap- (2.21)
Accordingly, Eq. (2.13) can be formulated as
A
oW =—Hw+ \/;WTZ, (2.22)

with a matrix-valued Gaussian white noise Z;; with covariance
(Axixj = xix; — (x;x;)),

(Zij(1)Zu (1) = ((Axix;)(Axex)8(t — 1)
= () () + (xr) (xjx))8( —t).
(2.23)

In the infinite-sample limit (P — oo), the i.i.d.
assumption (as well as wu, =0) for the x; implies
(Zij()Zi (1)) = (S8t + 8 ) (x*)8(t — 1) or, equivalently,
Cyp = S~ (Wawp + W?84)(x%)2. The noise thus generally
couples the different weights @; during the evolution of
Eq. (2.22), even for whitened data (where H = 1y). In the
case of N = 1 dimensions (but arbitrary finite P), the noise
covariance simplifies to ((Ax?)?) = (x*) — (x?)? = 2(x?)?
and Eq. (2.22) reduces to the standard geometric Brownian
motion process [36]

= 2\ = 2\ 2\~ / ’
gw = —xHw + ?Oc ywe,  (C@)s() =46 —1),
(2.24)

where ¢ is a Gaussian white noise. The mean and vari-
ance of w for this process are given by (w(t)) = ﬂ)(O)e’@‘z)’
and (@(1)%) = w(0)2 [ G-I _ o=20%)1] showing that
both converge to zero provided (x?) < S/A (which is fulfilled
for typical parameter choices). If (x?) = S/A and w(0)* =
A{x?)/S = 1, mean and variance become identical to those of
an Ornstein-Uhlenbeck process.

3. Relaxational dynamics

In order to study the dynamics induced by the SGD, we
project the weights onto the eigenmodes of the data. Assum-
ing the SVD of the design matrix to be X = P'/2VD'/2UT,
withV e RVN 7 ¢ RP*N  and a positive-semidefinite diag-
onal matrix D'/? € R¥*V (the sample number P is introduced
in order for the entries of D to coincide with the eigenvalues
of H), the Langevin Eq. (2.13), within the additive noise
approximation, can be transformed to

P
i=-Dz—7z)+~ry, ()= §D'/2UTKUD'/2,

(2.25)

where z = VTw € RV is the new dynamical variable, z* =
VTw* are the transformed solution weights [see Eq. (2.7)],
and n = V7§ is a new noise (Gaussian distributed with zero
mean). Analogously, the loss [Eq. (2.9)] can be expressed as

N
L= %(z ~2)' Dz —2")+ L = % ;(zk — ) aox + L,

(2.26)
with @y =Dy and L* = L(z") = —3JTHJ + Jee” =
s5€(1p — XT(XXT)"'X)e” denoting the loss of the fully
trained model. Equation 2.25 describes a multivariate
Ornstein-Uhlenbeck process driven by correlated Gaussian
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FIG. 4. Exemplary relaxation behavior of the loss L(z) (dash-
dotted curve) and the weight modes z;(t) = Vk§ w; [fork =1,5,25,
see Eq. (2.25)] towards the solution z; (single run). Modes obtained
from SGD experiments (solid lines) are compared to theoretical
predictions (zx(¢)) [Eq. (2.27), averaged over the noise; dashed], for
a slightly underparameterized linear net with P/N ~ 1.04. The inset
shows the loss and the mode |z ()| in double-logarithmic representa-
tion. The gray line in the inset represents the theoretical prediction L*
for the final loss. Parameters used for SGD experiments: learning rate
A = 0.1, label noise o> = 1072, input dimension N = 50, sample
number P = 52, batch size § = 10.

noise. Owing to the presence of label noise, encoded in the
matrix K [see Eq. (2.18)], the covariance of the noise 7 is not
diagonal but instead induces correlations between the weight
modes z;. The solution of Eq. (2.25) is given by

t
u(t) = ZZ + e—wk(t—to)[zk(to) _ th] +/ dsewk(s_t)nk(S),

fo

(2.27)

where, henceforth, we assume the relaxation rates to be or-
dered as wy < w; < .... For times larger than the smallest
relaxation time (¢ > 1/wyg), the influence of the initial value
term z(ty) — z* has decayed and z fluctuates around the equi-
librium solution z*. Within the additive noise approximation
considered here, the gradient descent (GD) solution follows
by averaging z;(¢) over the noise using (n;) = 0. Near the
interpolation threshold N = P, the eigenvalues of the Hes-
sian H become arbitrarily small, i.e., wy — 0T, implying a
diverging relation time [7,85,86]. Specifically, for Gaussian
data we consider here [see Sec. Il A], the Marchenko-Pastur
law of random matrix theory implies wy = 02(y/P/N — 1)
asymptotically for P, N — oo with P/N = const [7,87,88].
The typical relaxation behavior of the modes z;(¢) under
SGD near the interpolation threshold is exemplified in Fig. 4.
We find that the relaxation behavior is overall well described
by Eq. (2.27), with minor deviations from the purely expo-
nential relaxation for P >~ N. An interesting observation (see
inset to Fig. 4) is that the loss settles to the constant L* already
for t < wy, although the slowest modes z; have not yet all
reached their final value. This is a consequence of the presence
of the factor wy in the loss [Eq. (2.26)], due to which the
contribution of modes for small w; can be hidden below the

noise floor L*, especially for large label noise o2.

C. Steady-state properties

In the following, we analyze the stationary covariance ma-
trix of the weights induced by the SGF of a single-layer linear
network. We focus, in particular, on the spectral properties of
the weight fluctuations and their dependence on the sample
number and the label noise. We then use these results to
show that the IVFR is generally not fulfilled for a single-layer
linear net.

1. Steady-state solution

The Fokker-Planck equation for the distribution p(t, w)
induced by Eq. (2.13) takes the form [74,75]

a
dplt, W) ==~

9
Ji= —[—L(W)}p(t, w)

Bwi
d [r
- X,: a—wj|:§C,-j(w)p(t,W)i|, (2.28)

with L(w) = H(w — w*). We focus in the following on the
w-independent noise defined by C in Eq. (2.17), which,
as discussed above, is expected to apply in the stationary
state. The steady-state covariance matrix of the weights M =
(swéw’') = MT (with §w = w — w*) is determined by the
Lyapunov equation [10,20,74,89]

HM +MHT = AC. (2.29)

The most general solution of this equation fulfills V - J = 0,
but not necessarily J = 0, i.e., while the probability density
remains stationary [see Eq. (2.28)], the current J can still
be nonvanishing (broken detailed balance). This situation is
indeed realized for SGD and one obtains [12,20]

T Aoy
M = (Swéw' ) = EH C+0), (2.30)

w; —w

Q=Vov', 0;=— wf(VTCV)[j, where
i j

Vdiag(w))VT = H, (2.31)

i.e., w; are the eigenvalues of H and the columns of V contain
the eigenvectors. The stationary probability distribution and
current follow as

Z
T = —0OM (W — W*)ps(W),

with a normalization factor Z. The inverse covariance ma-
trix M~! can be interpreted as an effective potential U (w) =
(1/2)éwiM ~1sw, which, due to the presence of the kinetic
term (C + Q)~!, differs in general from the loss [12,17].
The matrix Q is antisymmetric (Q = —Q7) and determines
a stationary current J s, which flows in planes of constant
force, i.e., Js - (VU) = 0[20,72]. In order to aid comparison
between various conventions used, e.g., in numerical codes,
we remark that, if the loss [Eq. (2.10)] is scaled by a factor
o, i.e., £* — af*, the noise covariance [Eq. (2.14)] scales

1 1 _
Dss(W) = = exp [_E(w —wHI'M(w— W*)],

(2.32)
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FIG. 5. Statistics of weight fluctuations for a linear network in the stationary state. (a) Behavior of the weight variance as a function of input
dimension for P = 200 samples. Simulation results (connected symbols) obtained for a single run of SGD with learning rate A = 0.1, label
noise of = 0.25, and minibatch size S = 10 are compared to the theoretical predictions of Egs. (2.34) and (2.30) for {(w;(¢)?),); = N~! > M
(dotted and dash-dotted lines), which represents the temporal variance of the weights in the stationary state [where w(r — o00) = w*, see
Eq. (2.7)] averaged over all weights. The quantity (Sw;(t — 00)?); (filled circles and dashed line) represents the variance across all weights at
an arbitrary but fixed time in the stationary state. The train and test losses are also shown for comparison. (b) Eigenvalues of the covariance
matrix of the weights M = (SwSw”), ordered by their magnitude and normalized by Ac?2/(2S) [see Eq. (2.34)], for varying number of samples
(P/N =1.05,1.1,1.2,1.5,2.0, 4.0, 10, from bottom to top) in the underparameterized regime (for A = 0.1, S = 10, and input dimension
N = 100). Numerical results obtained from SGD (solid lines) are compared to the theoretical predictions obtained from Eq. (2.30) (dashed
lines; averaged over the multiple data realizations). The straight (dashed-dotted) black line represents the prediction of Eq. (2.34), while the
dotted lines represent the theoretical eigenvalues under the detailed balance assumption [Eq. (2.33)]. (c) Smallest and largest eigenvalues of M
as given by the exact result Eq. (2.30) (solid lines) and the detailed balance approximation Eq. (2.33) (dotted lines), normalized by Aaf /(28)
and for varying sample numbers P. The dashed lines represent the smallest and largest absolute values of the eigenvalues of Q [Eq. (2.30)] in

the same normalization. We note that the impact of Q diminishes in the oversampled regime.

as C — «C (analogously Q — «*Q) and the Hessian H —
oH, which implies M — oM.

A solution fulfilling detailed balance can be obtained
from straightforward integration of the condition J = 0 in
Eq. (2.28), which yields %)»C,-j -0Inp/dw; = —dL(W)/0w;
and eventually

A
M = Swsw') = EH_IC, QO =0. (detailed balance)

(2.33)

While, generally, detailed balance is broken for SGD, we find
that Eq. (2.33) constitutes a reasonable approximation suffi-
ciently deep in the underparameterized regime (specifically,
for P/N 2, 2, see discussion of Fig. 5 below). In fact, asymp-
totically for P/N — oo, one has C ox H [see Eq. (2.20)],
which implies VI CV d;; and thus Q = 0 in Eq. (2.30). In
this limit detailed balance is thus exactly fulfilled and one
obtains isotropic weight fluctuations [20,21],

ro?

M = 1,

28

In Fig. 5, the behavior of the weight fluctuations of a fully
trained linear network is illustrated. As shown in panel (a), the
steady-state variance ((8w;(t)?),); obtained from SGD experi-
ments (by computing the temporal variance of each weight w;
and the averaging over all weights i = 1, ..., N) agrees with
the theoretical prediction given by the diagonal entries of M
in Eq. (2.30). Notably, the variance is nonvanishing only for
N < P, since an overparameterized network can fit the data
in Eq. (2.1) exactly [see also the comment after Eq. (2.15)].
In the limit N/P — 0, the variance approaches the isotropic
result in Eq. (2.34) (dotted-horizontal line). For comparison,
the train and test loss are included in the plot, where the

P/N — oc. (2.34)

latter shows a “double descent” peak at the interpolation
threshold (P = N), characteristic for learning data with noisy
labels [7,8,59,90-92]. Beside the temporal variance, we show
also the spatial variance of the weights (Sw;(t — 00)?); =
(S(wf)z), which peaks at P = N [83]. We recall that a sta-
tionary state is only reached for nonvanishing label noise. By
contrast, for o, = 0, the network can fit the teacher weights
exactly such that the loss exponentially approaches zero (up
to machine precision).

Figure 5(b) illustrates eigenvalues of the weight covariance
matrix M = (8wéw’ ), ordered by their magnitude, for various
sample numbers P in the underparameterized regime. The
numerical results from SGD are well captured by Eq. (2.30)
(dashed lines), while significant deviations from Eq. (2.34)
are noticeable, indicating broken detailed balance, except for
large P.

In Fig. 5(c), the smallest and largest eigenvalues of the
weight covariance matrix M [Egs. (2.30) and (2.33), solid
and dotted lines, respectively] are shown as functions of the
reduced sample number P/N — 1. We infer that the detailed
balance approximation for M given in Eq. (2.33) is applicable
for P 2 2N. This is also corroborated by the behavior of
the eigenvalues of Q [Eq. (2.31), dashed lines], which peak
around P ~ N, and decay for larger sample numbers. (Note
that the eigenvalues of the antisymmetric matrix Q are purely
imaginary and hence we plot their absolute value.) From the
gap between the minimum and maximum eigenvalues we fi-
nally conclude that the weight fluctuations become essentially
isotropic [see Eq. (2.34)] for P = 100N, consistent with the
behavior of the noise eigenvalues in Fig. 3(b).

Before proceeding, we summarize some important steady-
state properties for linear regression in the following
Table 1.
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TABLE 1. Properties of a linear network in the stationary (late-time) regime, trained on a teacher-student task [see Eq. (2.1)]. Note that
these properties are independent of the sampling method (i.e., sampling with or without replacement). The variance of the target (label) noise

is denoted by o 2.

Student weights [Eq. (2.7)]

Final loss [Eq. (2.9)]

Temporal weight fluctuations

Underparameterized approach teacher weights as € — 0 nonzero in general; vanishes & 6> nonzero in general; vanish o o2 [Eq. (2.34)]

Overparameterized differ from teacher weights

vanishes (also if 02 > 0)

vanish [Egs. (2.16) and (2.20)]

2. Loss perturbation

We now investigate whether the IVFR [16] applies in the
context of a single-layer linear network. Perturbing the linear
regression loss in Eq. (2.9) around the solution w* [Eq. (2.7)]

renders 5

SL(OV) = L(W* +6v) — L(w") = %VTHV, (2.35)
where v is assumed to be an eigenvector of the weight
covariance matrix M [Eq. (2.30)]. Owing to the different
structural forms of M and H, the eigenvectors of these
matrices can be considered as essentially unrelated here and
we thus do not expect §L(0v) to depend in any significant
way on the covariance eigenvalues, even if the latter strongly
vary in magnitude. This is confirmed by SGD simulations
for Gaussian independent and Gaussian correlated data (see
Fig. 6), as well as for purely random labels y*.

Analytic insight can be obtained in the large (infinite) sam-
ple number regime, where Eq. (2.34) implies the eigenvectors
v € {e;};=,.. y with a common eigenvalue y = AUZ/S. This
yields 5L(0e;) = %GzHii = %92()(?), i.e., the loss perturbation
reveals the variance of the ith feature. Accordingly, unless
one engineers a particular variance dependence on the feature
index, the loss perturbation behaves in an essentially random
and isotropic way. We thus conclude that the IVFR is not
fulfilled for a typical single-layer linear network.

III. TWO-LAYER LINEAR NETWORK

We now transfer the Langevin formalism presented in the
preceding section to a two-layer linear network, which will

SJ T T T
Gaussian i.i.d.

4t

o=

b

< 3t

g 2 cov.eigenv.

‘g 0 20 40 60 80 100

enable us to analyze the fluctuations of the weights in the
individual layers. Since the dynamics of the weight matrices
is now nonlinear, we develop a linearization around the deter-
ministic solution. We will finally use these results in order to
derive the IVFR. In order to facilitate analytical calculations,
we will focus, where necessary, on the regime of large batch
sizes, small learning rate, and large sample numbers.

A. Model

We consider training data consisting of P samples x* e
RV, y* € R¥ (uw=1,...,P), with iid. Gaussian x! ~
N(0,02)and y!* ~ N(0, 0%), which, for simplicity, have zero
mean. Within the teacher-student framework used in Eq. (2.1),
the targets (“labels”) y* used here can be interpreted as
pure noise, while the teacher weights identically vanish. This
setup (see Fig. 7) is sufficient to investigate the stationary
fluctuating weight dynamics, which is driven by label noise
[cf. Eq. (2.17)]. The data is conveniently organized in terms of
the design matrices X € RV*P Y € R¥*P, The (full-batch)
loss of a linear two-layer network is given by

P
1
LW, Wa) = 5 3 lly" = WaWix| 12
n=1

= %tr[(Y —wX)Y —wX)]

1 v oy
= —tr(ZFw w — w5y — 2w+ vYT/P),

2
3.1
0.8~ : .
o 0.6F
5=
Né( - - - - - - -
~04: 7
S 3
2020 2
(1) cov.eigenv.
00 0 10 |20 30 ‘ ‘ ‘
10 20 30 40
mode index i

(b)

FIG. 6. Perturbing the linear regression loss [Eq. (2.9)] along eigenvectors of the empirical weight covariance matrix M = (Swsw’)
obtained from SGD (learning rate A = 0.1, minibatch size S = 10) of a linear network. The insets show the eigenvalues of the weight covariance
matrix (ordered by their magnitude vs mode index 7). (a) Perturbed loss curves 8L(0v;) for various eigenvectors v; for N = 100 dimensional
input and P = 2000 Gaussian i.i.d. samples (single run). The simulation results superimpose on the theoretical prediction §L = %92(7’3 (dashed
curve) for large sample numbers. (b) Perturbed loss 8L(6v;)/6? at fixed (arbitrary) 6 as a function of eigenmode index i for P = 200 correlated
samples in N = 40 dimensions obtained from a multivariate Gaussian defined by a random covariance matrix ¥ of Wishart type [i.e.,
=~ MM?, with M;; ~ N0, 1)]. The black-dashed line represents the theoretical prediction for i.i.d. data, while the connected symbols
are obtained by averaging over several experimental runs.
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FIG. 7. Two-layer linear neural network model with input x,
output ¥, and weight matrices W, W,. The targets are given as i.i.d.
noise y (see text).

where W; € RV>Ni W, ¢ RN*Ni are the weight matrices,
w = WoW; € R¥*N: denotes the product matrix, and

1 1
o= XX, =¥ =_—-vYX’ 3.2
0 P 0 P (3.2

are the full-batch input-input and output-input covariance ma-
trices. The minimum of the loss is determined by the linear
regression solution

w* = (WaW)* = 57 (=), (3.3)
which effectively fixes only N = N,N; degrees of freedom
out of the total number of parameters Ny, = N, (N; + N,). As
was the case for a single-layer net [see Eq. (2.16)], a deep
linear network of the form considered here has nonvanishing
weight fluctuations in the stationary state provided N; < P,
irrespective of the output dimension N,. We will thus restrict
ourselves to this regime in the following, in which case the
pseudoinverse in Eq. (3.3) accordingly becomes the usual
inverse. In certain cases, where indicated, we will also assume
N; 2 Ny 2 N,.

Introducing the minibatch covariance matrices as

1 1
xxo_ it T o gt T
= _SE xxt0 B _SE yxT,
neB neB
3.4

where B denotes the set of sample indices in the current
minibatch (of size S = |B]), the SGD equations take the form

L + 1= woy = - 2K 0
P =",
= W (Z¥ —WaW B%),  (3.5a)
1 . oL(w, T)
X[Wz(l’ + 1) —W(r)l = TR
= (2 - W ZW,,  (3.5b)

with the learning rate A.

The full-batch dynamics of Eq. (3.5) in the limit of small
A (gradient flow) has been analyzed previously [4,5,9,93].
We will derive the continuum limit of Eq. (3.5) in the next
section, but already note here that, in the case of gradient
flow with an explicitly time-dependent loss L, one can show
that the following quantity is conserved for a linear network

(t = /M),

Wy (t)Wa(t) — Wi ()W, () = const. (3.6)

The proof of this relation follows the same steps as in [65],
where it was demonstrated for linear networks with losses
that do not explicitly depend on time. When the weights
are initialized such that the constant matrix on the r.h.s. of
Eq. (3.6) vanishes, the weights are conventionally called zero
balanced.

Notably, for whitened inputs X§* o 1 and zero-balanced
weights, an explicit solution of this gradient flow can be
constructed [9,94]: Denoting the compact singular value de-
composition of " by

) = U8V, with U € RN*Nn § e RN Nn 7 ¢ RNXNn
3.7

where § is a diagonal matrix with N,, nonzero eigenvalues on
its diagonal, the late-time solution can be expressed as

wlTw? =vsvT, wiw)" = US0". (zero-balanced)
(3.8)
However, explicit expressions for the individual full-batch Wio

are not available. Unless otherwise mentioned, we will in the
following not assume any special initial conditions.

B. Continuum description of SGD

We now derive the continuum limit of the SGD dynamics
in each layer, which renders two coupled nonlinear SDEs. A
crucial step is to determine the covariances of the effective
noise terms induced by the minibatching. In order to analyze
the nonlinear SDEs in the stationary state, we focus on the
large batch-regime, where fluctuations around the determinis-
tic gradient flow solution are small.

1. Noise sources and stochastic gradient flow

Since the only source of randomness enters via the mini-
batching of X**>* [95], we have

DIEED VR ) D e Y ) (3.9)

where we note that =3 = () and )" = (%) . Accord-

ingly, the noise terms are defined as
§TW =TT BT, 8T =27 -5y, (3.10)

and their covariances can be expressed (using Appendix C) by
a four-dimensional tensor,

COV((S Zxx)ij,kl

= (0% 0% )5

1 XX 1 V..V XX
= < S fo'tx? — X <§ Zxkxl - EO,k1>>
0 v

P
1|1
=<|3 D ol — B3R5 | (3.11)
n=1

B
i 0,ij

In general, a four-dimensional tensor M; ;i can be reshaped
into a conventional two-dimensional matrix m by defin-
ing ty, = [Mijxila=(j—)N+i.b=G—1)N+k Where N; and N are
the sizes of dimensions indexed by i and k, respectively.
This definition is consistent with the usual vectorization
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m = vec(A)vec(B)’ in the case where Miju = AijBu,
which applies to the covariance tensor. The vectorization oper-
ation vec(A) is defined by stacking the columns of the matrix
A on top of each other to form a column vector.

In order to arrive at tractable expressions, we eval-
uvate the noise covariance in the large sample number
limit (P — oo), which is analogous to the Hessian ap-
proximation given by Eq. (2.20). Practically, the Hessian
approximation for the noise applies already for P 2> 100N,
as discussed in Sec. IIC1. In this limit, the first term
in the square brackets in Eq. (3.11) converges to a batch
average, such that Wick’s rule for products of Gaussian
variables can be applied: 113 25:1 x;‘x_’].‘x,’:xf‘ > (XX XX B =
(xixj) B ax) B + (xixe) B{xjxi) g + (xixi) g{x;xx) 5. Hence, al-
together one obtains

1
covV(8E™)iju = §[Egﬂk2gﬂ + I Ton ], (3.12a)

X 1 xx X X
covV(EE")iju = §[<yi2)6ik20,jl + 0 Zox;). (3.12b)

)X l X ped XX X
cov(axff, 8% = 5[25‘,{[20,1., + 20,,.,23,,”.], (3.12¢)

where we used the factor that the y; are uncorrelated zero
mean random variables. In the case of whitened inputs, i.e.,

¥ =01, (3.13)

the above covariances simplify to
XX 1 4
cov(8X™ )i = 3 [0}8idj1 + 8udji].

)X 1 X X
cov(ET)iju = E[(yl?)oja,-ksj, + Z0u 0] G14)

Upon inserting these expansions of the data covariance
matrices into Eq. (3.5) and proceeding to the continuum limit
analogously to the single-layer case [Eq. (2.13)], we obtain
the following stochastic gradient flow (SGF) equations:

W =W, (5 —WamiB5Y) + Ry, (3.15a)
Wy = (Z) = WaW )W + Ry, (3.15b)

with the multiplicative noise matrices R; € RN R, e
RN(,xNh

Ri = VAW (55 — WaW,85),
Ry = VAEEY — W sT)W/ .

(3.16a)
(3.16b)

2. Perturbation expansion

In order to analyze the stationary fluctuation dynamics, we
introduce a suitable linearization into Eq. (3.15). Accordingly,
we decompose the weight matrices as W), = Wl(?Z + Wi 2,
where WRZ denotes the solution of the full-batch GD and
8W, » describe small fluctuations around this solution. Upon
expanding Eq. (3.15) up to linear order in the fluctuations of
W and X, and collecting terms of the same order, we obtain
the deterministic gradient flow equations

oWy =Wy (25" — Wy WP E§Y),
Wy = (=" - W20W1OESX)W10'Tv

(3.17a)
(3.17b)

and the dynamics of the first-order perturbations,
Wy = (W, B — oW wrBE — Wy T swaw =5
— Wy TWRSWi B5) + Ry, (3.18a)
3Ws = (B W, — sWaw =y W T — wlsw, sEw T
—w*S W) + Ro. (3.18b)

in which the noises [Eq. (3.16)] now become additive (and are
assumed to be quantities of the same order as §W) ),

Ri = Vaw) T (63 — ww s x™)

= VAWPT (D" — w*sE™), (3.192)
Ra = V(58 —Wyws =)W "
= VAT — wr sz W (3.19b)

Crucially, we focus henceforth on a (quasi)stationary state
of training, where the Wl(?z are essentially time independent
or at least change on a significantly longer time scale than
the §W, », allowing us to analyze Eqgs. (3.18) and (3.19) with
Wl(?z =~ const. Since explicit expressions for W in terms of the
data and initial conditions are not available, we will consider
the Wl(’2 as given outcomes of the gradient flow [Eq. (3.17)],
obtainéd, e.g., from a numerical solution [96].

For whitened inputs [see Eq. (3.13)], we have w* =
= /o [see Eq. (2.7)] as well as

1 1
Y. x, T _ ~ 2 2
(BET), = 57 2 Y vy = o5 D0 ol
wv ok 1z

1
= Faf(ﬁ)s,-j, (3.20)

where we used x* - X =~ 028"¥ and the fact that y* are i.i.d.
variates. With these simplifications, the noise covariance takes
the following form (see Appendix E):

coV(R1)iju = oxd(l — 1/P)(Wy " Wy)

ik’
=1 ...,N, (3.21a)
cov(Ra)ijur = o8 (l — 1/PY(WIWXT) .
i,k=1,...,N,, (3.21b)

coV(R1, Ra)iju = o (1 — 1/PYWyy W with

| —

0% = Aol (y?), (3.21c)
while Eq. (3.18) becomes

3SW; = —a2[W)TWsWy + W T swaW] + Ry

= _83371 + R, (3.22a)
3Wa = —a2[sWaW W) T + WRswiw "] + R,
=— oL +Ra, (3.22b)
asW;
with  the reduced loss L(SW;, sW,) = %axz tr[WZO’T

WPsWsW[ + swy T wlswiw T+
quadratic in the fluctuations.

SWswaw w1
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Recalling the matrix rank equation rank(AB) =
min(rankA, rankB), we note that, for one-dimensional
outputs (N, = 1), one has rank(Wzo) =1= rank(WZO’TWZO)
and thus rank([cov(R)]) = N; according to Eq. (3.21a).
For zero-balanced initial conditions [i.e., Eq. (3.6) with
vanishing right-hand side], one has rank([cov(R,)]) =
rank(WIOWIO‘T) =rank(W20‘TW20) =1, while for ran-
dom initial conditions, typically rank([cov(R,)]) =
rank(WW ") = Nj,.

3. Transformations

In order to further analyze Eq. (3.22), we expand W »
in the eigenbasis of Wl(?Z' To this end, we introduce the thin
SVD W = AS|BT [where A, S| and B are (N, N;), (Nj,, N;)
and (N;, N;) matrices], and the standard SVD W, = US,V”
[where U, S, and V are (N,, N,), (N,, N,,) and (N, N,) matri-
ces], which yield

WiwT = AD|AT  with D, = §,5T e RN (3.23a)
Wy W) =vD,vT with D, =878, € R™™. (3.23b)
The eigenvalues of WIOWP‘T and W20’TW20 encoded in
the diagonal positive-semidefinite matrices D, will play a
crucial role in the following. Introducing new dynamical
variables z; = VTsW, € RNV 7, = §WhA € RM*Mi and
noises n; = VIR € R¥N  pn, = RoA € RV*M | reduces
Eq. (3.22) to
21 = —Dozi — (US) 2281B" +m,
2 = —2D\ = US, 21BS| + 1.

(3.24a)
(3.24b)

The covariance of the new noises 7, » follows readily by
using the SVDs in Eq. (3.21),

OV mjnt = 081D mn
(G, l=1,...N;;, mn=1,...,N,),
(3.25a)
cov(2imkn = OR 8Dt mns

(mn=1,...N,, i,k=1,...,N,),

(3.25b)
cov(N1, N2)mjkn = COV(N2, N uk, jm = G%(Usz);k(BSIT)jn,
G=1,....Ny, n=1,....Ny,
mk=1,.. N, (3.25¢)

Since the D; are diagonal, these results represent a significant
simplification over Egs. (3.21) and (3.22).

We now introduce the joint vectors Z =
{vec(z1), vec(zy)} € RNt n = {vec(n), vec(n2)},
which allows us to express Eq. (3.24) in the compact form

Z=-TZ+n. (3.26)

The drift matrix I' and the diffusion matrix A = (y3”) turn
out to be identical symmetric square matrices of size [N,(NV; +
NP,

1y, ® Dy

BST @ (US,)T
F/axz _ i 1 ® ( 2)
S BT ®US,

= A/o3.
D ® 1y, /oR

(3.27)

Here, ® denotes the Kronecker product and in the derivation,
we used vec(ABC) = (CT ® A)vec(B) as well as vec(AB) =
(Lgim,8 ® A)vec(B) = (BT ® 1gim, 4)vec(A) where dim,.A
denotes the size of the nth dimension of A [97]. Next, we
determine the eigenvalues and the rank of I'/o? and A /0.
After some algebra, using the determinant formula for block
matrices [97] and assuming N; > N, > N,, we find the eigen-
values [98]

multiplicity 1 : Dy + Dy, with k=1,...,Np,
I=1,...,N,,
(3.28a)
multiplicity N; — N, : Dy, with [ =1,...,N,,
(3.28b)
multiplicity M;N, : 0. (3.28¢)

Accordingly, I and A are positive semidefinite matrices with
rank(I") = rank(A) = N,N;. The rank deficiency of I and A
turns out to be a crucial property in the following.

4. General properties

From the results of the preceding subsection one can
already infer a few general properties of the fluctua-
tions 8W;,, which become particularly simple in the
case N, = 1: First, from the definition §W;(t) = Vzi(¢t) =
Vz1.1(@), Vzi2(), . .., Vz1 5, (1)), with the column vector V,
we infer that all N, elements in the ith column of §W,
fluctuate in the same way, i.e., their dynamics is con-
trolled by the scalar z; ;(¢), up to time-independent prefactors
contained in V. This applies independently from the initial-
ization. Next, we recall W (1) = z,(1)AT = (22(t) - ay, z2(2) -
a,...,22(t)-ay,), where a; denotes the ith column of
AT. In the case of zero-balanced initial conditions [de-
scribed by Eq. (3.6) with vanishing right-hand side], one has
1 = rank(W,)) = rank(W,"" W) = rank(W'W") and hence
D, = diag(r, 0, ..., 0) [see Eq. (3.23)]. Accordingly, in this
case, the scalars z;;(¢) =0 for i > 1, such that §W,(¢) =
(a1, azq, -+ ,an,1)z2.1(t), i.e., all elements of §W, fluctuate
identically up to individual scaling factors determining their
variance. By contrast, in the case of random initialization, D,
is typically of maximum rank, implying that all elements of
W, fluctuate independently. Numerical results show that the
above statements apply also for nonwhite X**.

C. Steady-state fluctuations of weights

Having obtained the linear Langevin equation [Eq. (3.26)]
for the weights in each layer, we proceed to determine the
resulting steady-state statistics of the weight fluctuations. We
find that, as a genuine consequence of the structure of a deep
linear network, weight fluctuations are generally anisotropic.
We finally provide a derivation of the IVFR.

1. Covariances

The covariance matrix M = cov(Z) = (ZZ") describing
the fluctuations of the z; is determined by a Lyapunov equa-
tion [10,20,74,89],

'M+MTT = A. (3.29)
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FIG. 8. Covariance of the weights of a two-layer linear network in the quasistationary state. (a) Visualization of the covariance matrix M

[Eq. (3.30)] of the transformed weights z; for a typical simulation with N; = 30, N, = 20, N, = 1. In the special basis defined by the SVD
of WIO and W20 [see Eq. (3.23)], the covariance of the second-layer weights is fully diagonal. [(b),(c)] Eigenvalues of M obtained from SGD
experiments (symbols), compared to the theoretical predictions obtained from M,; and M, in Eq. (3.30) (solid lines), for a single realization of
the data. In the simulations, we use nonwhite Gaussian i.i.d. samples x! ~ N(0, 1/N;), label noise variance of o2 = 0.1, learning rate A = 0.1,
minibatch size § = 10, and an initial variance of the weights of (b) Uv2v1 = 10"*/N;, G‘f,z = 10"*/N,, and (c) va,l =1/N;, Uv%/z = 1/N,,. For
comparison, we show the eigenvalues of M obtained by assuming Gaussian i.i.d. distributed elements for W) and W, as dashed and dot-dashed

lines, respectively. Eigenvalues are normalized by )\0),2 /(28) [cf. Eq. (3.34)].

As one readily checks (using the fact that I' &« A and the
identity AA*TA = A for a matrix A), Eq. (3.29) is solved by

In order to limit complexity of the analysis, we focus in the
following on a one-dimensional output N, = 1. In this case, z;
and 7; become row vectors, while U, S,, D, become scalars

My My 1. i -
M= = —I'"TA, 3.30 (in fact, U = +£1), and
<M21 Mzz) 2 (3-30)
o . . . 2 5 Dy 1y, (US>)BST
which is symmetric of size N,(N; + N;) x N,(N; + Nj,), while I'/o; =AjJox = -
My € RNNONN: a1 T RMNNN ppoy € RMNIXNN, US)$B D,

This solution assumes detailed balance, which is approxi-
mately realized for SGD in the case of sufficient underparam-
eterization [see Eq. (2.33) and the related discussion]. The
covariances of the weight fluctuations 6W; and 6W, in the
original space follow as

cov(vec(8W))) = (1y, ® V)My1(1y, ® V'), (3.31a)
cov(vec(8Ws)) = (A ® 1y, )M»n (A" ® 1y,), (3.31b)

with analogous relations for the cross-covariances. Since
(A® B)T = AT @ BT, the eigenvalues of My, coincide with
the eigenvalues of cov(vec(§W,)), while the eigenvalues of
M coincide with the nonzero eigenvalues of cov(vec(§W))),
noting that the latter has at least N;(NV, — N,) vanishing
eigenvalues. A typical covariance matrix M is visualized in
Fig. 8(a). Upon averaging over the data distribution, all off-
diagonal elements vanish, leaving only the diagonal ones as
“universal” imprints of the data statistics (see also the discus-
sion below). However, since we are interested in properties
pertaining to a specific realization of the data, we do not
perform such averaging here.

Due to the rank deficiency of I', the matrix M is, in
general, nondiagonal. This can also be inferred from the
eigen-decompositions /o> = A/ ‘7722 = RQRT, where Qisa
diagonal matrix of rank N,N; [see Eq. (3.28)], which implies
M = (RT)"'Q*QRT with a diagonal matrix of eigenvalues

2

9 1NN
28 " NoWNi+Np)*

Accordingly, M is of rank N,N; and has N,N}, vanishing eigen-
values.

QtQ = (3.32)

(vTwWRTWRV (wPv) wTA
- o] 333
(WPV)ATW?  ATWW A

Using expressions for the pseudoinverse of a block matrix
[99], we find, after some tedious but straightforward algebra,
that My, [Eq. (3.30)] has a simple diagonal form

}i=1 44444 Npy

Accordingly, the components of z, [see Eq. (3.24)] fluctuate
independently and My, ; in fact represent the eigenvalues of
cov(6W,) [see Eq. (3.31b)]. By contrast, M1 is, in general, not
diagonal [see Fig. 8(a)], although its off-diagonal elements are
typically small, implying that the components of z; are weakly
cross correlated.

1,ii

_— 3.34
Dy ;i + D, (G-34)

)Layz )
M>, = cov(zp) = EX diag

2. Covariances: discussion and numerical results

We conclude this analysis with several remarks: (1) With-
out the cross coupling between W, and §W, [see Eq. (3.22)],
I' and A would be diagonal and full rank, which would imply
M o 1y.4+n, and thus [cov(6W;)] o 1y, and [cov(§W2)]
1n,xn,» 1.€., isotropic fluctuations. (2) In the case of Gaus-
sian i.i.d. data considered here, the analysis starting from
Eq. (3.23) essentially relied only on the eigenstructure of
the weight product matrices W'W " and W,"" W2, which
enter both the drift and the diffusion matrix [Eq. (3.27)].
The data is assumed to be structureless [with whitened in-
puts, see Eq. (3.13)] and thus appears here only as scaling
factors o2, 0. Numerical results confirm that similar fluc-
tuation spectra are also obtained for nonwhite data. (3) The
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solution in Eq. (3.3) only determines the Neg < Ny de-
grees of freedom of WZOWIO uniquely in terms of the data,
implying that the individual weight matrices Wlo and W2O
(and hence also D;) are additionally affected by the ini-
tialization. Specifically, in the limit Ny >> Negr, the weights
hardly change from their initial values during training (lazy
training regime) [100,101], allowing one to approximate a
nonlinear neural network by its linearization around initial-
ization [61,62]. Assuming W(t = 0) ~ N'(0, ow,), WW"
and WZO’TWZO in this case can be approximated as Wishart
matrices, the eigenvalues of which asymptotically follow
a Marchenko-Pastur distribution with characteristic magni-
tude D; « GVZV,»' When initializing the weights conventionally
with [102]

oy, = 1/N;, oy, > 1/Nj, (3.35)
and assuming N, < N;, one accordingly expects Dy ; < D,

[see Eq. (3.23)], such that Eq. (3.34) can be approximated as

Aoyz
M22 ~ D],
28D,

(3.36)

except for the few largest eigenvalues in D;. We conclude
that for deep linear nets initialized in this way, weight fluc-
tuations are generally anisotropic and their spectrum has a
certain universal character encoded in the limiting eigenvalue
distribution. A notable exception occurs for zero-balanced
initial conditions [see Eq. (3.6)], where, owing to D ;;  §;9
(see Sec. III B 4), the fluctuation spectrum is isotropic. (4) We
recall that the derivation leading to Eqgs. (3.34) and (3.36),
demonstrating the anisotropy of the fluctuation spectrum, is
obtained within the large-sample number limit [P — oo; see
Eq. (3.12) and the related discussion], which, in the case of
a single-layer net, would imply isotropic weight fluctuations
[see Eq. (2.34)].

Figures 8(b) and 8(c) shows simulation results obtained
from SGD training of a two-layer linear network on (non-
white) Gaussian i.i.d. data for Gaussian weight initializations
[Eq. (3.35)] of (b) small and (c) large variance. We find
good agreement with the covariance spectrum of the weights
predicted by Eq. (3.30), which is a linearization of the full
stochastic gradient flow [see Eq. (3.18)]. In particular, the
assumption of whitened data in the theory does not appear
to qualitatively affect the results. Confirming Eq. (3.34), the
spectrum of the fluctuations of W, is essentially determined
by the eigenvalues of W,OWIO’T [see Eq. (3.23)]. Eigenvalues of
cov(6W;) with index larger than N; vanish according to the lin-
ear theory [Eqgs. (3.30) and (3.31)], while in our simulations,
they are nonzero but decrease in magnitude with increasing
index. Comparing the two panels, we observe that, for large
values of the initial weight variance, the spectrum remains
closer to the shape implied for Gaussian i.i.d. elements of
Wl(?z. For weights close to being zero balanced, the fluctua-
tions of W, are essentially governed by a single independent
mode (see discussion in Sec. III B 4), which is reflected by
the prominent peak of the lowest mode in Fig. 8(b). The
eigenvalue peak of the covariance of W; seen in (c) can be
associated to an overall drift of the mean of W, which occurs
on a large time scale. In fact, although the loss is stationary,
we observe in our SGD experiments a transient dynamics of

the individual weights, resulting in a slow but steady drop of
the overall magnitude of the eigenvalues (except for the zero
mode). This dynamics, which is most pronounced for small
batch sizes, is not captured by the present analysis, since the
latter only provides a relation between the covariances of W »
and the products WOW T, WT W, assuming quasistationary
means W, and Wy. A complete description requires a solu-
tion of the GF equations (3.17) and is reserved for a future
study.

3. Inverse-variance flatness relation

We now study how the fluctuation variance relates to the
loss, thereby providing an analytical derivation of the IVFR
[16]. The reduced quadratic loss [see Eq. (3.22)] is given
by L(z1,2) = solu[Dziz] + 2L 2Dy + 23 (US>)zi (BST)],
which indicates that the perturbation of the loss due to fluc-
tuations of z; and z, is controlled by the spectrum of WZO‘TW20
and WIOWIO’T, respectively [see Eq. (3.23)]. In order to capture
the effect of the fluctuations in the original weight space,
we start from Eq. (3.1) and recall that the principal modes
a;—1 .., of the fluctuations of W, (i.e., the columns of A) ful-
fill WW"a; = Dy ja; with Dy ; =~ 2SD,M», i/ (ho2) [see
Egs. (3.31) and (3.36)]. Using the basic relation tr(AB) =
tr(B.A) as well as the fact that WyW = o, 2E)" for whitened
inputs, the perturbation of the loss [Eq. (3.1)] along a; follows,
after a bit of algebra, as [cf. Eq. (2.35)]

SL(0a;) = L(W_, Wy +6a] ) — L(W, Wy)

1 SD20'2

= Eafele,ii ~ 2 02My) ;1. (3.37)

As Wy € R¥>*Ni and N, = 1, we reshaped the vector a; into
a compatible form via its transpose. Numerical experiments
with SGD in the large batch regime as well as with SGF agree
well with this prediction [see Fig. 9(a)]. Since the “flatness”
F; of the loss o< (curvature «;)~ '/ and the curvature «; of the
parabolas defined by Eq. (3.37) is given by their quadratic
coefficient, i.e., ki = 2S02DyMy; ii/(ho}), we recover the

inverse-variance flatness relation in the form My, ; Ffw
with ¥ = 2. In Ref. [16], empirically ¥ =~ 4 was found in
the case of cross-entropy loss, but it was emphasized that
the value of the exponent can depend on the specific training
setting. We remark that, due to the transient weight dynamics
persisting under SGD (see Sec. III C2), we observe that 6L
slowly diminishes with time, while remaining consistent with
the IVFR.

By contrast, for a perturbation of the loss along eigendi-
rections v; of cov(vec W) [Eq. (3.31a)], we do not observe
any dependence on the mode index i, i.e., SL(0v;) = L(Wl0 +
o[vil, WZO) — L(Wlo, WZO) =~ const., even though the weight
covariance is anisotropic [see Fig. 9(b)]. Here, [v;] represents
the vector v; reshaped into the form of WIO. Note, however, that
6L determined within the linearized fluctuation theory [i.e.,
using Eq. (3.30)] does not capture the bimodal structure of 6L
observed in numerical solutions of SGD or SGF [Eq. (3.15)],
but instead remains flat. We thus find that, for a two-layer
linear network, the IVFR is not fulfilled for perturbations of
the first-layer weights W,.
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FIG. 9. Perturbing the loss L of a two-layer linear network [Eq. (3.1)] by the eigenvectors of the covariance matrix of the fluctuations of
(a) W, [see Eq. (3.37)] and (b) 6W;. Results of training on Gaussian i.i.d. data (sz =1/N;, a).z = 1) with SGD (connected circles) are compared
to the theoretical predictions (solid lines), given by Eq. (3.37) in (a), and by the numerically evaluated 6L(6v;) using the eigenvectors v; of
cov(vec(6W;)) [Eq. (3.31a)] in (b). The dashed-dotted line represents the prediction based on the nonlinear stochastic gradient flow. In (a),
beside the exact result 6L = af@levl-,-/Z (solid line), also the approximation [see Eq. (3.37)] in terms of the eigenvalues of the covariance My,
is plotted (dashed line). The inset in (b) shows the eigenvalues of cov(vec(6W;)) ordered by magnitude vs the mode index i. For i > N;, the
eigenvalues abruptly drop to a smaller level, while they are predicted to vanish according to the linear model (see discussion in Sec. III C 2).
The corresponding drop of §L at i = N, is captured by the nonlinear stochastic gradient flow simulations, while the linear theory [solid line
in (b)] instead predicts a flat profile for L. We used N, = 1, N, = 40, N; = 50 in (a) and N, = 1, N, = 20, N; = 30 in (b). The behaviors for

whitened and nonwhitened data are similar.

D. Relaxation dynamics

We illustrate here how the linearized SGF derived in the
previous section can be used to analyze the layerwise re-
laxation dynamics of the weights. Focusing on N, =1, we
diagonalize the (symmetric) drift and diffusion matrices as
I'/o? = AJok = RQR" [see Eq. (3.33)], with a diagonal
Q = diag(wy) (k =1, ..., N, + N;) and an orthogonal matrix
R with eigenvectors in the columns. According to Eq. (3.28),
the eigenvalues are given by

Wi=1

N =Dk + D2, wi=n,+1,..5, = D2,

(3.38)

.....

Wk=N;+1,....Nj+N, = 0,

with D) » defined in Eq. (3.23). Note that all w; > 0. Introduc-
ing new dynamical variables x = R”Z and noises ¢ = RTy,
we transform Eq. (3.26) to

K(t) = olaxi(t) + G (@),

(L) (1)) = o wx S 8t — 1),

The general solution is given by xi(t) = e~ =)y, (1) +
fff) dse®6 ¢ (s) with some initial time ¢, Accord-
ingly, in the stationary state, one obtains the correlation
functions

(3.39)

(@) xa (0)) = (e(0) xa (0))e %, (3.40)
(X)X (1)) = €% @F (3,.(0) i (0))
2
o — Uzwkl‘
+5kk,ﬁ(1 — e 2oty (3.41)

X

where we assumed time-translation invariance, which allows
us to chose the arbitrary time origin as fp = 0. Modes yxi
belonging to eigenvalues w; = 0 remain fixed at their initial-
ization xi(t) = xx(0). By contrast, modes with w; > 0 relax

towards zero [Eq. (3.40)], while their variance saturates at late
times at the equilibrium value [Eq. (3.41)],

(xx(0) xx (0)),

2
0.
Sk 555 5

wk=0=a)kr

(Xk Xk )eq = (3.42)

otherwise.

Notably, as a consequence of the equality of I and A (up
to an overall scale), the fluctuations of the modes x are
isotropic (independent of k) at late times and only determined
by the relative strength of the noise (a%) and the loss (axz).
Since the initial values of W), are uncorrelated, we may
assume {xx(0)xx (0)) o 8. In order to transform back into
the original weight space, one uses §W; = V[PiRx]" and
W, = [PRx]T AT [see Eq. (3.23) and notes that Z is a col-

umn vector], with the projection matrices P; = (1(’)“ 8) and

P, = (g ]l(})v ), both of size (N; + Nj)?. From these consider-
h

ations we infer that the relaxation dynamics of the weights is
in general a superposition of exponentials, dominated by the
smallest eigenvalue wy. A more detailed investigation of the
noise-driven time evolution is reserved for a future work.

IV. SUMMARY AND OUTLOOK

In the present study, we have analytically and nu-
merically investigated the fluctuating dynamics of linear
networks trained with mean-square loss. The considered
single-layer linear network trained with SGD solves an or-
dinary least-squares regression problem. Besides being of
theoretical interest, such linear models approximate the sta-
tionary training regime of deep nonlinear networks (see
Appendix A) and provide a basis for the construction of
SGD-based Bayesian-sampling methods (see Appendix B).
Two-layer linear networks share important properties with
deep nonlinear nets, such as nonlinear training dynamics, a
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nonconvex loss landscape, and a sensitivity to initial
conditions [4,6,63].

In our analytical calculations, we have considered uncor-
related Gaussian i.i.d. training data with targets generated by
linearly transforming the inputs and adding noise (including
the limit of fully random targets). Correlated or non-Gaussian
input data will in general affect the gradient noise covari-
ance [see Egs. (2.19) and (2.20)] and thereby the weight
statistics. However, for sufficiently large minibatch sizes and
small learning rates, the additive Gaussian approximation for
the noise is usually warranted (see discussion in Sec. I[IB2
and Refs. [10,11,51,52]). Crucially, these assumptions enable
a linearization of the nonlinear SGD dynamics of two-
layer networks and thereby facilitate analytical calculations.
Our theory applies to neural networks in a (quasi)stationary
regime, characterized by a loss fluctuating around a nonzero
mean value. Typically, such a state is reached at the end of
training of an underparameterized network. Overparameter-
ized networks, by contrast, can memorize their training data
[103] and approach a global optimum in which gradient noise
vanishes [37,104—108]. In this case, the loss does not become
strictly stationary, but decays on a timescale much larger than
the weight fluctuations. Indeed, the inverse-variance flatness
relation (IVFR) has been considered in such a situation in
Ref. [16]. Our perturbative approach to a two-layer network
approximates such a quasistationary state by assuming that
the mean of the weights evolve sufficiently slowly.

The main motivation of our present paper was to study the
simplest possible model that gives rise to the IVFR and to
gain further insights into the nature of the SGD noise and the
induced weight fluctuations. We have obtained the following
main results:

(1) We have shown that one source of anisotropy of the
weight fluctuations is the broken detailed balance of SGD
[12,20], which emerges here in the presence of label noise for
mildly underparameterized nets. In the infinite-sample limit,
detailed balance is restored and the noise covariance becomes
equal to the Hessian of the loss.

(2) For two-layer linear nets, another source of fluctuation
anisotropy stems from the rank deficiency of the drift and
diffusion matrices that describe the stochastic gradient flow of
the weight fluctuations in each layer. We expect this general
consequence of the network structure to also hold for deeper
linear networks.

(3) Based on these insights, we have provided an analyt-
ical derivation of the IVFR for a two-layer linear network
in the underparameterized regime. Our approach is based
on a perturbative treatment of weight fluctuations around a
quasistationary state and thereby adds a further perspective to
existing explanations of the IVFR [16,18,19].

(4) Asabyproduct of our investigation, we have described
the layerwise continuum dynamics of SGD in two-layer linear
nets, extending previous works that considered the determin-
istic gradient flow [4,9,24,69].

Understanding weight fluctuations in neural networks is
not only interesting from a theoretical perspective [13-15],
but has a number of practical implications. Noise-induced
transition events, for instance, can be relevant for optimiza-
tion in a rough loss landscape [42,43,46,49]. Recently, the

fluctuation-dissipation ratio, which has its origin in statistical
physics [109,110], has been introduced as a novel training
measure [38]. In the context of differential privacy [111],
random noise is added to the gradient updates. In Ref. [16],
the IVFR has been observed empirically for various deep
nonlinear network architectures trained on image data under
cross-entropy loss and explained within a phenomenological
model of a random loss landscape. Our derivation is based on
layerwise perturbation of the SGD dynamics, which should
also be applicable to deep nonlinear network models. It will
be interesting in the future to connect these two approaches
and further clarify the relevance of the effects identified here
(interlayer coupling and rank deficiency) for fluctuation and
loss anisotropy. We have noted that, in the case of a two-layer
linear network, the weight spectrum is significantly deter-
mined by the initialization and the IVFR emerges while the
SGD dynamics is still transient despite a stationary loss. These
aspects deserve a further investigation, which could consider
also effects of non-Gaussianity and higher-order correlations
stemming from the data or from nonlinearities in the dynamics
[54,112].

APPENDIX A: NONLINEAR NETWORKS

Nonlinear networks can be linearized in the stationary
state of training, provided deviations from the reference
state are sufficiently small, which requires large batch sizes
and small learning rates (see the discussion in Sec. II B 2).
Notably, for large widths, nonlinear networks reduce to lin-
ear models [61,62] and the associated limiting dynamics of
SGD is a topic of recent interest [37,107,113—115]. For the
linear models considered in the present study, steady-state
weight fluctuations vanish in the overparameterized regime
[see Eq. (2.16)].

We denote the output function of the nonlinear network as
f(x, w), where w € RN collectively represents the network
parameters. Taylor expansion around a reference point w*
renders

fx W) = f(x, W)+ (W —w") -V, f(x,w")
= b(X) + W - Vi f(X, W¥), (A1)

with a bias term b(x) = f(x, W*) — w* - V,, f(x, w*) that is
independent of w. Defining a Jacobian matrix

VI f(x1, w*)

o= : e RPN, (A2)
VI F(xP, w*)
we can write the MSE loss as
1 2
Lw) = -5 DI w) =y
w
= i||wTo1>—Y||2+const (A3)
2P ’

up to a constant independent of w. Accordingly, the linear
framework of Sec. II can be adopted by replacing the design
matrix X by the Jacobian matrix ® [see Eq. (2.3)]. We remark
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that the result resembles a random feature model, although the
features d,,, f(x, w*) are not independent [116-119].

APPENDIX B: CONNECTION TO BAYESIAN METHODS

Since Bayesian neural networks involve the weight dis-
tribution as a central ingredient, it is informative to briefly
review this approach and its connection to SGD-based
sampling here [120-122]. The prediction y* for a new
data point x* is computed from the likelihood p(y*|x*, w)
weighted by the posterior distribution p(w|D): p(y*|x*, D) =
[, pO*1x*, w)p(w|D)dw, where D = {x*, y*},, denotes the
training data. According to Bayes’ rule, the posterior is given
by p(w|D) x p(y|x, w)p(w), where p(w) is the prior dis-
tribution of the weights and p(y|x, w) o< exp ( — L(x,y, w))
is the likelihood function represented here in terms of a
loss L. A regularized loss can accordingly be introduced
by writing p(w|D) o exp ( — Lreg(x, y, w)) with Lo = L +
X||w||§, where the last equation holds for a Gaussian prior
p(w), which gives rise to an L, regularization. Classical (non-
stochastic) training amounts to approximating the posterior
as p(w|D) = §(w — wmap) using the point estimate Wiy =
argmin, [Ep L, (x, y, w), where Ep denotes the average over
the training data.

In the stationary state of SGD, weight samples are drawn
from Egs. (2.30) and (2.32), which represents a different
distribution from the true posterior. Thus, in order to use
SGD as a Bayesian sampler, several methods have been
proposed in the literature, such as preconditioning [10,123]
or injecting Gaussian white noise into the SGD dynam-
ics [19,124,125]. This isotropic white noise is constructed
such that it dominates over the minibatch-sampling noise in
the limit of small learning rates, implying C + Q — 1 in
Eq. (2.30).

APPENDIX C: COVARIANCE OF MINI-BATCHES

Consider (possibly vectorial) quantities

1 1
Gp=3) g G=(Ges=75) ¢ (€D

neB n=1

where Gy is defined as an average over minibatches 5 of size
S = |B|, while G is given by the average of Gy over the full
batch of size P > S. The covariance of Gg and minibatch sam-
pling with replacement can be calculated, following similar
steps as in Appendix E of [21]:

cov(Gg) = ((Gp — (Gp)5)(Gp — (Gp)5)" )5
= (GsGj),; — GG"

1

P
}3 Y g @) —G6a" | (C2)

n=1

2}

The corresponding expression for sampling without replace-
ment takes the same form but with the prefactor (P —
S)/(S(P — 1)) instead of 1/S [21]. The two cases coincide if
S=1lorP>S.

APPENDIX D: ADDITIVE NOISE APPROXIMATION

We justify in the following the use of the additive noise
approximation in the stationary training regime of a linear
network. We start from the Langevin Eq. (2.13), which we
write

W= —HW—wW)+./7,, n= (D1)

9| >

with w* given by Eq. (2.7). The correlations of the noise ¢ are
described by the large-sample number limit [Eq. (2.19)],

(e = SCw)s — 1)
= [HWW'H + w(HWW)H + o2H|5(t — '),
(D2)

which is sufficient for the purpose of estimating the im-
portance of the various contributions. We consider n as a
smallness parameter and assume an expansion of the form

w=wy + /nw; + O(1).

Analogously, we expand the noise as &=y + ¢ + ...,
where the correlations of the new noises £; follow successively
by evaluating Eq. (D2) with Eq. (D3).

Inserting Eq. (D3) into Eq. (D1) readily yields

(D3)

Wy =Ww". (D4)
Next, using w* = u + H~'J [Eq. (2.7)] renders

(Lo@)Ep()") = Cod(r — 1),
Co= (" +uw(J"H )H + H]
~ oglo? (D5)

X e’

and the Langevin equation at the order /7,

W, = —Hw, + &, (D6)

The variance of the resulting stationary solution is given by
[cf. Eq. (2.33)]

(wiw)=1H""'Cy ~ 0. (D7)
Using this result in the expansion of Eq. (D2) provides the
O(n) term of the noise correlation,

(6105, N1 =8 =1,
¢ = g[H(u)lwlT)H + tr(Hwyw! ) H]

~ naj ‘73 (DY)
and a corresponding O(n'/?) term with correlation Cj ), =
V2IWIH + .~ ﬁo’foﬁ stemming from the cross
terms between w* and w;. A comparison of the relative
magnitude of these contributions and the one in Eq. (D5)
indicates that the multiplicative noise ¢; remains subdominant
in the stationary state if 1 /S < 1 and AUXZ /S « 1 are fulfilled,
which is the case for typical setups. A more rigorous analysis
based on adiabatic elimination techniques [75,126] for the
Fokker-Planck equation [Eq. (2.28)] is reserved for a future
work.
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APPENDIX E: NOISE COVARIANCE

Assuming whitened inputs, Eqgs. (3.19) and (3.20) imply

K reov(RDu = Wy TB8), (565TWY) 4 02 0708, (W T W), — o2 (W T S5 w™T W), 80

2 0,7 . x<¥%T /0
— ol (W) w* sy Wz)ik

8ji —of (Wzo’TE(y)x)il(w*'TWZO)jk — o} (W20’Tw*)iz(zgx’TW2o)jk

+of(W20’Tw*w*’TW20)ik6ﬂ +U;(W2O,Tw*)il(w*,TW20)jk

=07 (y")8j (Wzo'Twzo)ik - (Wzo’Tng E();x’Twzo) Sl

= o708 (1 = 1/P) (WY Wy),,.

2leov(Ra)iju = (Z(})vxwloj)iz (wy ng,T)jk + 02" (W10W10'T)j1 - sz(zgxwf)j)u (Wlw*T)

Jjl

o (W), (Wwn )+ ot Dy (WEWPT)

= o2 ()81 — 1/PYWWPT)

A cov(R1, Ra)iju = (Wzo’TE(ijWIO’T)ﬂZ{V)T}Z +02(y?)

i

4 0,7, %, %T 0,7 4 0,7, *y/0,T *,T
+ o (W) wrw )ikWI,jl+Ux(W2 w*W, )ilek

— ax2<y2>W0,TW0,T o (WzoyTESXEgX,T)ikWO,T

2,ik "1,j1

(ED)
jk
2 (5%, T 07y/0.T 2 0,7 0yx.T 2 x,T 0y170,T
_Gx(z(‘)xw* )ik(Wl Wl ) — O (w*Wl )il(Wl z:(‘)x )jk_ax (w*z%x )ik(Wl Wl )jl
j
(E2)
0.7 y1/0.T 2 (/0.7 soyx . T 0,7
Wou Wy —o; (Wz Xpw” )ikWI,jl
2 (yi70.T yx,T 0.7 2 (1170.T s yx 1570, T T 2 (v 0T 0,7 x, T
— 0, (Wz W*25X )ikWI,jl _Ux(Wz E())XWI )izwjk _Ux(Wz w*W, )UE(})?Cjk
1.
(E3)

=0l (7) (1 = 1/PYW) W

which leads to Eq. (3.21).
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