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We report on a nonequilibrium quantum phase transition (NQPT) in a hybrid quantum many-body system
consisting of a vibrational mode of a damped nanomembrane interacting optomechanically with a cavity, whose
output light couples to two internal states of an ultracold Bose gas held in an external quasi-one-dimensional
box potential. For small effective membrane-atom couplings, the system is in a homogeneous Bose-Einstein
condensate (BEC) steady state, with no membrane displacement. Depending on the transition frequency between
the two internal atomic states, either one or both internal states are occupied. By increasing the atom-membrane
couplings, the system transitions to a symmetry-broken self-organized BEC phase, which is characterized by
a considerably displaced membrane steady-state and density-wave-like BEC profiles. This NQPT can be both
discontinuous and continuous for a certain interval of transition frequencies and is purely discontinuous outside

of it.
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I. INTRODUCTION

Many physical systems can be classified in terms of their
emergent collective behavior when they undergo phase tran-
sitions [1-3]. While equilibrium phase transitions are fairly
well understood, nonequilibrium quantum phase transitions
(NQPTs) are a relatively new and exciting field of research
[4,5]. Such phase transitions occur in a nonequilibrium steady
state of driven quantum systems in contact with an en-
vironment, so that their energy is not conserved due to
external driving and dissipation [6—16]. Among other cases,
NQPTs have been studied in ultracold atoms in an optical
cavity [17-24], in driven-dissipative Bose-Einstein conden-
sates [25,26], in microcavity-polariton systems [27-29], and
in photon Bose-Einstein condensates [30-32]. Additionally,
dynamical quantum phase transitions and universal scaling
have been observed both in the nonequilibrium dynamics of
isolated quantum systems after a quench, with time playing
the role of the control parameter [33], and recently in open
quantum systems, whose dynamics is driven by the dissipative
contact to an environment [34].
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Hybrid atom-optomechanical systems, which combine op-
tomechanics with atom optics, represent one recent promising
platform for studying NQPTs [35-43]. In these systems, a
nanomembrane in an optical cavity is coupled to the mo-
tional [35] or to the internal [36] degrees of freedom of a
distant cloud of cold atoms that are trapped in the optical
lattice of the outcoupled light field. By employing different
cooling mechanisms, such as sympathetic cooling [35,37-
39] and optical feedback cooling [39,44,45], the nanomem-
brane can be cooled down almost to its quantum ground
state. Moreover, hybrid atom-optomechanical systems are a
versatile playground for various quantum phenomena, such
as indirect quantum measurement, atom-membrane entangle-
ment, and coherent state transfer [46-50].

The internal state coupling scheme [36] is realized by a
nanomembrane that is coupled to transitions between internal
states of the atoms via translating the phase shift of the light,
caused by the membrane displacement, into a polarization
rotation using a polarizing beam splitter. This scheme allows
for resonant coupling and mitigates the drawbacks of the
motional coupling scheme [35], like strong frequency mis-
match between the nano-oscillator and the atomic motion in
the optical trap. It has been utilized for membrane cooling
[36,51], displacement squeezing [52], the realization of a ef-
fective negative mass oscillator [53], and quantum backaction
evading measurements [54]. In addition, a peculiar NQPT,
whose order can be controlled by changing a directly accessi-
ble experimental parameter, has recently been proposed in this
scheme [55]. It has been found that the system can undergo
both a first- and a second-order phase transition in the same
physical setup by tuning the atomic transition frequency.
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FIG. 1. Semitransparent nanomembrane in an optical cavity is
coupled to the internal states of a distant atomic ensemble that
is trapped in an external quasi-1D trap. The internal states of the
atoms constitute a A level scheme according to the inset. The fig-
ure is adapted from Ref. [55].

In this work, we examine NQPTs in a hybrid atom-
optomechanical system in the internal state coupling scheme.
We consider an ultracold atomic gas trapped in a large quasi-
1D box, where the lattice potentials generated by the light
fields have been canceled. Since the membrane is naturally
damped by its suspension, the atoms relax into a steady state
whose features critically depend on the state of the membrane.
For large enough trapping box and weak effective coupling
between the atoms and the nanomembrane, we find that the
atomic condensates are essentially uniform and the membrane
is not displaced. When the atom-membrane couplings become
strong enough, the system transitions into a symmetry-broken
self-organized phase that exhibits density-wave-like conden-
sate profiles and significant nanomembrane displacement.
Depending on the values of the readily controllable experi-
mental parameters, this NQPT can be of either first or second
order. We map out the relevant parts of the parameter space
and study the hallmarks of the phase transition. Hence the rest
of the paper is organized as follows. In Sec. II we outline the
basic mean-field theory. In the following Sec. III we examine
the homogeneous steady states. Next, in Sec. IV we focus
on the inhomogeneous steady state and its features. We also
address and examine the occurring first and second order

J

~

phase transitions. We discuss our results in Sec. V and provide
an outlook.

II. MODEL AND EQUATIONS OF MOTION

In the internal state coupling scheme [36], the system of N
identical ultracold bosonic atoms is held in an external quasi-
1D trap (see Fig. 1). The relevant atomic states {|—), |+), |e)}
constitute a A level scheme, where the two lower states are
energetically separated by the atomic transition frequency £2,.
An applied o_ circularly polarized laser of frequency w;
and coherent field amplitude o drives the internal transition
|[4+) < |e) at a finite large detuning A. The passing beam is
sent to a polarizing beam splitter (PBS), which splits the cir-
cularly polarized light into linearly polarized m, and m, light
beams in two perpendicular directions. In the vertical arm, a
fixed mirror simply reflects light with conserved polarization
m,. The horizontal beam enters a low-finesse cavity which
hosts a semitransparent nanomembrane with the mass M and
the mechanical resonance frequency €2,,. The lengths of the
two arms are made equal when the membrane is undisplaced.
In that case, the cavity reflects m, light without any relative
phase shift. In a quasistatic picture, any finite displacement of
the membrane induces a relative phase shift between the =,
and ,, light beams from the two arms. This relative phase is
converted to a polarization rotation after the two beams have
passed backwards through the PBS. The emerging o polar-
ized light then drives the internal atomic transition |—) < |e)
and may induce a two-photon Raman transition between the
two lower states of the A scheme via the excited state |e).
On the other hand, an internal transition between the two
lower atomic states leads to the emission of a o, polarized
photon which alters the radiation pressure on the membrane
after reaching it, which leads to an effective atom-membrane
coupling.

The Hamiltonian of this system has been derived in
Ref. [36] and reduced to an effective form involving the
membrane and the low-energy atomic degrees of freedom in
Ref. [55]. It reads (with i =c = 1)

. aa Q 1 o N N
Ay =uata+y / dz i) (z>[u7a — wRd2 +V,(2) + 5 > gw,wj,(zwfv/(z)} ¥, (2)
v==+ V==4

+ A A Ao A As A
—(@+ &‘)/dz Sin(ZZ)[kexl/fl(Z)l/q(z) + 5[1#1(1)1#_(@ + wmm(zn} ey

where the position coordinate has been rescaled as z — z/w; . The bosonic operator a denotes the annihilation operator of
the excitations of one single mechanical mode of the nanomembrane, while 1/% (z) denotes the field operator of the atoms in
the state v = =. The atomic recoil frequency reads wy = f /(2m), with m being the atom mass, while g, , are atomic state-
dependent contact interaction strengths. The total potentials sensed by the atoms are denoted by V, (z) and include the lattice
potential for the atoms in the internal state |+) generated by the quadratic term in the coherent field amplitude «; [55], as
well as the external potentials. The interaction of the light field with the atoms also has a linear effect in o; that manifests
itself in two essentially different ways, depending on the atomic state. The first drives the internal transition |4) <> |e) via the
o_ field quadrature in a manner similar to the motional coupling scheme. The second causes Raman transitions |+) < |—)
under the creation (or annihilation) of a o polarized photon. After adiabatic elimination of the excited state |e) and the light
field one obtains the effective membrane-atom interaction, described by the two terms in the second line of the Hamiltonian
(1), with the effective coupling strengths A, and A, respectively, which are quadratic in «; and can be expressed in terms
of the physical parameters of the full model as A, = AnA,/2 and A = ApA+/2 [55]. The light-membrane coupling constant
is given by Ay = 20 ||l F /713/ 2 with |rm| being the membrane reflectivity, £, = (1/M Q)12 the amplitude of the
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zero-point motion of the membrane, and F the cavity finesse. Moreover, the atomic intraspecies coupling constant is given
by A, = \/EaLwL,uiEwL /A, where ;. is the atomic dipole moment of the transition |+) <> |e) and &, = oL /7 A is a
normalization constant of the light mode operators with .4 being the laser beam cross-sectional area. A is the (large) detuning
between the frequency of the pump laser and the addressed internal atomic transition. Furthermore, the atomic interspecies
coupling constant is given by Ay = /27w oty n—Ey /A, where p_ is the atomic dipole moment of the transition |—) <> [e).
Note that the effective cavity-mediated global atom-atom interaction has been neglected, since our present focus is on the
parameter regime where it is weak enough not to affect the system periodicity [56]. Taking into account that the membrane is
damped at the rate I' |, we derive the following equations of motion for the membrane and the atomic operators:

o o A s N ~ ~ A

i0,a = (Q —il,)a — [ dz sin(2z)[xexw;(z)w+(z) + s @V_@ + wi(zm(z)]} — & (2a)
7 £, 2 AT i A 5 ATV
0 @) =| -t~ + V. + ) @V, @) ¥ @) = 3 sin@)@+a), ), (2b)

v==+
n B Q, 2 2N 7 A A~ AT\ ; PP A
i), (@) = | S — 0pd +V, () + > g @Y, @) ¥, () - 5 5i0Q20)(@+ 8 (@) = ko sin22)@ + ", @),
v==%
(2¢)

where we have omitted the time argument for brevity. In
accordance with the damping of the membrane mode, we have
introduced the corresponding bosonic noise operator ém that is
characterized by the zero mean fluctuations (ém) = (éni) =0,
as well as by the autocorrelations

(En(EL(0)) = 2T (n, + 1DS(), (3a)
(€] (1)E,,(0)) = 2T, 1, 8(2). (3b)
|

i, = (R, — il o — f dz sin(21)|:\/ﬁ)»exlw+(z)|2 +

2

Q, NA
i8,y_(z) = [— St —wgd? +V_(2) +N2gu|1ﬂv(Z)|2}ﬁ(Z) o

v=%

The environment occupation number n, determines the
steady-state occupation of the membrane mode when it is
affected only by its environment [57].

We assume that the atoms are at ultralow temperatures and
that the atom-membrane coupling is such that a large fraction
of the atoms condense and the system dynamics can be well
described in first approximation at the mean-field level. The
influence of quantum fluctuations is an interesting topic in
itself and will be addressed in the follow-up publication. Here
we focus on the coupled mean-field equations of motion

NA
*/_T[wﬂz)w_(z) + Iﬂf(Z)IIq(Z)]}, (4a)

5 sin(2z) (o + )Y, (2), (4b)

Q. N
i0,9, (2) = [7“ — w2+ V,Q+N Y g+v|1/fv<z)|2] Vo (2)— ‘/_T sin(22)(@ + a*)Y_(2)

v==+

—V/Nig, sin2z) (e + &)Y, (2),

(40)

where we have neglected all mutual correlations and introduced the complex coherent state amplitude of the membrane o =
(a)/~/'N and the wave functions of the two condensates ¥, (z) = (¥, (z))/~/N. We assume that the membrane damping is so
fast that the membrane almost instantaneously relaxes to its steady state determined by the condensate wave functions

1 NA
= / dz Sin(ZZ)[x/N/\exII//+(Z)|2 + \/_T[ilfi(Z)lﬁf(Z) + W(Z)%r(Z)]} &)
so that we obtain the following coupled equations for the two condensates:
Q A
i0,_(2) = [ - S e V@ HN Y g_v|wv(z>|2}w_<z> - @ Sin(2)(@ + &), (@), (62)
v==%
Q NA
0,y (z) = [Ta —wRd2 +V, () +N Zgﬂlllfu(z)lz} V() — C sin(2z)(@ + a")¥_(2)
v==%

—V/ Ny, sin22)(@ + &)Y, (2). (6b)
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Due to the damping of the membrane, the atoms also eventually reach the minimal-energy steady state, i.e., the ground steady
state (GSS), described by the ansatz ¥ (z, t) = e~ "* (). It involves the chemical potential u that is fixed by the normalization
condition

/dz[wf_(znz + ¥, @ =1 %)

It follows that the GSS solutions of the equations of motion (6) can be obtained either by solving the stationary equations

Q N
0= [ — oAV N Y g_um(z)ﬁ]vf_(z) IV o + @, @), (8a)

v=x% 2

Q N
0= [Ta —wpd —pu+V, (@) +N Y g+vlwv(z)|2:|1/f+(z) _IN sin(22)(@ + & )¥_(2)

=+ 2

~V/ N sin(22)(@ + @)y, (2), (8b)

or, equivalently, by minimizing the energy functional
Evly ]=NZ/dw*(z) v w2 Y@+ S Y gl OF [1,62)
NLY £+ = v 2 RYz v 2 —= vy v v

NQ,,

2
- m{ /dz sin(2z)[)»ex|w+(z)|2 + %[Wi(z)tﬁ,(z) + W(Z)%(Z)]“ ; €))

with respect to ¥} (z) and under the normalization constraint (7). This minimization justifies our notion of the GSS. The chemical
potential stems from the relation . = 9&y [, 1/9dN and reads

Q
n= Zi/dz wv*(z)[vj‘ —ogd? +V,Q)+N Y gvv/|¢v,(z)|2]wv(z)
V= V=%

INQ,,

2
- m{ /dz Sin(ZZ)[Aexllh(Z)l2 + %[WI(Z)W_(Z) + llff(z)w+(z)]]} - (10)

Let us next examine the ground steady state of the system. The external trapping potentials are designed to cancel the
lattice potentials for the atoms in the internal state [4), generated by the quadratic term in the coherent field amplitude [55],
and lead to the boxlike traps V_(z) with the hard walls at z € {z;, z,}, where z; = —n /4 — {m, z, = —7m /4 + £z for some
large integer £ 2 100. That imposes the Dirichlet boundary conditions v, (z,) = ¥, (z,) = 0. According to our assumption
£ > 1, we can safely neglect any edge effects that significantly affect the condensates only within a few healing lengths of
the walls. Since the atom-membrane interaction is periodic with the period of 7, we can reduce our attention onto the single
period [~ /4, 37 /4]. We impose the periodic boundary conditions ¥ _(—m /4) = ¥_(37 /4), ¥ (=7 /4) = ¥, (37 /4) and take
V. (z) = 0 henceforward. Note that the spatial dependence of the atom-membrane interaction, ocsin(2z), is even with respect to
the center of the chosen period. This brings us to the energy per period

Exlval= g”gfi] =N 2 f dz 1/7;‘(2)[1)% — wpdZ + %V Eguv,|x&u/(z)|2}x/?v<z)
N2Q, : o7 2, A T (N ?
- m{ /;dz s1n(2z)[)»ex|1//+(z)| + E[KM(Z)V/_(Z) + 1/f_(z)1ﬂ+(z)]“ ; QY
where we introduced the rescaled quantities
N=2N, ¥,@)=V.)/V2 *=L/V2U ry=hy/V2L (12)
The integrals in Eq. (11) run over one single period of length . In terms of the above, the membrane amplitude becomes
a = ﬁ /,, dz Sin(ZZ)[\/ﬁiexllh(Z)l2 + @[&i(Zﬁ/}_(Z) + Iﬁf(Z)I/L(Z)]], 13)
while the rescaled wave functions evolve in accordance with
i9,¥_(z) = [ - % — wgd? +N 2gv|lﬁv(z)|2}p(z) - */127)‘ sin(2z)(@ + a*)¥, (2), (14a)
V=
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N Q _ . . NI
i,V (z) = [7*‘ —wgd; +N Zg+v|wv(z)|2}w+(z) -
v=+

sin(22)(@ + a*)¥_(z)

2
—VNi, sin(22)(@ + &)V, (2), (14b)
and are normalized according to
[ aztii_ @ + 1P =1. (1)
g
The stationary wave function equations, which determine the GSS, turn into
Q _ . - VNI .
0= [ — St - egdl —u+ N ngwv(z)ﬁ}w(z) — S sin2)@ + a7, (). (162)
v=%
Q N N N VN .
0= [7*‘ —wpd; —pu+N Zgﬂlwv(z)lz}m&) - sin(22)(@ + @) _(z)
v==+
—VNT, sin(22)(@ + &), ), (16b)
where the chemical potential is given by
i Q, _ . .
w=y /ﬂ dz w:(z)[u7 — g2 +N Y gwrllﬁv,(z)|2i|1//v(z)
v==% V=%
2NQm : Y T 2 X A 7 T % T :
T dz sin(22) | Ay |V, (DI + S @Y @)+ ¥y @I a7
In the following, we will assume that the rescalings (12) 2, 8. _ — 84
have been performed and, for the sake of brevity, we will m= B3 g _+gi.—2g.
omit the tildes. All extensive quantities addressed below are
therefore per period. n N g 84— & (19¢)

III. HOMOGENEOUS GROUND STEADY STATES

We first analyze the homogeneous solutions using the
ansatz ¥, (z) = \/ny/m, where n, are the occupation frac-
tions of the two atomic states. In such a case, the normaliza-
tion condition simply reads n_ + n, = 1 and the membrane is
not excited, i.e., @ = 0. The stationary equations (16) become

Q N
SR

v=%

0= [%—MJrngigﬂnv]\/Z- (18b)
We will be considering the on average repulsive regime where
g ,8.4>0>¢g, _and g__g . > gif. Three solutions
are possible, which read
Q, N
= w=-= + —8-—
Q

n_=0, n =1, /L=7a+;g++,

(19a)

(19b)

as well as
_ 84y — 8 tTR/N
8 +8iy—28,
§__ — 84— — /N
8-+ 84y — 284

3

3

n+=

TEg _+8&y— 28+—.

The first solution is the lowest in energy when 7$2,/N >
g__ — g, _ holds, while, for 72, /N < g,_— g, ., the sec-
ond one takes over. The third solution exists only if g, —
8iy <mR,/N < g__ —g,_ is satisfied and has the lowest
energy of the three. For 72, /N < (g__ — g,.)/2 we have
n_ <n,, while for 7, /N > (g__ —g,,)/2 we getn_ >
n_ . Thus it is convenient to introduce the reference transition
frequency 2, o = N(g__ — g, ,)/(27) and study the behav-
ior of the system as a function of the relative detuning

5Q, =9, - Q) (20)

of the atomic transition frequency from it. For strong enough
couplings A and A, the system transitions into a self-
organized GSS. The membrane becomes excited and the
condensates become inhomogeneous. The nature of this phase
transition is what we are going to investigate next.

IV. PHASE TRANSITIONS TO AND FROM
INHOMOGENEOUS GROUND STEADY STATE

Let us now explore the self-organized phase. To this end,
we evolve the equations of motion (14) in imaginary time
starting with a suitable initial state until the ground steady
state is reached. As can be seen from these equations, the
membrane couples to the condensates via the combination
Re[&] sin(2z). For positive Re[@], the inhomogeneous GSS

033094-5



RADONIJIC, MIXA, PELSTER, AND THORWART

PHYSICAL REVIEW RESEARCH 6, 033094 (2024)

o5l ® __— [ T~

041 — Re[a]sin(2z) —— ¥_(2) — ¥.(2)
0.3}
0.2 _/ \
0.1}

0

—7/4 0 /4 7r)2

N U\/

0.4f — Rela]sin(2z2)

]
02— ¥_(2)
)

=

—/4 0 /4 ’iT)Q

3m/4
z

FIG. 2. Spatial profiles of Re[@]sin(2z) (green) and the ground
steady state condensate wave functions ¥_(z) (red) and ¥, (z) (blue)
over one period for large negative (a) and large positive (b) relative
detuning. Parameters: Q| = 100wy, I' | = 10wy, Ng__ =Ng, , =
100wy, Ng,_ = —90wy, and v/Ni, = 35wy, while in (a) §Q, =
—40wy, v/NA = Swy and in (b) 8, = 70wy, VN = T0wy.

wave functions must reach their maximum together with
sin(2z), i.e., in the middle of the chosen period. In the opposite
case of the negative real part, the wave functions are simply
shifted by half a period. Therefore, we will only consider the
positive case. Also, ¥, (z) have to be even functions with
respect to the same point, in the same manner as sin(2z). In
this way, the atom-membrane interaction term in Eq. (11) con-
tributes most to the minimization of the energy of the system.
Thus the combination Re[&] sin(2z) captures the essence of
the membrane’s influence on the atoms, both in terms of its
spatial behavior and its relative strength. Figure 2 shows two
exemplary cases of spatial profiles of Re[&] sin(2z), together
with the two GSS wave functions ¥, (z) over the chosen
period. In panel (a) we present the case of a negative relative
detuning §€2,, where the |4) state usually has higher occupa-
tion. Panel (b) displays the opposite case with the |—) state
being more populated. As can be seen, larger spatial variances
of the wave functions correspond to larger membrane ampli-
tude. For large negative relative detunings, the condensate
is homogeneous and the atoms occupy exclusively the [+)
state. Likewise, for large positive 2, the atoms homoge-
neously condense into the |—) state. In between, both atomic
states exhibit a macroscopic population, while the system may
transition from the homogeneous to the self-organized phase.
Such transitions occur for sufficiently large couplings A and

Ao to the membrane. Their values determine whether the

B}
- 0.4r
[a e
0.2¢
0.0 b= : I
-200 -100 0 100 200
09, Jwg
1.0’ (b)
0.5+
T 00
~
-0.5¢
-1.0¢t - ‘ | . .
-200 -100 0 100 200
0, Jwg

FIG. 3. Dependence of the real part of the membrane amplitude
Re[@] (a) and the population imbalance d_, = (N_ — N_)/N (b) be-
tween the |—) and the |+) state on the relative detuning §<2, for a
fixed value of the coupling v/N,, = 40wy, and for three values of the
coupling VNx e {20, 70, 120} wy (green, red, blue curves). Other
parameters: Q2 = 100wy, ', = 10wy, Ng__ = Ng, . = 100wy,
and Ng+7 = —90wy.

m

transitions are continuous or discontinuous. In Fig. 3 we
showcase the behavior of Re[&] and the population imbalance
d_, = (N_— N,)/N when the relative detuning is scanned
across zero, for a fixed value of the coupling v/Ni,, = 40wy
and for three values of the coupling VN e {20, 70, 120} wy
(green, red, blue curves). Here, we defined N, as the pop-
ulation per period of the state |£). The green curves depict
a case of a continuous second-order phase transition on
the negative side, followed by a continuous second-order
transition on the positive side as well. This feature is man-
ifest in both Re[&] and d__ . For a larger value of A (red
curves), the transition on the negative side becomes dis-
continuous and of first order, while on the positive side
it is still continuous. For an even larger value of A (blue
curves), the latter transition also becomes a discontinuous
first-order one. In order to acquire additional insight into
the properties of the system, in Fig. 4 we show the be-
havior of the condensate spatial profiles ¥ (z) along the
three curves shown in Fig. 3 as we sweep the detuning
from negative to positive values. One can visually distinguish
the homogeneous and the self-organized phases. The wave
functions v, (z) are symmetric and maximal in the center
of the period. The sharpness of the color gradients around the
transition points reflects the (dis)continuity of the respective
transition. The width of ¥/, (z) decreases until shortly before

033094-6



NANOMECHANICALLY-INDUCED NONEQUILIBRIUM ...

PHYSICAL REVIEW RESEARCH 6, 033094 (2024)

3m/4 1 ! 0.8
/2 0.6
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04 0.2
Bl — : : : : . . : : : .
-200 -100 0 100 200 -200 -100 0 100 200
6Qa/wR
3 /44
! 0.8
/24
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w w/4 A _ 0.4
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0
e — : : : : : : : . :
-200 -100 0 100 200 -200 -100 0 100 200
0Q, Jwr
3m/4
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—m/41 = : : : : . : , . . 0
-200 -100 0 100 200 -200 -100 0 100 200
0Q, Jwr

FIG. 4. Spatial profiles of the condensate wave functions v (z) (left panels) and v_(z) (right panels) depending on the relative detuning
8%, for a fixed value of the coupling /N4, = 40wy and for three values of the coupling ~/NA € {20, 70, 120} wy (top, middle, bottom row).
The remaining parameters are 2 = 100w, I';, = 10wy, Ng__ = Ng,, = 100w, and Ng, _ = —90wy.

the second transition, while the width of ¥_(z) increases
monotonically. Stronger couplings A and A, typically lead to
narrower wave function profiles due to the membrane-induced
localization of the atoms.

We extend the study of the transitions discussed above
to a range of values of the coupling strength A. Figure 5
displays the dependence of Re[a&] (left panels) and d_,
(right panels) on 62, and A for two values of the coupling
VN, = 40wy (top row) and v/NA,, = 25wy (bottom row).
The horizontal dashed lines in the top left panel mark explic-
itly those cases shown in Figs. 3 and 4. The single-colored
blue (red) regions in the right panels correspond to the ho-
mogeneous phase where the atoms condense into the |+)
(|—)) state. Careful inspection of the left panels reveals that

there are blue intermediate regions where the condensates are
homogeneous and both atomic states have significant popula-
tion. These appear for vNA < 20wy and only around [§€2, | ~
50wy for the larger coupling A, as opposed to the entire
range |8€2,| < 50wy for the smaller coupling A.,. Therefore,
to discriminate experimentally between the homogeneous and
the inhomogeneous phase, one has first to measure the mem-
brane displacement. If it turns out to be essentially zero,
further characterization of the homogeneous phase can be
done by measuring the population imbalance d__ .

The continuous nature of the transitions to the self-
organized phase is manifest in the gradual changes of the
color coding on both the negative and the positive detuning
side for v/NA < 40wy in the former case and for v/NA <
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FIG. 5. Dependence of the real part of the membrane amplitude Re[@] (left panels) and the population imbalance d_, = (N_ — N, )/N
(right panels) on the relative detuning <2, and the coupling strength VN2, for /N Aoy = 40wy (top row) and VN Aoy = 25wy (bottom row).
The horizontal dashed lines in the top left panel mark those cases shown in Figs. 3 and 4. The black solid lines in the right panels correspond
to N_ = N_. Other parameters are 2 = 100wy, I', = 10wy, Ng__ = Ng,, = 100wy, and Ng, _ = —90awy.

110wy in the latter case. In the top row, the transition on
the negative side becomes sharp and discontinuous within the
strip 40wy < v/NA < 110wy, while the one on the positive
side is still continuous. Above that, both transitions become
discontinuous. For the smaller coupling A, in the bottom row,
the corresponding coupling strengths are /N A 110wy and
VN =~ 160wy, respectively.

Further understanding can be gained by investigating the
energy behavior. Figure 6 portrays the energy per period,
given by Eq. (11), as a function of the relative detuning
8%, and the coupling strength ~/N4, for /N, = 40wy, (top
panel) and «/]V)»ex = 25wy (bottom panel). Noticeably, there
are no discontinuities within the energy landscape. However,
the energy features gradient jumps along the curves that cor-
respond to discontinuous phase transitions observed in Fig. 5.
This is illustrated both by the shading and the nonsmoothness

of the contour lines. The energy is maximal when both the
relative detuning and the coupling A are zero. As expected,
the larger either of the couplings A or A, is, the lower is the
energy due to the stabilizing atom-membrane interaction. We
also observe that for the fixed couplings the energy of the
homogeneous phases decreases with increasing magnitude of
82,, while the self-ordered phase exhibits a nonmonotonic
dependence in this respect.

It is worth illustrating the asymmetric role played by the
couplings A and A, which is obvious from the equations of
motion (14). Figure 7 shows Re[@] as a function of the
two coupling strengths, for §2, = —120wy (top panel) and
82, = 120wy (bottom panel). For presentation purposes, and
different than in other plots, we have chosen in this con-
text the imbalanced contact interaction strengths Ng__ =
50wy and Ng_ | = 200wy. The regions that correspond to the
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FIG. 6. Dependence of the energy per period, Eq. (11), on the
relative detuning §€2, and the coupling strength VN, for +/N. Aoy =
40wy (top panel) and «/ﬁkex = 25wy (bottom panel). The black
curves represent the contour lines. Used parameters: Q,, = 100wy,
I, = 10wy, Ng__ =Ng,, = 100w, and Ng,_ = —90w;.

homogeneous phase are not symmetric with respect to A and
Ao For large enough relative detuning, increasing A, leads to
a first-order transition for small A and potentially to a second-
order transition for larger A. Conversely, increasing A leads
to a second-order transition for small A, and to a first-order
transition for larger A,

V. DISCUSSION AND OUTLOOK

The above examples demonstrate that the considered sys-
tem is versatile and offers multiple tuning knobs for changing
the order of the phase transition between the homogeneous
and the self-organized density-wave-like state. These include,
but are not limited to, the relative detuning 62, of the atomic
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FIG. 7. Dependence of the real part of the membrane ampli-
tude Re[@] on the coupling strengths +/N and ~/N,,, for 82, =
—120wg (top panel) and 52, = 120wy (bottom panel). Other pa-
rameters are Q= 100wy, I') = 10wy, Ng__ = 50wy, Ng . =
200wy, and Ng, _ = —90wy.

m

transition frequency €2, and the coupling strengths A and
Ao The two states can be experimentally distinguished by
measuring the membrane displacement. To further character-
ize the homogeneous state, one can resort to the population
imbalance d_,. We have not explored the corresponding
role of the atomic contact interaction strengths g, in this
work. They represent, of course, further means of controlling
the behavior of the system. The asymmetric nature of the
atom-membrane coupling can either be further enhanced or
effectively suppressed by an appropriate asymmetric choice
of g,,. Depending on the path taken through the experi-
mental parameter space, one can encounter either first- or
second-order transition hypersurfaces. A possible future work
could involve dynamics beyond the studied nonequilibrium
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steady state. In such a case, the system parameters could be
dynamically controlled along different open or closed paths.
In certain scenarios, hysteresis should appear and can be
studied.

It would be interesting to investigate how the above mean-
field analysis may be amended once quantum fluctuations
have been taken into account. The spatial profiles of the
two condensates critically determine which atomic normal
modes are coupled to the membrane. Those that are coupled
should exhibit enhanced occupation and may significantly
alter primarily the homogeneous state. Therefore, the order
of the observed phase transitions should be reanalyzed. More-
over, quantum fluctuations may lead to the emergence of new
phases, akin to the formation of self-bound quantum droplets
in Bose-Bose mixtures and dipolar Bose gases [58,59]. In the
considered system the membrane may have an essential role
to play. Beyond mean-field quantum effects may also reveal
the imprint of NQPTs and their order on the statistics of the
outcoupled light.

We find it important to note the differences between the
NQPTs reported here and the ones studied in Ref. [55]. First,
in the cited work it was essential to have a light-induced
periodic lattice in which the atoms reside. The study focused
on the dynamics of the already periodically density modulated
atomic cloud in this preexisting lattice. The considered phases
were characterized by oscillations of the centers of mass of
the atomic cloud parts within each lattice well and around
either the lattice potential minima or the shifted equilibrium
points that do not coincide with these minima. Depending
on the system parameters, these NQPTs were found to be

of first or second order. In the present work, the situation is
quite different. Below the critical atom-membrane coupling
the atomic phase is characterized by a uniform density, while
above the critical coupling the self-organized density-wave-
like phase spontaneously emerges, without any light-induced
periodic lattice. Second, only the special case of atomic con-
tact interaction strengths g, = g was considered in Ref. [55].
Moreover, the phase transitions studied there would also oc-
cur in the absence of atom-atom interactions, i.e., for g, =
0. Obviously, our scenario requires the overall repulsive
interactions.

In conclusion, in this paper we have presented a flexible
hybrid atom-optomechanical experimental platform for the
study of both continuous and discontinuous NQPTs between
the uniform and density-wave-like phases of ultracold atoms.
Importantly, it is possible to choose between the two by tun-
ing readily accessible experimental parameters. The present
work lays the foundation for further exploration of possible
quantum phases of ultracold atomic gases along the lines of
self-bound quantum droplets.
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