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A variety of living and nonliving systems exhibit collective motion. From swarm robotics to bacterial swarms,
and tissue wound healing to human crowds, examples of collective motion are highly diverse but all of them share
the common necessary ingredient of moving and interacting agents. While collective motion has been extensively
studied in nonproliferating systems, how the proliferation of constituent agents affects their collective behavior
is not well understood. Here, we focus on growing active agents as a model for cells and study how the interplay
between noise in their direction of movement and proliferation determines the overall spatial pattern of collective
motion. In this agent-based model, motile cells possess the ability to adhere to each other through cell-cell
adhesion, grow in size, and divide. Cell-cell interactions influence not only the direction of cell movement but
also cell growth through a force-dependent mechanical feedback process. We show that noise in the direction of
a cell’s motion has striking effects on both the emergent spatial distribution of cell collectives and proliferation.
While higher noise strength leads to a random spatial distribution of cells, we also observe increased cell
proliferation. On the other hand, low noise strength leads to a ringlike spatial distribution of cell collectives
together with lower proliferation. Our findings provide insight into how noisy cell motion determines the local
spatial organization of cells with consequent mechanical feedback on cell division impacting cell proliferation
due to the formation of cell clusters.
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I. INTRODUCTION

The importance of the coordination between cell division
and cell migration is recognized in multiple physiological
processes, such as tissue regeneration and inflammation, as
well as in pathological conditions, such as cancer metastasis
[1,2]. Because cell migratory and proliferation patterns deter-
mine how cells organize spatially over time, understanding the
underlying biophysical mechanisms is crucial for our ability
to direct spatial organization of cells in a customizable man-
ner. This has important implications for understanding tissue
regeneration and cancer invasion [2,3].

With the emergence of multiplexed tissue imaging modal-
ities that allow for quantification of cell proliferation at
single-cell resolution [4,5], it is now possible to determine
how cell-cell interactions influence cell proliferation [6] from
spatial map of single cells, together with higher-order rela-
tionships in space. In a cell collective, spatial constraints due
to crowding limits the space available to a cell due to the
presence of neighboring cells and thus imposes constraints on
cell proliferation [7–9]. Similarly, collective cell migration, a
foundational collective behavior in living systems, involves
both the interaction of a cell with its environment as well as its
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neighbors [3,10–13]. For instance, cell-cell adhesion impacts
cell dynamics and the spatial coordination of cells in a tissue
[3,14]. Despite the importance of cell-cell interactions, the
relation between cell migration driven spatial organization and
how it impacts cell proliferation due to physical constraints
remains unclear. Given that cells are active particles that
transduce stored energy into mechanical motion, an interest-
ing question that arises is how the coordination between cell
migration and proliferation influences the spatial organization
of cell collectives. While cell growth, cell division, and cell
migration are highly complex processes, involving a large net-
work of intracellular signaling pathways [15], here we focus
on the biophysical intercellular interactions that are known to
play a key role in cell collective migration and proliferation
[16–20].

Mathematical and computational models of cell behaviors
have contributed to a quantitative understanding of collective
cell migratory behaviors and their underlying mechanisms
[13,21–26]. Pioneering work by Vicsek and co-workers
showed that the collective dynamics of self-driven or active
particles emerge from a form of interparticle coupling: a sim-
ple rule that an individual constituent’s direction of motion is
aligned with the average direction of motion of its neighbors
[27]. Both the number density of agents and noise in the direc-
tion of their movement are key parameters that regulate spatial
patterns of collective motion. Distinct from earlier studies, we
focus on studying the coupling between noise in the direc-
tionality of cell migration and cell division. The effect of cell
division and cell death on collective cell movement has been
studied in mean-field dynamical theoretical models [28,29]
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with experiments showing that cell growth and division can
influence cell migratory behavior [30]. Our recent work in the
context of freely expanding three-dimensional (3D) cell col-
lectives [17,18] showed that the intercellular forces give rise
to heterogeneous cell motility patterns between the boundary
and the interior of the cell collective. In addition to cell-
cell mechanical interactions, we anticipate that the noise in
the cell movement direction may generate complex spatial
distribution patterns with novel implications for how cells
divide.

To elucidate the role of noise in self-organization and pro-
liferation in a migrating cell collective, we study a system of
self-propelled particles with the capacity to proliferate, and
whose motion is governed by local alignment rules. Each
cell can grow in size and divide upon reaching a critical
size. Cells in direct contact through cell-cell adhesion ex-
ert a force, which when it exceeds a threshold inhibits cell
growth and prevents cell division. Such mechanical feedback
on cell proliferation is in agreement with recently reported
experimental observations [31–33]. Cell division events in
this model scramble the velocity orientation of dividing cells.
By combining mechanical and alignment cell-cell interactions
with cell division events, our model is highly relevant to
biological systems, such as cells, which possess an inher-
ent capability to proliferate and migrate. Our work provides
insight into the fundamental features of expanding active
matter. Notably, we discover that noise in the direction of
a cell’s motion not only influences the spatial structure of
cell collectives but also determines the ability of cells to
proliferate.

II. MODEL DESCRIPTION AND SIMULATION DETAILS

Here we introduce the computational model we imple-
mented to study the growth and migration of cell collectives
in two dimensions (2D). The off-lattice agent-based model
and the simulation scheme are adapted from our previous
work on three-dimensional tumor growth [9,17–19,34]. Such
off-lattice simulations are widely used to recapitulate experi-
mentally observed features of individual cell dynamics within
cell collectives [35,36]. Individual cells are modeled as soft
disklike motile particles of radius R, Fig. 1(a), which grow
stochastically in time t , and upon reaching a critical size,
undergo division into two daughter cells. In addition to its
radius, Ri(t ), the state of each cell i is characterized by its po-
sition ri(t ) and direction of motion θi(t ), Fig. 1(a) (inset). The
dynamics of the proliferating and migrating cell collective are
governed by the following three factors: (a) mechanical forces
arising from two-body interactions, (b) active processes due to
cell growth, division, and death, and (c) active self-propulsion
with directional noise together with neighbor interactions
that align the direction of cell motion with its neighbors.
The model implementation of these factors is explained in
detail below.

A. Mechanical cell-cell interactions

Individual cells interact with short-ranged forces, con-
sisting of two terms: elastic force (repulsion) and adhesion
(attraction). The elastic force, F el

i j , between any pair of cells i

and j of radii Ri and Rj discourages spatial overlap between
cells [Fig. 1(b)] and is given by [17,36]

F el
i j = h3/2

i j

3
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where νi and Ei are the Poisson ratio and elastic modulus of
the ith cell. hi j defined as max[0, Ri + Rj − |�ri − �r j |] is the
virtual overlap distance between the two cells [17]. Biological
cells adhere to their immediate physical neighbors through
cell adhesion molecules, Fig. 1(c). The adhesive force, F ad

i j ,
between a pair of interacting cells depends on the contact
length between two cells, li j (see Supplemental Material [37],
SI-I, for the analytical calculation of li j), and is given by
[9,17,36],
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where crec
i (clig

i ) is the receptor (ligand) concentration (as-
sumed to be normalized with respect to the maximum receptor
or ligand concentration so that 0 � crec

i , clig
i � 1). The cou-

pling constant f ad allows us to rescale the adhesion force
to account for the variabilities in the maximum receptor and
ligand concentrations.

Both the elastic and the adhesive forces act along the unit
vector ni j , pointing from the center of cell j to the center of
cell i. The net force (Fi) on the ith cell is the vectorial sum of
the elastic and adhesive forces that the neighboring cells exert
on it,

Fi =
∑

j∈NN (i)

fi j =
∑

j∈NN (i)

(
F el

i j − F ad
i j

)
ni j . (3)

Here, j is summed over the number of nearest neighbors
NN (i) of cell i. The nearest neighbors of cell i are all the
cells that satisfy the criterion hi j > 0. The net force due to
finite area exclusion (elastic term) and cell-cell adhesion is
dampened by an effective friction contribution which comes
from (i) the interaction of a cell with the extracellular matrix
(ECM), and (ii) cell-cell adhesion. The cell friction coefficient
is given by

γi(t ) = γ ECM
i (t ) + γ ad

i (t ). (4)

The cell-ECM friction coefficient is assumed to be given by
the modified Stokes relation,

γ ECM
i (t ) = 6πμRi(t ), (5)

where μ is the viscosity due to the ECM. We consider addi-
tional damping of cell movement due to adhesive forces given
by

γ ad
i = ζ max

∑
j∈NN (i)

[
li j

2

(
1 + Fi · ni j

|Fi|
)

1

2

(
crec

i clig
j + crec

j clig
i

)]
,

(6)

where, ζ max is the adhesive friction coefficient and Fi is as
defined in Eq. (3). Note that the added friction coefficient
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FIG. 1. Self-propelled particle model for a two-dimensional (2D) proliferating cell collective. Cells are represented as motile 2D circular
disks that move with an active speed of v0. Individual cells can grow in size and divide over time. (a) Initial snapshot of the simulation is
shown where each dot represents a cell (see inset). Cell motility leads to the spatial spread of the collective, which is quantified by tracking
individual cell positions. (b) When two cells overlap, each experience an elastic force Fel

i j , where i and j are the cell indices. The magnitude of
the elastic force is proportional to the degree of overlap hi j . (c) Cell adhesion in the model is mediated by receptors on the cell membrane. In
this simplistic model, where the receptors and ligands are assumed to be evenly distributed on the cell surface, the magnitude of the adhesive
force is assumed to scale as a function of their contact length li j . (d) If the force per unit length pi that the ith cell experiences (due to neighbor
cell contacts) exceeds a critical threshold pc, i.e., pi(t ) � pc, then that cell enters the dormant state (D). (e) (i)–(ii) If pi(t ) < pc, the cells grow
(G) until they reach the mitotic radius Rm. At that stage, the cell undergoes area-conserved symmetric cell division, giving rise to two new cells
with the same radii. A cell that is dormant at a given time can transit from that state at subsequent times. (f) The cells can undergo apoptosis at
a rate kd . Upon apoptosis, the cell is removed from the cell collective. (g) Together with proliferation, the cells are endowed with the capability
to self-propel. (i) Motility of each cell in the collective is characterized by a constant active speed v0 along the direction, or orientation, of
motion θ . (ii)–(iv) The net direction of cell movement depends on the angular noise (light blue arrows). The strength of the angular noise η

determines how much a cell deviates from its current direction of motion in the next instant (iii). (iv) Additionally, the direction of motion
of a cell depends on all of its nearest neighbors over a spatial range of length Ra together with the net intercellular interaction force (due to
repulsion and adhesion).

γ ad
i is proportional to the cell-cell contact length li j , implying

that the damping of cell movement due to this friction term is
proportional to the number of cells that cell i is in contact with
at any given time.

B. Cell proliferation

In our model, the cell number grows due to the imbalance
between cell division and apoptosis. At any point in time
cells are either in the growth (G) phase in which the cell area
increases over time, or in the dormant (D) phase whereby the
cell area growth is arrested, Fig. 1(d). Whether a cell continues
in the growth phase or enters the dormant phase is determined
by the total force per unit length acting on a cell due to the
neighboring cells. The total external force per unit length, pi,

that a cell experiences is calculated using

pi(t ) =
∑

j∈NN (i)

|fi j · ni j |
li j

. (7)

If pi(t ) on a cell i at any given time t is smaller than
a threshold value, pc, the cell grows in size, Fig. 1(e)(i).
However, if pi(t ) > pc, the cell enters dormancy, Fig. 1(d).
Hence, depending on the ratio of pi (t )

pc
, cells can switch be-

tween the two states of dormancy and area growth. A cell
grows in size by increasing its radius in a stochastic manner
sampled from a Gaussian distribution with the mean rate
dRi
dt = (2πRi)−1ga, where ga is the cell area growth rate given

by

ga = πR2
m

2τ
. (8)
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Here, τ is the benchmark cell cycle time and Rm is the mitotic
radius at which a cell divides (see Table I). ga = 0.039 µm2/s
for τ = 1000 s and the mean value dRi

dt is in the range 0.0012–
0.0017 (depending on cell size) with a standard deviation of
10−7. Therefore, at each time step, the growth rate depends
on both the size of the cell as well as the standard deviation
of the Gaussian distribution (which is small compared to
the mean). We assume that a cell divides into two daughter
cells upon reaching Rm = 5 µm, giving rise to two identi-
cal daughter cells, each with radii Rd = Rm√

2
, ensuring area

conservation, Fig. 1(e)(ii). Immediately following a division
event, the daughter cells are displaced by a distance dmax =
(
√

2−1√
2

) × 5 µm = 1.46 µm, and the whole growth process is
repeated. Hence, a key timescale in the simulation is τ , set
to be ∼0.27 hours. Force feedback on proliferation leads to
effectively longer cell division times in the range of 1–2 hours
as we discuss later. Cell division times can vary depending on
the cell type. As immune cells such as CD8+ T cells divide
over a timescale as short as 2 hours [38], we are within the
plausible range of cell division times. As daughter cells are
assigned completely random active velocity orientations, cell
division events tend to scramble the orientational order of the
cells. Death of a cell takes place in the simulation leading to
a randomly selected cell being removed from the collective,
Fig. 1(f). The death rate is set to kd = 10−20 s−1 and occurs
in a probabilistic manner. If the number drawn from a random
uniform distribution is less than kd dt , this leads to cell death.
Owing to kd � 1

τ
, we are simulating a rapidly growing system

of cells.

C. Neighbor velocity alignment and fluctuation
in the direction of motion

The cell position, ri(t ), is described through the coordi-
nates (xi(t ), yi(t )). Cell self-propulsion velocity is vi(t ) =
v0si(t ), where v0 is the cell migration speed, and si(t ) =
( cos θi(t ), sin θi(t )) is the unit vector representing the direc-
tion of cell migration. θ is the angle that the cell makes with
the horizontal axis in the laboratory frame. Each cell in this
model is endowed with active motility that propels the cell in
a given direction with a fixed speed v0, Fig. 1(g)(i).

The directional alignment, and thus the overall direction
of a cell’s motion, is hampered by an angular white noise
uniformly distributed in range ξi ∈ [−π

2 ,+π
2 ] with 〈ξ t

i 〉 =
0 and 〈ξ t

i ξ
t ′
j 〉 ∼ δi jδtt ′ and whose strength is given by η,

Fig. 1(g)(ii). As the effective noise is given by ηξi, η = 0.2
implies random fluctuations occur in the range [− π

10 ,+ π
10 ],

Fig. 1(g)(iii), whereas, η = 0.01 results in random fluctua-
tions in the range [− π

200 ,+ π
200 ], Fig. 1(g)(iii). The noise term

represents fluctuations in the direction of a cell’s motion. In
biological systems, such as cells, there are many sources of
such noise in the direction or orientation of cell movement.
Stochasticity intrinsic to cellular movement, such as due to
limitations in cellular sensing or active shape remodeling dur-
ing cell migration [39,40], is an example.

In addition to the forces due to nearest-neighbor mechan-
ical interactions, as described in (a), each cell interacts with
its neighbors in a manner that aligns its velocity with its
neighbors, Fig. 1(g)(iv). The neighbors which contribute to

the velocity realignment of cell i are all those cells in the
collective within a distance satisfying |ri(t ) − r j (t )| < Ra,
where | . . . | is the vector magnitude. We set Ra = 10 µm
which limits velocity realignment to occur with neighbors
that are located close to a given cell. We then obtain the
average orientation of the velocities of all the cells that satisfy
the nearest-neighbor criteria and assign that to the velocity
orientation of cell i. The cell velocity realignment with its
neighbors influences its direction of motility, such that cells
in a cluster tend to move in the same direction, Fig. 1(g)(iv).
Such contact-based modulation of cell velocity is known to
play a role in the collective migration of electrically stimu-
lated cells [20].

The complex dynamics of each cell in the collective in-
volves active motility, area growth, division, and death. In the
low Reynolds number limit, the equation of motion is fully
described by the following rules:

rx
i (t + �t ) = rx

i (t ) + vx
i (t )�t + F x

i (t )

γi(t )
�t, (9)

ry
i (t + �t ) = ry

i (t ) + v
y
i (t )�t + F y

i (t )

γi(t )
�t, (10)

θi(t + �t ) = arg

⎡
⎣ ∑

j∈|ri (t )−r j (t )|<Ra

v j (t ) + Fi(t )/γ

⎤
⎦

+ η
√

�tξi(t ). (11)

Equations (9) and (10) describe the evolution of the x and y
coordinates of a cell i, governed by an active component that
propels the cell with a speed v0 in the direction θi(t ) and the
net force Fi on the cell due to its contacting neighbors. We as-
sume that the cell exerts a self-propulsion force which propels
it with a constant effective active speed v0. We operate in the
domain where v0 
 Fi/γ , implying that the active velocity
dominates the contribution to velocity arising from cell-cell
interaction forces; see the Supplemental Material [37], SI-II.
Equation (11) describes the orientation dynamics of a cell
i, where θi(t + �t ) is the direction in which the cell moves
in the next time step. The net contribution to the direction
of a cell’s motility comes from (i) orientation realignment,
the first term on the right-hand side of Eq. (11), (ii) the
interaction forces [discussed in (a)], the second term on the
right-hand side of Eq. (11), and (iii) the noise term. arg[c]
in Eq. (11) refers to the angle associated with the vector c,
in polar coordinates, and the sum is taken over all the cells
j within a distance of Ra of cell i (including cell i itself).
The net direction in which cell i moves is given by the angle
associated with the net vector, which is obtained by vector
addition of v j and the net force Fi on the ith cell. The overall
direction is affected by an angular white noise. Due to partic-
ular properties of white noise, and finite time-step size in our
simulations, discretization of the white noise term includes√

�t [41]. We confirmed that the stochastic cell angular dy-
namics are independent of the time step �t (see Supplemental
Material [37], SI-III). Next, we checked whether the total
number of cells as a function of time depends on �t (see
Supplemental Material, Fig. S4, SI-IV). For η = 0.01, total
cell number dynamics shows minimal change with �t while
there is a difference at η = 0.1 at later times. We anticipate
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TABLE I. The parameters used in the simulation aim to represent
biological cells. The cell stiffness value (Ei) we consider is in the
range of experimentally measured cell stiffnesses [42]. Similarly,
the cell active speed is in the correct range for cell migration speed
[43,44] and the environmental viscosity parameter we consider (μ) is
comparable with micropipette-based tissue viscosity measurements
[45,46]. The validity of the cell-cell adhesion strength and pc values
are discussed in detail in our earlier work [9].

Parameter Value

Time step (�t) 5 s
Active cell speed (v) 0.1 µm/s
Critical radius for division (Rm) 5 µm
Environment viscosity (μ) 0.005 kg/(µm s)
Adhesive friction coefficient (ζ max) 10−4 kg/(µm s)
Benchmark cell cycle time (τ ) 1000–2000 s
Adhesive coefficient ( f ad ) 10−4 µN/µm
Mean cell elastic modulus (Ei ) 10−3 MPa
Mean cell Poisson ratio (νi) 0.5
Death rate (kd ) 10−20 s−1

Mean receptor concentration (crec) 0.9 (normalized)
Mean ligand concentration (clig) 0.9 (normalized)
Threshold force (pc) 10−4 N/m
Noise strengths (η) 0.01–0.2

this to be due to the numerical discretization scheme for θ (t )
[see Eq. (11)] differing from a simple Euler discretization (see
Supplemental Material, SI-IV, for further details).

D. Initial conditions

We initiated the simulations by generating 200 nonoverlap-
ping cells, randomly distributed in a circular region within a
2D spatial domain of size 250 µm × 250 µm. For all future
time steps, we consider an open boundary condition. Each
cell is assigned an initial orientation of the active velocity,
randomly distributed in the domain [0, 2π ]. All the parame-
ters are fixed except the noise strength of velocity orientation
switching (η), which we vary from 0.01 to 0.2. The simu-
lated cell aggregate is evolved to ∼10τ , ensuring that we are
sampling the long-time regime as compared to division times.
Relevant parameters are shown in Table I. We used a time
step of 5 s, which is short compared to the elastic timescale
τel = γ /ER, depending on the friction coefficient γ , elastic
modulus (E ), and radius (R). The particle coordinates were
recorded and used to calculate the dynamical observables
relevant to the present study.

III. NOISE IN THE CELL MOTILITY DIRECTION
CONTROLS THE SPATIAL DISTRIBUTION

OF THE CELL COLLECTIVE

We first sought to understand how noise in the cell motility
direction determines the spatial distribution of a growing cell
collective. The cell spatial distribution at t = 10 000 s shows
a strong dependence on the noise strength η, Figs. 2(a) and
2(c). For low noise strengths (η = 0.01) cells are organized
into multiple clusters that are spatially distributed in a roughly
circular, ringlike pattern, Fig. 2(a) (see Supplemental Material
[37], SI-V, for simulation movies). The cells cluster into small

groups mostly along the edge of the ringlike domain while its
interior is mostly devoid of cells, Fig. 2(a). By focusing on
a single cluster [blue box in Fig. 2(a)], we observe that the
constituent cells display highly coordinated motion, wherein
each cell moves in roughly the same direction pointing radi-
ally outward, as seen from the blue arrows in Fig. 2(a) (inset)
and Fig. 2(b). At higher noise strength of η = 0.2 the cell
spatial distribution changes from the ringlike structure to a
diffuse morphology, characterized by randomized spatial dis-
tribution of cells, Fig. 2(c) (see Supplemental Material, SI-V,
for simulation movie). The cells organize into a large number
of clusters of varying sizes scattered throughout the entire
spatial domain occupied by the cells. Individual cells within
each cluster appear to move in a less coordinated manner
as compared to the case of low noise strength, Fig. 2(d). To
better visualize the differences in the cell spatial distribution
and the cluster sizes at varying η, we represented the cell
positional information using a density plot. The entire spatial
domain, in both x and y directions, is divided into 50 × 50
bins of equal area. The total number of cells within each bin
is color coded, with dark blue representing a low number of
cells and dark red representing the highest number of cells.
To generate the cell number density heat map, we combined 3
separate simulation results for each value of the noise strength,
η = 0.01, 0.05, 0.2, Figs. 2(e)–2(g). The density plots clearly
show the strong influence of the noise strength on the cell
spatial distribution. For low noise strength, η = 0.01, the cell
collective is spatially organized into a thin circular ringlike
structure, with patches of high cell density visible at the
border. The interior of the domain is characterized by low
cell number density, Fig. 2(e). Cells organize themselves into
coherently moving clusters with some of the larger clusters
containing about 40–50 cells as seen in Fig. 2(e). At higher
noise strengths of η = 0.05 and 0.2, high cell density patches
shift from being confined to the border of the ringlike pat-
tern to its interior. The number of cells within the high cell
density patches decreases in a noise strength dependent man-
ner. While 40–50 cells make up the high-density patches for
η = 0.01, ∼30 cells are visible for η = 0.2. The cell spatial
distribution we observe is not a transient feature of the model.
Similar behaviors for higher cell division time τ = 2000 s and
longer simulation time (up to t = 25 000 s), for η = 0.01 and
η = 0.2 confirm that the trend in cell spatial distribution is
preserved at longer times (see Supplemental Material, SI-VI).
We therefore conclude that the noise-dependent pattern of
cell collective behavior is a robust feature of expanding cell
collectives.

The velocity vector alignment of individual cells within a
cluster, seen in Figs. 2(b) and 2(d), is indicative of collective
behavior seen in nonproliferating self-propelled particles [27].
To quantify the collective motion of cells, we measured the
order in the motion of the entire cell collective [Fig. 2(h)].
The order parameter is calculated on the basis of position-
dependent polarization of the cell velocity by defining a vector
pointing from the center of mass of the cell collective to
the individual cell position ci = ri − RCM, where RCM(t ) =
(1/N )

∑
i ri is the center of mass of the whole collective. ci is

directed from the center of mass of the cell collective to the
cell’s position. The angle φi between a cell’s velocity vector,
vi, and ci can be calculated from cos(φ)i = ci · vi/(|ci||vi|)
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FIG. 2. Noise determines the spatial distribution patterns and collective motion of growing cell collectives. (a)–(b) Spatial distribution
of cells at t = 104 s for low angular noise (η = 0.01). Starting from 200 cells, the cell collective grows to ∼2000 cells distributed among
multiple smaller clusters. Cells self-organize into a ringlike pattern, expanding over time as cells proliferate and migrate. The interior of this
domain is mostly devoid of cells. Within each cluster, cell movement is highly aligned [see the blue box with a magnified view in panel (b)].
(c)–(d) Spatial distribution of cells at high angular noise η = 0.2, at t = 104 s showing ∼3900 cells. Cell clusters are dispersed all over the
spatial domain with the velocity vectors of individual cells appearing more or less to be randomly oriented [see the cyan box and (d) showing
a magnified view of a selected spatial region]. (e)–(g) Density plot of the spatial distribution of cells in the collective for (e) η = 0.01, (f)
η = 0.05, and (g) η = 0.2, averaging over 3 simulation runs. Color map shows the number of cells in each 2D spatial bin. The difference in
the cell spatial distribution pattern is clearly visible, as the noise strength is increased from (e) η = 0.01 to (g) η = 0.2. (h) The degree of
collective cell motion is quantified using the order parameter  obtained [see inset of (i)] from the cell velocity vector and cell position vector
relative to the center of mass of the cell collective (see main text for the mathematical definition of the order parameter).  = 0 indicates highly
disordered motion, in which cells form groups moving in random directions. The temporal behavior of  shows an initial increase over time
and gradually saturates at later times. For η = 0.2,  saturates at a value closer to 0, whereas for η = 0.01,  ∼ 1. The thicker line denotes the
mean value and the shaded area is the standard deviation here and henceforth. (i)  at the final time point decreases as a function of the noise
strength η. Inset visualizes the collective order parameter obtained from the relative outward orientation of cell motion φi. Error bars show
the standard deviation here and henceforth.

[see Fig. 2(i) inset]. The orientation order parameter for the
whole cell collective is thus defined as

(t ) = 1

N (t )

∑
i

cos[φi(t )], (12)

where N is the total number of cells.  can vary between
1 and 0 with  = 1 implying that the vi of every cell is
aligned with the position vector ci. The time-dependent be-
havior of (t ) shows an initial almost linear increase over
time which then saturates at a constant value at later times,
Fig. 2(h). For very low noise strength of η = 0.01, the order
parameter saturates at ∼1, indicating a highly ordered outward
cell motion. This is consistent with our observation of highly

coherent and ordered cell movement such that cell velocity
orientation si is aligned with the vector pointing outward
toward the periphery of the cell collective, ci. With increasing
noise strength,  progressively gets lower indicating increas-
ingly disordered velocity directions. The orientational order
parameter at the final time point decreases with higher noise
strengths, Fig. 2(i). This dependence of the order parameter
on the noise strength delineates why we obtain markedly dis-
tinct spatial distributions of cell collectives. While cells move
consistently outward at low noise strengths leading to the
emergence of a ringlike pattern, higher noise strengths result
in randomized cell movement orientations that lead to a more
scattered spatial distribution of cells. In general, our results
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map out the emergent spatial distribution of proliferating cell
collectives that arises due to noisy cell migration.

IV. NOISE IN THE CELL MOTILITY DIRECTION
DETERMINES PROLIFERATION AND THE SPREAD

OF CELL COLLECTIVE

Having observed angular-noise-dependent differences in
the spatial distribution and the orientational order of cell col-
lectives, we next ventured to ask how the noise influences
cell division and the growth of the cell collective. As spatial
constraints can regulate cell cycle progression during tissue
expansion [8,9,32], we anticipate that noise-induced differ-
ences in the cell spatial distribution will have an impact on
the ability of cells to divide. Particularly, given that we incor-
porate mechanical feedback on cell division through the force
term, noise-induced differences in local cell spatial arrange-
ments could determine the ability of cells to divide. Hence, we
quantified the temporal behavior of the total cell number and
total spread area of the cell collective, for four different values
of the noise strengths η = 0.01, 0.05, 0.1, 0.2. The spatial
spread of the migrating cell collective is measured using the
radius of gyration squared,

R2
g(t ) =

〈
1

N
�N

i=1[ri(t ) − RCM (t )]2

〉
. (13)

The bracket 〈. . .〉 denotes the ensemble average over 3 differ-
ent simulation runs. The average squared distance of all the
cells from the center of mass is an indicator of the spatial
spread or invasion of a cell collective. Small R2

g values indicate
limited spatial spread of cells, with cells localized close to
the center of mass. In contrast, higher values of R2

g denote a
wider spatial spread due to cells that are located farther away
from the center of mass. For a given value of noise strength
η, both the total number of cells (N) and R2

g steadily increase
with time, Figs. 3(a) and 3(b). Fitting an exponential function
of the form aebt to N (t ) allows us to characterize the typical
cell division time tD based on the fitting parameter b. Fig-
ure 3(c) shows the typical cell number doubling time, defined
as ln(2)tD, and its dependence on noise strength η. At higher
noise strengths, the time it takes for the cell number to double
is markedly shorter as compared to lower noise strength. To
check if these results are dependent on the cell cycle time τ ,
we ran simulations for a longer cell cycle time of τ = 2000 s
as well as a longer total simulation time (25 000 s); see the
Supplemental Material [37], SI-VI. The cell spatial distribu-
tion in the case of longer cell cycle time (τ = 2000 s), for both
η = 0.01 and η = 0.2, is similar to the one we observed in the
case of τ = 1000 s; see the Supplemental Material, Figs. S5A,
S5B. Moreover, the cell number and the doubling time showed
a similar dependence on the noise strength as was observed in
the case of a shorter cell cycle time; see Figs. S5C and S5D
in SI-VI of the Supplemental Material. In this case the cell
number doubling time was ∼1.7 h for η = 0.01 and ∼1.5 h
for η = 0.2 (Fig. S5D). In Figs. 3(d) and 3(e), we show the N
and R2

g at the final time point. Surprisingly, at late time points
N and R2

g show opposite trends as a function of η [Figs. 3(d)
and 3(e)]. The total cell number increases as the noise strength
increases [see Fig. 3(d)], implying that stronger fluctuations
in the direction of cell movement promote cell proliferation.

FIG. 3. Noise determines cell proliferation, spatial spread, and
packing of growing cell collectives. (a) Temporal behavior of the
total number of cells. The time-dependent behavior of cell number
shows a pronounced growth at higher noise strengths. An exponential
function of time given by aebt is fitted to the total number of cells.
Fit parameter b describes the rate at which the cell collective grows
and corresponds to typical time tD for cell division. (b) Temporal
behavior of the total spatial spread of cell collective quantified using
the radius of gyration squared R2

g (µm2). The cell spatial distribution
shows a higher spread at lower noise strengths. (c) Cell number
doubling time, given by ln(2)tD, is the typical time it takes for the
number of cells to double due to cell division. Cell number doubling
time decreases with increasing noise strength. (d) Total number of
cells at the final time point t = 10 000 s as function of the noise
strength η. The growth of the cell collective is enhanced at higher
noise strengths. Error bars in this and the following figures show
the standard deviation. (e) Total spread of cell collective at the final
time point t = 10 000 s as function of the noise strength η. The
spatial spread of the cell collective is inversely proportional to the
noise strength. (f) We quantify the dynamics of cell spatial packing
by evaluating the temporal behavior of the cell number density.
At the outset, initially, the cell number density shows a sharp rise
over a short duration of time. Thereafter, the cell number density
decays over time for noise strengths of η = 0.01, 0.05, and 0.1. For
η = 0.2, the cell number density increases at late times. This increase
is highly pronounced for η = 0.2 and continuously increases over
time. (g) Cell number density at t = 10 000 s as a function of the
noise strength η. On average, this indicates that cells are more tightly
packed spatially with increasing noise strength.
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At t = 10 000 s, there are ∼3400 cells for η = 0.2, while
N ∼ 1900 at η = 0.01 is significantly lower compared to the
case of η = 0.2, Fig. 3(d). In contrast, the spatial spread of
the cell collective showed an inverse dependence on the noise
strength η. The spatial spread of the cell collective increases
faster over time at lower noise strengths. R2

g is an order of
magnitude smaller at η = 0.2 as compared to η = 0.01, sug-
gesting that as the noise strength increases the cell collective
exhibits a more compact spatial distribution [see Fig. 3(e)].

The global quantities N and R2
g describe the time-

dependent behavior of the whole cell collective and how it
is influenced by noise in the cell motion direction. Taken
together with the analysis presented in the preceding section,
our results show that increasing the noise strength disrupts
cell-cell velocity alignment, as reflected in the lower order
parameter, but at the same time promotes cell proliferation,
as seen in the higher number of cells and lower cell doubling
time. On the other hand, lower noise strength facilitates cell-
cell velocity alignment and suppresses cell proliferation.

As collective behavior depends strongly on the number
density of actively migrating agents [27], we next sought to
understand how cell number density is affected by noise in
the direction of cell motility. Given that N is not fixed and
that we impose an open boundary condition, number density
is neither fixed nor clearly defined. Nevertheless, we can esti-
mate the cell number density or the overall spatial packing
of the cells using ρ(t ) = N (t )/Rg(t )2, where ρ is the cell
density. Due to the combined effect of cell proliferation and
cell motility, both the total number of cells N (t ) and the spatial
spread R2

g, evolve over time. Consequently, ρ(t ) exhibits a
highly dynamic time-dependent behavior initially increasing
sharply for each value of noise strength, η = 0.01, 0.05, 0.1,
and 0.2, as shown in the time regime before the dashed line
in Fig. 3(f). Following the initial rise, its temporal profile
for noise strengths η = 0.01, 0.05, 0.1 is markedly differ-
ent from that for η = 0.2. For η = 0.01, 0.05, 0.1, the cell
number density decreases over time after the initial transient
increase, whereas for η = 0.2, the cell density continues to
increase with time, although at a lower rate. At longer times,
cell number density is comparatively low for weaker noise
strengths.

The cell number density at the final time point rapidly in-
creases with the noise strength, Fig. 3(g). This dependence is
rather surprising given our earlier results for the total number
of cells as a function of noise strength. We expect higher
proliferation to correspond to lower density, due to the role of
cell contact force–dependent feedback on proliferation [pi(t )]
in our model. When cells are tightly packed in space, we
expect the compressing forces on cells from their neighbors
to be higher [9,17]. This would restrict cell area growth,
eventually leading to lower cell division events due to the
force-dependent mechanical feedback term pc. Contrary to
our expectations, high noise strength leads to a higher cell
density and the cell collective has yet a higher number of cells
[see Figs. 3(a) and 3(d)]. To investigate this further, we turn
to a more detailed quantification of the cell spatial arrange-
ment based on clustering analysis which allows us to quantify
how localized changes in cell spatial packing contribute to
mechanical feedback on proliferation.

V. NOISE INCREASES THE NUMBER OF ISOLATED
CELLS AND FACILITATES ENHANCED PROLIFERATION

To understand this rather counterintuitive result of higher
cell proliferation at higher cell number density, we used a
spatial clustering algorithm DBSCAN (density-based spatial
clustering of applications with noise) [47] to map out the
structure of cell clusters within the collective. The cluster
analysis will allow us to ascertain how feedback due to contact
force from overlapping cells inhibits cell growth and restrict
cell division. Single cells and cells with very few overlapping
neighbors will be characterized by the highest proliferative
capability due to minimal mechanical feedback on division.
On the other hand, we expect fewer cell division events when
cells are part of a cluster with a larger number of overlapping
cells. Therefore, we anticipate that the size of the cell clusters
(i.e., the number of cells in a cluster) might hold the key to
understanding why cells in a collective with higher global cell
number density proliferate at a higher rate.

DBSCAN is a powerful tool for class identification of
clusters in large spatial databases with noise. For cluster
identification and classification, DBSCAN requires two input
parameters, namely, the maximum cell-cell distance ε[µm] to
be considered as a cell’s neighbor, and the minimum number
of neighboring cells, nmin, that qualify as a cluster. The DB-
SCAN algorithm initially labels each cell which has at least
nmin number of cells within a distance of ε[µm] from its center
as a core cell. Any cell that has fewer than nmin number of
cells within a distance of ε[µm] from its center is labeled as
a border cell. All those cells which have no other cell in their
neighborhood within a distance of ε[µm] from their center are
labeled as single cells. The algorithm then randomly picks a
core cell and assigns it a cluster index. The cluster is expanded
sequentially, by adding cells which are in the neighborhood
and within the distance of ε[µm] of the randomly picked core
cell. In an iterative manner, the DBSCAN algorithm labels
each cell as being part of one of the clusters, with each cluster
assigned a unique cluster index.

Since only overlapping cells exert growth-inhibiting force
on each other, we focused on identifying cell clusters of
overlapping cells. Given that the typical cell radii is 5 µm,
we chose ε = 9 µm, implying that the cell center-to-center
distance between any two cells within a cluster is 9 µm or
less. This value of ε ensures that only overlapping cells
form a cluster. In order to cover the full range of cluster
sizes we set nmin = 2. Using MATLAB’s in-built function for
DBSCAN [48], with the aforementioned values for the two
input parameters (ε and nmin), we identified cell clusters from
spatial coordinates of individual cells at the final simulation
time point for different η values, Figs. 4(a) and 4(b). Each
individual cell cluster in Figs. 4(a) and 4(b) is represented
in a different color. DBSCAN is a robust clustering method,
allowing for the quantification of additional features of indi-
vidual cell clusters. Based on the cluster identity of each cell,
we can quantify the center of mass and the radius of gyration
of individual cell clusters, as shown using circles of different
radii in Fig. 4(c).

Our analysis shows that the entire cell collective is spatially
organized into cell clusters of different sizes; i.e., cell clusters
are composed of varying cell numbers. To ascertain how N
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(a) (b) (c)

(d) (e) (f)

FIG. 4. Noise determines cluster partitioning of growing cell collectives. Clustering analysis of cells using density-based spatial clustering
of applications with noise (DBSCAN) organizes the whole cell population into distinct groups. Cells are either assigned to a cluster or labeled
as an isolated cell. The dots are not the actual size of the cells. They have been plotted with a radius that corresponds to the maximum cell size
of 5 µm. As such the clusters appear to overlap, while they do not overlap in physical space. (a) Cell clusters identified by DBSCAN for low
noise strength η = 0.01. Each cluster is given a unique color. (b) Cell clusters identified by DBSCAN for high noise strength η = 0.2 with
each cluster assigned a unique color. (c) Magnified view of cell clusters with superimposed circles whose radii reflect cluster sizes. Cluster
radius is quantified from the radius of the gyration, which is calculated by using the coordinates of the cluster center and the position of each
cell in the cluster. (d) Total number of cell clusters increases with noise strength η (at the final simulation time point). (e)–(f) Both (e) the
number of single/isolated cells, i.e., cells that are not part of any cluster, as well as (f) the number of clusters with fewer than 3 cells increase
with the noise strength η.

varies with the noise strength, we quantified the number of cell
clusters at different values of noise strength (normalized by
the total number of cells at the final time point). More spatial
clusters are formed with increasing noise strength η, Fig. 4(d).
The slight dip in the cell cluster number at the highest noise
strength of η = 0.2 is due to a lower total number of clusters
as compared to η = 0.1, which indicates that clusters tend to
disintegrate into isolated or single cells when the value of η

is increased from 0.1 to 0.2. To understand higher prolifer-
ation in cell collectives with higher cell number density we
turned our attention to isolated cells and cell clusters with less
than 3 cells. We found that both the number of isolated cells
and clusters with fewer than 3 cells increases with the noise
strength η, Figs. 4(e) and 4(f). These results are robust with
respect to cell division and the total simulation time; see the
Supplemental Material [37], SI-VI, for runs with longer cell
division time (τ = 2000 s) and simulation time t = 25 000 s
(results from cluster analysis at longer simulation time are
shown in SI-VII of the Supplemental Material). More isolated
cells imply that cells can easily grow and divide, without
the inhibitory effect of mechanical feedback on cell growth
due to cell contact-dependent forces. This scenario is more
conducive to cell division, allowing the cell collective to freely
grow and divide.

Our DBSCAN-based cell cluster analysis reveals that at
higher noise strengths there are large numbers of isolated
cells and smaller clusters, leading to enhanced cell prolifer-
ation. In an expanding cell collective, cells form clusters as
a result of either cell-cell adhesion and/or nearest-neighbor
velocity alignment. As the noise strength increases, the ten-
dency for these clusters to disintegrate or breakup increases,
due to rapid fluctuations in the direction of migration. The
isolated or smaller size clusters then proliferate at a higher
rate, thereby increasing the total cell number. Hence, locally,
due to the presence of more cells with fewer neighbors, cells
can grow and divide relatively unhindered by mechanical
feedback. This accounts for the puzzling result where higher
noise strengths with higher number density is characterized
by enhanced cell proliferation.

VI. DISCUSSION

The migratory pattern of motile cells is diverse and de-
pends on factors such as whether there is a collection of
isolated single cells moving in a uniform direction or a col-
lection of adhesive cells that are physically in contact with
each other [12,49,50]. Here, we present an off-lattice agent-
based computational modeling framework for expanding 2D
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cell collectives with active motility. By focusing on the in-
fluence of noise in the direction of a cell’s motion, we show
that noise strength influences (i) the spatial spread or inva-
sion, and (ii) local cell density-dependent proliferation of cell
collectives.

Since the seminal work of Vicsek and co-workers, which
has been in many ways foundational to computational
modeling-based studies of cell migration [13], there has been
growing interest in studying the behavior of collectively mi-
grating cells that undergo proliferation [35,51–54]. The ability
to grow and divide is a fundamental property of many biolog-
ical systems. Our model considers individual cells as active
agents that can grow and divide, and whose movement is
influenced by their interactions with other cells and stochastic
switching in the direction of migration. We take into account
various biologically relevant intercellular interactions, such
as cell elastic repulsion and cell adhesion [9,17–19], of the
type prevalent in confluent tissues [24,55]. The model also
includes an additional nearest-neighbor interaction through
which cells tend to align the direction of their motion with the
average direction of motion of all their neighbors [27]. Given
the recent experimental verification that cell proliferation is
pressure dependent [31–33], mechanical feedback on prolif-
eration is an important component of our model as the cell
area growth depends on the net force acting on the cell from
its neighbors. Hence, our model is an important extension of
the classical Vicsek model, with self-propelled particles that
can undergo growth, birth, and death.

We find that noise strength strongly influences the migra-
tory pattern of cells in the collective. At low noise strengths
(η = 0.01), the cells are sparsely distributed in a ringlike
pattern forming clusters of different sizes. Cells in each of
these clusters move in a highly ordered manner, with the
orientation of cell velocity aligned in the direction away from
the center of the cell collective. We quantified this behavior of
cell migration using an order parameter whose value is close
to 1 for η = 0.01, indicating a highly ordered cell movement.
Cell division events in our model scramble the local order of
the cell collective as velocity vectors of the daughter cells
are assigned random orientations upon division. However,
even with these scrambling events present, we notice that the
cell collective displays a highly ordered motion at low noise
strengths. At intermediate noise strengths (η = 0.05–0.1),
the spatial distribution of migrating cells still shows a ringlike
pattern. Although higher density of cells is still confined to
the outer ring, clusters and individual cells are to be found
in the interior of this domain as well. The orientation order
parameter saturates to values much lower than 1 at long times,
indicating the onset of a disordered migratory phase. The
lower value of the order parameter is due to the formation
of smaller cell clusters that move in random directions. As
the noise strength is further increased to the highest value
considered in this study (η = 0.2), we observe a clear change
in the migratory pattern and spatial arrangement of cells. The
cell collective as a whole is split into multiple smaller clusters,
with each cluster moving in random directions. The order
parameter for the cell collective for such high noise strengths
approaches 0, indicating an almost total loss of orientational
order in cell motion. Our results show that the noise strength
influences the overall spatial distribution and the spread of

the cell collective. The largest spatial spread, compared to the
size of the initial distribution of the collective, occurs for very
low noise strengths at η = 0.01. In this scenario, cells migrate
as a propagating front leading to the emergence of a ringlike
pattern. As the noise strength is increased, the spatial spread
of the collective is strongly restricted.

An unexpected result of our study is that noise strength in-
fluences cell proliferation. Although the total number of cells
increases over time for all values of noise strength, the trend
in proliferation is strongly dependent on the noise strength.
The total number of cells is almost double the number of
cells at the final time point for high noise strength η = 0.2,
as compared to η = 0.01. Together with our results showing
the effect of noise strength on the spatial spread of the cell col-
lective, we find that cell number density is a highly dynamic
quantity that increases with noise strength. Taken together,
we show that as the noise strength increases, the density of
the cell collective increases, whereas the orientational order
decreases.

Given the mechanical feedback that limits proliferation due
to cell-cell overlap, the increase in cell number with a higher
density is a surprising and counterintuitive result. While the
overall density indicates that cells should be more tightly
packed at higher noise strengths, our DBSCAN-based cluster
analysis shows that the local spatial structure is contrary to
what is expected. At higher noise strengths, not only are
cells distributed into more clusters, but there is also a larger
number of isolated cells. Isolated cells are characterized by
limited mechanical feedback on division from neighboring
cells and can easily proliferate. At lower noise strengths cell
clusters contain a larger number of overlapping cells which
thus inhibits cell growth and division. In this scenario, cells
are localized to the periphery of a ringlike domain while its
interior is mostly devoid of cells, leading to the overall density
being lower. Therefore, even though cell number density is
greater at higher noise strengths, there is a larger number of
proliferating cells due to the presence of smaller clusters and
more individual cells that are not part of a cluster.

In conclusion, our study demonstrates that angular fluc-
tuations in cell motility direction can strongly determine the
spatial distribution of growing cell collectives. Our computa-
tional model provides a framework for studying the migration
of cells in 2D growing cell collectives. Our model combines
cell velocity realignment, as introduced in the Vicsek model,
with active growth and cell division. This makes our work
highly relevant to study the migration of biological cell col-
lectives together with cell proliferation. Our results imply
that there are more, yet unexplained, dynamic behaviors that
may emerge from investigating mechanical feedback on pro-
liferation in a system of self-propelled particles undergoing
collective motion.

Simulations are carried out using custom code written in
MATLAB (R2022a). The codes and the generated data can be
found in the GitHub repository [56].
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