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Collective light emission and multiqubit dynamics of solid-state quantum emitters are affected both by their
coupling to the light field and to lattice vibrations. The effect of phonons on quantum emitters is twofold:
polaron formation is described by ultrafast non-Markovian dynamics, while slower dephasing is well described
by exponential decay. Of the two temperature-dependent processes, the effect of the former on the collective
emission and the entanglement decay of emitters is usually not modeled, and also the latter is sometimes
neglected. Here we propose and compare two methods that are efficient also for several emitters: the first
method concatenates the fast and slow phonon dynamics, and the second is the polaron method. For a single
quantum emitter, we show that the dynamical equations are identical in both methods, while predictions for two
or more emitters also agree very well. Both of our methods incorporate non-Markovian dynamics due to phonons
demonstrating the temperature sensitivity of the collective photon emission. Utilizing a simplified Markovian
model instead may not be accurate enough especially for quantum information applications: for example, we
show how the Markovian model may considerably overestimate the two-emitter concurrence, except at very
low temperatures. Our concatenation and polaron methods can be applied to an arbitrary number and type of
quantum emitters, and beyond the bulk GaAs environment that we consider here. Especially the concatenation
method can take phonon effects into account at the same computational cost as modeling the emitter-photon
interaction alone. Finally, we present approximate analytical expressions for the collective emission spectrum

for N emitters on a one-dimensional chain.
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I. INTRODUCTION

With quantum information processing and sensing appli-
cations in mind, in recent years, there has been a surge of
research in generating single-photon emitters. Various strate-
gies have been explored to fabricate arrays of them [1-4],
which may exhibit collective emission (sub- and superra-
diance) with potential applications in photovoltaics [5,6],
energy harvesting complexes [7,8], superradiant lasers [9,10],
and quantum memories [11]. Superradiance at very low
temperatures has already been demonstrated in solid-state
systems such as quantum dots and nitrogen-vacancy centers
in diamond [12-14]. Phonon-induced decoherence make the
observation of room-temperature superradiance usually very
challenging, so its recent observation in perovskites is re-
markable [15]. Another recent breakthrough is the observation
of controllable collective emission by two distant quantum
dots [16].
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Considerable work has already been dedicated to modeling
the collective effects with emitters interacting with only the
photon bath [8,17-26]. Usually, the Markovian approximation
is excellent for the photon bath, as spectral features of the
bath do not vary much within the linewidths of the emitters. In
the strong-coupling regime of cavity quantum electrodynam-
ics (QED) and in some other carefully engineered situations
[27-29] the Markovian approximation for the photon bath is
no longer valid. Such situations are not considered here.

On the other hand, solid-state emitters also interact with
phonon baths, for which the Markovian approximation is typ-
ically less well justified [6,7,30-33]. One of the main goals
of our work is to propose novel and computationally efficient
methods for collective emission in solid-state environments
and to obtain simple analytical results that give maximum
physical insight with few approximations.

Already for a single solid-state emitter, modeling the emis-
sion characteristics can become a complex affair because
it depends on both emitter-photon and emitter-phonon in-
teractions, but master equations that account for both types
of interactions have already been utilized to explain and
stimulate fascinating experiments [34-37]. A weak system-
bath coupling justifies the common second-order perturbation
approximation, resulting in computationally convenient mas-
ter equations of the Redfield or Lindblad types. These
equations become less accurate not only under stronger
system-bath coupling but also at higher temperatures, as they
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do not capture the non-Markovian dynamics of the quantum
emitter due to interactions with phonons [34,35,38].

The non-Markovian dephasing dynamics of a quantum
emitter in a bulk phonon bath is typically orders of mag-
nitude faster than its photon emission dynamics. This can
be exploited in calculations of the dynamics to obtain both
physical insight and computational efficiency, for example, in
the initial-slip scheme and its augmented form the concate-
nation scheme [39-43]. In the initial-slip scheme, the effect
of the ultrafast initial non-Markovian phonon dynamics is
accounted for only by modifying the initial state for a Marko-
vian master equation of the quantum system [41,42]. The
concatenation scheme, on the other hand, concatenates the ini-
tial non-Markovian dynamics obtained from the second-order
perturbation theory with the subsequent Markovian dynamics,
giving a more accurate description of the system dynamics at
all relevant timescales [43].

Here we adopt such a concatenation approach, but we
generalize it in three important ways: first, we replace the
second-order perturbation theory with the exact fast first-
order phonon dynamics. Second, we also take the slower
second-order phonon dynamics into account, in the Marko-
vian approximation, following Refs. [44—46]. Third, we make
a generalization from one emitter to N interacting emitters.

We compare multi-emitter spectra in the resulting concate-
nation approach with spectra obtained with a second powerful
approach to deal with non-Markovian phonon dynamics,
namely, the well-known polaron approach [6,7,35,38,45,47—
62], that we here also generalize to N emitters.

The polaron master equation is obtained after transforming
the Hamiltonian into the so-called polaron frame, resulting
in nonadditive interactions between photon and phonon baths
[55,58]. The polaron approach is the more accurate yet more
complex approach of the two. Therefore, one of our main aims
is to study how well the multi-emitter spectra agree in the two
approaches.

Although we will not make use of them here, it is important
to mention that there also exist numerically exact methods
[63—-66]. We study collective emission under the influence
of phonons as an initial-value problem. By not explicitly
modeling the excitation pulse, we work in the weak-driving
limit, where the polaron method becomes exact [57]. For
strong driving in combination with strong phonon coupling,
not considered here, the exact numerical approaches are better
suited [63-66]. An advantage of using the polaron method for
our analysis is that it allows us to obtain analytical results that
can be compared with the concatenation approach. Moreover,
both methods can be generalized to multi-emitter problems in
computationally efficient ways.

In Sec. II, we describe the interaction of the emitter(s)
with the phonon and photon baths using the concatenation
scheme and the polaron method for three different scenar-
ios corresponding to one, two, and more than two emitters.
First, in Sec. Il A we show that the agreement between our
non-Markovian concatenation and polaron methods for single
emitter stems from different timescales of emitter-phonon and
emitter-photon interactions. In Sec. II B, we extend this to
two emitters, where the agreement between the two methods
is no longer exact, because only the polaron method ac-
counts for the nonadditive interaction between the phonon and

photon bath, resulting in phonon-bath-dependent collective
decay rates. Still our quantitative predictions from both
methods agree very well. In this section we also discuss
the entanglement dynamics between two emitters (“qubits”)
which is overestimated by the commonly used Markovian
models. Our non-Markovian models on the other hand give
analytical predictions for their fast initial entanglement decay
at finite temperatures. We expect collective emission by three
or more solid-state emitters to become experimentally feasible
in the near future. Thus, in Sec. I C, we generalize the polaron
method and our concatenation scheme for N emitters in a
one-dimensional (1D) chain. Both methods can efficiently de-
scribe non-Markovian effects on collective emission by many
emitters. As an example we present results for N = 8. We
conclude in Sec. III. Furthermore, we support our main results
by detailed calculations in the Appendixes.

II. EMITTER(S) INTERACTING WITH PHOTON
AND PHONON BATHS

A. ScenarioI: N =1

Let us now introduce our model Hamiltonian and some
assumptions, first for a single emitter, before discussing
single-emitter and multi-emitter spectra. An emitter coupled
to both the phonon and photon bath can be described by the
Hamiltonian

Hle = HO + Hefpt + H(efpn)l + H(efpn)z =+ Hpt + Hpna (1)

where the superscript “le” indicates that here we are first
considering the Hamiltonian of a single emitter. Here Hy, =
> g a)qa;aq and Hy, = ), a)kb,tbk are the photon and phonon
bath Hamiltonians, respectively and we work in the units of
h=1. Hy = wyo'o is the system Hamiltonian describing a
two-level emitter with resonance frequency wy, while o, )
is the lowering (raising) atomic operator. He_py = )  (hgag +
h(’;az )o© + H.c., describes the emitter-photon coupling mod-
eled within the dipole approximation, with £, the coupling
between the emitter and the photon field of mode g and a,, (a;)
is the corresponding photon annihilation (creation) operator.
The mode index ¢ labels both the wave vector and correspond-
ing polarization indices of transverse plane waves. Likewise,
the by (b;) are phonon annihilation (creation) operators.

To be specific, we use the material parameters that
describe the emitter-acoustic phonon coupling in bulk
GaAs [46,56,67,68]. The dominant electron-phonon cou-
pling in quantum dots is deformation-potential coupling
to longitudinal acoustic (LA) phonons, and we disregard
other couplings [69]. This results in a three-dimensional
(3D) phonon spectral density Jpn(w) =Y, lgk]?8 (0w — wy) =
aw’ exp(—w?/®?), where g is the emitter-phonon coupling
constant, « is the deformation potential coupling constant, and
w, is the cutoff frequency which is given by the ratio of the
speed of sound and the size of the QD [38]. For the light-
matter coupling, for simplicity we also consider bulk GaAs.
We neglect photon loss, which is an excellent approximation
at interemitter distance scales of micrometers or below on
which emission can be collective.

Our model Hamiltonian defined in (1) contains two
types of emitter-phonon interactions that both will affect
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emission spectra. In the presence of phonons, an ex-
cited emitter undergoes a fast non-Markovian dephasing on
the picosecond scale, followed by a slower dephasing re-
sponsible for the temperature-dependent broadening of the
zero-phonon line (ZPL) [44,45,70] (see Appendix A). The lin-
ear emitter-phonon coupling He_pn), =00 Y, gkb,t + H.c.
is responsible for the fast dephasing.

The excitation of the emitter leads to a sudden change
in the charge configuration of the lattice, resulting in a
fast decay of coherence of the emitter until the lattice en-
ergy is renormalized to a new equilibrium. At this point,
a polaron is formed in the ionic lattice, at the charac-
teristic time v = tp [71]. For GaAs, we estimate tp ~ 2
ps (see Appendix A). The slower dephasing is modeled
by a quadratic coupling between the emitter and phonons
Hiepn, =070 3y o fiw (b} + bi)(b}, + by) where fi p de-
scribes phonon-assisted virtual transitions to higher-lying
states of the emitter that cause an inelastic scattering of
phonons from mode k to k' [44,45]. This leads to Markovian
pure dephasing of the excited state of the emitter with a
dephasing time 1/y,4, where y;q is the dephasing rate [44].

Having specified our complete Hamiltonian, we now
first calculate single-emitter dynamics in the concatenation
approach, which is expected to be accurate because the
initial polaron formation is much faster than spontaneous
emission and Markovian phonon pure dephasing. The ini-
tial non-Markovian dynamics is therefore governed by the
Hamiltonian Hy\$; = Ho 4+ He—pn), + Hpn, Which is an in-
stance of the exactly solvable independent boson model (see
Refs. [47,50,69] and Appendix B). We then use the exact uni-
tary operator associated with Hy%;, to calculate the two-time
field correlation [20] using the non-Markovian evolution (see
Ref. [38] and Appendix B),

V(@) = ¥ (0o (D))nME = ¥ PeeC(T)e ™7, T < 1. (2)

Here pe. = (e|p(0)|e) is the population of the excited
state at the initial time ¢t =0, C(t) = Coo(T)explo(7)]
is the phonon correlation function with Cyo(T) =
exp[— fooo dwJpn(w) coth(Bw/2)/w?] its steady-state value,
where B = 1/kgT is the inverse temperature and kp is
the Boltzmann constant. Notice that we have made the
temperature dependence of this steady-state value explicit,
which we use henceforth. Co, (T) is referred to as the Franck-
Condon factor and describes the overlap of the displaced
phonon state and the phonon ground state. Furthermore,
() = fooo dwJpn(w)[cos(wt) coth(Bw/2) — isin(wt)]/w?
is the phonon propagator and w{ = wy — [ dwJp(®)/o,
where the reorganization energy | dwJpn(w)/w is also known
as the polaron shift [50].

The subsequent dynamics at T > tp is modeled within the
Markovian approximation and encompasses both spontaneous
decay and the quadratic emitter-phonon coupling, as de-
scribed by the Hamiltonian HI\l,fK =Hy+ He pt + He—pn), +
Hy + Hpy. This leads in the usual way to a master equation of
the Lindblad form, dp/dt = yDs(0) + 2vpa(T)Dyis(0),
where D, (p) = (opo’ — 1/2{(TT(T, p}+) describes the

spontaneous decay with a decay rate y, and where {},
is the anticommutator. The dissipator D,+,(p) describes
the temperature-dependent pure dephasing of the excited
emitter state at the rate ypq(T) due to the quadratic phonon
interaction, which has been calculated for GaAs quantum dots
in Refs. [45,46] (see also Appendix A). Our concatenation
approach is consistent as long as Markovian phonon pure
dephasing and spontaneous decay are negligible on the
timescale p, i.e., exp(—I'tp) ~ 1, where I' = y /2 + y,q(T).
For times 7 > 7p we can apply the quantum regression
theorem (QRT) [72] and find from our concatenation approach
at all times the field correlation (see Appendix B for details)

¢"(0) = y peeC(r)e” THA, 3)

This first-order correlation function can be measured experi-
mentally [59,70].

Interestingly, for a single quantum emitter, polaron the-
ory predicts exactly the same two-time correlation as in (3)
[38,45,54,73,74]. We introduce the polaron theory below in
Sec. IIB but, in brief, the equivalence between both ap-
proaches is related to the fact that polaron theory also assumes
that the polaron formation happens on a faster timescale than
all other processes. We think it is simpler and offers more
physical insight to use our concatenation approach to arrive
at Eq. (3). Regardless, both methods agree on Markovian and
non-Markovian effects due to the emitter-phonon coupling.

For later use, we also briefly review the corresponding
known single-emitter frequency spectrum that can be obtained
from the first-order correlation function by utilizing the opti-
cal Wiener-Khinchin theorem [72]. In the frequency spectrum
S(w), the fast initial phonon-assisted non-Markovian decay of
the correlations results in broad meV-range sidebands, while
the subsequent slow Markovian decay due to photons and
phonons results in a finite linewidth of the ZPL due to spon-
taneous emission and a further broadening of the ZPL due
to pure phonon dephasing [44,45,47,50,56]. In Appendix A
we depict the emission spectrum using (3), demonstrating the
temperature dependence of photon emission into the ZPL and
sidebands.

The total spectrum S(w) can be written as Szpp(w) +
Ssg(w), i.e., the sum of the contributions from the ZPL
and from the sidebands. The contribution of only the ZPL
to the total spectrum can be singled out by making in Eq. (3)
the replacement C(t) — Coo(T) [6,54]. In this approximation,
the concatenation scheme reduces to the initial-slip scheme
where Co(T) provides the initial condition for the evolu-
tion of the Markovian master equation. The approximation
results in an analytical expression for the spectrum near the
zero-phonon line of the form S1S; () = Coo(T)y peeT'/[(® —
w()* + I'?]. Thus Coo(T') also measures the proportion of the
emission that is channeled into the ZPL [54,74]. Materials
and operating temperatures 7' such that Co(7) is closer to
unity are more interesting for quantum information process-
ing applications. To summarize this section, we studied the
dynamics of a single emitter interacting with both phonon and
photon baths, and we found an exact agreement between our
concatenation and polaron methods.
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B. Scenario II: N =2

Next, we extend our approach to two identical emitters.
Frequency tuning real solid-state emitters such that they
become optically identical is an art in itself [16,31]. For defi-
niteness, we assume the two emitters to be embedded in bulk
GaAs and separated by a distance ry,, both interacting with
the photon and phonon baths. This can be described by the
Hamiltonian

2

H* =" (Hy" + H"), + H

(n)
(e—pn); +H

(e—pn)z)

n=1
+ Hpt + Hpn, (4)

where we use the same nomenclature as in Sec. II A except
that now the coupling constants hg’), gS{"), and fk(';c) depend on
the position of the nth emitter.

To solve the two-emitter dynamics, we first use our con-
catenation method. From the Heisenberg equations of motion
corresponding to the Hamiltonian (4), we find the first-
order correlation function g(V(r) = Zi,m:l Yam (0,0 (7))
where y,, are the interemitter decay rates when n % m and
single-emitter decay rates associated with the nth emitter
otherwise [20]. Similar to Sec. II A, the initial dynamics
will again be dominated by the linear emitter-phonon cou-
pling, now given by the Hamiltonian HZ, = > -_ (H" +
H™ ) + Hp,. Then we can express the total correlation as

e—pn

(see Appendix C),

2
gP(@)=C@) Y Yampume ™, T<w, ()

n,m=1

where p,,, = (n|p(0)|m), with |n) representing the state in the
single excitation subspace.

After the non-Markovian phonon correlations have reached
a steady state, we next consider in our concatenation method
only the Markovian effects due to the photon and pho-
ton baths, given by the Hamiltonian HZ = Zizl(Hé") +
He(f)pt + H((e”lpn)z) + Hp + Hpy. Similar to the single-emitter
case, the emitter-photon and the quadratic phonon in-
teractions can be accurately described by a Markovian
master equation, which for the two identical emitters can
be writtenas dp/dt = —i[H;, p] + v+ Do, (p) + y-Ds_(p) +
ZVpd(T)[Dai@(p) + D, +,_(p)]. This master equation is in
diagonal form and describes both collective photon emission
and dephasing due to local phonon baths [20,24]. The lo-
cal phonon correlations due to an excited emitter become
uncorrelated at v > 7p since C(t) — Cxo(T). This gives a
phonon correlation length Lp = ctp, where ¢ is the speed
of sound. Since we work in the single-excitation regime
and we chose the interemitter separations 7, > Lp, the po-
laron formation occurs on a shorter time than the travel
time for phonons to adjacent emitters. Therefore we assume
uncorrelated interemitter phonon correlations implying in-
dependent phonon baths. The diagonalization of the master
equation was achieved by using the symmetric operator oy =
(01 + 02)/+/2 and its antisymmetric counterpart o_ = (o] —
02)/+/2. The collective emission is characterized by the super-
radiant (subradiant) decay rates I'y =y, /2 + ypa(T) [I'- =
Y-/2 + ypa(T)], where y1 = y =& .o since we assumed the

emitters to be identical and in a bulk environment, they have
identical decay rates, i.e., y11 = Y2 = ¥, while y;2 =y =
Yeol 18 the interemitter decay rate. The factor C(t) in the
correlation function (5) incorporates the coherent evolution
of emitters influenced by a linear coupling of phonon modes
at a picosecond timescale where the Markovian effects due to
phonons and photons are irrelevant. This initial evolution does
not change emitter populations but leads to phonon-induced
decoherence. On the other hand, the effect of the photon
bath at T > tp in this two-emitter configuration induces not
only decay but also results in frequency renormalization,
called the Lamb shift, which is reflected in the coherent
part of the Markovian master equation via the Hamiltonian
H; = wcol(GIU-r — o'o_), where w is the collective Lamb
shift. For bulk GaAs, the interemitter decay rates j., and
collective Lamb shifts w., depend strongly on the distance
r12 between the embedded emitters; in an H-aggregate con-
figuration, where the parallel dipoles are orthogonal to rys,
they are given by yo/y o sin®/® + cos®/9* — sin ¥ /1>
and weo1/y o« —cos ¥/ + sin ¥ /92 + cos ¥ /9. Here, ¥ =
ng,ri2 with g the wave vector associated with the phonon-
renormalized emitter resonance frequency wj, and n is the
refractive index of GaAs [20,75]. The eigenstates associated
with these two-emitter configurations in the diagonal repre-
sentation are w) £ weol.

We once again concatenate the non-Markovian dynamics
of (5) with the Markovian dynamics that is calculated by the
QRT to arrive at the first-order correlation function at all times
(see Appendix C for details)

gDy =Ct) Y wnpue TV, (6)
le(+,-)

where @; = w(, = weo1 and I'; = I'y.. The calculation of (6) is
made in the collective basis where p; = (£|p(0)|L), with
[+)=(le,g) +lg.e)/ V2 is the collective symmetric state
and |—) = (le, g) — |g, e))/\/i the collective antisymmetric
state. Since the collective effects manifest themselves in the
ueV range around the ZPL, while phonon sidebands are
spread across the meV range, we can suppress these sidebands
with a similar procedure as before for the single emitter, which
transforms the concatenation scheme to the simpler initial-slip
scheme [41,43]. This aids in deducing an analytical expres-
sion for the emission spectrum near the ZPL in the two-emitter
configuration,

SooL(@) =Coo(T) D yipu®T) [((@ = w))* +T7). (7)
le(+,-)

where we sum over the symmetric and antisymmetric eigen-
states. The spectrum (7) clearly shows the effects of collective
emission, while also reflecting non-Markovian behavior of the
phonon bath.

Now, turning to the polaron method, we subject the two-
emitter Hamiltonian H>® to the unitary transformation H>¢ =
exp(S)H?¢ exp(—S) where exp(S) = exp(Zi:l S,),and S, =
(gg(")b"" - gz(”)b)/wk, to set the stage to derive a polaron mas-
ter equation (PE) (see Appendix D for derivation). From
H? we can calculate the first-order correlation function as
() = Zi,m:l Coum(T)Yum (0, 0 (T)) pE, Where the two-time
correlation function is evaluated with the help of the polaron
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master equation. Here C,,,,(7) is the phonon bath correlation
function defined as C,,,(t) = C(t) when n = m and Cs(T)
when n # m [6]. Expressing g)(7) in the diagonal form
using the symmetric (o) and antisymmetric operators (o)
as before, while neglecting the sidebands, we obtain g'V(1) =
Coo(T) ZIE(%_) v (olTol(r))DpE, where now the correlation is
evaluated using the diagonal form of the two-emitter polaron
master equation (DPE)

dp .
—— = —i[Hp, pl+ Y1 Dy, (p)

dt
+T-Do_(0) + 210a(T)(Dy 14, (0) + Dy (). (8)

Here Vi =y £ Coo(T)Veol and ¢ = Coo(T)weo are the
phonon-renormalized temperature-dependent collective decay
rate and Lamb shift, respectively (see Appendix E for details)
and Hp = Zle(ﬁf) Q;U;Gl where Q, = wj + Qg0 are the
eigenenergies. Here, one can notice that the single emitter
decay rate is not influenced by the phonon bath, which is a
consequence of the Markovian approximation in the photon
bath. On the other hand, the interemitter decay rates do exhibit
a nonadditive phonon influence, see Appendix E. Thus we
can evaluate the first-order correlation function through the
QRT utilizing (8), which results in the ZPL contribution to the
spectrum as

SoL(@) =CoolT) > yipu(F 1/((0 = Q)+ F}). (9)
le(+,—)

where f; = Y;/2 + y,qa(T). This concludes the derivation of
the two-emitter spectra in the concatenation and the polaron
approaches, where in both cases we provided analytical ap-
proximations for the ZPL parts.

1. Comparison of concatenation and polaron methods

In this section, we investigate the differences in the two
approaches (concatenation scheme and polaron method) in
the ZPL spectra by using the combined initial state of the
two atoms as | (0)) = |e, g), a localized excitation which
equivalently can be written as |y (0)) = 1/\/§(|+> + |=)).
This choice of initial state will result in a contribution from
both terms in the emission spectrum in (7) [(9)], showing
up as two distinct peaks, a higher-energy superradiant and
a lower-energy subradiant peak, separated by the collective
Lamb shift, 0/, — o’ = 2wc1 (2, — 2. = 2Q¢0). The pop-
ulation dynamics corresponding to this initial state manifests
as bi-exponential decay, as illustrated in Appendix F.

In Fig. 1 we depict the ZPL emission spectra based on (7)
[(9)] for four different temperatures and 1, = A/25 (see Ap-
pendix F for the spectrum with rj; = A/15). We choose these
short distances for bulk GaAs with the aim to see a clear man-
ifestation of superradiant and subradiant emission; to observe
similar spectra for longer distances, waveguide geometries
can be used instead [16]. The widths of the peaks in Fig. 1
correspond to superradiant and subradiant decay rates, given
by 'y and I'_ (f 4+ and F _). A very close agreement between
the two approaches can be observed. The agreement is best
at the lowest and highest temperatures shown, while at inter-
mediate temperatures, the agreement is still good. The decay
rate enhancement ', /I"_ can be used to quantify the collec-
tive emission [16], and it has the value of 13.1 ~ f . /f _ at

T=1K 5 T=10K
— 2 —_
3 3
21 217
w @ P (b)
0 0
T=25K T=100K
1.50 0.2
3 3 /\
2 0.751 < 0.11
= () N (d)
0.00 . 0.0+ .
—-15 0 15 —-15 0 15
W — wy (uev) w — wy (ueV)

FIG. 1. Temperature-dependent emission spectra for two identi-
cal emitters prepared in the initial state |¢(0)) = |e, g), separated
by a distance of A/25, calculated using the concatenation approach
(in blue) and the polaron approach (in red). Simulation parameters:
refractive index n = 3.5, A = 940 nm, y = 850 MHz, « = 0.025,
. = 1.49 ps~! and the size of the quantum dots is 4.5 nm.

T = 1 K and approaches unity at high temperatures, as shown
in Fig. 1. The emission spectra obtained with the two methods
are different, because the collective decay rate Y., (7) and
collective Lamb shift Q.,(7") in the polaron approach are
temperature dependent due to phonon renormalization, while
such a renormalization is not accounted for in the concate-
nation approach (see Appendix E and Ref. [6]). This results
in slightly different widths of the emission peaks and their
respective resonance positions.

We now quantify how much the ZPL spectra obtained
with two methods agree. Figure 2(a) depicts the ratio of
the polaron-renormalized collective emission rates (2., and

__1.00
= 0.751
20501 @

0.25 : ; : : :

10!

Qcol/Weols Yol Yeol

—— F. (GHz2)
--- I.(GHz)
(b)

100_

104 (o)

0 25 50 75 100 125 150
T (K)

FIG. 2. (a) Temperature dependence of the collective Lamb shift
(collective decay rate) obtained from the polaron method normalized
with the collective Lamb shift (collective decay rate), obtained within
the concatenation scheme for two emitters separated by distance
0.05). The ratio is equivalent to the linear coupling factor Co (7).
(b) Magnitudes of the superradiant decay rate f ;. and I'; obtained
from the polaron theory and our concatenating scheme for different
temperatures. (c) The percent difference between the two schemes
A for emitter separations A/25 (black line), A/20 (red), and A/15
(blue).
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Y1) and the collective rates obtained from the concatena-
tion scheme (w¢o and yco), Which is equal to Coo(T), which
therefore measures the variation in the resonance position
and the width of the resonance peaks in the two meth-
ods. Figure 2(b) shows very similar overall decay rates in
both methods: since C(T) differs negligibly from unity at
very low temperatures, while at the highest temperatures the
Markovian phonon pure dephasing dominates, with the same
value for y,¢(7) in both methods, we find only small dif-
ferences between the overall decay rates I'y and F 4 at all
temperatures. We can also define a relative difference between
the two methods as A = 100(CS — PM)/CS, where CS =
'y +T_ 4+ 2w constitutes parameters deduced from the
concatenation scheme while PM = F | + F _ + 2%, con-
stitutes the polaron method. CS and PM both describe the
sum of the widths of the super and subradiant emission plus
the energy difference between their associated resonance en-
ergies. In Fig. 2(c), we plot A for three different emitter
separations. In all three cases, A starts at a low value at low
temperatures, culminating in its highest value at interme-
diate temperatures, and then decreases monotonically for
higher temperatures, in agreement with our previous qualita-
tive observations in Fig. 1. Also, a larger separation between
emitters results in smaller A (see Appendix F). In summary,
the deviations between the ZPL spectra obtained with the
concatenation and polaron methods will for most purposes be
negligible at all temperatures.

2. Consequence of neglecting non-Markovian phonon dynamics

Until now we have compared collective emission in two
models that both include Markovian as well as non-Markovian
dynamics due to phonon interactions. In our modeling, fol-
lowing Refs. [44-46], the pure-dephasing rate originated from
the Markovian approximation to the second-order phonon
interaction, while the first-order phonon interaction was re-
sponsible for the non-Markovian fast initial dynamics. We
note in passing that it would take a one-dimensional phonon
bath to obtain from the first-order phonon interaction a
nonzero pure dephasing rate in the Markovian approximation,
while this approximation for a higher-dimensional bath leads
to a spurious decoherence-free subspace [49,76-79].

As remarked in the introduction, the influence of phonons
on collective emission is typically neglected altogether. Or
better, if phonon effects are taken into account, then the state
of the art is to only include them through a pure-dephasing
rate in a master equation. For example, in the remarkable
recent work by Tiranov et al. [16], where two distant quantum
dots in a photonic crystal waveguide were shown to emit light
collectively, a Markovian master equation was utilized where
the emission and emitter interaction were described by the
electromagnetic Green’s function, while a phenomenological
dephasing rate accounted for the interaction of the quantum
dots with phonons. Our models only reduce to such a Marko-
vian master equation by neglecting the first-order interaction
with phonons, while retaining the second-order interaction. It
is therefore not obvious at the outset that this unusual approx-
imation procedure gives accurate results.

Therefore, in Fig. 3, we compare sub- and superradi-
ant spectra of our concatenation model disregarding the

T=25K

10° 102 104 0 50 100 150
T (ps) T(K)

FIG. 3. (top panel) Emission spectrum of Eq. (7) with and with-
out the linear phonon coupling, shown in solid and dashed lines,
respectively. Two quantum dots are prepared in the superradiant
eigenstate |+) (red curves) and the subradiant state |—) (black), at
a temperature of (a) 4 K and (b) 25 K. The solid and dashed curves
coincide in panel (a). Panels (c) and (d) depict the corresponding
concurrence dynamics. In panel (e) we show the same data as in panel
(d) but now with the time axis on a log scale to capture the picosecond
dynamics of the concurrence. The blue dashed-dotted vertical line in-
dicates the time T = 1p. Panel (f) depicts the temperature dependence
of the concurrence at time t = tp, i.e., after the initial entanglement
decay on the picosecond timescale, for several quantum dot sizes,
based on Eq. (10). The curves in panel (f) apply to both the super-
and the subradiant initial states.

sidebands, with the corresponding spectra in the Markovian
model, as before for the two identical quantum dots in bulk
GaAs. In more detail, we compare the approximate spectra of
(7) for the concatenation model with its Markovian approxi-
mation, which amounts to setting C(7") in (7) to unity. We
see that, at 4 K, the non-Markovian dynamics can well be
neglected in the yeV range around the ZPL, while for 25 K,
the effect of neglecting the non-Markovian dynamics is to
overestimate the amplitudes of the spectra, while the shapes
of the spectra are the same with or without the non-Markovian
dynamics in this frequency range. Experimental spectra are
often shown in arbitrary units, which thereby become insen-
sitive to non-Markovian effects around the frequency range
where collective effects are probed.

So does this confirm that phonon-induced non-Markovian
dynamics is negligible? The answer is negative: in the
first place, because on a larger (meV) range sidebands, the
shapes of the spectra become different with or without non-
Markovian dynamics, as will be shown in Fig. 4 below. In the
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FIG. 4. (a) Comparison of emission spectra computed with the concatenation model (solid blue line), the polaron method (dashed red line),
the initial slip scheme (dashed yellow line) and the Markovian master equation (dashed green line) at 7 = 4 K for two emitters prepared at an
initial state | (0)) = |e, g) with emitters separated by distance A/25. The range of frequencies in the main panel is in the meV range, depicting
the asymmetry in sidebands while the y axis is on a logarithmic scale. The inset shows a zoomed image of the same plot in the pueV range,
depicting the super- and subradiant splitting with the y axis on a linear scale, for a good comparison with the plots in Fig. 1. (b) A similar plot
as in panel (a) but for 7 = 25 K, resulting in more symmetrical sidebands.

second place, collective emission may be used as a signature
of entanglement [16,80], but with quantum information appli-
cations in mind, the actual interest may be in the entanglement
dynamics itself.

Therefore, as the measure of two-qubit entanglement, we
study concurrence, defined as £(p) = max{0, /oy — /o, —
/o3 — /as} where «; are the eigenvalues in descending order
of their magnitude, of the matrix ,ooy(” ® oy(2) p*oy“) ® Gy(z)’
with ay(i) the Pauli matrix related to the ith qubit [77,81]. In
our concatenation model, the system density matrix at the time
T = Tp is given by

2 2
p(te) = Y [n)(nlown +C(T) Y n)(mlpmm,  (10)

n=0 n#Em=1

where |0) = |g, g) is the collective ground state (see Ap-
pendix G for the derivation), which then serves as the initial
state for the Markovian master equation for time 7 > 7p.
Notice the quadratic dependence of the coherences on Coo (T),
which also entails that the concurrence will depend sensitively
on any fast initial non-Markovian dephasing. In the fully
Markovian model, again C,(7T') is taken to be unity.

In Figs. 3(c) and 3(d), we depict the two-emitter entangle-
ment dynamics for the initial states |+) and |—) corresponding
to the temperature-dependent spectra in the first two panels.
We compare the concatenation model of (6) with the fully
Markovian model. We can see that discarding the phonon-
induced non-Markovian effects results in overestimating the
concurrence. It is a small effect at 4 K, which is the operating
temperature of Ref. [16], but a large non-negligible effect
already at 25 K.

The fast initial drop of the concurrence is hard to see in
the dynamics on the nanosecond scale in Figs. 3(c) and 3(d).
To better visualize this, in Fig. 3(e) we once more depict the
concurrence dynamics at 7 = 25 K, but now with the time
axis on a log scale. We observe sharp non-Markovian phonon-
induced decay of the concurrence on the picosecond scale,
until the phonon bath relaxation time tp, after which the decay
becomes Markovian. A full Markovian model on the other
hand describes only the exponential decay of concurrence, not
the initial drop. Lastly, in Fig. 3(f) we depict the temperature-
dependent decay in the concurrence at t = 7p, for both

super- and subradiant initial states, for three sizes of quantum
dots. Clearly, the initial decay is larger at higher temperatures
and for smaller quantum dots. Smaller quantum dots have
larger associated cutoff frequencies w. [38,46] and hence
larger initial decay of the concurrence. Keeping the initial
decay of concurrence below a few percent requires temper-
atures of at most a few K. The magnitude of the concurrence
at T = 7p is governed by the quadratic dependence on the
Franck-Condon factor, see Eq. (10).

Finally, we conclude this section by comparing the full
spectra S(w), i.e., also including the sidebands, obtained by
numerical simulations in Fig. 4 pertaining to different meth-
ods discussed in this section. We find that the concatenation
scheme and the polaron method give very similar spectra,
where the largest (but still small) differences occur around the
ZPL, the frequency interval of Fig. 1, where the collective
effects manifest themselves. The figure also illustrates that
the concatenation and the initial-slip schemes indeed coincide
around the ZPL. On the other hand, employing the Markovian
master equation not only fails to reproduce the sidebands but
also may overestimate the amplitude of the spectra around the
ZPL as clearly demonstrated in Fig. 3(b).

C. Scenario III: N > 2

A one-dimensional chain of emitters placed over a pho-
tonic structure, for instance, a nanofiber or a photonic crystal
waveguide, is a promising platform for observing and en-
gineering collective effects [21,82-84]. In this section, we
model collective emission in a 1D chain of N equidistant
identical emitters in bulk GaAs, generalizing the nomencla-
ture and ideas developed in Secs. II A and II B. Thus, we first
model the fast phonon dynamics for N emitters interacting
with independent phonon baths given by the Hamiltonian,
HYs = Y0 (H{" + H",) + Hy, and obtain an exact time
evolution, for time 7 < 7p. From this exact solution, we
obtain the first-order correlation function that captures the
non-Markovian phonon dynamics as follows (see Appendix C
for details):

N
gV =C(t) Y Vampwme ™, <, (1)

n,m=1
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where p,, = (n|p(0)|m), with the states, |n) =g, g, ...,
en, ..., 8 being the localized states, where only the nth
emitter is excited, together spanning the single-excitation
manifold, while y,, are the interemitter decay rates. For
T > Tp we can once again use the Markovian description
described by the Hamiltonian HY¢ = Y (Hy" + H"), +

H((;) pny,) T Hpt + Hpn, analogous to Sec. IIB. From this
Hamiltonian, one obtains the first-order correlation function
of the form g (r) = Zimzl Vo (U,jam(r))ME, where the in-
teremitter decay rates Yy, satisfy y,,+1 = VYeor and ypm =
Ym.n- The correlation (- - -)yg will be evaluated with the aid of
the QRT utilizing the multi-emitter Markovian master equa-
tion (ME), which we derive in the nearest-neighbor interaction
approximation in order to arrive at some analytical results. (It
is not necessary to make the approximation for our numerical
schemes to work, though.) As the name already indicates,
in the nearest-neighbor interaction approximation only the
dipole-dipole interactions wj,,, with nearest neighbors are con-
sidered, i.e., w,,; = weo if [n —m| = 1 and zero otherwise,
where n and m label the nth and mth emitters, respectively
[24]. Such a master equation written in terms of atomic oper-
ators o, is given by

N
dp .
_l = _lnX: wcol(a Ont1 + 0, +1O—n) Pl

N N
+ " VDo, (P) +27pa(T) Y D1, (p). (12)

n,m=1 n=1

where the dissipator D, (p) = on,oo 1{(rTam, p}+. For
analytical as well as numerical calculations, it is convenient to
use the diagonal form of such a master equation. For N = 2,
obtaining a simultaneous exact diagonalization of the coher-
ent and dissipative parts of the master equation described in
Sec. I B was rather intuitive by using the symmetric and anti-
symmetric combinations of the atomic operators to obtain the
collective operators. For N > 2, generally, the simultaneous
exact diagonalization of the coherent and dissipative parts of
the master equation is not possible, as outlined in Appendix C
(also see Ref. [24]). We resort to an approximate treatment for
both methods to obtain analytical results.

Assuming that each emitter interacts with its own lo-
cal bulk phonon environment, we can describe the problem
in a collective basis in an N-dimensional single-excitation
manifold. The states |n) describing localized single-photon
excitations can equivalently be written in terms of linear com-
binations of the collective states |I), i.e., |n) = Zz M1,
where M,; = 4/2/(N + 1)sin[znl/(N + 1)] are orthonormal
coefficients [24,85]. The collective states |[) = O'IT|0) where
0y =g, g ...,8) asthe collective ground state and O'IT is the
collective raising operator which excites the collective ground
state to the collective state |/). The atomic operators similarly
undergo the same transformation, i.e., o, = Z 11 Myuiloy).
Thus, the N-emitter master equation can be expressed in terms
of the collective operators o; (details in Appendix C), leading
to a diagonal form of the master equation corresponding to
N independent photon decay channels, each one associated
with one of the collective states. The resulting eigenstates are
given by w; = 2w¢o cos[ml /(N + 1)], with the corresponding

collective decay rates y; = ZnN me1 YamMuMy. In the Dicke
limit, i.e., with zero separation between the emitters, Y, = ¥
implying that y; =~ y N (superradiant decay) and yy = 0 (sub-
radiant decay) [85].

The total first-order correlation function in terms
of the collective states can be expressed as gV (1) =
Coo(T) Zévzl yl(olTal(t))DME, where the correlation (- - -)pmE
is now evaluated using the QRT from the diagonalized multi-
emitter master equation

N
dp .
= 2_(=ileoor, p1+ 1D, (p) + 2pa(T)D,y1,,(0)).
=1

(13)
Concatenating the diagonal form of (11) and the Markovian
dynamics evaluated via (13), we obtain the first-order correla-
tion function at all times in the collective basis

N
gV()y=C)) ypue "V T, (14)
I=1
where  p; = ([[p(0)|]) and | = wj+ 2weo1 cOS[(/
(N + 1)]. The emission spectrum for N emitters neglecting
the sidebands evaluated from (14) can therefore be given as

N
Coo(T) Y vipuTi/((@ — @) +T7),  (15)

=1

SypL(@) =

where the total collective decay rate is I'; = /2 + ypa(T).
In the polaron method we obtain an N-emitter po-
laron master equation (PE) by subjecting the Hamilto-
nian describing an N-emitter phonon and photon interac-
tion via BN = 37, (Hy" + Hy + H y + H ) +
Hy + Hy,,, to the unitary polaron transformation ANe =
exp(S)HNe exp(—S) where now exp(S) = exp(zn 1 Sn) with
S, defined in Sec. IIB. We can thereby obtain the first-
order correlation function by utilizing the definition of the
phonon bath correlations in Sec. II B and suppressing the side-
bands as g (1) = Coo(T) Zi:{m:l Vam (O’JUm(T))PE, where the
N-emitter polaron master equation (PE) is given by (see Ap-
pendix D for details)

N

dp Z T T

E =1 [(,()(,)O'JO'H + Qcol(an Ont1 + G,H_]Un)’ :O]
n=1

N N
+ 3 TunDo,, (0) + 21pa(T) Y Dy, (p).  (16)

n,m=1 n=1

and where the interemitter decay rate Y,,, = y when n = m
while Y = YunCoo(T) when n # m (see Appendix E for de-
tails). In the diagonal representation the first-order correlation
takes the form gV (7) = Coo(T) Y0, 1 (o;ol(r))DpE, where
the correlations are computed using the multi-emitter diagonal
form of the polaron master equation (DPE)

|
M =

(—i QIO'Z oy, p]

+ TIDU,(P) +2¥pa(T) Dy, (0)), a7
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FIG. 5. Emission spectrum for eight equidistant emitters on a
line with each emitter separated by a distance of 1 /25 from the other,
prepared in the initial state | (0)) = lei, g, &, &, . ..), manifesting
collective emission at different temperatures using our concatenation
approach (in blue) and the polaron approach (in red) for different
temperatures.

which was obtained from the same diagonalization scheme

as was used to diagonalize (12), and where Y; =
S et YamMuMy, and Q) = @)y + 2Qco cos[l /(N + 1)].
Thus, the first-order correlation function takes the form

N
gV(0) = Co(T)Y yipue” M vy (18)
=1

where F; = Y;/2 + ypa(T). From (18), we obtain the emis-
sion spectrum

N

SypL(@) = Coo(T) Z vieub 1 /(@ =) +F7). (19
=1

Choosing N = 8 and using as our initial state the local-
ized single-photon state |y (0)) = |e;, g, & &, ...) results in
the emission spectrum depicted in Fig. 5, from the concatena-
tion scheme (polaron method) utilizing (15) [(19)]. The two
approaches show appreciable agreement for the lowest and
highest temperatures, with a maximum deviation at interme-
diate temperatures that is still small, just as we found for two
emitters in Sec. II B.

Although for N = 8 there are eight eigenfrequencies w;
(and ©2)), in Fig. 5(a) only six distinct resonance peaks can
be distinguished since the peaks corresponding to the three
highest eigenenergies have merged together. These multipeak
spectral characteristics can be regarded as signatures of col-
lective phenomena. A complete absence of collective effects
would result in only one emission peak corresponding to
single-emitter decay. A decay-rate enhancement "oy /Timin =
946 ~ [ max/F min at T = 1 K is deduced, which reduces to
6.85 already at 25 K and approaches unity as the tempera-
ture increases beyond 100 K. This decay rate enhancement
quantifies the collective emission and is an indication of en-
tanglement between the multiple emitters.

III. CONCLUSIONS AND OUTLOOK

We presented two methods to describe collective light
emission in photonic media, which both account for Marko-
vian as well as non-Markovian dephasing due to interactions
with phonons. We proposed and compared the concatenation
approach and the polaron method, and deduced simple ana-
Iytical results for an arbitrary number of emitters interacting
with a common photon bath and independent phonon baths.
The methods give very similar results. While both methods
are computationally efficient, the concatenation approach is
the simplest of the two that takes into account the phonon
effects without much additional complexity compared with
all-optical master equations.

Our proposed concatenation scheme concatenates the ex-
act solution of the initial non-Markovian dynamics due to
phonons with the subsequent Markovian dynamics due to
both photon and phonon baths as described by a multi-emitter
Markovian master equation. Our analysis was carried out for
emitters embedded in a bulk GaAs environment. Utilizing the
bulk phonon spectral density for GaAs allows us to identify an
ultrafast cutoff timescale 7p on which the phonon correlations
reach a steady state, the key feature that made our concatena-
tion scheme possible. In the second, Markovian part of the
dynamics, the effects of the photon and phonon baths are
additive, in the sense that they are described by independent
exponential decay rates.

The other method, the polaron method, is a state-of-the-
art technique that has been utilized to study a single emitter
interacting with phonons and photons. We extended it for
a multi-emitter 1D chain configuration exhibiting collective
effects by deriving a polaron master equation for an arbitrary
number of emitters. In general, in the polaron method the
optical decay rates are modified by the phonon bath, as an
example of the so-called nonadditive effects of the two baths.
However, here we considered the common situations where
local optical densities of states vary little across the emitter
linewidths (flat spectral density approximation), in which case
the nonadditivity of single-emitter decay rates disappears, re-
sulting in single-emitter decay rates that are identical to those
in the concatenation scheme. On the other hand, interemitter
decay rates (and hence also collective emission rates) do ex-
hibit the nonadditive effects of the phonon bath in the polaron
method, whether one makes the flat photon spectral density
approximation or not, as a consequence of the assumption that
the phonon baths of different emitters are independent.

We deduced approximate analytical expressions for the
emission spectrum around the zero-phonon line, after em-
ploying a known approximate simultaneous diagonalization
scheme for the coherent and dissipative parts of the master
equation in both methods. We also made a rigorous quantita-
tive comparison of the two methods for different temperatures
and found that they agree very well. Thus using the polaron
method instead of the simpler concatenation method seems
like overkill, at least for the flat photon spectral densities
considered here.

Decoherence due to the environment of solid-state emitters
is often modeled as a single Markovian dephasing rate, which
from the perspective of our Hamiltonian model amounts
to neglecting the linear phonon interaction (non-Markovian
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dephasing) while keeping the quadratic interaction (Marko-
vian dephasing). We studied the accuracy of this procedure
for various temperatures. As a main result, we found that with
a purely Markovian model for phonon effects one may con-
siderably overestimate the amount of quantum entanglement
(measured as concurrence) between quantum emitters. How-
ever, for quantum dots in bulk GaAs at temperatures down
to a few degrees kelvin, the Markovian model gave almost
the same entanglement dynamics as our concatenation model.
Indeed, in the limit of zero temperature, both models reduce to
the same well-known all-optical multiqubit master equations.

For simplicity, we considered bulk GaAs as the photonic
environment. For appreciable collective emission, we put the
emitters at strongly subwavelength distances, much shorter
than in the recent experiments in photonic crystal waveg-
uides [16]. This illustrates that waveguide structures are better
suited for observing collective emission at longer distances.
Our formalism can be generalized to such inhomogeneous
lossless media, by replacing the transverse plane waves with
the optical eigenmodes of those media. In most inhomoge-
neous media that do not involve emitters resonantly coupled to
optical cavities, the flat photon spectral density approximation
will still hold.

In the regime where we work it is natural to assume
independent phonon baths to model the collective effects
in the presence of phonons. Scenarios where correlated
phonon baths as in Refs. [76,78,86—-89] show their marks
would introduce another source of non-Markovian phonon
behavior, and in the future it would be interesting to
study their effects on collective light emission as well. Fi-
nally, since there are numerically exact approaches capturing
the non-Markovian phonon effects and the excitation pulse
[64-66,90], it will be interesting to model collective emission
and entanglement dynamics with them and to compare them
with our methods in several parameter regimes.
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APPENDIX A: CORRELATIONS AND SPECTRUM OF AN
EMITTER INTERACTING WITH PHOTON
AND PHONON BATHS

In this section, we plot the first-order correlation func-
tion in Fig. 6(a) which illustrates very well our motivation
to model the non-Markovian and Markovian dynamics sep-
arately. At t < 7p, the emitter dynamics is dominated by
the non-Markovian dephasing due to the phonon bath, re-
sulting in a decay of the correlations on a picosecond
scale. We model this fast decay by the exact solution of
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FIG. 6. (a) Correlation dynamics for different temperatures tak-
ing into account only linear phonon coupling (dashed lines) and both
linear and quadratic phonon coupling (solid lines). There is a clear
separation between fast and slow dynamics. (b) The Markovian pure
dephasing rate, y,q(T') as a function of temperature. The horizontal
dashed line shows the magnitude of y, and vertical dotted lines
point to the corresponding values of y,4(T') for the specific choice
of temperatures used to plot the figure on the right panel. Simula-
tion parameters used are A = 940 nm, y = 850 MHz, « = 0.025,
. = 1.49 ps~!, and the size of the quantum dot is 4.5 nm. All
the simulations in the main text and in the supplement material are
carried out on the Python-based tool QuTiP [91,92].

the independent boson model. After zp, the dynamics is
dominated by the Markovian decay due to both photon emis-
sion and phonon-assisted pure dephasing. The Markovian
pure dephasing due to phonons, quantified by the dephasing
rate ypq(T), is very sensitive to the temperature, as shown
in Fig. 6(b). This dephasing rate has been calculated us-
ing ypa(T) = 2 [ 0% 2" n()n(w) + 1deo [45.46],
where « is the deformation-potential coupling constant,
n(w) = 1/[exp(Bw) — 1] is the occupation number for acous-
tic phonons with 8 = 1/kgT the inverse temperature and kg
the Boltzmann constant, and & = wd* (nge + Dﬁmh (D, —
Dy)~%, where the mesn are the electron and hole effective
masses and D, and Dy are the electron and hole deforma-
tion potentials, respectively. The temperature dependence of
the dephasing rate is a consequence of the change in the
phonon occupation n(w) with temperature. In Fig. 7 we
also show single-emitter emission spectra obtained with the
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FIG. 7. Single-emitter emission spectra for various tempera-
tures, calculated with the concatenation method. Pronounced phonon
sidebands are visible at higher temperatures. The inset depicts a
magnified image around the zero-phonon line, capturing the broad-
ening of the zero-phonon line due to the combination of spontaneous
decay and phonon-induced pure dephasing. Identical single-emitter
spectra are obtained when using the polaron approach instead
[38,45,54,73,74].
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concatenation scheme, for various temperatures. An impor-
tant point, stressed in the main text, is that these spectra
are identical to those obtained with the polaron approach.
These single-emitter spectra will be useful for comparison
with collective emission spectra for several emitters. The fig-
ure depicts the well-known asymmetry in the sidebands at
low temperatures because phonons can be created but are not
likely to be absorbed during the photon emission. At higher
temperatures, both phonon creation or absorption are possible,
leading to prominent and symmetric sidebands in the emission
spectrum. The inset of Fig. 7 shows the ZPL broadening due
to the thermal phonons and its attenuation by a factor Coo(T').

APPENDIX B: DERIVATION OF g¥(7) FROM
CONCATENATING SCHEME FORN =1

The field correlation defined as the first-order correlation
function, g"(7) describes the time dependence at which the
coherences of the emitted light evolve. It also leads to the cal-
culation of the emission spectrum. To calculate the correlation
we use (E-(0)E* (1)) = gV(1) = y {070 (7))nmE, Where the
atomic correlations are evaluated by the non-Markovian dy-
namical equation (NME) obtained from the Hamiltonian (B1)
which is referred to as the independent boson model (IBM)
an instance of the exactly solvable independent boson model
(IBM) [47,50,69]. We can also express the correlations as
gV (1) = yTrlo "o (1)x (0)], where x (0) is the combined sys-
tem and environment state and we would need to evaluate
the temporal evolution of the operator o (1) = U'(t)oU (7).
Here, U(7) is the unitary evolution of the system describ-
ing the non-Markovian fast phonon dynamics, given by the
Hamiltonian

HI\lfi,[ =wyo'oc +olo Z(gkb',t + gibe) + Z a)kbzbk.
k k

(B1)
In (B1) the first term describes the system Hamiltonian for
a two-level emitter with the resonance frequency wy. Here o
(o) is the lowering (raising) atomic operator and the by (b,i)
are phonon annihilation (creation) operators, while g is the
emitter-phonon coupling constant. From (B1) we can see that
[0, HiS,]1 = 0, so populations do not change with time and
the IBM Hamiltonian only describes pure dephasing of the
emitter. Furthermore, the eigenstates of H,l5, are

1P)g = 18) ® {mi}),  |p)e = le) ® B_[{ni}), (B2)

with the associated eigenvalues

E, = Za)knk, E, = w,+ Zwk”k, (B3)
& k

respectively. We defined |g) (|e)) as the ground (excited)
state of the emitter, |{n;}) as the multimode phonon number
state, n; as the number of phonons in the kth mode, and
B_ = TI1;9(—gi/wy) with © the displacement operator and
wy = wy — f dwJpn(w)/w the polaron-shifted frequency with
Jon(@) being the phonon spectral density.

To calculate the unitary operator U(t), we di-
agonalize (Bl) by wusing the unitary transformation
A, = exp($)HE exp(—S), where S=o'0 Y, (exb] —
&ibi)/wy. This results in the diagonal Hamiltonian

A, = wyoto + Y axbjbe with eigenstates |g) ® [{m})
and |e) ® |{nt}) having eigenvalues E, and E,, respec-
tivelyy. Now we can define the unitary evolution as
U(t) = exp(—S) exp(—iHl5,t) exp(S). Writing exp(S) =
|g) (gl + le){e|B+, where B, = I1;®D(gr/wi), we can express
the evolution operator as

U(t) = [8)(8lUp(T) + exp(—iwyT)le){e|B_Up(T)B,.. (B4)

Here Up(t) = exp(—iHpt), with Hpy =3, wxbiby [38].
Therefore o (t) = 0 B_(7)B exp(—iw;7), and

¢V(t) = yTrlo o B_(1)B e x(0)]

—iwyT —iw)T

= ¥(070) p0)(B_(T)B1) p,, € "7 = ¥ pecC(T)e

Here we have defined x(0) = ppn ® pp: ® p(0) as the com-
bined separable initial state of the system and the bath with
Ppn the state of the phonon bath, py the state of the pho-
ton bath, while p is the system state. Since there are no
operators pertaining to the photon bath, it results in the
trace over the photon bath state, which is unity. Thus one
obtains the expression (B5) where p.. = (e|p(0)|e), C(t) =
Coo(T)expl¢p(7)] is the phonon correlation function with
Coo(T) = exp[— fooo dwlpy, (w) coth(Bw/2)/w?] its steady-
state value and ¢(7) = fooo dwJp,(w)[cos(wt) coth(Bw/2) —
i sin(wt)]/w?. Once the phonon bath has relaxed after causing
a fast dephasing of the emitter state on a picosecond scale, a
steady state of phonon correlations is reached, which can be
associated with the formation of a polaron. Then for T > p
spontaneous emission and phonon-induced Markovian de-
phasing due to the second-order emitter-phonon interactions
takes over, as described by the Hamiltonian

Hyf = woo'o + Z hy(azo + a;a)
q

+0%0 Y fiw bl +bOG +bi) + ) wubiby,
kK k
(B3)

where the second term is the emitter-photon interaction term
with h, the coupling between the emitter and the photon
field of mode ¢, and a, (aj]) the corresponding photon an-
nihilation (creation) operator. The third term corresponds to
the quadratic (second-order) emitter-phonon interaction term
where fi  describes phonon-assisted virtual transitions to
higher-lying states of the emitter that cause an inelastic scat-
tering of phonons from mode k to k' [44,45,56]. We consider
spontaneous decay and pure dephasing due to the second-
order coupling as Markovian processes that are described by
the Markovian master equation [45],

d py

= =v(ps’ ~ 172070, p)s)

+2ypa(T)(0 o po’o — py). (B6)

To calculate the two-time expectation value of the field
operators, i.e., ¢(t > 1p) = y (07 (7)) mE, we use the quan-
tum regression theorem (QRT), which allows us to use the
Markovian master equation (ME), (B6) to calculate the two-
time expectation values [72] which are given by g(z >
7p) = y exp(—=I'1), where I' = y /2 + y,4(T'). Therefore, by
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concatenating the dynamics of the two time intervals, we
obtain the first-order correlation function at all times as

V(1) = Y pe,Cr)e THebT, (B7)

Now, if we are only interested in the zero-phonon line (ZPL)
of the spectrum and not so much in the sidebands, then
in the time domain we can make the simplification to set
exple(r)] = 1 [6], which results in C(t) — Coo(T). Using
this in (B7) we obtain

() = ¥ PecCoo(T Ye = THw0)T, (B8)

(B8) is a consequence of discarding the fast initial non-
Markovian dynamics of the phonon bath but keeping track
of the steady-state value of the phonon correlations Coo(T),
which is then utilized as an initial condition to the Markovian
master equation. Such a scheme is referred to as the initial-slip
scheme [41,42].

APPENDIX C: DERIVATION OF g (7) FROM
CONCATENATION SCHEME FOR N EMITTERS

We start with the Hamiltonian where N identical emitters
are coupled to a phonon bath,

N

HI\I}I& = Z (a)oo,jan + o,j'an Z ( (")bJr + g*(")b ))

n=1 k

+ ) aoxbiby. (CI)
k

We apply the polaron  transformation I?ﬁf,[ =
exp(S)H exp(—S) where exp(S) = exp(Z and
S, = (gg(")b' f’”b)/wk, to the above Hamlltonlan. We
work in the single-excitation subspace with N orthogonal
states |n) = |g, &, ..., en, . ..) corresponding to the excitation
of only the nth emitter.

This helps to rewrite the polaron transformation
as  exp(S) = [0)(0] + 30, |n)(n|BY,  where  |0) =
|8, & ..., 8 ...) is the collective ground state. Applying
this unitary transformation to the Hamiltonian, we can write
the above Hamiltonian into the diagonal form:

AN = Za}0|n (n| + Za)kb br. (C2)
n=1
The unitary time evolution operator U(t) = ech(—iHNNf/Ir)
can then be written as U (t) = exp(—S) exp(—iHﬁf,[t) exp(S)
and takes the form

N
U(x) =10)(01Up + ) _ |n)(nlB,, (C3)
n=1
where B, = exp(—inI)B(")U B(") and B =
MD(£8"” /an), with g = |g;|exp(ik - T,). Using (C3),
we calculate the time evolution of the atomic operators as
0,(1) = onUg (t)B,,. Therefore,

N
gV (@) = Y yunTrlo o,uUf (1)B" UpBYe ™" 5 (0)]

n,m=1

N
= Z Vnm<O';jo'm>p(0)(B(_n)(T)BE:)>ppne_iw6T

n,m=1

N
=C(T) D Vimpume 0. (C4)

n,m=1

Here, as in Appendix B, we have defined x (0) = popy ® popt ®
p(0). Also, pum = (n|p(0)Im), and C(t) = Coo(T) exp[é(7)]
is the phonon correlation function. Notice that in the deriva-
tion of the above equation the phonon cross correlations do
not appear naturally.

Next, we deduce the decay dynamics for T > tp via the
following multi-emitter Markovian master equation derived in
the nearest-neighbor interaction approximation that considers
only the dipole-dipole interaction w,,, of its nearest neighbor,
i.e., Wpn = W) if [n — m| = 1 and zero otherwise where n and
m are the nth and mth emitters, respectively [24]. This gives
the master equation

=i Z[wcol(o Ont1 + 0, 100): P

1
+ Z Ynm <011p0n - _{0 Om, ,0}+)

n,m=1

+2Vpd(T)Z <G GnPG oy — {U Ons p}-‘r)’ (C5)

n=1

where we have also added the dissipator that causes Marko-
vian pure dephasing due to the local phonon baths. The
phonon correlation due to an excited emitter become uncor-
related at t© > tp since C(r) — C(T), giving the phonon
correlation length Lp = ctp, where c is the speed of sound.
Since we work in the single-excitation regime and we choose
the interemitter separation rj, > Lp, the phonon field already
decays before reaching the adjacent emitter. Therefore we
can assume uncorrelated interemitter phonon correlations, im-
plying independent phonon baths. The first-order correlation
function g(l)(r) = Z],Zmzl )/nm((fnT 0,,(1))Mme can be calculated
from the QRT using the above master equation. In deriving
(C5), we have considered only the emission of a photon char-
acterized by the collapse operator o, and neglected absorption
of a photon in the environment characterized by the collapse
operator o, . For a 1D chain of emitters, this equation can
be diagonalized (approximately) by the prescription given in
Ref. [24], which we use and briefly outline. Expressing the op-
erators o, in terms of the collective operators via the relation

Zz 1 My01 in (C5) exactly diagonalizes the coherent
part of the Hamiltonian. On the other hand, applying the same
transformation to the dissipative part results in off-diagonal
terms of the form a;falr. This implies that the simultaneous
diagonalization of the coherent and dissipative part of the
master equation for N > 2 is generally not possible. We can
still find a simultaneous diagonalization of the coherent and
dissipative parts by accepting only the diagonal terms in the
dissipative part of the transformed equation by the approxima-
tion / = [’. This approximation results in the diagonal form of
the equation describing N emitters in a 1D chain with only the
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nearest-neighbor interactions w.,) taken into account,

dp

N
— =D _(=iloio] o1, P+ 11D, (0) + 21pa(T) Dy, (0)),
=1

(Co)
where w;=2wco cos[ml/(N + 1], o;=)_, Myl0,), and y; =
an Vannlel with Mnl = msm[nnl/(N + 1)]
[24,85] and D4(p) = ApAT — %{A*A, o}y, with {}; the an-
ticommutator.

Utilizing this same approximate diagonalization scheme,
we find the first-order correlation function for T > tp, us-
ing the QRT in terms of the collective states as gV(t) =
Z?/:1 Y (a;a,(t))DME, employing the diagonal master equa-
tion (DME) in (C6). Thus, upon concatenating the dynamics,
we obtain the first-order correlation function at all times in the
collective basis as

N
gDy =C)) ypue TV T, (C7)
I1=1

where ] = wj + 2wco cos[l/(N + 1)]. Now using as be-
fore the “initial-slip” simplification C(t) = Coo(T), we
obtain simplified analytical expressions for the correlation
function

N
gV(1) =Coo(T) Y yipue™ THVT VT (C8)
I=1
Its Fourier transform gives the collective-emission spectrum
near the ZPL, which is accurate around the ZPL.

APPENDIX D: DERIVATION OF g(r) FOR N EMITTERS
FROM THE POLARON MASTER EQUATION

The dynamics of N identical quantum emitters interacting
with both phonons and photons in a bulk environment can be
described by the Hamiltonian

N
H = Z w0, o, + Z h(")ajo +h*(”)a'o,)
j

+ola, Z (g;”)bT + gk(")b ):|

k
+ijajaj + Za)kb,tbk, (D1)
j k

where h(") = |h;| exp(iq - 1) and g(") = |gr| exp(ik - r,) are

the p0s1t10n dependent emitter-photon and emitter-phonon
couplings, respectively. We apply the unitary polaron trans-
formation H = exp(S)H exp(—S) to the above Hamiltonian
where S was defined in Appendix C and obtain

N

H= Z |:a)00 o, + Z h(")a] IB(") + h*(n)aTGnB("))]
n=1
+ Z w_,-a;aj + Z a)kb}:bk. (D2)
J k

From this equation, we can see that the polaron transfor-
mation dresses the system operators with the phonon bath

operators and leads to a polaron-shifted frequency wy, of the
emitters as described in Appendix B. This allows us to derive
a polaron master equation with the interaction Hamiltonian

=y, j(h(”)a o B(”) + h*(") 'anB(")) as the perturbation
Wlth the nearest- nelghbor 1nteract10n

N
dp ) ;s ;
= Z[woa,, O+ Qeol (0, 1 + G,LIO,.), ol
n=1
N N
+ Y YD, +2vpa(T)Y Dy, (D3)
n,m=1 n=1

where, in the final term, we have also added the pure dephas-
ing due to the second-order phonon coupling, which has been
explicitly evaluated in Ref. [45]. The decay constants in the
above equation calculated from the bath correlations functions
have both photonic and phononic characters. The master equa-
tion takes the standard form of a coherent evolution (in square
brackets) and a nonunitary evolution due to the decay in
the system characterized by the dissipators D,, , = 0,00, —
%{O’,LO‘,,, p} and DU"T% = a,jo,,pojan — %{O’JO‘,,, p} with in-
teremitter decay rates given by Y, (decay) and 2y,q(T') (pure
dephasing), respectively. Due to the phonon interactions, the
dipole-dipole interaction 2., and interemitter decay rates
Y, get renormalized, which will be discussed in the next Ap-
pendix. The first-order correlation function can be calculated
by using the polaron-transformed Hamiltonian (D2), using the
Heisenberg equation of motion, giving

N
gV(@) =Y Con(®)um(0om(T)pe, (D4

n,m=1

where the subscript PE means that we need to evaluate the cor-
relation using the master equation in the polaron frame given
by (D3), while C,,,(t) = (B"()B"), where C,,(t) = C()
for n = m and C,,,(t) = Coo(T) for n # m, the latter being
a consequence of the assumption that the phonon baths at
different emitter positions are uncorrelated [6].

We can yet again use the collective basis and the diago-
nalization scheme explained in the previous section to rewrite
(D4) in the collective basis upon suppressing the sidebands
as gV(1) =C(T) Y, y;(aﬂ'm(r))DpE where now the corre-
lation is evaluated using the diagonal form of multi-emitter
polaron master equation

= Z(
+ YiDo, () + 2vpa(T) Dy, (P)), (D5)

where = um LomMu My, and Q) =wy+
2Qco1cos[wl/(N + 1)]. Thus, the first-order correlation
function becomes

Q,O, oy, p]

N
gV(0) = Co(T) Y yipue™ ) vz (D6)
=1

where [} = Y;/2 + ya(T). In the next section we see how
these collective decay rates Y, and the collective Lamb shift
Q.0 obtained from the polaron master equation are modified
due to the phonons.
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APPENDIX E: DERIVATION OF
PHONON-RENORMALIZED DECAY RATES
IN POLARON METHOD

The bath correlations of the emitters coupled to photon and
phonon baths obtained from the multi-emitter polar master
equation (D3) derived in the previous section have the form

Ton(T) = (GH(T)GwBL (T)B™) o 0
= (GI(T)G) p, (BY (T)B™) .. (E1)

where G,(t) = Zq h;(”)a]; exp(iwgT) + H.c., is a linear com-
bination of photon operators. We assume the associated
photon density matrix p, to be the vacuum state. Similarly,
Bﬂf)(t) = l'[k@(g(k") exp(iot)/wy) is a function of phonon
operators, and the initial phonon density matrix pp, is as-
sumed to be a thermal state and © is the displacement
operator. The phonon bath correlations in the assumption of
independent phonon baths can be given by (BS:’)(I)BS'")) =
Coo(T) explep(t)8,m], where §,,, is the Kronecker § function.
On the other hand, the photon correlations are

(GH(IGa)p, = Y Iy Pl o] (E2)
q

where hy, = (w,/2Vep)(d - &,) is the coupling constant where
V is the mode volume, ¢, is the permittivity of free space,
d is the transition dipole moment, and &, is the unit vector
associated with the transverse components of the electromag-
netic waves. The mode index ¢ labels both the wave vector and
corresponding polarization indices of transverse plane waves.
Furthermore, r; is the position of the ith emitter and q = nqy,
with n being the refractive index of the medium and qq is the
free space wave vector. In arriving at (E2) we have also used
(aqab o = 1, since the photon number n(w,) = (a;aq> o =0
for the photon state assumed to be in a vacuum state.

1. Single-emitter decay rate

When n =m we obtain from (E2) that (G}(1)G,),, =
Zq |hq|2 exp(—iwyt). Using the definition of the pho-
ton spectral density Jy(w) = Zq |hq|28(a) —w,), we get
(GH(T)Gn) g = [y~ dwdi(w) exp(—iwT). Using this defini-
tion in (E1), we can find the frequency-dependent correlation
function as I',,,(v) = fooo dt exp(ivt)l',, (7). After rearrang-
ing, this becomes

Cop(v) = /mdwjpt(w)Kpn(V —w), (E3)
0
where
Kon(€) = / oodrc’(r)e"f’ (E4)
0

is the kernel describing the phonon interaction. The above
equation demonstrates that the photon and phonon inter-
actions are convolved, exhibiting nonadditivity of the two
baths [58]. An analytical expression of the above expres-
sion are hard to obtain and require further approximations
[38,58]. Since most of the light emission happens around the
resonance frequency, it can be a good approximation to as-
sume a frequency-independent photon spectral density, which

constitutes what is referred to as a flat spectral density ap-
proximation. For our nondispersive bulk medium, this implies
Jp(w) ~ n x o>, which allows us to simplify (E3) as [38,58]

an(v) Z/ dTC(T)/ da)Jpl(a))ei(V—w)‘t
0 0

= n/w dtC(r)ei”t[an(r)—iP<%):|. (E5)
0

Using the relation C(0) = 1 and evaluating the self-induced
interaction I',;,, in the polaron master equation (D3) we substi-
tute v = w(,. We thus find the decay rate as the real part of the
Iy, Which is given as y (w()) &~ 271 a)63. Therefore, within
the flat spectral density approximation, the net effect of tran-
sitions involving all possible phonon states is identical to the
single electronic transition between the phonon-renormalized
excited state w; and the ground state.

2. Interemitter decay rates

Since the phonon baths for the individual emitters are
assumed to be independent, they do not have a spatial correla-
tion, which implies (BJ"(1)B"™),, = Coo(T) for n # m [6].
Therefore, from (E1) and (E2) the total correlation becomes

Fun(T) = Y Iy P =tle (7). (B6)
q

Since the phonon correlation is a temperature-dependent but
g-independent parameter, it can be taken out of the summa-
tion. Because of this, the assumption of independent phonon
baths for the various emitters will allow us to derive simple
analytical results for the interemitter emission rates, without
the need to invoke a flat spectral density (or other) approxi-
mation for the photon baths. (Recall that for the single-emitter
emission rate in Appendix E 1, we did make this assump-
tion.) So here, essentially, we are left with computing the
interemitter decay rates associated with the photon bath alone.
Such computations have already been performed in many
places, for example, in Refs. [17,20]. For completeness, we
give a brief sketch of the derivation for bulk media. The
sum is converted into an integral by using the transformation
>, = V/@n)} [d*q, where V is the mode volume. With
some algebra, we obtain

wo(Dd|* [ d-v
() = 00 | dw,,w;(JH qu)
0

42c3¢g

o« sin qRe_iwqr, E7)
qR

where R = |r, — r,y|. Subsequently, one obtains the optical

interemitter interactions I',,,(w) by evaluating the Fourier

transform (FT) of (E7) where the FT of the term inside the

integral has a known form [17,20]. Thus, one can write the

complex optical interemitter interactions as

= D Q) fornEm,  (E9)

+ iwnm(w)> Coo(T)
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FIG. 8. Temperature-dependent emission spectra for two emit-
ters prepared in an initial state [ (0)) = |e, g), now separated by a
distance of A/15, calculated using the concatenation approach (in
blue) and the polaron approach (in red). Otherwise we use the same
simulation parameters as in Fig. 6.

where Y,,,(w) is the phonon-renormalized interemitter decay
rate while €2,,,(w) is the phonon-renormalized dipole-dipole
interaction which needs to be evaluated at @ = wj, in the
polaron master equation (D3). Both for the Y,,(w) and
the 2,,,(w), the phonon renormalization amounts to mul-
tiplication by the factor Coo(7). In the nearest-neighbor
approximation, €2,,,(w) equals 2. (@) for nearest neighbors
and vanishes otherwise.

APPENDIX F: SIMULATIONS AT EMITTER
SEPARATION A /15

In this section, we plot the emission spectrum for two
emitters separated by a distance of A/15 interacting via
dipole-dipole interaction in the presence of phonon baths in
Fig. 8 similar to Fig. 1 in the main text where we used an
interemitter separation of A/25. We also plot the normalized
integrated intensity for emitters separated by rjp = A/25 in
Fig. 9(a) and for r;; = A/15 in Fig. 9(b) using

(E"(1)E™ (1)) = (0]0) exp (—y47)
+(oloyexp(—y-1),  (FD)

where (Uiai) = (£|p(0)|x). We see the bi-exponential be-
havior of the emission due to the initial two-emitter state
1Y (0)) = le, g) = (|4) + 1—))/~/2, where |+) (]=)) is the
superradiant (subradiant) state.

APPENDIX G: DERIVATION OF THE N-EMITTER INITIAL
SYSTEM STATE AT 7 = 7p IN CONCATENATION SCHEME

In our concatenation scheme the time evolution of the sys-
tem state for 7 < 7p is given by p(t) = Tr[U (z)x (O)U ()],
where x (0) is the combined direct-product state of the sys-
tem and the environment defined in previous sections, and
U(7) is the unitary operator given by (C3). In the resulting
reduced-system density matrix, apart from the diagonal matrix
elements corresponding to the basis vectors, |0) and other
states |n) constituting the single-excitation manifold (SEM),

T=4K T=4K
100 100
> g = A/25 > ri2 = A/15
wn %]
C C
3 3
< < 101
g €
—_ _
2 2
@ ®)
1071 , , 1072 , .
0.0 0.5 1.0 15 0.0 0.5 1.0 15
T (ns) T (ns)

FIG. 9. Bi-exponential dynamics of the normalized integrated
intensity of two interacting emitters prepared in an initial state
[¥(0)) = e, g), based on (F1), calculated in the concatenation
scheme (in blue solid lines) and with the polaron method (in red
solid lines). In panel (a) the separation between the emitters is A /25
exhibiting decay rate enhancement I', /I'_ = 13.1 ~ F, /F _, with
'y = 1.58 GHz and I"'_ = 0.12 GHz. In panel (b), the separation be-
tween emitters is A /15, which results in '}, /T_ =445~ f , /F _,
with 'y = 1.38 GHz and I'_ = 0.31 GHz.

only those off-diagonal elements that contribute to the transi-
tions within these SEM states are allowed, which leads to the
time evolution of the system state for (t < p):

N N
p(T) =Y [} {nlom + Y |n)(mlowmTrElBy(T)pp B (T)]

n=0 n#Em=1
N N

=Y I lpw + D |n)mlpuTre
n=0 n#Em=1

x [B"Up(7)BY” ppnB™ Uy (r)B{"]

N N
=Y W) lpw + D In)mlpTre
n=1

n#m=1

x[B™ B! (1)B" (7)BY” ppu], (G1)
where |0) is the collective ground state. Since the phonon
baths are assumed to be uncorrelated,

N N
p(t) =Y [n)(nlpm +C*(x) Y In)(mlom.  (G2)

n=0 n#m=1

Therefore, for T = tp we obtain the system state

N N
p(te) = Y 1m) (1l oun + CH(T) Y In)(mlpmm. (G3)

n=0 n#Em=1

Equation (G2) describes the consequence of the non-
Markovian linear phonon coupling that introduces the factor
C?(7) in the off-diagonal elements of the matrix, which may
lead to fast picosecond-scale initial decoherence. One would
miss this when not accounting for the linear phonon coupling
in the equations of motion. Equation (G3), on the other hand,
serves as an input to the further evolution described by the
Markovian master equation after the phonon bath has been
relaxed (for T > 7p) in our concatenation scheme.
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