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Deterministic discrete-time quantum walk search on complete bipartite graphs
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Searching via quantum walk is a topic that has been extensively studied. Most previous results provide
approximate solutions, while in this paper we prove an algorithm that can find a marked vertex certainly.
We adopt the coined discrete-time quantum walk (DTQW) model with adjusted operators and prove that, on

complete bipartite graphs, when parameters are set properly, coined DTQW can deterministically find a marked
vertex, i.e., the success probability is exactly 1. Before this paper there have been results of an alternating
continuous-time quantum walk method that achieve deterministic spatial search, but this paper provides a
deterministic quantum spatial search result via DTQW, while maintaining a quadratic speedup compared to

classical algorithms. We also provide the quantum circuit implementation.
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I. INTRODUCTION

Quantum computation has drawn a lot of attention in com-
puter science since it can provide efficient algorithms in many
problems [1-4]. The quantum walk, the quantum analog of
random walk, is a widely used model in quantum algorithm
design. Applications of quantum walk include search [5-8],
state transfer [9,10], element distinctness [11], triangle finding
[12], etc. There are two kinds of quantum walk: continuous-
time quantum walk (CTQW) and discrete-time quantum walk
(DTQW). In CTQW, the Childs and Goldstone algorithm [5,6]
is often used, which define the walk with the Schrodinger
equation and the Hamiltonian could be Laplacion or the adja-
cency matrix of the graph [13]. Foulger et al. present analysis
of CTQW on graphene lattice based on spectral gap [14,15].
A variant of CTQW is the alternating CTQW [16], which
alternatively uses two Hamiltonians. For DTQW, many mod-
els have been brought up, such as the coined DTQW [17],
Szegedy’s quantum walk [18], and the staggered quantum
walk [19].

Quantum walk has been applied on the spatial search
problem, i.e., finding a marked vertex on a given graph.
Both CTQW [5,6,8] and DTQW [7,20,21] have been
used for spatial search, and all these results have a
quadratic speedup compared with classical algorithms. How-
ever, these algorithms are probabilistic, i.e., performing
these algorithms does not guarantee to output a marked
vertex.
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The study of deterministic search begins with determinis-
tic Grover search. The original Grover’s algorithm can find
a marked vertex with high probability but still has a small
probability to fail. Grover’s algorithm is based on reflection
operators about the initial state and the marked state [2], while
researchers have found that, if we could replace the reflection
operators with rotation operators, we can achieve a deter-
ministic search while still maintaining a quadratic speedup
compared to classical algorithms [22-24]. In recent years, fur-
ther improvements on deterministic Grover’s algorithm have
been proposed, claiming that either the rotations about the
initial state or the rotations about the marked state can have
a fixed angle, so we may choose to only adjust parameters in
one side [25,26].

Naturally, we are also interested in the deterministic spatial
search. In 2021, Marsh and Wang proposed an algorithm
called the alternating CTQW and proved that it can deter-
ministically find the marked vertex on a class of complete
identity interdependent networks (CIIN) [16]. Then in 2022,
Qu et al. performed research on star graphs and give an ex-
perimental demonstration for deterministic spatial search via
alternating CTQW [27]. In 2023, Wang et al. proved a rather
strong result, claiming that if eigenvalues of the adjacency
matrix of a graph are all integers, then alternating CTQW can
find the marked vertex deterministically [28]. See Table I for
a summary.

Until now all previous results on deterministic spatial
search are based on the alternating CTQW model. It is natural
to ask: can we perform a deterministic spatial search with
other models, especially DTQW? This paper explores this
topic.

In this paper, we propose a deterministic search algorithm
on complete bipartite graphs based on the coined DTQW
framework, maintaining a quadratic speedup compared to
classical algorithms. Typically the coined DTQW uses the
Grover coin and the reflection oracle about marked vertices,
while in this work we assume that we are accessible to the
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TABLE I. Comparison of previous results and our result on the
deterministic spatial search.

Author Graph Model
Marsh & Wang [16] CIIN CTQW
Qu et al. [27] Star graph CTQW
Wang et al. [28] Integer eigenvalue CTQW
Our result Complete bipartite graph DTQW

generalized Grover coin and phase oracle, then by setting
proper parameters, a marked vertex is guaranteed to be found.
See Theorem 1 for our main result.

In practice, approximate search is enough in most situa-
tions, but deterministic quantum search still has theoretical
significance, because it is related to a key problem about
quantum computation: iS quantum computation essentially
probabilistic? Our results indicate that the answer may be
no. Besides its own interest, when it is used as a subprocess,
being deterministic makes the error analysis simpler because
the error of search process can be eliminated.

This paper is organized as follows. Section II illustrates
some basic settings about the graph and quantum walk model.
Our algorithm is put in Sec. III, then in Secs. IV and V, the
correctness of our algorithm is proved, and a key lemma is
proved in Sec. VI using Bloch sphere. Section VII provides
a quantum circuit implementation of our algorithm. Finally,
Sec. VIII summarizes our work.

II. PRELIMINARY
A. Graph definition

This article works on complete bipartite graphs. Let G =
(V, E) be a bipartite graph, then vertices of G are divided into
two parts, V. =V, UV, and V; NV, = (. The complete bipar-
tite graph is defined by E = {{v, u} | v € V; and u € V,}, i.e,,
every vertex in V; is connected to each vertex in V;. Let N; and
N, be the number of vertices in V; and V,, N; > 0 and N, >
0, let N = |V| = N; + N,. Suppose there are some marked
vertices which we want to find, let M be the set of marked
vertices and n;, n, be the number of marked vertices in V; and
Vo, ie,nm 2 \VinM|,n 2 Vo N M|, letn £ |M| = ny + n,.
Figure 1 shows an example of complete bipartite graphs.

In this paper, we use v ~ u to denote {v, u} € E. Let d, be
the degree of v, i.e., the number of vertices connected to v,
then forv € Vi, d, = N,; forv e Vo, d, = N;.

B. Discrete-time quantum walk

In this paper, the coined DTQW model is adopted. The
state space is

H = span{|v,u) | v € V,u ~ v}.

For the basis state |v, u), v represents the current position of
the walker and u represents the next position that the walker
will go to.

FIG. 1. An example of complete bipartite graphs. Red dots rep-
resent marked vertices. Here Ny =4, N, =3, n, = 1,n, = 2.

Next we define the walk operator. Let
Ula, B) = SC(a)Q(B). ey
The shift operator S is defined as
Slv, u) = |u,v);
the coin operator C(«) is
Cla) v, u) = v) ® Gy(a) |u) ,

where  Gy(a) = (1 —e ™) |s,) (sy] =1  and
«/;d’ > ey lw); the oracle operator Q(8) is defined as

sy) =

ifveM
ifog M’

P v, u)
[v, u)

QB) v, u) = {

The initial state is the uniform superposition of all basis
states in H, i.e.,

|Wo) 1 > vw
= — v, u).
O VAN,
veV,u~v
After  performing the quantum walk ¢  steps

Uay, B1), U(ay, B2), -+, U(as, By), the state becomes

W) = U, By)- - Ulaa, Br) [Wo) -

Then, we measure the state |\V;). In this paper both registers
are measured, then the probability of finding a marked vertex

18
ey

veM or ueM,u~v

(v, u| W) .

A global phase on a quantum state can be ignored. We write
[¥) ~ |¢) when |/) = e |¢). For quantum operators A and
B, we also write A ~ B iff they only differ on a global phase,
ie.,A=e7B.
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III. ALGORITHM

In this section, we show an algorithm that can deterministi-
cally find a marked vertex in complete bipartite graphs, which
can be seen in Algorithm 1.

ALGORITHM 1: Deterministic search.

Input: A complete bipartite graph G = (V, E), an oracle
operator Q(8) marking a set M C V, Ny, N,, n; with

ny > 0.

Output: A marked vertex v € M.

//calculate parameters

1 w; < 2arcsin \/%
2 set p be the smallest odd integer in [%] a’)’l
3

3 X <« L:; Z;:;lfl” . ¢y < arccos(351), 1 < 3p+1

4 Fori=1top do

5 set 32, ¥3i, V3i—2, Y3 to be 0

6 set @3i—1, ¥3i—1 to be ¢,

7 Y eI <

8 o < 0,0y <7 — Y3+ Y

9 Fori=2tot/2do

10 W) < T — Paim1 + P2i2

1 Qo <= T — Vo1 + Vi

12 Fori=1tot/2—1do

13 Boic1t < =7 — Yai + Yaiy

14 Boi < —7 — @2 + 9211

15 Bt <~ —m =Y+ Y1, B <0
//perform quantum walk

16 construct the initial state:
[Wo) « ﬁ ZUEV,M’\‘U lv, u)

17 perform quantum walk with operator (1):
[W;) < Ulay, Br) -+ Ular, Br) [Wo)

18 measure |W,;) and get |v, u)

19 If v € M then

20 Return v

21 else

22 Return u

Our main result is as follows:

Theorem 1. In the complete bipartite graph, let Ny, N, be
the number of vertices in each part and n;, n, be the number
of marked vertices in each part. If n; > 0 and n; is known,
Algorithm 1 outputs a marked vertex with certainty and the

number of steps ¢ is O(v/ 1”1]‘).

_e—ia O

O _e*lul
C@ 0 0
0 0

where @ = 2 arcsin v/ 1"711

(1 —e™)sin* 2 — 1

—iay ¢ip & ®
(1—e ) sin 2 cos 3

Remark. 1If n, > 0 and n, is known, by symmetry we can

also deterministically find a marked vertex in O(v/ %) rounds.
Furthermore, if both n; and n, are greater than 0 and known,

we can find a marked vertex in mm{O(\/N_‘) O(x/Tz)} =

0(\/_ ) steps, where n = n; + n, is the number of marked
vertices.

We believe that knowing n; or n, is necessary. Indeed
for deterministic Grover’s algorithm it has been proved that
knowing n is necessary to deterministically find a marked
vertex with quadratic speedup [29].

Theorem 1 is proved with two separate cases. When all
marked vertices are in one part, it is proven in Sec. IV; oth-
erwise it is proven in Sec. V. Combining two cases together,
Theorem 1 is proven.

IV. CASE 1: ALL MARKED VERTICES IN ONE PART

The first case is when all marked vertices are in one part.
Without loss of generality, we assume that n; > 0, n; is known
and n, = 0, i.e., all marked vertices are in V.

Suppose n; < Nj, otherwise the initial state already satis-
fies Py = 1. The quantum walk can be analyzed in an invariant
subspace of the walk operator U («, B). The four basis vector
are defined as

[Yr1) = A (v, u),
UEA;EVZ
) = —avl — V\§V v, u)
|¥3) = oA [v, u),
ve\;eM
1
[Vs) = v, u) .

/(N1 — ni)N, vevzg,]w

Then, it can be verified that the subspace spanned by |v;) (i =
1,2,3,4) is an invariant subspace of S, C(x), Q(8), thus
is also an invariant subspace of U(w, §). With the base
V1), |¥2) s 1¥3) , [¥a), we could compute the matrix repre-
sentation of these operators as follows. For the computation
of C(a), see Appendix A. We get

0 0 1 0 e# 0 0 0
00 0 I 0 1 0 0
S5=11 0 0 ol 2B=109 0o 1 o
01 0 0 0 0 0 1
and
0
0

—iay ¢ip & ®
(1—e ) sin 2 cos 3

(1 — e ™)cos* & —
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Inspired by Ref. [30], we can decompose C(«) and use
some equations to make the expression of |\W;) easier to cal-
culate and analyze.

Lemma 1 (Ref. [30]). Define

1 0 0 0
0 1 0 0
A@O) = 0 0 cos —ie'? sin ¢
0 0 —ie“sing cos ¢
and
1 0 0 O
0 1 0 O
R(G) = 0 0 619 ol
0O 0 O 1

then the following equations can be used to decompose our
walk operators:

T T
Cla) ~ A(E)R(a)A(—5>, )
0(B) = SR(B)S, 3)
T T
I =SS =R :A(—E)A<E>, )
Aa + B) = R(B)A(x)R(—PB), (5)
R(@)R(B) = R(a + B). (6)
The initial state |W() can also be expressed as
T T —
wo) =4(5)54(3) 10). )
where |0) = f(O 1,0, DT,

= 1_[11_1 E[,‘ and Dz =
E>;, where [}, [, are arbitrary positive integers and

]_[1 1 Yy P g

Eii, E)i € {A(0),R(0) | 6 € R}, then

An observation is that suppose D; =

SDSD,S = D»SD;. ®)

Using Lemma 1, |¥,) can be reduced to a neater form.
Without loss of generality, we always let ¢ be even, then
inspired by Ref. [30], we have the following lemma:

Lemma 2. Given an even integer ¢t and parameters
01, 02, -+, @1 and Yy, Yo, -+ -, Yo, there exists a set of
parameters «;, B; (i = 1,2, --- , 1) such that

W) = SC(a)Q(Br) - - - SC(e)Q(B1) [Wo)
~ RE)[A(@r-1) - - - A(@DIR(+)SR(x)
X [AWi41) - AWDIR(*) [0)

where R(*) means the argument may be arbitrary.
Furthermore, the following is one solution of parameters:

arbitrary i=1
=47 —¢;i+¢i—1 iisoddandi>1,
T — Vi + Y iiseven
- — Yip + ¥ iisodd
Bi=1—7m—¢i+¢_1 iisevenandi <t.
arbitrary i=t

Since Lemma 2 is a little different from Ref. [30], for the
completeness of the article, the proof of Lemma 2 is given in
Appendix B.

In order to achieve deterministic search, a key lemma is

needed.
Lemma 3. Letw € (0, ),
—iet? sm
cos 3 ’

cos 2

_ e

B©®) = (—ie") sin ¢

then there is an odd integer ¢’ = o(é) and parameters
@1, ¢2, -+, @y such that

B(@)B(gr1) - -B(m(‘l)) ~ ((1))

Lemma 3 is proved in Sec. VI. The B(9) in Lemma 3 is the
right-bottom part of A(6), so with a set of carefully designed
parameters, successively applying A(6) can map (0, 0, 0, 1)”
to (0,0, 1, 0)T. This is the key component of our deterministic
searching algorithm.

Now we can prove the main result of case 1.

Theorem 2. Suppose M C V| and n; > 0, n; is known.
There are a number ¢t = O(\/N—‘ ) and parameters «o;, B; (i =
1,2,---,t) such that after ¢ steps the success probability P,
is exactly 1.

Proof. Recall that from Lemma 2, |¥,) can be reduced to

|W:) ~ RG[A(@—1) - - - A(@1)IR(%)SR(*)
[AWit1) - - AWDIR) |0) .

Let @1, ¢2, -+ , ¢,—1 be the parameters in Lemma 3 (' =
t — 1). Notice that
1 (0]

Alp—1) - Alp1) = <(I) B(‘Pz—l)‘o'

Define

SO

‘B(fm))' ©)

Bcom £ B(§0z71)3(</)172) o
then from Egs. (9) and (10),

-B(¢1), (10)

A(sofl)A(my--A(cpl):(é Bcoom>. an

w)-(4)

for some 6;. Here t = O(i), and since w = O(V 1”711), t =
OW3h).

Set Y;=¢;,Vi=1,2,---,t—1, and set
—7%, ¥ = 5. Since B(—=7)B(5) = I, we have

Beom = B(Y14-1)B(Y)B(Yi—1) - - - B(Y1).

Therefore,

From Lemma 3,

1/fl-‘rl =

AW DAW) - A(%)—(O BO> (12)

033042-4
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According to Lemma 2, Egs. (11) and (12), the final state |\¥,) can be derived by the following process:

0 0 0 ei@g ei02 ei02
1] RrRe) 1] AG@r)-AG) 1 R(x)SR(x) 0 Apr—1)Alpr) 0 R(x) 0
ol —lol =1 | ——— ol — o | —|o% | (13)
1 1 0 1 0 0
[
We can verify each step of Eq. (13), where the 6, and 65 0O 0 0 0O1 0 0 O
comes from R(x). Therefore, |¥,) = J%(ele2 1Y) + €% |yr3)) 00000 0 1 0
and the success probability is exactly 1. 00 00 01 0O
S — 0 0 0 00 0 0 1
~11 0 0 0O 0 0 O Of
0 01 000 0 O
V. CASE 2: MARKED VERTICES IN BOTH PARTS 010000 0 0
The second case is when both parts have marked vertices. o 0 0 1 0 0 0 O
Suppose n; < N; and ny < N,, otherwise the initial state al-
ready satisfies Py = 1. The quantum walk can be analysed in
an invariant subspace of the walk operator U («, 8). Define
M; 2 MNV, #0, My =M NV, # (), the eight basis vector b 00 0 0 0 0
are deﬁned as O eiﬁ O 0 O O O O
o o 1 0 O O 0 O
1 o o0 o1 0O 0 0 O
) = 7 > lvu, CB=10 0 0 0 ¢ 0 0 0
veMy,ueM, 0 0 0 0 0 €€ 0 0
1 O o0 o o0 O o0 1 O
¥2) = ———— Z v, u), O o0 o0 o0 O o0 o0 1
nl(Nz B n2) UGM],MEVz\Mz
1 and
V3) = —= ) lu),
(N1 —ni)ny VeEVI\M;,ueM,
G(w) ) ) 0
1 o C(w) 0 o
) = TRy A, @=lo o aw o |
1 m 2 n veVi\M,,ueVr,\M, o0 0] 0 C1 (Ol)
1
1¥s) = lv, u),
’ Jmnz EM;:GMI where
1
[Y¥e) = NG Z v, u), Cile)
P M2 ey uevi\my ( (I—e™)sin® 2 —1 (1 —e™)sin% cos 4
1 \a —e ™)sin%cosy (1 —e‘i"‘)cos2%— '
= —— 3w,
Vi (N2 = n2) VEVR\M>, ueM,
|¥s) 1 > v
= v, u).
Y N = (N, — ma) G(@)

UGVz\Mz,MEV] \M]

Then, it can be verified that the subspace spanned
by |¥;) i=1,2,---,8) is an invariant subspace of
S, C(a), Q(B), thus is also an invariant subspace of U («, B).
With the base [¥4), |¥2), -, |¥g), we could compute
the matrix representation of these operators as follows.
We get

2 2

( (1— e @)sin® 2 —
(

1 — e=™) sin % cos 2

(1 — e~ ™®)sin & cos 2
b
2 2

(1 —e™)cos* 2 — 1

— ; ny _ : ny
wy = 2 arcsin /Nl and w, = 2 arcsin /Nz.

Similar to case 1, we can decompose C(«) and get a differ-
ent expression of |W,).
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Lemma 4 (Ref. [30]). Define

o] 00 (i @1
_ CQS a5 —1e” SIn >
B.(®) = (—ie_‘9 sin 4 cos 4 )’
cos & —ie' sin 22
_ S 5 2
B,(9) = (—ie‘“’ sin % cos ¢ >’
B,(6) O 0 0
, 0] B> (6 o0 o
o=l o % pe o |
0 0 0] Bi(0)
e 0 0 0 0 0 0 0
0 1 O 0 O O 0 o0
0 0 ¢ 0 0 0 0 0
, 10 0 O 1 0O 0 0 O
RO=10 0 0 0 ¢ 0o o0 ol
o 0 0 0 O 1 0 O
0 0 0 0 0 0 ¢ 0
o 0 0O O o0 o0 o 1

then similar to case 1, the following equations are satisfied:
/ s % / T
cor-a (G ron(-2)
0(B) = SR (B)S,

[=55=R(0)= A’(—%)A’(%),
A+ B) =R (A ()R (—B),

R'()R'(B) = R'(a + B),
=43 (3) 01

where |0) = Lz(o, 0,0,1,0,0,0, 1.

Furthermore, let D, =[]iL, E;; and D, =[]%, Ex,
where [;,l, are arbitrary positive integers and Ej;, Ey; €
{A'(0),R'(9) | 8 € R}, then

SDSD,S = D,SD;.
Then, |\V;) has another expression using Lemma 4.
Lemma 5. Given an even integer ¢t and parameters
01,92, @1 and Yy, Y, -+, Yy4q, there exists a set of
parameters «;, B; (i = 1,2, --- ,t) such that
|W;) =SC(a)Q(Br) - - - SC(a)O(B1) [Wo)
~R'()[A (¢—1) - - A'(@1)]R (%)SR ()
X [A'(Yr41) - A' ()R (%) ]0)

where R'(*) means the argument may be arbitrary.
Furthermore, the following is one solution of parameters:

arbitrary i=1
=37 —@;+¢i—y iisoddandi > 1,
T — Y1+ Y Qiseven
-7 — Yy + ¥ iisodd
Bi=3-—1m—¢i+@i—; iisevenandi <t.
arbitrary i=t

The proof of Lemma 5 is in Appendix B.
Now we state our result of case 2. We will prove that when

ny is known, we can find a marked vertex in V; in O( 2’—1‘)

steps. When n;, is known, the proof is similar.
Theorem 3. Suppose n; > 0 and n; is known. There are a

number ¢ = 0(‘/2’—]‘) and parameters o;, 8; (i=1,2,---,1)

such that after ¢ steps, the success probability P is exactly 1.

Proof. Let @1, ¢, -+, ¢;—1 be the parameters in Lemma
3 (@' =t —1), where @ = w,. From Eq. (14), multiplication
of A’(0) can be reduced to multiplication of B;(8) and B,(6).
Define

BY 2 Bi(g_)Bi(¢_2)- - Bi (1), (15)

and

B®. 2 By(¢ 1)Ba(@s_2) - - Ba(1), (16)

0 et
w(1)= (%)

for some 6. Here t = O(i), and since w; = O( 1'\',—‘]), t =

then from Lemma 3,

o(/).

Set Y, =¢;,Vi=1,2,---,t—1, and set Y,y =
—%.Y =5, since Bi(=5)B1(5) =1, Bo(~=%)By(3) =1,
we have

B, = Bl )BI(W1) - Bi(Y) (17)
and
BGh, = Ba(Yip)Bo(¥) - - Ba(y). (18)
From Egs. (14), (15), (16), (17), and (18), we get

A(@— DA (@r—2) - Al(¢1)
B 0) 0 0

com

— com ( 1 9)
and

AW DA W) - AW = | o BD 0

Set

a\ a po (0
(5) 2 (0)
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According to Lemma 5, Egs. (19) and (20), the final state |\¥,) can be derived by the following process:

We can verify each step of Eq. (21), where the
6>, 03, 04, 05, B and 67 comes from R(*). Therefore,

1 ) ) ) )
(W) = —=(ae"™ |y1) + be'™ |Y2) + ae'™ |s) + be™ |y7))
V2
and the success probability is exactly 1. [ |

VI. PROOF OF LEMMA 3

In this section we prove Lemma 3, a crucial step of our
work. Since in Lemma 3 we are dealing with 2 x 2 matrices,
which is equivalent to operators in a single-qubit system, we
can utilize a tool called Bloch sphere.

For a single-qubit quantum system, Bloch sphere represen-
tation is a useful tool to visualize states and operations. Let

W) =al0)+ A1), laf+ B =1
be a state, then it can be rewritten as
) = e (cos g |0) + ¢ sin g |l)>
@ €[0,7]and y, ¢ € [0, 27)), i.e.
[y) ~ cos o |0Y + € sin o [1).
2 2
We can treat 0, ¢ as parameters of spherical coordinates, then

|r) corresponds to a point (cos ¢ sin 6, sin ¢ sin 6, cosf) on a
unit sphere. Figure 2 illustrates the correspondence.

z
410>

[1>

FIG. 2. Bloch sphere representation of a quantum state. The lines
in the figure shows how our state moves.

0 0 0

0 0 0

0 0 a

1 R' (%) 1 A (Yrq1)-A (Y1) b R’ (%)SR' (%)
0 0 0

0 0 0

0 0 et

1 1 0

0 ae'® i0s

ae
ei92 bei92 beiGZ
0 0 0
0 A(@r—1)A' (1) 0 R'(x) 0
o | = e | = | aei | @1
ae'®s 0 0
0 be'® bei®
b 0 0

Unitary operations can also be visualized by Bloch sphere.
Recall that the Pauli matrices are

0 1 0 —i 10
=) =0 ) =6 %)

then
Lemma 6 (Ref. [31]). Any unitary operation on a single-
qubit quantum system can be expressed as

U ~ R;(0),

where 7i = (ny, ny, n;) is a real unit vector and
0 .. 0
R;(6) = cos 51 — isin E(nxX +nY +n.Z)

is a rotation on unit sphere with 7i being the rotation axis and
0 being the rotation angle.

Now we have the tools to prove Lemma 3.

Proof. It can be verified that

cos 2 —iet?

: w

sin =

2 2
B(©) = P w
—le sin 3 COS 5

w ) .
B(0) = cos 31— isin E(COSQ -X —sinf -Y),

satisfies

(22)

then from Lemma 6, B(#) = R;(w) where the axis 7 =
(cos @, —sin @, 0) is on the xy plane. We are to prove that

B(¢)B(gr1)- - Blgy )((1’) - (é)

witht’ = O(i), which means to rotate (0,0, —1) to (0,0, 1)
on Bloch sphere.

We define three parameters ¢, ¢,, ¢3 and set B* =
B(¢3)B(¢2)B(¢1). We will achieve our goal by repeatedly
applying B*. Suppose we apply B* for p times, then B* should
be equivalent to a rotation with axis on the xy plane and angle

! From Eq. (22), we express B(¢3), B(¢2), B(¢1) under
(1,X,Y,Z) basis. According to Lemma 6, B* should satisfies
the following conditions:

(1) the coordinate of I should be cos %7;

(ii) the coordinate of Z should be 0.

Then we get the following equations:

cos T - cos® @ cos @ sin® w[cos(rb ®)
2p 2 27 2 R

p

+ cos(p3 — ¢1) + cos(¢2 — 1), (23)
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lvo) — T ) —{X] |u1)

lv1) — 3 —  |v1)
Q ) |’U2>

[vm) — S — |U7.n>
lur) ————— — 1 [ luw)
Gi(a) Ga(a) u2)

o) ———__ L H

(a)

fuz)

(b)

FIG. 3. Quantum circuit implementation of one-step walk. (a) is the overall circuit of the operator U («, B); (b) is the circuit of S and (c) is
the circuit of G, (ar), where the —a block means to add a phase e~ under the condition.

sin(¢s — ¢2) + sin(¢3 — ¢1) +sin(¢p — ¢1) = 0. (24)
Set ¢; = ¢3 = 0, then Eq. (24) is satisfied. Then Eq. (23)
becomes

cos il = cos’ @ cosw sin’ w(l + 2cos¢)
2p 2 27 2 2

As ¢, varies, 1 4+ 2 cos ¢, varies from [—1, 3], then

T 3w w
cos — € [cos —, cos — |.
2p 2 2

Depending on the range of w, there are two cases:

e Ifw e (0, 2—”], then cos x decreases in [%, 37“’], it only needs
p € [55, Z]. There always exists an odd integer p in the
interval.

e Ifwe (2—”, 1), then cos 37’” < 0 and cos% > 0, we simply
setp=1.

In both cases, p = 0(5).
Now we can calculate parameters in Lemma 3. Set p as the
smallest odd integer in [%, %], define x £ 1 + 2 cos ¢, then

3w T
Cos™ 5 — CO8 2 x—1
X = T e e ¢2 = arccos .
cos % sin” 2 2

Since we repeatedly apply B* = B(¢3)B(¢,)B(¢;) where
¢1 = ¢3 = 0, the number of operators is

S oA 1
t'=3p=0[—
w

¢, ifimod3 =2

0 otherwise

and

Vi:l,2,-~-,t/,(p,-:{

VII. QUANTUM CIRCUIT IMPLEMENTATION

In this section, we briefly talk about the quantum circuit
implementation of our algorithm. The walk operator U («, 8)
consists of S, C(«) and Q(B), where Q(B) is the oracle opera-
tor assumed by the algorithm, so in this section we implement
S and C(a).

For simplicity, in the following we assume Ny = 2™ | N, =
2™ m = max{m, my}, then a vertex can be expressed by
m+ 1 qubits. If Ny or N, are not powers of 2, we could
add imaginary vertices to create a complete bipartite graph
in which N; and N, become powers of 2 (these imaginary ver-
tices should not be marked). Let |v) = |vg) |v1) - - - |vn) be the
position register, where |vy) decides which side v is in (vg = 1
means v € V| and vy = 0 means v € V,), and vy, ---, v, 1S
the serial number of v in that side (if v € V| and m; < m, we
only use the first m; qubits vy, vy, - - - , vy, and the rest qubits
are set arbitrarily; similar for v € V;). Let |u) = |uy) - - - |up)
be the coin register, where uy, --- , u,, is the serial number
of u in the opposite side. The shift operator S is quite easy
to implement. Recall that S |v, u) = |u, v), so we flip |vy) to
change which part v is in (thus also change which part u is in),
and exchange the value of vy - - - v, and u; - - - u,,. See Fig. 3(b)
for the implementation of S.

The coin operator C is a bit more complicated. Recall that

Cl@) =) [v) (v] ® Gy().

veV

Forv € Vi, G, (@) = G,(a), where
Ga(@) £ (1 —e ™) |s2) (52 — 1
and

s 1 _
|s2>:WZ|u>,

uev,
forv € V,, Gy(a) = Gy (a), where
Gila) & (1 —e ) |s1) (sq| =1

and

Then C(«) can be simplified as

Cl@)= Y @l | @G + [ Y 1v) (vl | ® Gi(e)

veV; veV,

= 1)y, (1, ® I ® Ga(@) +10),, (01, ® I ® G1().
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With the promise that u € Vi, Gy acts on |u;) |up) - - -
and can be easily implemented. Notice that

|um1>

Is1) = HE™ |0)*™
we get

Gl(Ol) — H®m1 [(1 _ e*ia) |O)®m1 (O|®m1

—I1H®™.

Then G| (o) can be realized as in Fig. 3(c). The implementa-
tion of G, () is similar.

The walk operator U(a, ) is the combination of
0(B), G(a), and S, see Fig. 3(a) for the overall circuit. The
number of qubits is O(m) = O(log N); for the number of
gates, the cost of each step of walk is the sum of these
three operators. S only takes O(m) gates, with m = O(log N);
G (a) and G,(«) each needs a controlled phase gate, which
takes O(m?) basic gates [32]; together with O(m) Hadamard
gates, G(«) needs om?) = 0(log2 N) basic gates. Suppose
the cost of oracle is g, then the cost of each step U(«, B) is
g+ O(log® N).

J

VIII. SUMMARY

In this paper, we propose a deterministic search algorithm
on complete bipartite graphs by DTQW and provide the
quantum circuit implementation. The calculation is reduced
to a single-qubit quantum system, then Bloch sphere repre-
sentation provides a tool to precisely analyze the composition
of operators. This paper allows us to gain insights about
the deterministic quantum algorithm, and determinacy makes
error analysis easier in application. This approach exploits
the specific structure of complete bipartite graphs, so we will
need more inspirations if we hope to explore other classes of
graphs. In the future we are interested in performing determin-
istic quantum search on more graphs via DTQW, and trying to
find a universal pattern for various graphs.
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APPENDIX A: COMPUTATION OF C(«)

This section computes the matrix representation of C(«) in case 1. The computation of case 2 is similar.

Recall that Cla)|v,u) =

[v) ® Gy(@) lu), where G,(a)= (1 —e®)[s,) (s, —1 and |s,) = JLdT, 2w W)

For v e

Vlv |Sv \/7 ZWEVZ |w Then
Cla) |yn) = Cla) v, u) = lv) ® G, () |u)
=—) [VRG,()|sy) = —= ) [v)®(—e ™|s,)) = —e Y1)
f,;v, Z ‘

Similarly,

C C X G,

(@) [¥2) = —Wl—m)szev%ue% (o) v, u) = —W—m)szevZ\M'v) ZV () |u)

S — > M BG@Is) = e D [0) @ (= [su)) = =" [Y).
Ny —m 1 vevim

veVi\M

Forv € Va, Isu) = 7= L yey, [w). Then,

Cla) [Y3) =

1
/\/I’llNz

veVy,ueM

where

Gy(a) |u) = (1 — &™) |s,) (sylu) —

ueM

Z C(a)|v, u)
luy = (1—e™)

(ZG <a>|u>> = —e*’“)\/—_ ) ® Isy) —

Z v) ® (Z Gv(oe)|u>),

veVz ueM

1
N |$v) — [u)

Z|vu

ueM

1
> ) ®|su>—\/_l > IU,M)=\/—N—l(x/mNst)-l-\/(Nl—n1)N2|1ﬁ4))

veV, veVp,ueV
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Do lvou)y=VmN: [ys),

veVr,ueM
we get
1 —ia _ _
Cla) [y3) = m[(l— )«/ﬁ1 \/—(«/nlNzl% + V(N1 — n1)N2 [4)) «/nlNzllh}
= [(1 — e - 1} ) + (1 — e—““)—““(ljvl_’“) V) .
1 1
Since sin § = ,'\‘]—‘land cos § = N‘N , we have
C _ 1 oy ;2 @ 1 1 N w
(@]ys) = [(1 = e™)sin? 2 — 1] [y3) + (1 =) sin 2 cos 3 [y4)
Similarly,
1
C C G, ,
(o) |¥a) = mm%w (o) |0, u) = mu;w (;M (a)|u>)
where
—
® Gy(a) |u) —(1—6710‘) V) ® [sy) v, u)
(ue%\:M ) \/IVI ue%\:M
Yo lvw) =N — )N ),
veVr,ueVi\M
we get
_; o —ia —np 1 — —
Cla) [Y4) = m[( e ) \/— \/—(vn1N2|1ﬁ2 + VN1 —n)N2 [Y4)) — /(N nl)N2|1ﬁ4)i|
NV N, —
=( —e‘”")% [¥3) + [( - _"”) ] [¥a) .
Since sin § = ]"v‘land cos g = N‘N , we have

Cl@) ) = (1 — e*i‘*)sin%’cos% ) + [ (1 - e*f“>cos2§ —1] 1w

Above all, the matrix representation of C(«) with respect to |Yry) , |¥2) , [¥3), [¥a) 1S

—ei 0 0 0
el 0 0
Cla) = 0 0 (1 —e@)sin® % — (1 —e™)sin% cos ¢
0 0 (1—e®)sin%cos2 (1 —e™)cos? 2 —

2 2 2

APPENDIX B: PROOF OF LEMMA 2 AND LEMMA 5

This section provides the proof of Lemma 2 and Lemma 5.
Proof. Recall that

W) = SC(e)Q(Br) - - - SC(e)Q(B1) [Wo)
from Eqgs. (2), (3), (7) and SS = I, we get

W) ~ SA(S )R@)A(=F )SRBA(S ) R@-DA(=5 ) SR(B-1)

'A< )R(Olt/2+1)A<—5>{SR(,Bz/2+1)A< )R(Olr/z)A(——>SR(,3z/2)A< )R(Olz/z 1)A(——) }R(ﬁr/z 1)

A(E)R(al)A(—5>SR(,31)SA(E)SA<E) 10),

033042-10
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then by applying Eq. (8),

W) ~ SA(S )R@)A(=F )SRBA(S ) R@—DA(=5 ) SR(B-1)

'A( )R(Olr/2+1)A(——)[R(,Bz/z)A< )R(Olr/z 1)A<——)SR(,3r/2+1)A( )R(Oh/2)A( )}R(,Bt/Z—l)

(G ren(-Z)swinsa(3)(3) o1

when # is even, by repeatedly applying Eq. (8) and using A(—%)A(%) = I, we finally get

W) ~R(B)A(S R(@-DA(=F ) -+ R(BDA(F )R@)S

x A5 R@A(=F)RB-DA(F ) -+ RaA(=5 )RBDA(S) 10).

Then, from Eq. (5), we have

b
~
o]
N——"

Il

and

for arbitrary 0. Together with Eq. (6),

R(% - 9>A(0)R(—% + 9)

(-5 =H(-5 - opron(3 +0)

T T
W) ~R(B+ 5 = -1 JAG@-DR(@ 1 = 7 + 9t = 9-)Ai-2) - R(B2 + 7 + 2 = 9DAG@DR(c1 = T +1)S

X RS = Vit JAG DR =7 + et = VDAW) - R(By + 7 + V2 = yDAWDR(=5 + 1) 10).

By setting

arbitrary
T = @i+ Qi

o =

T — Yip1 +

=7 = Vip1 + ¥
- — @i+ i1

pi =

arbitrary

and using R(0) = I, we get
W) ~R(p+ 3

i=1
iisoddandi > 1,
i1s even

i1s odd
iisevenandi <t.
i=t

2~ 0 JA@DAW@ ) AlpDR(c1 = 5 +91)S

X RS = Vi JAGDAW) - - AGUDAWDR(= T + 1) 10).

Proof. Since the proof of Lemma 2 only relies on Egs. (2)—(8) in Lemma 1 and in case 2 the same equations also hold in

Lemma 4 and the proof of Lemma 2 also works for Lemma 5.
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