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Nuclear quantum effect on the elasticity of ice VII under pressure:
A path-integral molecular dynamics study
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We investigate the effect of nuclear quantum effects (NQEs) of hydrogen atoms on the elasticity of ice VII
at high pressure and ambient-temperature conditions using ab initio path-integral molecular dynamics (PIMD)
calculations. We find that the NQEs of hydrogen contribute to the transition of ice VII from a static disordered
structure to a dynamically disordered structure at pressures exceeding 40 GPa. This transition is characterized
by a nonlinear increase in the elastic constants. A comparison of ab initio molecular dynamics, and PIMD
calculations shows that NQEs increase the elastic constants of ice by about 20% at 70 GPa and 300 K.
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I. INTRODUCTION

Determining the structures and physicochemical properties
of water ice (H2O) is of fundamental importance to the fields
of physics, chemistry, and planetary science. Although numer-
ous experimental and theoretical studies have been performed
on the 20 known crystalline polymorphs of water ice [1], their
physical and chemical properties are not yet fully understood.
An intrinsic challenge in the study of ices is that hydrogen is
the lightest atom (Z = 1) and therefore hydrogen is extremely
mobile, difficult to detect experimentally, and exhibits signif-
icant quantum effects.

The complexity and elusiveness of hydrogen is particularly
evident when probing the behavior of ice at extreme pressures.
As pressure is increased at ambient temperature, H2O changes
from ice VII to ice X (Figs. S1 and S2, Ref. [2]). Ice VII is
a cubic crystal structure with static orientational disorder of
the H2O molecules while maintaining the ice rule [3]. This is
possible because the oxygen atoms in ice VII are coordinated
by four proton sites that are 50% occupied, and the orientation
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of each H2O molecule is dictated by which two of these four
sites are occupied by hydrogen [4]. The ice VII structure
and its physical properties are driven by this hydrogen bond
network, which contains asymmetric hydrogen bonds [5]. In
contrast, ice X is an ionic crystal with completely symmetric
hydrogen bonds [6,7].

Broadly speaking, a transition in which the hydroxyl bonds
(O–H) and hydrogen bonds (O · · · H) in a crystal structure
have the same length and form a straight line (O–H · · · O ≈
180◦) at elevated pressures is called pressure-induced hydro-
gen bond symmetrization. This transition can be understood
conceptually as the change in the behavior of hydrogen atoms
as the potential surface between oxygen atoms changes from
a double minima to a single minimum with increased pres-
sure [8] (Fig. S1, [2]). In ice, hydrogen bond symmetrization
can be described as a change in the state of hydrogen in
the body-centered cubic sublattice of oxygen [9]. Previous
studies have shown that in the ice VII to ice X transition,
hydrogen changes from static (ice VII) to dynamically dis-
ordered (ice VII′ and ice X′) and then to symmetric hydrogen
bonding states (ice X). In the dynamically disordered states
of ice, hydrogen atoms move back and forth between two
minima which exist between oxygen atoms due to thermal and
quantum vibrational effects (i.e., tunneling effects) [10,11].
However, it is still challenging to directly observe such states
of hydrogen under high pressure, and it has not been de-
termined precisely at what pressures these phase transitions
occur [12–16].

The existence of dynamically disordered ice has been es-
tablished through ab initio molecular dynamics simulations
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(AIMD) [17], ab initio lattice dynamics calculations [15],
and high-pressure x-ray diffraction studies of ice VII to X
[14,16]. Since hydrogen atoms only weakly scatter x rays in
x-ray diffraction experiments, changes in hydrogen bonding
must be inferred by changes in the equation of state of ice
under pressure [14,16]. These studies report that the transition
to the dynamically disordered phases of ice VII (ice VII′)
and ice X (ice X′) occur at 35–40 GPa and 50–60 GPa,
respectively, and the transition to the ice X phase occurs at
90–110 GPa. However, these phase transition pressures are
determined based on the small differences in curvature of
the equations of state and thus have large errors and are still
inconclusive.

Recently, the equation of state and vibrational properties of
the high-pressure phases of ice have been reported using ab
initio centroid molecular dynamics (CMD) calculations that
can properly handle nuclear quantum effects (NQEs) [18].
The obtained equation of state shows a slight decrease in
volume in the range of 20–60 GPa when compared to the
equation of state obtained by conventional AIMD calcula-
tions, which treat nuclei as classical particles. However, it
seems very difficult to infer the pressure at which hydrogen
changes to a dynamically disordered state from such a small
decrease in volume.

If this change of the state of hydrogen in ice VII to a
dynamically disordered state under high pressure affects the
equation of state, then it is expected that changes in elastic
properties will appear more prominently. The sound velocities
of high-pressure ice VII have been investigated by Brillouin
scattering using polycrystalline and single-crystal samples at
room-temperature conditions [19,20]. However, the former
study reported that the elastic constants of ice increase mono-
tonically and without discontinuities with increased pressure
up to 100 GPa [19]. The latter study reported similar con-
clusions for measurements up to 103 GPa, but the elastic
constants themselves were smaller than those measured for
the polycrystalline samples of the earlier study [20]. On the
other hand, it has been claimed that the elastic constants of
ice VII containing a small amount (0.9 mol %) of sodium
chloride show a softening of the elasticity at a pressure range
of 42–54 GPa, corresponding to the dynamic disordered state
of hydrogen [21].

In light of the reported lack of signs of a dynamically disor-
dering state of hydrogen in the experimental elastic property
of pure ice VII, this study investigated the temperature and
quantum effects on it theoretically. As previously described,
earlier CMD calculations have shown that NQEs affect the
curvature of the equation of state in dynamically disordered
states and that the elastic properties are expected to be af-
fected accordingly. Therefore, in this study we performed
first-principles path-integral molecular dynamics (PIMD) cal-
culations [22–25] to determine the elastic properties of ice
VII at room temperature and high pressures, taking into ac-
count NQEs, and compared them with AIMD calculations
performed at the same (P-T) conditions.

II. METHODS

In this study, ab initio PIMD simulations based on the
Born-Oppenheimer approximation were performed using the

PIMD software package [25] along with the open-source elec-
tronic structure calculation package QUANTUM ESPRESSO [26],
which is based on density functional theory [27,28]. In order
to properly evaluate the quantum effects of hydrogen nuclei
in the high-pressure ice phases, the equation of state and
elastic constants were calculated using PIMD at 300 K and
high pressures, replicating the pressure-temperature condi-
tions of most experiments on these phases. The generalized
gradient approximation in the Perdew-Burke-Ernzerhof form
(GGA-PBE) was used for the exchange-correlation function-
als. There have been several attempts to incorporate van der
Waals interaction to correctly calculate the ice structures,
but the results are currently not strikingly good so far (e.g.,
[29–31]). Thus, there is no consensus situation on the func-
tionals that should be used for the calculations of ice phases.
Therefore, we focused our study on the extent to which dif-
ferent methods actually affect the equation of state and the
elastic constants using GGA-PBE, as there have been many
calculations of the high-pressure phases of ice using GGA-
PBE, and it is useful to compare them. The norm-conserving
pseudopotentials were used for the ionic inner-shell potentials
of hydrogen and oxygen atoms [32]. The kinetic energy cut-
off in the plane-wave expansion of the wave functions was
set to 80 Ry. These pseudopotentials have been extensively
tested in calculations of several hydrous minerals and ice
[e.g., 5,33]. The sampling of the Brillouin zone was lim-
ited to the � point. The calculation of ice VII was modeled
using a supercell (3×3 × 3 unit cells) containing 54 H2O
molecules. We performed calculations treating each of 162
atoms as the 10 and 32 beads in the simulation cells. Our
PIMD simulations were within a canonical (NVT) ensemble
where the number of atoms (N) and the cell volume (V) were
set to a constant temperature (T), which was controlled by the
massive Nosé-Hoover chains method. The time step �t was
set to 0.25 fs, and after equilibrating the system for about 1
ps, the trajectories were collected at least for 1 ps to accu-
mulate statistics. To enable comparison with PIMD, AIMD
calculations were also performed on the same system and
under the same calculation conditions, except for the number
of beads.

In this study it was important to estimate the effect of
NQEs on pressure and stress. Because of the spatial ex-
tent of the hydrogen nuclei, the quantum effects of the
nuclei on the pressure are also expected to be significant.
To properly incorporate this effect, a virial correction was
performed, which adds the product of the distance from
the centroid of the beads and the force applied to each
bead [34].

The isothermal elastic constants Ci js were calculated from
the linear relationship of stress-strain by applying a strain of
±0.01 and time-averaging the induced stresses. We confirmed
that a linear relation was ensured for this strain range using a
previously established methodology [5].

III. RESULTS

First, we compare the volumes of ice VII under pressure
at 300 K calculated using PIMD and AIMD (Fig. 1). We
also plotted the volumes of hydrogen-ordered ice VIII and
X at static 0 K under pressure [5]. The volumes obtained
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FIG. 1. The pressure-volume (P-V) relationship of ice VII. The
black solid and dashed lines indicate the P-V curves of ice VIII
(asymmetric hydrogen bond with ordered hydrogen positions) and
ice X (symmetric hydrogen bonds) at static 0-K condition, respec-
tively. The volumes of the ice X phase in the metastable state
(0–110 GPa) have been calculated under the condition that the
original space group (Pm3̄m) is maintained. The red and blue lines
indicate the P-V relationships of ice VII at 300 K obtained by PIMD
and AIMD simulations, respectively. The volumes determined by
PIMD simulation are smaller than those obtained by AIMD simu-
lation at 20–70 GPa. The gray symbols indicate the volume of ice
VII phase reported so far by high-pressure x-ray diffraction experi-
ments [9,14,35–39]. The experimental data of Sugimura et al. [14]
and Hemley et al. [9] were reanalyzed using the recent pressure
scales of Dorogokupets and Dewaele [40] and Dewaele et al. [41],
respectively.

with PIMD are very slightly smaller than those obtained
with AIMD between 20 and 70 GPa. The calculated P-V
relationships, including the static 0-K results, are generally
larger than the experimental values [9,35,37–39] for all pres-
sure conditions, and this difference is likely largely due to
the exchange-correlation functional, GGA-PBE, used in this
study [29]. At the high-pressure conditions above 70 GPa,
the volume obtained by PIMD is larger than that of AIMD
due to quantum fluctuations of the hydrogen nuclei. These
results are consistent with the equation of state of ice VII
obtained for CMD [18]. A comparison of theoretical cal-
culations of the P-V relationships at static 0 K and 300 K
shows that the difference between the ordered and dynami-
cally disordered states of hydrogen is very small, making it
difficult to discuss the hydrogen state using only the equation
of state.

To investigate the influence of NQEs on the hydrogen-
bonding properties of ice VII under pressure, the radial
distribution function (RDF) of ice VII was obtained using
both PIMD and AIMD results, as shown in Fig. 2. The
RDF obtained by PIMD exhibits a higher distribution be-
tween the covalent (RO-H ∼ 1Å) and hydrogen bond distances
(RO··· H ∼ 1.3–1.6Å) at lower pressures than that obtained by
AIMD. This suggests that the NQEs enhance the appear-
ance of the dynamically disordered state of hydrogen and
associated partially symmetric hydrogen bond state at lower
pressures.

Next, the effects of the disordering of hydrogen in the
high-pressure phases of ice on the elastic constants were
investigated (Table I, Fig. 3). Figure 3 shows the elastic con-
stants of ice VII/VIII and ice X under pressure. The solid
and dashed black lines are the elastic constants of ice VIII
and X previously reported at static 0-K conditions [5]. The
elastic constants of ice VIII (solid black lines), which has
ordered hydrogen positions, increases steeply at 100–110 GPa
due to the symmetrization of the hydrogen bonds. The elastic
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FIG. 2. The radial distribution function (RDF) under pressure. The white solid and dashed lines are the OH and O · · · H distances for the
ice VIII phase, respectively, at static 0-K conditions by structural optimization that does not take into account the quantum effects of nuclei.
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TABLE I. The high-pressure elastic constants, and the bulk (B) and shear (G) moduli (Hill average) of ice VII at 300 K calculated by the
PIMD method (Nbeads = 32).

P (GPa) V (cm3/mol) C11 C12 C44 B G

30.4 7.600 179.84 98.13 114.62 125.37 75.83
34.7 7.343 189.83 107.63 133.94 135.03 83.58
39.9 7.093 223.05 123.73 144.97 156.84 94.43
46.2 6.849 260.68 153.85 181.22 189.46 111.35
54.2 6.610 334.55 214.32 219.19 254.40 131.03
64.6 6.377 399.59 272.04 250.22 314.56 145.49
77.0 6.150 472.06 341.31 291.47 385.15 161.64
130.7 5.498 670.62 535.50 379.87 580.54 194.14
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FIG. 3. The elastic constants of ice VII/VIII and ice X under
pressure. The black solid and dashed lines indicate the elastic con-
stants of ice VIII and X at static 0-K conditions, respectively [5].
The elastic constants of the ice X phase in the metastable state (0–
110 GPa) have been calculated under the condition that the original
space group (Pm3̄m) is maintained. The red and blue lines indicate
the Ci j of ice VII at 300 K determined by PIMD (Nbeads = 32) and
AIMD simulations, respectively. Dashed red lines indicate PIMD
simulation with smaller number of beads (Nbeads = 10). The open
symbols are previous Brillouin scattering measurements [19–21].

constants of metastable ice X with symmetric hydrogen bonds
(dashed black lines) below ∼110 GPa are significantly larger
than those of ice VIII. The main difference between these
structures is whether the hydrogen bonds are symmetrized
or not. Thus, even partial hydrogen bond symmetrization at
finite-temperature conditions in ice VII, as indicated in RDF
(Fig. 2), is expected to contribute to an increase in the elastic
constants.

Then we compared the elastic constants of the ordered (ice
VIII) and static disordered states of hydrogen. The pressure
dependence of the elastic constants of the disordered states
of hydrogen were calculated at static 0 K (Fig. S3, [2]). The
results show that the elastic constants of those structures are
almost the same as those of the ice VIII. From these results,
we confirm that the disordered structures themselves do not
contribute to the increase in the elastic constants.

Finally, we compare the elastic constants obtained by
AIMD, PIMD, and Brillouin scattering experiments [19,20].
All of AIMD, PIMD, and experimental values show al-
most parallel changes to the static 0-K elastic constants at
low-pressure conditions, which may be explained only by
differences in temperature conditions in the static disordered
ice VII phase. However, as pressure is increased, the PIMD,
the experimental [20], and the AIMD results begin to notably
deviate from the static 0-K values at 40, 60, and 70 GPa,
respectively. These increases of the elastic constants are likely
caused by the dynamic behavior of hydrogen atoms. The
comparison of AIMD and PIMD results indicates that NQE
contributes significantly to the increase in elastic constants
above 40 GPa and by as much as 20% at around 70 GPa at
300-K condition. Comparing the pressure change in the elastic
constants at static 0 K with the experimental elastic constants
[20,21], the change is not smooth or softening but rather,
hardening. The pressure at which this nonlinear increase in
elastic constants occurs is different between the Brillouin
scattering experiment and PIMD results. Possible reasons for
this discrepancy could be due to the approximation of the
exchange-correlation functional in the calculations or because
the Brillouin scattering peak is hidden by the diamond peak at
about 50 GPa, making it difficult to measure.

IV. CONCLUSIONS

We investigated the effects of the nuclear quantum effects
(NQEs) on the elastic constants of high-pressure ice phases.
We show that the elastic constants of ice increase nonlinearly
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due to the partial hydrogen bond symmetrization associated
with the change of the state of hydrogen in ice phase VII to
a dynamically disordered state under pressure. The transition
from a static to a dynamically disordered phase occurs at
about 40 GPa. The NQEs affect the elastic constants in the
pressure range of 40–100 GPa at 300 K and are most pro-
nounced at around 70 GPa. NQEs contribute to the increase in
elastic constants by up to 20% at room temperature and high
pressure. This finding implies that the experimentally elusive
structural feature of dynamically disordered states, which is
promoted by the tunneling effect of hydrogen nuclei in the ice
phase, affects macroscopic properties such as elastic constants
at ambient temperature.
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