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Approach and rotation of reconnecting topological defect lines in liquid crystal
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Topological defects are a universal concept across many disciplines, such as crystallography, liquid-crystalline
physics, low-temperature physics, cosmology, and even biology. In nematic liquid crystals, topological defects
called disclinations have been widely studied. For their three-dimensional (3D) dynamics, however, only recently
have theoretical approaches dealing with fully 3D configurations been reported. Further, recent experiments have
observed 3D disclination line reconnections, a phenomenon characteristic of defect line dynamics, but detailed
discussions were limited to the case of approximately parallel defects. In this paper, we focus on the case of two
disclination lines that approach at finite angles and lie in separate planes, a more fundamentally 3D reconnection
configuration. Observing and analyzing such reconnection events, we find the square-root law of the distance
between disclinations and the decrease of the interdisclination angle over time. We compare the experimental
results with theory and find qualitative agreement on the scaling of distance and angle with time, but quantitative
disagreement on distance and angle relative mobilities. To probe this disagreement, we derive the equations of
motion for systems with reduced twist constant and also carry out simulations for this case. These, together with
the experimental results, suggest that deformations of disclinations may be responsible for the disagreement.

DOI: 10.1103/PhysRevResearch.6.023284

I. INTRODUCTION

Where there is order, its mismatch exists. Topological
defects are prime examples of mismatching order and are
omnipresent across many materials [1,2], including crystals
[1], liquid crystals [1,3,4], superfluids [5], spacetime in cos-
mology [6], and living things [7,8]. Despite various orders
depending on systems, corresponding topological defects are
expected to share common behaviors. For example, line-
shaped defects often experience reconnections [6,9-17] in
which two defect lines approach, collide, exchange endpoints,
and separate.

Liquid crystals, especially nematic liquid crystals, are a
material where topological defects have been heavily studied
because of their optical properties and controllability. Nematic
liquid crystals are typically composed of building blocks with
elongated shapes which tend to align with each other. They are
characterized by a unidirectional order represented by a unit
vector fi with an apolar nature (i = —n) called the director.
Its singularities are topological defects, with the most basic
kind being disclinations. Many studies on nematic disclina-
tions include, for instance, the generation of defects followed
by the ordering process [16], defects’ interaction with mi-
croparticles [18-21] or light [19,22], operation of molecules
by defects [23,24], and control of defects by alignment of
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the surface of the containers [20,21,25-28]. In recent years,
nematic ordering and patterns have also been found in living
systems [7,8], and topological defects are suggested to be
related to some biological functions, including cell extrusion
[29], promotion of bacterial colonies’ vertical growth [30,31],
and organization centers of Hydra morphogenesis [32]. As for
theoretical approaches to disclination dynamics, although the
governing equations of liquid crystal are well-known [4], it is
not straightforward to obtain equations of motion of defects,
especially for fully three-dimensional (3D) configurations.
Recently, there has been some theoretical work to better un-
derstand the interaction and velocity of 3D topological defects
[28,33-35].

Despite the intensive study of nematic disclinations, pre-
vious observations of disclination dynamics are mainly by
transmitted light, and only two-dimensional (2D) information
can be obtained. In our previous work [17], making use of
the dye localization at the disclination core [24] to visualize
disclination lines, we successfully observed its 3D dynamics,
in particular, reconnections and loop shrinkage [17]. However,
the analysis was limited to the dynamics of reconnections
occurring to essentially parallel disclinations in an approxi-
mately single plane.

In this paper, we study the dynamics of intersecting recon-
nections, in which two disclinations lying in separate planes
approach not in parallel but with an angle. We used confocal
microscopy and observed disclinations relaxing from an elec-
trically driven turbulent state. We extracted the positions of
disclinations from acquired images, investigated the time evo-
lution of the distance and the angle between two reconnecting
disclinations, and discussed the result by comparing it with
theory and numerics.

Published by the American Physical Society
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II. EXPERIMENTAL METHOD

We used a nematogen MLC-2037 (Merck, a discontin-
ued product) because of small optical anisotropy (An =
0.0649) for precise optical observation and negative dielec-
tric anisotropy (Ae = —3.1) for generating disclinations, as
described below. We added 0.01 %wt of electrolyte, tetra-
n-butylammonium bromide, to increase its conductivity and
0.005 %wt of a fluorescent dye, coumarin 545T, to label
disclinations [17,24]. The sample was put into a 130 — um-
thick cell consisting of a coverslip and a glass plate with
polyimide tape spacers. Both glass substrates were coated
with indium tin oxide and imposed unidirectional planar
alignment by polyvinyl alcohol coating and rubbing with vel-
vet cloth. Similarly to our previous work [17], by applying
an ac voltage of root-mean-square amplitude 150 V and fre-
quency 35 Hz, we induced a turbulent state called dynamic
scattering mode 2 [4,37] to generate a high density of discli-
nations. Then, by switching off the applied voltage, the system
exhibited a relaxation process in which disclinations inter-
acted, shrinked, and disappeared.

To obtain 3D dynamics of disclinations, we used a laser-
scanning confocal microscope, Leica SP8 (objective 40x, NA
1.30, oil immersion) with resonant scanner working at 8§ kHz
and a piezo objective scanner. After starting relaxation, we
first searched disclination pairs likely to reconnect by mov-
ing the field of view, which was fixed thereafter. Due to
the imposed homogeneous alignment at the cell surfaces,
disclinations moved away from the surfaces and were often
found near the midplane of the cell thickness. In such a cir-
cumstance, reconnection events are conveniently classified to
two types: an in-plane reconnection, in which two reconnect-
ing disclinations are almost in a single plane and approach
approximately in parallel [Fig. 1(b)], and an intersecting re-
connection, in which disclinations are not in a single plane
and form a finite angle [Fig. 1(a)]. Here, we observed 12
intersecting reconnection events.

A series of experimental snapshots is shown in Fig. 1(c)
(see also Supplemental Material videos 1-4 [36]). The flu-
orescent dye was excited at 488 nm by laser light polarized
in the direction perpendicular to the nematic easy axis. The
directions of the laser polarization and the nematic easy axis
are denoted by the x and y axes, respectively. The fluorescence
signal in the range between 500 and 600 nm was confo-
cally detected by a photomultiplier tube detector (pinhole size
23 um). The voxel size in the xy plane was 0.455 um and the
spacing between z slices was 1 um. The number of voxels was
512, 96, 30 in the x, y, and z directions, respectively. The time
interval between consecutive confocal images was 0.330s. We
extracted the coordinates from the 3D xyz images by applying
the snake method [38] (see Appendix A).

III. EXPERIMENTAL RESULTS

We start with the minimum distance §(¢f) between two
reconnecting disclinations at time ¢ [Fig. 2(a)]. The result in
Fig. 3(a) shows the square-root law,

8(t) >~ Clt —to]"/?, (1
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FIG. 1. Reconnections of nematic  disclinations.  (a),
(b) Schematics of an intersecting reconnection (a) and an in-plane
reconnection (b). (c) Fluorescence observation of an intersecting
reconnection. Top views (left column) and side views (right column)
are displayed. The reconnection occurred at time ¢t = 0. See also
Supplemental Material videos 1 and 2 [36]. Another reconnection
event is also shown in Supplemental Material videos 3 and 4 [36].

where 1, is the reconnection time. This scaling is the same as
that observed for in-plane reconnections of essentially parallel
disclination pairs [17]. Theoretically, the scaling was derived
from the effective force inversely proportional to the distance
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FIG. 2. Schematics of two reconnecting disclinations and their
director structures. (a) Two disclinations with the respective tan-
gent vectors t,, %, and the rotation axes SZl, Slz are shown. The
two disclinations separate a minimum distance § and form an angle
Y= arccos(t; - ) <7 /2 with the tangent vectors at the two closest
points. (b) Various director configurations of 3D disclination lines,
seen at a cross-section perpendicular to the line. All these are topo-
logically equivalent, i.e., homeomorphic. The thick arrows indicate
the rotation axis €, a unit vector normal to the plane in which the
director rotates by m along a closed loop around the disclination.
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FIG. 3. Time dependence of the distance § (a) and the angle
¥ (b) between two reconnecting disclinations. Results for all 12
reconnection events are shown with different colors.

8 [33] under the assumption that the force is balanced to a
drag force proportional to the disclination velocity. It was also
predicted by the disclination density tensor method [35] cal-
culated from the nematic tensor @, which contains the director
i and the scalar order parameter, and observed in simulations
[34]. From the viewpoint of universality, we note that a similar
scaling was also observed for quantum vortices in superfluid
helium 4 [9-13] and in the Gross-Pitaevskii equation [39].

For intersecting reconnections, the angle between the two
disclinations is another quantity characterizing them. We con-
sider the two closest points of the reconnecting disclinations
1 and 2, with tangent vectors t; and t, for the respective
disclinations [Fig. 2(a)]. We define the interdisclination angle
v by ¥ = arccos(t; - t,), as shown in the inset of Fig. 2(a).
Since the sign of t, and §, is arbitrary, we choose it in such a
way that t -6, >0, ie,0< Y < /2. Our analysis shows
that the angle ¥ is not constant during each reconnection
event but decreases over time [Fig. 3(b)]; in other words,
each disclination pair tends to be closer to parallel as time
goes on. This behavior is consistent with earlier numerical
observations [34,35] and theoretical prediction [35].

Let us quantitatively compare the time evolution of dis-
tance § and angle v, which we obtained experimentally, with
the theory reported in Ref. [35]. According to the theory, the
time evolution of the distance § and the angle v are described
by the following nondimensionalized simultaneous differen-
tial equations:

dé A~ A _COSY

i 4(2 - 27) 2
dyr A A Siny
i 4(82; - 25) 57 3

Here, the unit vectors Ql and flz are the rotation axes, each
normal to the plane in which the director rotates by 7 along
a closed loop around the disclination [Fig. 2(b)]. Dividing
Eq. (2) by Eq. (3) and integrating the result, we obtain

sin ¥ o 6. (€]

This relation is tested with the experimental data in Fig. 4(a).
The result shows that, while § and sin v are indeed related by
a power law, the exponent value was estimated at 0.26 £ 0.08
by averaging over all events (the error indicates the standard
deviation), clearly smaller than 1, the prediction of Eq. (4).
This indicates a quantitative limitation of Eqs. (2) and (3).

To probe the dynamics of the disclinations, suppose
Egs. (2) and (3) are replaced by the following more general
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FIG. 4. Comparison with the theory. (a) Log-log plot of sin
and §. (b) Histogram of the coefficient ratio w,/u,. The average
value over events is py/u; = 0.26 £ 0.08 (the error indicates the
standard deviation). (c), (d) Evaluation of each of the two equations,
Eq. (8) (c) and Eq. (9) (d). Images from eight to two time frames
before the reconnection were used for all events. For (a), (c), and (d),
results for all 12 reconnection events are shown with different colors.
(e) Histograms of the respective coefficients @ and u,. The values
are obtained by the fitting of the data in (c) and (d). (f) Scatter plot
of the coefficient ratio obtained from the individual values of w; and
W in (e) against that directly obtained from the power law in (a).
Error bars indicate the 95% confidence intervals evaluated from the
respective fittings.

form, with two differer}t cogfﬁcients —my, —2 < 0 instead
of the common one, 4(£2; - £,) in Egs. (2) and (3):

dé cos Y
_——= = 5
a = (5
dyr sin Y
—_— = — . 6
ar M2 (6)

The coefficients may be thought of as effective mobilities for
the time evolution of § and 1. We remind that we chose the
signs of t, and t, that satisfy cos ¥ > 0; as a result, le . flz <
0 is expected for an attracting disclination pair [33,34]. This
is why we set the negative coefficients —u;, —uo < 0. Then,
similarly to the derivation of Eq. (4), by dividing Eq. (5) by
Eq. (6) and integrating the result, we obtain

siny oc §42/H1 (7)

This power law is to compare with the experimental data
in Fig. 4(a). The values of the power-law exponent, w,/u1,
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varied a little among reconnection events [Fig. 4(b)], with the
average being /w1 = 0.26 £ 0.08 as already noted.
Equations (5) and (6) were also tested, respectively. Since
derivatives of experimental data are noisy, not Egs. (5) and (6)
themselves but the following integrated forms are considered:

B tocosy(t)
5(ti)—5(t)—m/ti ar . ®)
w(ti)—w(t)=uz/t_ dt’%- €)

Here, #; is set to be the first frame used in the analysis.
By using images from eight to two timeframes before the
reconnection, we indeed confirm that the left-hand side is pro-
portional to the integral in the right-hand side for both Egs. (8)
and (9) [Figs. 4(c) and 4(d)]. This indicates that Eqs. (5) and
(6) describe intersecting reconnections. Moreover, from the
proportionality coefficients, the individual values of x; and
o are obtained [Fig. 4(e)]. For each event, the coefficient
ratio is consistent with the value obtained directly from Eq. (7)
[Fig. 4(H)].

To summarize the results so far, Egs. (5) and (6) success-
fully describe the evolution of the distance and the angle of
intersecting reconnections, and the mobility ratio p,/p; =
0.26 £ 0.08 was obtained. Physically, this mobility ratio rep-
resents the degree to which the angle between disclinations
changes with respect to the distance. The inequality o/ <
1 indicates that the angle between disclinations changes rel-
atively slower than the distance. However, the theory of
Ref. [35] predicts Eqgs. (2) and (3) with the common coef-
ficient, hence u, /) = 1, disagreeing with the experimental
result. What then determines the mobility ratio u,/p in the
experiment?

IV. THEORY

To investigate the discrepancy in the mobility ratio @,/
between the experimental data and the theory of Ref. [35], we
consider here the case of unequal nematic elastic constants.
Nematic distortions may be described by the elastic energy
density

K AN2 K, , A2 Ks A2
7(V~n) +7(n~(V><n)) +7In><(V><n)|, (10)

where K, K5, and K3 are the elastic constants for splay, twist,
and bend, respectively. In the theory derived in Ref. [35],
it was assumed K|, K,, and K3 were equal; however, in the
experimental system this is not the case. MLC-2037, the
mesogen used in this experiment, has a smaller twist elastic
constant, K, = 6.1 = 0.5pN, than splay, K; = 11.6pN, and
bend, K3 = 13.2pN [17]. Therefore, to more closely align the
theory with experiments, we derive equations akin to Egs. (2)
and (3) but for a generalized case of K| = K3 # K;.

We first remark the director structure around a straight
line disclination in its normal plane for the case K; = K3 =
K # K5, discussed already in the literature, e.g., in Ref. [40].
For concreteness, we assume the tangent vector t= ¥, the
rotation vector £ = Z, and the director around the disclination
is given by i = cos#X + sin 0§, where 6 = 6(x, z) is a yet
undetermined function. Substituting this into Eq. (10) and

taking a variational derivative yields the following equa-
tion for 6:

926 LK 926
ax2 292

A solution that accommodates a defect is given by

K =0. an

0(x, z) = marctan ( (12)

%)
Vez)
where m is a half-integer multiple winding number and ¢ =
K/K; is the ratio of elastic constants. We note that since
Eq. (11) is linear, the full director solution with multiple
defects is a superposition of Eq. (12) for each defect.

To derive the equations for § and ¥, we use the methods
of Ref. [35] to approximate the structure of the nematic tensor
order parameter Q at the location of the disclination line. This
approximation is then used to approximate the velocity of the
disclination line. To do this, we assume that the dynamics of
the Q tensor is solely due to free-energy relaxation:

30  1[sF]"
a  yls0
where y is a rotational viscosity, F is the free energy of the
system, and [-]75 denotes the traceless, symmetric part of a

matrix. The relevant elastic free energy density in terms of Q
is

13)

fe=LiIVOP +Lo|V - QF, (14)
where L; and L, are elastic constants that may be mapped to
K;:

L K
2o 2L ). (15)
L K>

We note that including the L, term in Eq. (14) does not break
the degeneracy K| = K3. Since we only consider relaxational
dynamics, the equations we derive do not take into account
hydrodynamic effects such as backflow. We assume the sys-
tem is composed of two, infinitely long disclinations that
remain straight with antiparallel rotation vectors @, -Q =
—1 aligned along the z axis [Fig. 2(a)]. The resulting equa-
tions of motion for § and ¥ are (see Appendix C for details of
the calculation)

dé _ (4L; 4+ 2Ly) cos Y

i 16
v dt %) (16)
dyr 4L, sin
T __ "7 17
Y 52 a7
The predicted ratio of effective mobilities o/ is
2L
Ha __£HE 1, (18)
w1 2L+ L

where Eq. (15) is used in the second equality. We thus pre-
dict the same mobility coefficient ratio as Eqgs. (2) and (3),
independent of the ratio of the elastic constants. We note
that this prediction does not take into account deformations
of the disclination line and the resulting director field. For a
deformed line disclination, Eq. (12) no longer holds, and a
more complicated director configuration will be assumed by
the system.
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FIG. 5. Scatter plots of the coefficient ratio w,/u; [as de-
termined directly by Eq. (7)] against several properties of the
disclination pairs. (a) Against the time-averaged angle of the discli-
nation pair €. The angle 6, is obtained by projecting the vector
t; + 1, to the xy plane and measuring the angle between the projected
vector and the easy axis (y), the direction of the surface alignment of
the cell. (b), (c) Against the speed vy (b) and the angle 045 (c) of
the drift. The drift is a constant flow that the two disclinations are
exposed to, which is supposedly induced extrinsically (e.g., by other
disclinations present outside the field of view). We evaluate the drift
velocity by using the midpoint of the two closest points. Then the
angle Oy5 1 obtained by projecting the drift velocity in the xy plane
and measuring the angle it makes with the easy axis. The drift is
also used to define the comoving frame to discuss the symmetry
of dynamics in Appendix B. (d) Against the angle Ogif,pair formed
by the drift velocity and the disclination pair. (e) Against the initial
angle v; formed by the two disclinations, which is determined here
eight timeframes before the reconnection. (f) Against the curvature
of the disclinations. The values «; and k, are for the two respective
disclinations. The curvatures at the closest points right before the
reconnection are used.

V. INFLUENCING FACTORS OF THE MOBILITY
RATIO p2/py

A. Experiment

Since the reduced twist elastic constant alone turned out
to be unable to explain the small mobility ratio observed in
the experiment, we test if the experimental values of w, /1|
for individual events [Fig. 4(b)] may be correlated with any
property of the disclination pairs (Fig. 5). Among the in-
spected properties, the only significant dependence we found
was a slightly negative correlation with the initial angle v;
formed by the two disclination lines [Fig. 5(e)]. This indicates
that disclination pairs with larger angles have smaller values

of wy/py. Since w; and u, correspond to mobilities for the
distance § and the angle v, respectively, we can say that
disclinations with larger angles are harder to rotate to be
parallel. This may suggest the effect of the deformation of
disclination lines, induced locally or globally by the rotation
of disclinations, which is not considered in the theoretical
approach.

B. Simulations

We also probe the mobility ratio p,/u; by performing 3D
computations of the evolution of the Q tensor governed by
Eq. (13) for systems with a reduced twist elastic constant as
considered in the previous section. For the free energy, we
use the Maier-Saupe Ball-Majumdar potential for the bulk
free-energy density [41] and Eq. (14) for the elastic free-
energy density. Instead of applying Dirichlet or Neumann
conditions, we directly solve the Euler-Lagrange equations for
Q at the boundary. The computations are carried out using
the MATLAB/C++ finite element package FELICITY [42],
while matrix inversions are performed using AGMG [43-46].
We nondimensionalize the system by scaling lengths in terms
of the nematic correlation length, and times in terms of the
nematic relaxation time. We fix the computational time step
to At = 0.2. Further details involving the computational al-
gorithm can be found in Ref. [47].

For the computations, we fix the ratio L,/L; = 2, corre-
sponding to an elastic constant ratio of K,/K; = 0.5, similar
to that of the experiment. To consider a pair of straight line
disclinations that are initially apart by a distance &y in the z
direction and form an initial angle ¥ in the xy plane around
the y axis [see also Fig. 2(a)], we initialize the system in a 3D
domain of dimensions [L,, Ly, L;] with director field

n = cos(0; — 6,)y — sin(0; — 6-)X,

ai( )= 1 ) (xcosyfo/2 —ysinwo/Z)
1(x,, 2) = 5 arctan JeGo2 10

—xcosw0/2—ysinl//0/2> 19
Ve@o/2 —2) 9

which satisfies the Euler-Lagrange equation for the director,
Eq. (11). We fix the initial distance at §y = 4 and vary ¥
such that cos ¥ € {0.3,0.4, 0.5, 0.6,0.7, 0.8}. We compute
on two different system sizes [Ly, Ly, L;] = [10, 10, 10] and
[20,20,10] so, in the latter size, disclinations are initially twice
the length of those in the former. In Fig. 6, we show several
time snapshots of a simulated disclination reconnection where
the contours represent the locations of the defects.

We measure §(¢) and ¥ (¢) [Figs. 7(a) and 7(b)] and con-
firm the square-root law (1) for small |r — 7|, as expected.
The agreement with the square-root law was better for larger
system sizes. Then we plot in Fig. 7(c) the log-log scaling
of sin ¢ versus § for § > 2 and find a power-law relationship
between sin ¢ and &, just as observed in the experiments and
predicted by the theory [Eq. (7)]. For 6 < 2, the disclination
cores begin to overlap and a clear power-law relationship was
no longer observed, which is reasonable because the estima-
tion of Y becomes less accurate and the theory is not expected
to hold for strongly overlapping disclination cores. Although
the square-root law (1) for §(¢) is not yet established for § > 2,

1
92()(:, Vs Z) = E arctan <
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@¢t/At =5 (b) t/At = 50
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(c) t/At = 88 (d)t/At =97

FIG. 6. Time snapshots of a simulated disclination reconnection
for initial angle cos ¥y = 0.6, system size [L,, L,, L.] = [20, 20, 10],
and time steps t/Ar =5 (a), 50 (b), 88 (c), 97 (d). The contours
indicate points where the nematic scalar order parameter S = 0.3Sy,
where Sy is the equilibrium value of S in the nematic phase.

we note that it is not required for the power law (7) to hold,
since theoretically Eq. (7) holds for all ¢ as long as Egs. (5)
and (6) are valid, while to obtain Eq. (1) one needs to take the
limit |t — 5] — O.

Now, using the power law (7), we evaluate the effective
mobility ratio u,/u1 by determining the exponent from each
computation result shown in Fig. 7(c). In Fig. 7(d), we plot
Wa/ 1 as a function of initial angle v for the set of compu-
tations with system size L, = L, = 10 and L, = L, = 20. For

@ 4 (b)
4 71
2 J}f ’

=

2 3 4 5 0 0.5 1 1.5
0 o

FIG. 7. Numerical results for reconnecting disclinations. (a),
(b) Time dependence of the distance § (a) and the angle
(b) between reconnecting disclinations for various simulations with
L., L, =10. (c) Log-log plot of sini versus & for various initial
angles v and two system sizes, L,, L, = 10 (circles) and L,, L, =
20 (squares). Note that the data for L,, L, = 20 is vertically offset
to distinguish the data sets. (d) Mobility ratio u,/p; versus initial
disclination angle v for systems sizes L., L, = 10 and 20. Lengths
and times are given in dimensionless simulation units.

the smaller system size, u,/p; ~ 0.9 and increases slightly
as v increases. The values are close to the theoretically pre-
dicted mobility ratio of w,/u; = 1, but are smaller, possibly
due to the deformations of disclinations as they reconnect. For
the larger system size, in which disclination lengths are dou-
bled, we find that ©,/u, is systematically smaller than that of
the smaller system size for each 1. Further, 1,/ decreases
with increasing v for the larger system size, similarly to the
experiment [Fig. 5(e)].

The numerical results indicate that, for the parameters
explored here, the effective mobilities of disclination re-
connections are sensitive to large-scale deformations of the
disclinations. The theoretically predicted u,/p; = 1 is most
closely assumed by the numerical results at small system
sizes, when the disclinations cannot appreciably deform and
remain better approximated by straight lines. When doubling
the length of disclinations, the mobility ratio decreases with
increasing angle, indicating that disclinations slow their ro-
tation rate due to deformations along the disclination. These
deformations can be seen in Fig. 6 as the disclinations recon-
nect.

VI. CONCLUDING REMARKS

We investigated intersecting reconnections of disclinations.
Experimentally, the square-root scaling was determined for
the time dependence of the distance § between reconnecting
disclinations. The angle i between disclinations, which de-
creases over time, is also important to describe the dynamics.
It was found that Egs. (2) and (3) predicted in Ref. [35] can
describe the experimentally observed time evolution of the
distance and the angle, except that the mobility coefficients,
w1 and wo in Egs. (5) and (6), were found to be different,
resulting in a value of the ratio w,/u; significantly smaller
than the theoretical prediction u,/u; = 1. We extended the
theory to the case of a reduced twist elastic constant and
considered the change in the equilibrium director field, but the
predicted mobility ratio w, /1 turned out to remain the same.
We therefore searched for influencing factors of 11,/ in both
experiments and simulations, and found that p, /@ tends to
decrease with an increasing initial angle between the disclina-
tion pair. Numerically, the mobility ratio was also found to be
smaller for longer disclination lines. Since disclinations may
not rotate while maintaining their straight shapes as assumed
in the theory, the rotation results in local deformation of the
disclinations, and this effect is stronger when two disclina-
tions are longer or form a larger angle. We therefore consider
that the deformations of the disclinations may be relevant to
the reduced value of s /.

Our results suggest a few interesting directions for future
studies. First, it is important to develop a theoretical frame-
work to deal with the dynamics of deformable disclinations.
It may also help to extend the analysis of experimental and
numerical data, to analyze not only the vicinity of the clos-
est points but longer parts of the disclinations. The surface
alignment of the cell may also influence the dynamics of
disclinations. Second, even though the theory predicted that
the mobility ratio u, /e does not change by a reduced twist
elastic constant, previous work [35] has shown that numerical
data were closer to theoretical predictions, i.e., Egs. (2) and
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(3), indicating w,/pm = 1, if equal elastic constants were as-
sumed. This suggests that the reduced twist elastic constant
may still have a nontrivial effect, presumably affecting the
way the deformation is involved. Therefore, it may be interest-
ing to conduct experiments using liquid crystals with different
ratios of the elastic constants, K, /K, by using, e.g., large K,
expected near the nematic-smectic transition [4] or for ne-
matic discotic liquid crystals [48]. We also note that deviation
of the director field from the equilibrium one [Eq. (12)] can
change the mobility ratio wu,/u;. For example, if we replace
Eq. (12) by that for the one-constant case (¢ = 1), we obtain
Ha/1 = Ky /K < 1in the theory. This suggests the potential
importance of observing the director field around disclina-
tions, by methods such as the fluorescence confocal polarizing
microscopy [49,50], two- or three-photon excitation fluores-
cence polarizing microscopy [51-53], and the tomographic
measurement of the dielectric tensor [54].

As described in the Introduction, since topological defects
provide useful means to control microparticles and light in liq-
uid crystal medium, better understanding of defect dynamics
can contribute to developments in this direction. Moreover,
as topological defects also appear in various scientific fields
other than liquid crystals, it is also important to unravel the
general behavior of topological defects beyond liquid crystals.
We hope our paper will contribute to these and trigger further
investigations to elucidate fully 3D dynamics of topological
defects.
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APPENDIX A: IMAGE ANALYSIS

The 3D coordinates of disclinations were extracted from
the obtained data of fluorescence intensity at 3D positions
(x,y,z) via a method called snakes [38]. It is a way to find
smooth contours. Since we know disclinations are smooth
lines, the method is suitable for extracting disclinations’ posi-
tions. In the snake method, the position of a disclination line
is represented by v (s) = (x(s), y(s), z(s)) with a parameter s,
and its shape is determined to minimize the total cost function,

or energy, given by
E* = /E(v(s))ds

= [ w06 + wmEn@ds (@D
Here, Ey, is the internal energy, Ei;, is the image energy, and
wine and wyy, are the weights for the internal energy and the
image energy, respectively. The internal energy is given by

2
) . (A

where «a;,; and B, are coefficients. The first and the second
terms of Eq. (A2) correspond to the energy cost due to the
length and the roughness of the line, respectively. For the
image energy, we adopted the intensity I(x, y, z) itself here,
since we assume that the fluorescent intensity is higher nearer
to the disclination core:

Eim = _I(X, ys Z)~

Practically, the contour v was expressed as a series of points,
with intervals of approximately 2 um, and the minimization
of Eq. (A1) was implemented by the gradient descent method.
Since this implementation can, in principle, only reach local
minima, it is important to start from an initial condition close
to the desired result. For that purpose, disclination shapes
roughly estimated from the obtained images were used as
initial conditions for the first timeframe. From the second
timeframe, the result of the previous timeframe was used as
the initial condition for the subsequent frame. To reduce noise
and improve convergence, the images were filtered with a
3 x 3 x 3 median filter and a Gaussian filter (a kernel with
a standard deviation of 0.5). Concerning the time stamp, al-
though the fluorescence intensity at different positions was
recorded at slightly different times in the laser scanning con-
focal microscopy, we used a unique time value for each 3D
image, represented by the time at the z coordinate of the
midpoint of the two closest points. The reconnection time #,
was determined not from confocal images but from the 2D
image from the transmitted excitation laser to benefit from the
finer time resolution.

2 32v(s)

as

av(s)

1
Eiy = = int| — 5
‘T2 (a | s

int

(A3)

APPENDIX B: SYMMETRY

We discussed the symmetry of defect dynamics in our
previous work [17]. In 2D, a pair of pointlike defects with
winding numbers of +1/2 is well-known to approach asym-
metrically and annihilate, but 3D line-shaped defects were
found to approach in a symmetric manner and reconnect, at
least for the in-plane reconnections analyzed in Ref. [17]. This
symmetry restoring is explained on the basis of the topologi-
cal equivalence of various structures of 3D disclinations and
the lower energy of twist defects, which result in symmetric
dynamics.

Here we inspect the symmetry of the dynamics for the case
of intersecting reconnections. As discussed in Ref. [17], the
disclination dynamics in the laboratory frame may include
extrinsic effects due to other disclinations that exist outside
the field of view. Such effects appear as a drift that is uniform
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FIG. 8. Histogram of the asymmetry parameter A.

in the field of view and has a constant velocity for each recon-
nection event. Therefore, these extrinsic effects were removed
by evaluating the dynamics in the frame comoving with the
constant drift. The comoving frame was defined for each
reconnection event in a manner similar to that adopted for
in-plane reconnections [17]. The midpoint of the two closest
points of the respective disclination lines was located at each
time, and the time evolution of the midpoint was fitted by a
linear function of time. The slope of this function determines
the constant velocity of the comoving frame.

In the comoving frames, two reconnecting disclinations
turn out to approach each other symmetrically for all intersect-
ing reconnections (Fig. 8). Therefore, the symmetry-restoring
mechanism discussed in Ref. [17] also applies to intersecting
reconnections, and disclinations are considered to take a twist
configuration during the events. Asymmetry parameter A was
determined for each reconnection event as follows. First, we
obtained the distance D;(¢) and D,(¢) between respective
disclinations and the reconnection point X, and fit D% (t) by
the equation Diz(t) ~ Ciz(to — t) with constants C;. Then, A is
defined by

_ max{Cy, Gy}

o min{Cl,Cg}' (Bl)

Here, the estimate of the reconnection point Xy was refined
by using the time-dependent coordinates of the disclinations
before the reconnection. Specifically, Xy = (Xo, Yo, Zy) was
determined in such a way that the scaling D;(t) ~ Ci|t —
to|'/? is satisfied more precisely in a time period before the
reconnection. This was done by evaluating D;(¢) with the
reconnection point varied over six neighboring positions in
3D, fitting it to D;(¢)> = a;|t — ty| + b;, choosing the direction
that minimizes b% + b2, and iterating this to reach the (local)
minimum. The point was moved at an interval of 1/5 of
the voxel size. The final results were at most 2.5 um away
from the first rough estimate, which was located from the
series of transmitted and confocal images (X and Y from the
transmitted images, Z, from the confocal images).

APPENDIX C: DERIVATION OF THEORETICAL
EQUATIONS OF MOTION

Here we give more details leading to the equations of
motion of Egs. (16) and (17). As mentioned above, we as-
sume the dynamics are purely relaxational and that the system

comprises two infinitely long disclinations at distance § and
angle ¢ with respect to one another. We fix a coordinate
system so one disclination is along the y axis, while the other
disclination lies in the xy plane, and that the shortest points
between disclinations are along the z axis. We also assume the
rotation vectors are Ql = —flg = 2, as sketched in Fig. 2(a).
Finally, we assume the director structure around a single iso-
lated disclination is given by

il = cos X + sin 6y, (C1)

where 6 is given by Eq. (12).

Following the methods of Ref. [35], we use the kinematic

equation for the velocity of a disclination line,
tx (2 g)

vV=2—— ,

C2
D (C2)

r=R

where t is the tangent vector of the disclination, g,x =
€90 Qua Ok Ove 18 related to the topological current, D,; =
&y ikt Ok Qua9¢Quy, and we have assumed summation on
repeated indices and simplified notation so that 9y = 9/0x;.
Note that these quantities need only be computed at the loca-
tion of the disclination core, r = R.

The Q-tensor dynamics are

14 8t Q;ux = 2Ll 8k 8k Qua

2
+ L |:aozaka.k + 0,0k Ok — §5w3£3kQ5ki|-
(C3)

Upon substituting Eq. (C3) into Eq. (C2), we find that the
last term of Eq. (C3) does not contribute to disclination
motion, while the first two L, terms give the same contribu-
tion, so it suffices to simplify and consider only y 9,0, =
2L10;0;Qpua + 2L50,0¢ Q- Given the new director structure
of Eq. (12), the linear core approximation for Q is

1 1, €2 . ..
0 ~ Sy —I——Z®Z+L(X®x—y®y)
6 2 2a

X
+—(f&®§’+§’®ﬁ):|, (C4)

2a
where Sy is the magnitude of Q in the nematic phase and a
is the disclination core radius. Substituting this into Egs. (C3)
and (C2) and taking into account the rotation of the director
caused by the other disclination line, the velocity of the first
disclination line along the y axis is

2Ly + Ly)ocos ¥, 2Liyesinyr
Ul()’): ) 2 i 2 z— ) 2 a2 X. (CS)
£6% + y? sin“ £6% + y? sin“

A similar equation may be derived for the velocity of the
other disclination, v;. To obtain equations of motion for § and
Y, we use the identities

ds
— =1Z-(v2(0) — v1(0)),

7 (Co)

R d R
B+ L, 7

y=0

1 _

y y:() y
leading to Eqgs. (16) and (17).

023284-8



APPROACH AND ROTATION OF RECONNECTING ...

PHYSICAL REVIEW RESEARCH 6, 023284 (2024)

[1] P. M. Chaikin and T. C. Lubensky, Principles of Condensed
Matter Physics (Cambridge University Press, Cambridge,
2000).

[2] M. Nakahara, Geometry, Topology and Physics, 2nd ed. (Taylor
& Francis, Boca Raton, 2003).

[3] S. Chandrasekhar, Liquid Crystals, 2nd ed. (Cambridge Univer-
sity Press, Cambridge, 1992).

[4] P. G. de Gennes and J. Prost, The Physics of Liquid Crys-
tals, 2nd ed., International Series of Monographs on Physics,
Vol. 83 (Oxford University Press, New York, 1995).

[5] W. H. Zurek, Cosmological experiments in condensed matter
systems, Phys. Rep. 276, 177 (1996).

[6] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and Other
Topological Defects, revised ed. (Cambridge University Press,
Cambridge, 2000).

[7] A. Doostmohammadi, J. Ignés-Mullol, J. M. Yeomans, and F.
Sagués, Active nematics, Nat. Commun. 9, 3246 (2018).

[8] A. Doostmohammadi and B. Ladoux, Physics of liquid crystals
in cell biology, Trends Cell Biol. 32, 140 (2022).

[9] G. P. Bewley, M. S. Paoletti, K. R. Sreenivasan, and D. P.
Lathrop, Characterization of reconnecting vortices in superfluid
helium, Proc. Natl. Acad. Sci. USA 105, 13707 (2008).

[10] M. S. Paoletti, M. E. Fisher, K. R. Sreenivasan, and D. P.
Lathrop, Velocity statistics distinguish quantum turbulence
from classical turbulence, Phys. Rev. Lett. 101, 154501 (2008).

[11] M. S. Paoletti, M. E. Fisher, and D. P. Lathrop, Reconnection
dynamics for quantized vortices, Physica D 239, 1367 (2010).

[12] E. Fonda, D. P. Meichle, N. T. Ouellette, S. Hormoz, and
D. P. Lathrop, Direct observation of Kelvin waves excited by
quantized vortex reconnection, Proc. Natl. Acad. Sci. USA 111,
4707 (2014).

[13] Y. Minowa, S. Aoyagi, S. Inui, T. Nakagawa, G. Asaka, M.
Tsubota, and M. Ashida, Visualization of quantized vortex re-
connection enabled by laser ablation, Sci. Adv. 8, eabn1143
(2022).

[14] S. Serafini, M. Barbiero, M. Debortoli, S. Donadello, F.
Larcher, F. Dalfovo, G. Lamporesi, and G. Ferrari, Dynamics
and interaction of vortex lines in an elongated Bose-Einstein
condensate, Phys. Rev. Lett. 115, 170402 (2015).

[15] S. Serafini, L. Galantucci, E. Iseni, T. Bienaimé, R. N. Bisset,
C. F. Barenghi, F. Dalfovo, G. Lamporesi, and G. Ferrari, Vortex
reconnections and rebounds in trapped atomic Bose-Einstein
condensates, Phys. Rev. X 7, 021031 (2017).

[16] I. Chuang, R. Durrer, N. Turok, and B. Yurke, Cosmology in
the laboratory: Defect dynamics in liquid crystals, Science 251,
1336 (1991).

[17] Y. Zushi and K. A. Takeuchi, Scaling and spontaneous symme-
try restoring of topological defect dynamics in liquid crystal,
Proc. Natl. Acad. Sci. USA 119, 2207349119 (2022).

[18] I. MusSevi¢, Nematic liquid-crystal colloids, Materials 11, 24
(2018).

[19] I. I. Smalyukh, B. I. Senyuk, S. V. Shiyanovskii, O. D.
Lavrentovich, A. N. Kuzmin, A. V. Kachynski, and P. N. Prasad,
Optical trapping, manipulation, and 3D imaging of disclinations
in liquid crystals and measurement of their line tension, Mol.
Cryst. Liq. Cryst. 450, 79 (20006).

[20] J. Jiang, X. Wang, O. 1. Akomolafe, W. Tang, Z. Asilehan,
K. Ranabhat, R. Zhang, and C. Peng, Collective transport and
reconfigurable assembly of nematic colloids by light-driven

cooperative molecular reorientations, Proc. Natl. Acad. Sci.
USA 120, €2221718120 (2023).

[21] X. Wang, J. Jiang, J. Chen, Z. Asilehan, W. Tang, C. Peng, and
R. Zhang, Moiré effect enables versatile design of topological
defects in nematic liquid crystals, Nat. Commun. 15, 1655
(2024).

[22] C. Meng, J.-S. Wu, and I. I. Smalyukh, Topological steering of
light by nematic vortices and analogy to cosmic strings, Nat.
Mater. 22, 64 (2023).

[23] X. Wang, D. S. Miller, E. Bukusoglu, J. J. de Pablo, and N. L.
Abbott, Topological defects in liquid crystals as templates for
molecular self-assembly, Nat. Mater. 15, 106 (2016).

[24] T. Ohzono, K. Katoh, and J.-I. Fukuda, Fluorescence mi-
croscopy reveals molecular localisation at line defects in
nematic liquid crystals, Sci. Rep. 6, 36477 (2016).

[25] B. S. Murray, R. A. Pelcovits, and C. Rosenblatt, Creating
arbitrary arrays of two-dimensional topological defects, Phys.
Rev. E 90, 052501 (2014).

[26] H. Yoshida, K. Asakura, J. Fukuda, and M. Ozaki, Three-
dimensional positioning and control of colloidal objects
utilizing engineered liquid crystalline defect networks, Nat.
Commun. 6, 7180 (2015).

[27] J. Jiang, K. Ranabhat, X. Wang, H. Rich, R. Zhang, and C. Peng,
Active transformations of topological structures in light-driven
nematic disclination networks, Proc. Natl. Acad. Sci. USA 119,
€2122226119 (2022).

[28] C. Long, M. J. Deutsch, J. Angelo, C. Culbreath, H. Yokoyama,
J. V. Selinger, and R. L. B. Selinger, Frank-read mecha-
nism in nematic liquid crystals, Phys. Rev. X 14, 011044
(2024).

[29] T. B. Saw, A. Doostmohammadi, V. Nier, L. Kocgozlu, S.
Thampi, Y. Toyama, P. Marcq, C. T. Lim, J. M. Yeomans, and
B. Ladoux, Topological defects in epithelia govern cell death
and extrusion, Nature (London) 544, 212 (2017).

[30] K. Copenhagen, R. Alert, N. S. Wingreen, and J. W. Shaevitz,
Topological defects promote layer formation in Myxococcus
Xanthus colonies, Nat. Phys. 17, 211 (2021).

[31] T. Shimaya and K. A. Takeuchi, Tilt-induced polar order and
topological defects in growing bacterial populations, PNAS
Nexus 1, pgac269 (2022).

[32] Y. Maroudas-Sacks, L. Garion, L. Shani-Zerbib, A. Livshits, E.
Braun, and K. Keren, Topological defects in the nematic order
of actin fibres as organization centres of Hydra morphogenesis,
Nat. Phys. 17, 251 (2021).

[33] C. Long, X. Tang, R. L. Selinger, and J. V. Selinger, Geometry
and mechanics of disclination lines in 3D nematic liquid crys-
tals, Soft Matter 17, 2265 (2021).

[34] C.D. Schimming and J. Vifials, Singularity identification for the
characterization of topology, geometry, and motion of nematic
disclination lines, Soft Matter 18, 2234 (2022).

[35] C. D. Schimming and J. Vifals, Kinematics and dynamics of
disclination lines in three-dimensional nematics, Proc. R. Soc.
A 479, 20230042 (2023).

[36] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevResearch.6.023284 for videos 1-4, which
show fluorescence observation of intersecting reconnections.
Videos 1 and 2 show the event displayed in Fig. 1(c), from
the top and side, respectively. Videos 3 and 4 show another
reconnection event, again from the top and side, respectively.

023284-9


https://doi.org/10.1016/S0370-1573(96)00009-9
https://doi.org/10.1038/s41467-018-05666-8
https://doi.org/10.1016/j.tcb.2021.09.012
https://doi.org/10.1073/pnas.0806002105
https://doi.org/10.1103/PhysRevLett.101.154501
https://doi.org/10.1016/j.physd.2009.03.006
https://doi.org/10.1073/pnas.1312536110
https://doi.org/10.1126/sciadv.abn1143
https://doi.org/10.1103/PhysRevLett.115.170402
https://doi.org/10.1103/PhysRevX.7.021031
https://doi.org/10.1126/science.251.4999.1336
https://doi.org/10.1073/pnas.2207349119
https://doi.org/10.3390/ma11010024
https://doi.org/10.1080/15421400600587787
https://doi.org/10.1073/pnas.2221718120
https://doi.org/10.1038/s41467-024-45529-z
https://doi.org/10.1038/s41563-022-01414-y
https://doi.org/10.1038/nmat4421
https://doi.org/10.1038/srep36477
https://doi.org/10.1103/PhysRevE.90.052501
https://doi.org/10.1038/ncomms8180
https://doi.org/10.1073/pnas.2122226119
https://doi.org/10.1103/PhysRevX.14.011044
https://doi.org/10.1038/nature21718
https://doi.org/10.1038/s41567-020-01056-4
https://doi.org/10.1093/pnasnexus/pgac269
https://doi.org/10.1038/s41567-020-01083-1
https://doi.org/10.1039/D0SM01899F
https://doi.org/10.1039/D1SM01584B
https://doi.org/10.1098/rspa.2023.0042
http://link.aps.org/supplemental/10.1103/PhysRevResearch.6.023284

ZUSHI, SCHIMMING, AND TAKEUCHI

PHYSICAL REVIEW RESEARCH 6, 023284 (2024)

[37] S. Kai and W. Zimmermann, Pattern dynamics in the electro-
hydrodynamics of nematic liquid crystals, Prog. Theor. Phys.
Suppl. 99, 458 (1989).

[38] M. Kass, A. Witkin, and D. Terzopoulos, Snakes: Active con-
tour models, Int. J. Comput. Vis. 1, 321 (1988).

[39] A. Villois, D. Proment, and G. Krstulovic, Universal and
nonuniversal aspects of vortex reconnections in superfluids,
Phys. Rev. Fluids 2, 044701 (2017).

[40] J. Geurst, A. Spruijt, and C. Gerritsma, Dynamics of s = 1/2
disclinations in twisted nematics, J. Phys. France 36, 653
(1975).

[41] J. M. Ball and A. Majumdar, Nematic liquid crystals: From
Maier-Saupe to a continuum theory, Mol. Cryst. Liq. Cryst. 525,
1 (2010).

[42] S. W. Walker, Felicity: A Matlab/C + + toolbox for developing
finite element methods and simulation modeling, SIAM J. Sci.
Comput. 40, C234 (2018).

[43] Y. Notay, An aggregation-based algebraic multigrid method,
Electron. Trans. Numer. Anal. 37, 123 (2010).

[44] A. Napov and Y. Notay, Algebraic analysis of aggregation-
based multigrid, Numer. Linear Algebra Appl. 18, 539
(2011).

[45] A. Napov and Y. Notay, An algebraic multigrid method with
guaranteed convergence rate, SIAM J. Sci. Comput. 34, A1079
(2012).

[46] Y. Notay, Aggregation-based algebraic multigrid for
convection-diffusion equations, SIAM J. Sci. Comput. 34,
A2288 (2012).

[47] C. D. Schimming, J. Vifals, and S. W. Walker, Numerical
method for the equilibrium configurations of a Maier-Saupe
bulk potential in a Q-tensor model of an anisotropic nematic
liquid crystal, J. Comput. Phys. 441, 110441 (2021).

[48] M. Osipov and S. Hess, The elastic constants of nematic and
nematic discotic liquid crystals with perfect local orientational
order, Mol. Phys. 78, 1191 (1993).

[49] 1. Smalyukh, S. Shiyanovskii, and O. Lavrentovich, Three-
dimensional imaging of orientational order by fluorescence
confocal polarizing microscopy, Chem. Phys. Lett. 336, 88
(2001).

[50] O. D. Lavrentovich, Fluorescence confocal polarizing mi-
croscopy: Three-dimensional imaging of the director, Pramana
J. Phys. 61, 373 (2003).

[51] T. Lee, R. P. Trivedi, and I. I. Smalyukh, Multimodal nonlinear
optical polarizing microscopy of long-range molecular order in
liquid crystals, Opt. Lett. 35, 3447 (2010).

[52] R. P. Trivedi, L. I. Klevets, B. Senyuk, T. Lee, and I. I. Smalyukh,
Reconfigurable interactions and three-dimensional patterning
of colloidal particles and defects in lamellar soft media, Proc.
Natl. Acad. Sci. USA 109, 4744 (2012).

[53] P.J. Ackerman and I. I. Smalyukh, Reversal of helicoidal twist
handedness near point defects of confined chiral liquid crystals,
Phys. Rev. E 93, 052702 (2016).

[54] S. Shin, J. Eun, S. S. Lee, C. Lee, H. Hugonnet, D. K. Yoon,
S.-H. Kim, J. Jeong, and Y. Park, Tomographic measurement
of dielectric tensors at optical frequency, Nat. Mater. 21, 317
(2022).

023284-10


https://doi.org/10.1143/PTPS.99.458
https://doi.org/10.1007/BF00133570
https://doi.org/10.1103/PhysRevFluids.2.044701
https://doi.org/10.1051/jphys:01975003607-8065300
https://doi.org/10.1080/15421401003795555
https://doi.org/10.1137/17M1128745
https://etna.ricam.oeaw.ac.at/volumes/2001-2010/vol37/abstract.php?vol=37&pages=123-146
https://doi.org/10.1002/nla.741
https://doi.org/10.1137/100818509
https://doi.org/10.1137/110835347
https://doi.org/10.1016/j.jcp.2021.110441
https://doi.org/10.1080/00268979300100781
https://doi.org/10.1016/S0009-2614(00)01471-8
https://doi.org/10.1007/BF02708317
https://doi.org/10.1364/OL.35.003447
https://doi.org/10.1073/pnas.1119118109
https://doi.org/10.1103/PhysRevE.93.052702
https://doi.org/10.1038/s41563-022-01202-8

