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Controlling the orbital Hall effect in gapped bilayer graphene in the terahertz regime
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We study the orbital Hall effect (OHE) in the AC regime using bilayer graphene (BLG) as a prototypical
material platform. While the unbiased BLG has gapless electronic spectra, applying a perpendicular electric
field creates an energy band gap that can be continuously tuned from zero to high values. By exploiting this
flexibility, we demonstrate the ability to control the behavior of AC orbital Hall conductivity. Particularly, we
demonstrate that the orbital Hall conductivity at the neutrality point changes its signal at a critical frequency,
the value of which is proportional to the perpendicular electric field. For BLG with narrow band gaps, the
active frequency region for the AC OHE may extend to a few terahertz, which is experimentally accessible with
current technologies. We also consider the introduction of a perpendicular magnetic field in the weak-coupling
regime using first-order perturbation theory to illustrate how the breaking of time-reversal symmetry enables
the emergence of the AC charge Hall effect in the charge-doped situation and modifies the AC orbital Hall
conductivity. Our calculations suggest that BLG with narrow band gaps is a practical candidate for investigating

time-dependent orbital angular momentum transport.
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I. INTRODUCTION

In recent years, there has been a growing interest in the
electronic transport of orbital angular momentum (OAM) in
materials. Orbital currents can be generated in low spin-
orbit-coupled materials through electric means, thanks to the
phenomenon of the orbital Hall effect (OHE). This effect
was predicted almost 20 years ago [1], but only recently was
directly probed in Ti and other light metals [2—4]. This has
unlocked the potential to utilize the OAM of electrons for
information processing in devices and has given rise to the
emerging field of orbitronics [5-24].

The physics of OAM has also drawn the attention of the
two-dimensional (2D) materials community [25-42]. Some
of these materials exhibit nontrivial orbital textures that are
responsible for the OHE at the intra-atomic level [7,40—
42], and they were also predicted to host the orbital Hall
insulating phase [43—45]. These insulating phases exhibit
intriguing topological characteristics. In certain systems, it
can be indexed by the orbital Chern number topological in-
variant [46,47] and has also been recently associated with
high-order topology [48,49]. One of the appealing aspects of
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2D materials is the ability to control their electronic band
structure through external perturbations. In this context, bi-
layer graphene (BLG) stands out from the other systems due
to its seamless synthesis and integration in a variety of sub-
strates and the easy tunability of its band structure [50,51].
Indeed, the unbiased BLG exhibits gapless electronic spectra,
with conduction and valence bands touching each other at
the Dirac points. The application of an electric field perpen-
dicular to the BLG opens a band gap at these points, which
can be continuously tuned from zero up to ~250 meV [50].
This alters the spectral dispersion of electrons, making it a
practical material platform for exploring the properties as-
sociated with the quantum geometry of Bloch states across
the Brillouin zone. The geometrical properties of electrons
encoded in Berry curvature, which strongly depend upon the
energy gaps, have indeed been investigated to attain a high
photo-induced Hall effect in BLG with narrow band gaps
[52,53]. The electrons in BLG exhibit p, orbital character and,
consequently, do not possess intra-atomic OAM. However, a
finite OAM contribution can arise from the intersite movement
of electrons [54,55], leading to the OHE [56]. The primary
contribution to intersite OAM and the OHE in BLG comes
from Bloch states near the valleys of the Brillouin zone. Then,
the BLG system may offer an avenue to shed light on the
recent debate concerning the mechanism of orbital transport
in Dirac systems [56,57], which is also characterized by its
dependence on the band gap.

The response of materials at nonzero frequencies (AC
regime) can offer a deeper understanding of the mecha-
nisms involved in electronic transport. This approach has been
employed as a method to explore spintronic phenomena in
both theoretical and experimental research [58,59]. Numerous
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calculations on the spin Hall effect at finite frequencies have
been reported [60-64], thereby exploring the potential appli-
cations of spintronics in ultrafast regimes. Additionally, the
advancement of laser physics has the potential to pave the
way for innovative techniques to investigate the responses of
materials in broad frequency ranges. It has inspired recent re-
search in time-dependent spin and orbital dynamics [65-68].
For example, it has been demonstrated that the picture of
the steady OHE can be extended to the ultrafast regime, ac-
companied by a reduction in the coherence of the physical
quantities involved when reaching the femtosecond scale [69].
On the picosecond timescale, achieved through the use of
terahertz radiation, the approach based on conductivity ten-
sors accurately describes transport properties in the frequency
domain. The relevance of understanding the OHE at nonzero
frequencies increases when considering recent experiments
that demonstrate the generation of terahertz emission signals
related to electronic OAM transport [70-73].

Here we explore the OHE in BLG in the AC regime. We
demonstrate that it is possible to manipulate the behavior
of orbital Hall conductivity (OHC) in the frequency domain
by adjusting the intensity of the perpendicular electric field
applied in the bilayer. In particular, we show that the real
part of OHC undergoes a sign reversal at a critical frequency,
proportional to the applied perpendicular electric field. This
critical frequency can be reduced to a few THz in the case
of narrow band gaps. Additionally, we consider the effects
of a weak external magnetic field on electronic transport.
We demonstrate that the breaking of time-reversal symmetry
induces an AC charge Hall effect in the charge-doped system.
It also modifies the profile of the OHC for Fermi energy near
the band edges.

II. GAPPED BILAYER GRAPHENE MODEL

The intersite OAM of BLG concentrates on Bloch states
near the valleys of the Brillouin zone. In the low-energy limit,
we use the tight-binding (TB) basis of the Hamiltonian of
BLG with Bernal stacking in the valley K = 2(47)/(3v/3a)
as BBL(K) = {A,, By, Ap, B}, and in the valley K' = —K as
BAE(K') = {By, Ay, By, Ap}. A and B refer to the sublattices of
the honeycomb arrangement, and subscripts u and b refer to
the upper and bottom layers of the BLG system. In this basis,
one writes the low-energy Hamiltonian as [74]
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where y4 = hvt(g, £ig,) with q; =k —7K and » =
3at/(2h) with a = 1.42 A, and the renormalized nearest-
neighbor hopping amplitude 7 = 3.16 eV. For the isolated
BLG, the interlayer hopping is 7, = 0.38 eV. t is the quantum
number associated with the valley degree of freedom and
assumes values 7 = %1 for valleys K and K’, respectively.
The term A produces an asymmetry in the on-site energy of
each layer, modeling the effect of a perpendicularly applied
electric field or the interaction of the BLG with a substrate.
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FIG. 1. (a) The electronic spectrum of BLG near the valleys
[Eq. (1)]. (b) The OAM of Bloch states [diagonal matrix elements of
Eq. (AS) multiplied by —7%/(g. )] for the conduction [(1, ¢); (2, ¢)]
and valence [(1, v); (2, v)] bands. Here, for illustrative purposes, we
used a large band gap A = 0.1 eV. (c) Berry curvature [Eq. (7) with
B =0 and /iw = 0] and (d) orbital Berry curvature [Eq. (3) with
hw = 0] of Bloch bands. The left (right) panels show the results for
valley K (K').

When A = 0, the electronic spectrum of BLG is gapless.
The finite value of A opens a band gap at the Dirac point,
as illustrated in Fig. 1(a). It also breaks spatial inversion
symmetry, endowing the Bloch bands with finite orbital mag-
netic moment [Fig. 1(b)] and Berry curvature [Fig. 1(c)]. The
interplay between the valley degrees of freedom, nontrivial
Berry curvature, and the orbital magnetic moment has been
extensively investigated in the context of valleytronics. One
may also define an orbital Berry curvature associated with
the OHE [Fig. 1(d)]. In the following, we use linear-response
theory to examine the OHE in the BLG model described above
under the influence of an AC driving field. We evaluate our
calculations numerically since the strong interlayer coupling
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in BLG and the need for flexibility in the variation of param-
eter A from zero to high values forbid perturbative expansion
as done in Ref. [47].

III. AC ORBITAL HALL EFFECT

We consider the gapped BLG system subjected to a nor-
mally incident harmonic plane wave polarized along the x

field can be calculated within linear-response theory using
the Kubo formula. The oscillating transverse orbital current
generated by the AC electric field is JyL“ (w) = ooa(w)éx(w),
where the AC OHC ooy (w) = crgH(a)) + io(’,H(a)) is given by
[60,64]

ogﬁl(w)—eZZ/(z 7 Qe (G, 0)O(Ep — Eyq,).

n t==%l1

direction, with electromagnetic field &, (w) [54], as illustrated (2)
in Fig. 2. The response quantities to this oscillating electric with
|
Qo ( T, ) 1 Un.q, | D u U, | JE* u
2t q —-Z{ }[ << | 20 [t i | (30 | n.q,>+(nem))} 3
m#n (En,qr - Em,qr) (En,qr —Eng, +ho+ ”7)

where E, ) q, is the energy of Bloch state with periodic part
tn(my.q,) and Dy (qr) = i dHpL(q,)/dqy(y) is the velocity
operator. 1 is a small phenomenological relaxation rate that
accounts for dissipative effects in the bilayer. In Eq. (2) and
throughout this paper, we employ the zero-temperature limit
of the Fermi-Dirac distribution given by a Heaviside function:
Seo(ER, E,q,) = O(EF — E, ¢,). In Eq. (3), the OAM cur-
rent operator is Jy*(qr) = [L:(qr)dy(qr) + Dy(qr)Lo(qr)]/2.
Here, we follow Refs. [47,56] and describe the OAM operator
as L.(q;) = —(ﬁ//LBgL)[ﬁ']Z’:b, where g; =1 is the Landé g
factor and pup = efi/2m, is the atomic Bohr magneton in terms
of the electron’s rest mass m,. The construction of the orbital
magnetic moment operator [ﬁ]i’l’:b in the tight-binding basis is
detailed in the Appendix. The OHC can be finite even in a
system that preserves both spatial inversion and time-reversal
symmetry [46,47]. In nonzero frequencies, the AC OHC has
areal [ogﬁ(a))] and an imaginary [J(I)H(a))] part. To calculate
o8 (®) [of(w)], one takes Im (—Re) of the quantity inside
the brackets [-] in Eq. (3).

IV. RESULTS

In Fig. 3, we show the real and imaginary parts of the
OHC as a function of Ep/A for two values of A and various

e e
&, (Cd) ijz (w) BLG
/" |
% / |
y

FIG. 2. Schematics of gapped BLG subject to a normal incident
harmonic plane wave polarized along the x direction.

(

frequencies fiw. In the DC regime (/iw = 0), the imaginary
part of OHC vanishes and an orbital Hall insulating plateau in
the real part of OHC is observed when the Fermi energy lies
within the energy band gap of the electronic spectra [36,43—
46]. The height of this DC OHC plateau increases as the band
gap narrows [47,56]. Due to the absence of a Fermi surface,
the OHC in the insulating phase should not be modified by the
effect of dilute disorder [38,75]. In the AC regime (fiw # 0),
the height of the plateau in the real part of OHC changes non-
monotonically with the frequency of the oscillating electric
field hw. Initially, the height of this plateau increases with fw,
reaching a maximum and then starting to decrease. At high
frequencies, the height of the plateau in the real part of OHC
switches its sign. In the case of the imaginary part of OHC, we
observe a plateau that starts from zero, reaches a maximum
value, and then decreases. In contrast to the plateau in the real
part of OHC, the one in the imaginary part does not change its
sign.

The origin of the change in the sign of the real part
of the OHC plateau with frequency 7w can be attributed
to the hat-shaped electronic spectra of the gapped BLG.
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FIG. 3. (a),(b) Real and (c),(d) imaginary parts of OHC as a func-
tion of Ex/A for different values of frequency. We used (a),(c) A =
20 meV and (b),(d) A = 100 meV. Here, we set n = 4 meV.
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FIG. 4. Solid lines represent the (a) real and (b) imaginary
parts of the total orbital Berry curvatures of the valence band
QMl(w, q.) = D onein Qg/é’n.v(a), q.) calculated for different fre-
quency values, for valley K. Dashed lines represent the functions
@, q0) = 3,21 (L (@) 2 (@, q.)/ () summed over
valence-band states, for valley K. The results are the same for valley
K’. Here we set A = 100 meV and n = 4 meV.

Due to this peculiar ele(itronic spectrum, the e§pected value
of the OAM Opefator: (Lz(qr ))n,c(v) = <un,c(v)|Lz(qr)|un,c(v)>’
associated with the Bloch state |u,=i .,)) changes its sign
when the modulus of crystal momenta relative to valleys |q.|
varies from zero to large values. Specifically, at valley K,
(L.(q; 1.y is positive for small |q.| values and becomes
negative for large |q.| values after passing through a sign
inversion [see Fig. 1(b)]. The opposite occurs at valley K'.
The expectation value of the OAM operator influences the
orbital Berry curvature. It was demonstrated in Ref. [56]
that the orbital Berry curvature of monolayer graphene for
fiw = 0 is related to the expected value of the OAM operator
and the electronic Berry curvature through a mathematical
relation QU5 (q.) = L.(q,)Q}F(q,)/(fir). One can numeri-
cally verify that a similar relation is approximately fulfilled
in the case of gapped BLG in the AC regime. We define the
orbital Berry curvature of the valence band of gapped BLG
as Qg/};(a), Q)= 12 Qg/Hl,n’v(a), q.), represented by solid
lines for different values of /iw in Fig. 4. The dashed lines
in Fig. 4 represent the plot of the function f*(w,q,) =
St L@ 2L (@, 40)/ (), where Q! (@, q.) is
the AC electronic Berry curvature defined in next section [see
Eq. (7)]. Upon inspecting the results in Fig. 4, one notices that
Qg/é (0, q;) ~ fR(w, q,), thus establishing a connection be-
tween QFF and (£, (q.)). The function Q& spreads across a
relatively large region of crystalline momentum [Fig. 4(a)].
At small frequencies fiw, QF; is dominated by optical transi-
tions between Bloch states at small values of |q.|, for which
(L.(qr)) > 0atK and (£.(q;)) < 0at K'. At high frequencies
fiw, Q8 is dominated by optical transitions between Bloch
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FIG. 5. (a)Real and (b) imaginary parts of AC OHC as a function
of hw/A at Er = 0 for different values of A. (c) The critical value of
hw./A [circles in (a)] in which the real part of OHC changes its sign
as a function of A. The color code for different values of A used in
the figure can be identified in (c). Here, we used n = 4 meV.

states at high values of |q;|, for which (L,(qr)) < 0at K and
(L.(q;)) > 0 at K'. This leads to a change in the signs of the
Q8 and in the real part of the OHC plateau as fiw increases.
The imaginary part of the AC orbital Berry curvature Q5
[Fig. 4(b)] is a negative peaked function around a given crystal
momentum +¢*(w) and maintains its sign throughout varia-
tions in frequency. The imaginary part of conductivity o (@)
does not change its sign with frequency, but is related to the
real of;(w) part by causality constraints (Kramers-Kronig
relations).

In Fig. 5(a), we depict the behavior of the height of plateaus
in the real part of AC OHC with iw/A for various values
of parameter A [see Fig. 5(c) for correspondence of the
colors with A]. The switch in the sign of plateaus in the
real parts of OHC occurs at critical values fiw./A, which
depend on A [Fig. 5(c)] and are represented by circles in
Fig. 5(a). To complement the results of Fig. 5, we show in
Fig. 6 how the height of the real part of the DC OHC plateau
and the critical frequency f., in units of THz, vary with
the value of A. Notably, the behavior of critical frequency
f. varies linearly with A, i.e., it increases linearly with the
layer asymmetry energy generated by electric bias. To con-
nect the bilayer asymmetry energy A with the displacement
field D controlled in experiments, we employ the electro-
static model developed in Refs. [35,76]. In this model, one
has A ~ edyD/¢ey + Aty (n, — np)/np, where the second term
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FIG. 6. Height of DC orbital Hall conductivity plateau |oog(0)|
and critical frequency f,. in THz as a function of A. Here, we used
n =4 meV. The red scale on the upper axis corresponds to the
intensity of the displacement field associated with each value of layer

asymmetry energy A obtained using the electrostatic model from
Refs. [35,76] for Eg = 0.

accounts for electrostatic screening effects. In these expres-
sions, dy = 3.35 A is the interlayer distance of BLG, and
n, and n, are the excess of carriers induced in the upper
and bottom layers. A =~ 1 is the dimensionless screening pa-
rameter and ng is a constant with dimension of density. At
Er = 0, one obtains np,/ng ~ £[A /(4 )] In(4t, /|A]) [76].
With these expressions, we can calculate the displacement
field required in an experimental setup to generate the asym-
metry energy A, with the field intensities depicted along the
upper red axis in Fig. 6. For A € [20 — 100] meV, one de-
mands D/gy € [0.19 — 0.70] V/nm, which are typical values
obtained in experiments [77]. The critical frequency follows
a linear behavior with the displacement field, f. = yD. Using
the data from Fig. 6(b), one obtains a fit for the numerical co-
efficient y = (40.5 £ 0.3) THz nm/V. This demonstrates how
one can adjust the behavior of OHC in the frequency domain
in BLG using a tuning parameter that is easy to implement in
experiments.

Analogously, in Fig. 5(b), we depict the behavior of the
height of plateaus in the imaginary part of AC OHC with
hw/A for various values of parameter A. As mentioned ear-
lier, in contrast to the real part, the imaginary part of the

J

OHC plateau maintains the negative sign throughout the en-
tire frequency domain. Furthermore, as we mentioned before,
the real and imaginary parts of OHC are connected through
causality constraints. One may notice that the general trend
imposed by these constraints is followed by the results re-
ported in Fig. 5. See, for comparison, optical Hall conductivity
in Ref. [78].

V. EFFECT OF WEAK MAGNETIC FIELD

The time-reversal symmetry imposes constraints on the
transport properties of the BLG. To complement our study
in a situation where time-reversal symmetry is broken, we
consider the introduction of a weak magnetic field perpendic-
ular to the BLG, B = BZ. In the regime of a weak magnetic
field, where Landau levels have not yet formed (for graphene,
B < 1.5T [79]), one can incorporate its effects through pertur-
bation theory [80-82]. The correction to the electron’s energy
in the first order of the magnetic field is given by

B
En,qr

“

=Eyq —B- <”"qqr HAT]Z’:?BL |“n,qr>'

The construction of the matrix [ﬁ\fl’:bBL is explained in detail in
the Appendix. The correction in the periodic part of the Bloch

states is
|

&)

where N is a normalization constant, ie., AN[|v)] =
((v|v))~""?|v). Equations (4) and (5) encode the first-
order perturbation theory in the external magnetic field.
Higher-order perturbation theory was conducted in Ref. [81],
revealing that for magnetic field intensities stronger than the
one used in the present work, corrections to the electronic
density of states [83] may be important. However, for the
weak magnetic field intensities employed here, these cor-
rections do not play a significant role. To incorporate the
influence of the magnetic field on orbital Berry curvatures and
conductivity, we perform the substitution E, 4, — E,f q and
litn.q,) = ul ) on Egs. (2) and (3).

The breaking of time-reversal symmetry allows for the
occurrence of a finite AC charge Hall effect governed by
Jy(@) = ou(w)Ex(w). The AC Hall conductivity in the pres-
ence of a finite magnetic field is given by oy(w) = 6{_}’ (w) +
iof(w), where [62]

2 d2
o @=5 Y [ Sl o - £,

B

(1m.q. | T, 1)
5 _B'Z m.q: | Mg, BL |Un.q.

m#n (E”’qf - Equr)

|u

> = N|: |tn.q.)

and

Do) [uh o ) (U o | By(ae) [l o)

Qfl/fl(qta w) _ lZ { Im }|: 1 ((MS,QT
2h2 2 m#n —Re (EVE% - EnB;’qf)

Similar to what is done for AC OHC in the presence
of a perpendicular magnetic field, one employs first-order

7
(EB _Erﬁ,qf +ha)+in) ™

n,q:

n t=%l
+ (n < m)>:|
(

perturbation theory to correct energy and vectors in the cal-
culation of AC Hall conductivity in Egs. (6) and (7).

023271-5



CYSNE, KORT-KAMP, AND RAPPOPORT

PHYSICAL REVIEW RESEARCH 6, 023271 (2024)

Energy (meV)
)

=B=0.0T K :
—B~0.6T W
_5|=B=1.2T

-0.02 0.0 0.00 0.01 0.02-0.02 —0.01 0.00 0.01 0.02
q.a q.a

FIG. 7. The impact of a weak magnetic field on the top of the
valence band (1, v) and on the bottom of the conduction band (1, ¢)
in BLG with a band gap A = 10 meV. The dashed green line (at
4.8 meV) and the dot-dashed purple line (at 5.5 meV) are the Fermi
energy values discussed in the text.

The influence of the weak magnetic field in Eqgs. (4) and
(5) is directly proportional to the matrix [rAnfl’:],’BL and becomes
more pronounced for narrower band gaps A. In this section,
we explore the case of A = 10 meV. In Fig. 7, we depict the
electronic spectra near the band edges of BLG [states (1, ¢)
and (1, v) of Fig. 1(a)] for various values of B. Due to the
break in time-reversal symmetry, the energy branches at valley
K are no longer degenerate with those at valley K’ for B # 0.
The distortion in the energy spectra alters the Fermi-Dirac dis-
tributions ®(Er — E,f q.) in Egs. (2) and (6), representing the
primary quantitative effect of the magnetic field. This results
in significant changes in the transport properties when the
Fermi energy is positioned near the band edges, as indicated
by the purple and green lines in Fig. 7.

In Fig. 8(a), we show the real part of the AC OHC as
a function of Fermi energy for A = 10 meV and different

—_
3
Q
o hwo=0meV
|- o= = hw=0meV
I—l_ 3 » ' i
= 250 A ! - fui=8me:/ ! = hw=8meV
z X Z{u:;gmcv ) = hw=16meV
5 w=27me fw=2TmeV
R 1
_s00@ Ton ||(b) Ton
A=10meV = ho=0meV || A =10 meV = ho=meV
—  hw=8meV — hw=8meV
0.5 — fw=16meV = hw=16meV

hw=2TmeV

hw=2TmeV

Er/A Er/A

FIG. 8. (a) Real and (b) imaginary parts of OHC as a function of
Er/A for different values of frequency. (c) Real and (d) imaginary
parts of charge Hall conductivity as a function of Er/A for different
values of frequency. We used A = 10 meV and set = 2 meV. Solid
(dashed) lines show the results for an applied magnetic field B =
12T B=0T).

#B=0.0T ®WB=0.2T m] 47T mB=0.6T
mB=0.8T mB=1.0T mB=1.2T

oby le/2x)

ok /]

o€ /h)

fiw/A

FIG. 9. (a) Real and (b) imaginary parts of the AC OHC
as functions of /iw/A for various values of the magnetic field.
(c),(d) Analogous results, but for AC Hall conductivity. Solid curves
represent the results for £ = 5.5 meV and the dashed curves rep-
resent the results for Ex = 4.8 meV. Here, we set A = 10 meV and
n =2 meV.

values of frequency. The solid curve represents the results
in the presence of an external magnetic field B = 1.2 T, and
the dashed curves represent the results in the absence of a
magnetic field B = 0.0 T. In Fig. 8(b), we show analogous
results, but for the imaginary part of the AC OHC. The OHC
is affected by the magnetic field only in the metallic regime
when the Fermi energy is located close to the band edges.
When the Fermi energy lies inside the insulating band gap,
the height of the OHC plateau is not modified by the presence
of the magnetic field. In Figs. 8(c) and 8(d), we present the
results of the charge Hall conductivity. One notices that the
gapped BLG under the influence of an external magnetic field
has a finite AC charge Hall conductivity when the Fermi
energy crosses electronic bands.

In Fig. 9, we show the behavior of orbital and charge AC
Hall conductivities in the presence of weak magnetic fields
for two different values of Fermi energy close to the bottom
of the conduction band (dashed green and dot-dashed purple
lines in Fig. 7). The magnetic field modifies the OHC through
the entire frequency range when the Fermi energy crosses the
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energy bands, i.e., out of the charge neutrality (metallic) situ-
ation [Figs. 9(a) and 9(b)]. As discussed above, the magnetic
field does not influence the height of the OHC plateaus when
Er is situated within the band gap. Furthermore, the magnetic
field allows op/'(w) # 0 in Eq. (6) and then a finite Hall
conductivity appears, as illustrated in Figs. 9(c) and 9(d). In
the metallic BLG in the presence of a magnetic field, both
charge and orbital angular momentum accumulate at the edges
of the sample.

VI. FINAL REMARKS AND CONCLUSION

Our results suggest that an AC orbital Hall current can
be generated in BLG, and its intensity may be controlled by
applying a perpendicular electric field. Recent experiments
in bilayers of metallic thin films have observed the dynamic
generation of orbital currents in ultrafast regimes and their
conversion into charge currents, resulting in the emission
of terahertz radiation [70-72,84]. Furthermore, Refs. [72,84]
observed the terahertz emission signal and attributed it to
the inverse OHE, in analogy to the effect driven by the spin
counterpart [85]. The recent progress in spintronics within the
terahertz regime has sparked numerous experimental and the-
oretical studies on time-dependent spin dynamics [59,63,86—
89]. The results presented here could prove beneficial for the
development of analogous orbitronic counterparts utilizing 2D
materials.

It is worth mentioning that the electrically controllable
band gap of BLG is a pivotal factor in our study. Controlling
the parameter A allows one to alter the intensity and shape
of the orbital Hall conductivity curve across the frequency
domain (see Figs. 5 and 6). In the case of monolayer graphene,
this would not be possible because it does not respond to the
perpendicular electric field. Transition metal dichalcogenides
exhibit a rigid band gap and are only weakly influenced by
this type of perturbation.

We conclude this paper by noting that the results reported
here would be more readily observable in very narrow gaps
(very weak perpendicular electric/displacement field). In such
a situation, the orbital Hall conductivity is enhanced due to
the high curvature in the Bloch bands. Additionally, the rele-
vant frequency range for orbital transport is shifted to slower
regimes, which should be easier to probe. This scenario can
be replicated in experiments, as the current technology allows
for the production of BLG with narrow gaps and its interaction
with light fields [52].
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APPENDIX: THE ORBITAL MAGNETIC MOMENT
OF BLOCH STATES

1. The formalism for an isolated set of Bloch bands

The Bloch states of electrons in solids exhibit an inher-
ent orbital magnetic moment [80,91]. In the case of coupled
Bloch bands, this orbital magnetic moment assumes a non-
Abelian (matricial) structure [92]. This non-Abelian nature
of the orbital magnetic moment is essential for describing
orbital transport in centrosymmetric systems, such as unbi-
ased bilayers of 2H transition metal dichalcogenides [47].
To construct the orbital magnetic moment matrix, we follow
Ref. [92] and consider a subset of Hilbert space of dimension
Neb < dim[A (k)] isolated from the rest of the Hamiltonian’s
energy spectrum by an energy gap. In the case of the BLG
that we are studying here, there are two subsets consisting
of conduction and valence bands separated by an energy gap
proportional to A. The Bloch states inside the subset have
periodic parts represented by |u; k) and energies Ej x, where

n=1,2,..., Ngp. The elements of the orbital magnetic mo-
ment matrix are given by
My (K)
- N E; Eix\-~] =
= iz (Vi x [H(k)—(%)ﬂ] Vit
(AT)

where Vi = £0 [0k, +39/0k, and x represents the cross
product. The Ngyp-dimensional orbital magnetic moment ma-
trix can be cast as [92]

iy (k)
myy (K)

i)

my5(K)

i, (K

Zu
M) Nowo (k)

=3
o
Il

(A2)

mf\"::h,l (k) mlz\}.:hl(k)

st

z,u
mNsub +Nsub (k)

The matrix in Eq. (A2) is written in the basis of Hamilto-
nian’s eigenstates B, = {u;uz;. ..;uy,, }. After obtaining the
above matrix, we proceed by defining a unitary transformation
U(K) : B, — Bw and then applying it to Eq. (A2) in order to
obtain the orbital magnetic moment operator within a tight-
binding basis [47],

me® = 0 k)m 07 (k). (A3)
Following Refs. [47,56], one uses the matrix [ﬁ\fgtb to define
the OAM operator of the electronic Bloch states,

LK) = —(h/upgL)m®™.

In multiorbital systems, this operator includes contributions
from both intersite and intrasite motions of electrons [54,55].
It is employed in the Kubo formula [Eq. (2)] for computing
the OHC.

(A4)

2. Application to gapped bilayer graphene

In the case of the BLG [Eq. (1)], the conduction (c)
and valence (v) bands each form a subspace of dimension
two, and they are separated by a band gap proportional
to A, as illustrated in Fig. 1(a). The construction of the
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orbital magnetic moment matrix from Eq. (A2) is then applied
separately to the conduction and valence two-dimensional
subspaces [47,92]. In the basis of Bloch eigenstates 2L =
{(2,v), (1,v), (1,¢), (2,c)}, it can be cast as

N B

v,od)* (1,v)
| e "
q.,BL — 0 0 mL.0) meod :

q q
0 0 (mg)" mg

The finite A breaks the spatial inversion symmetry of the
bilayer system, leading to nonzero diagonal elements in the
matrix [Fig. 1(b)]. The off-diagonal matrix elements are not

constrained by spatial inversion symmetry and can appear

even in centrosymmetric models, such as in an unbiased bi-
layer of 2H transition metal dichalcogenides [47]. We then
define the unitary transformation Up.(q.) : B2 — BEL(zK)
from Bloch eigenstates to the tight-binding basis of BLG
defined in Sec. II. The Bloch state orbital magnetic mo-
ment matrix in a tight-binding basis is given by [ﬁwf]':f’BL =
U(q, )[ﬁ]fl’ru,BLU (q.). We then use Eq. (A4) and apply it to the
Kubo formula [Eq. (2)] to calculate the orbital Hall conduc-
tivity.

It is worth mentioning that the electronic structure of
graphene is dominated by p, orbitals, which do not possess
intra-atomic OAM. In the context of the BLG Hamiltonian
[Eqg. (1)] examined in this work, the contribution of OAM in
Eq. (A5) arises exclusively from the intersite movement of
electrons [54-56].
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