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We present a direct comparison between the stroboscopic and nonstroboscopic effective approaches for
ultracold atoms in shaken honeycomb lattices, focusing specifically on the optimal driving introduced by A.
Verdeny and F. Mintert [Phys. Rev. A 92, 063615 (2015)]. In the fast-driving regime, we compare the effective
nonstroboscopic Hamiltonian derived through a perturbative expansion with a nonperturbative calculation of
the stroboscopic Floquet Hamiltonian, obtained through a direct numerical approach. We find that the leading
off-diagonal tunneling coefficients, which define the undriven model, retain their isotropic nature under the effect
of the driving, and their values are independent of the computational approach used. This consistency ensures
the robustness of certain topological properties, such as the position of Dirac points, as expected. Conversely,
the next-to-leading diagonal tunneling coefficients, generated dynamically, can vary across different approaches
without affecting the system topology. This suggests that the topological phase diagram is most conveniently
represented in terms of the physical parameters characterizing the driving and directly accessible in experiments,
rather than in terms of the tunneling parameters.
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I. INTRODUCTION

Recent years have witnessed the flourishing of the so-
called Floquet engineering in the context of of ultracold
quantum gases, namely the ability to experimentally ma-
nipulate and control the behavior of these systems by
applying time-periodic driving forces [1–46]. This approach
takes advantage of the Floquet theory, which describes
the behavior of quantum systems under the influence of
time-periodic perturbations (for a review of the theory and
of the implementation schemes for ultracold atoms see,
e.g., Refs. [20–22,29,47,48]). The key idea behind all this
is to engineer the periodic driving force in such a way
that it effectively modifies the behavior of the system on
timescales much larger than the modulation period. By con-
trolling the parameters of the driving force, one can tailor
the energy spectrum of the system, induce artificial gauge
fields, create topological states of matter, and realize novel
quantum phases that are not possible in static systems.
Nowadays, many research laboratories worldwide have the
capability to experimentally implement such engineering
techniques [3,11,15,32,36,39,46].
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From a theoretical perspective, different approaches are
available to describe such periodically driven systems. A nat-
ural choice is provided by the original Floquet theory, in
which the evolution operator is factorized in the product of
a time-periodic evolution operator and of a one-cycle evo-
lution operator, see, e.g., Ref. [20]. Through the latter one
can introduce an effective Floquet Hamiltonian ĤF [t0] [15,31],
providing an effective description of the longtime dynamics of
the system. It corresponds to the full evolution of the system
on a whole period T , from an initial time t0 to t0 + T . For
this reason, it is also called stroboscopic Floquet Hamilto-
nian [21]. Though ĤF [t0] depends on the choice of the time
t0 which defines the beginning of the stroboscopic driving pe-
riod, it is otherwise time-independent, in the sense that it does
not describe the micromotion within each period T . It is note-
worthy that the energy spectrum and topological properties of
the effective Hamiltonian do not depend on the choice of the
initial time t0, since two effective Hamiltonians for different
initial times are related through a unitary gauge transfor-
mation, ĤF [t ′

0] = Û (t ′
0, t0)ĤF [t0]Û −1(t ′

0, t0). The choice of
the initial time t0 only affects the local properties of the
Hamiltonian, i.e., the actual values of the effective tunneling
coefficients, but not the general structure of the Hamiltonian.
In principle, since the choice of t0 is a gauge choice, all the
Hamiltonians ĤF [t0] must be gauge equivalent to some fixed
Floquet Hamiltonian ĤF , that is independent of t0 [21].

In general, an exact expression for the effective Hamil-
tonian ĤF [t0] cannot be found. However, from its for-
mal definition, ĤF [t0] ≡ (i/T ) ln[Û (t0 + T, t0)], it can be
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calculated either perturbatively or numerically. The pertur-
bative approach amounts to the so-called Magnus expansion
(see, e.g., Refs. [21,49]), that is an analytic Taylor expansion
of ĤF [t0] in powers of ω−1 (with ω ≡ 2π/T ). On the numer-
ical side, a convenient approach—that will be employed in
this paper—consists in factorizing the time-ordered product
over infinitesimal time intervals and handling the resulting
expression in the basis of the Pauli matrices [15,31].

A different but related strategy is the one introduced by
Goldman and Dalibard in Ref. [18] (see also Ref. [21] and
references therein), in which the evolution operator is factor-
ized in three terms, one corresponding to the effects associated
with the initial phase of the modulation, another one to the
longtime dynamics of the system—to which one can associate
an effective Hamiltonian Ĥeff—and finally one accounting
for the micromotion. Notably, with respect to the standard
Floquet approach described above, this approach offers the
advantage that Ĥeff is independent of t0, by construction. How-
ever, in general it cannot be defined by an explicit analytical
expression but only in terms of a perturbative expansion in
powers of the inverse driving frequency ω−1 [18]. The latter
is the analog of the Magnus expansion for ĤF [t0]. Indeed, one
can establish a formal correspondence between ĤF [t0] and
Ĥeff, at each order of the perturbative expansion in ω−1, see,
e.g., Ref. [21]. The other side of the coin is that without an
explicit analytical expression defining the Hamiltonian Ĥeff,
it is generally not possible to compute it numerically in a
nonperturbative manner.

To gain a deeper understanding of these concepts, in this
paper we provide a direct comparison between the two ap-
proaches, by considering a specific illustrative example. To
this end, we chose the proposal by Verdeny and Mintert for
realizing a tunable Chern insulator [25], consisting in a sys-
tem of noninteracting ultracold atoms loaded in a honeycomb
lattice and subjected to a bichromatic optimal driving.1 As in
the original proposal, the model is considered here within the
tight-binding approximation. This system presents interest-
ing similarities with the Haldane model [50], a paradigmatic
lattice model of a topological insulator, whose phase dia-
gram has been recently explored in experiments with ultracold
fermionic atoms in periodically driven optical lattices [15]
(see also Ref. [31]).

Specifically, here we focus the analysis on the fast-driving
regime, in which the first-order expression of Ĥeff derived
in Ref. [25] is expected to be fully justified and the effects
of micromotion can be safely neglected [37]. We compute
the effective (stroboscopic) Floquet Hamiltonian ĤF [t0] by
means of the nonperturbative numerical approach of Ref. [31],
that allows for a straightforward calculation of the tunnel-
ing coefficients and of the topological phase diagram. These
results are then compared to the first-order prediction for
Ĥeff [25]. The outcome is that, whilst the leading-off-diagonal
tunnelings are isotropic in both the approaches—which
was expected as they determine the position of the Dirac
points where changes in the band topology may occur—the

1For another insightful comparison between the stroboscopic and
nonstroboscopic approaches, in the context of the Harper-Hofstadter
model, see Ref. [23].

isotropy of next-to-leading diagonal tunnelings, dynamically
generated by the driving, is not guaranteed in general. Nev-
ertheless, within the parameters regime considered in this
paper, the topological phase diagram can be made manifestly
model-independent when expressed in terms of the driving
parameters. This aligns with the expectation that the effective
time-independent Hamiltonians across different stroboscopic
and nonstroboscopic approaches are unitarily equivalent [21].
Our analysis also highlights the importance of providing a
“universal” representation of the topological phase diagram,
in terms of the physical parameters characterizing the driving
and the explicit breaking of the inversion symmetry. These
parameters, directly accessible in experiments, remain un-
affected by the computational approach or the order of the
inverse frequency expansion. This provides a consistent rep-
resentation of gauge-invariant properties, independent of the
model representation used.

The paper is organized as follows. In Sec. II, we outline the
theoretical framework for driven lattice models, specifically
focusing on the honeycomb lattice with nearest-neighbor hop-
pings under the influence of bichromatic sinusoidal driving.
In Sec. III, we discuss the stroboscopic and nonstroboscopic
approaches for computing the effective Floquet Hamiltonian.
First, in Sec. III A, we revisit the perturbative formulation for
constructing the ‘optimal’ effective Hamiltonian as presented
in Ref. [25]. Then, in Sec. III B, we present the methodology
for constructing the stroboscopic Floquet Hamiltonian using a
nonperturbative numerical approach. We also provide results
for the onsite energies and tunneling coefficients of the model,
along with a discussion of analogies and differences between
the two approaches. Section IV is dedicated to the discussion
of the topological phase diagram. Finally, we summarize our
findings and present concluding remarks in Sec. V.

II. DRIVEN LATTICE MODELS

Let us consider a general undriven lattice model described
by the bare Hamiltonian

Ĥb =
∑
ν,ν ′

∑
j, j′

t j− j′
νν ′ ĉ†

jν ĉ j′ν ′ , (1)

where the indices j, j′ run over the unit cells of the Bravais
lattice while the indices ν, ν ′ run over the different sites of a
given cell. The coefficients t j− j′

νν ′ represent the hopping matrix
elements in the model, namely the tunneling coefficients.

If the lattice is subjected to a rigid time-periodic driving
rlat (t ), a particle of mass m loaded in the lattice feel an inertial
force F(t ) = −mr̈lat ≡ q̇(t ), with F(t + T ) = F(t ). There-
fore the total Hamiltonian of the system may be expressed
as [15,31]

Ĥ (t ) = Ĥb +
∑
ν,ν ′

∑
j, j′

F(t ) · r jν ĉ†
jν ĉ j′ν ′ , (2)

that, in the comoving frame, can be conveniently written in
the compact form as

Ĥlat (t ) =
∑
ν,ν ′

∑
j, j′

t j− j′
νν ′ eiq(t )·(r jν−r j′ν′ )/h̄ĉ†

jν ĉ j′ν ′

≡
∑
ν,ν ′

∑
j, j′

t j− j′
νν ′ (t )ĉ†

jν ĉ j′ν ′ , (3)
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where

t j− j′
νν ′ (t ) ≡ t j− j′

νν ′ eiq(t )·(r jν−r j′ν′ )/h̄ (4)

and

q(t ) =
∫ t

tb

F(t ′)dt ′ − 1

T

∫ T

0
dt

∫ t

tb

F(t ′)dt ′, (5)

under the condition of vanishing net transferred momentum
(over a period), with tb being an arbitrary integration bound.
In the following, we shall work in this representation (namely,
the co-moving frame), omitting the index lat for easiness of
notations. We can also fix tb = 0, without loss of generality.

When one is interested in the dynamics of the system over a
time scale much larger than the driving period T , an effective
time-independent Hamiltonian may be introduced in terms of
the one-period time-evolution operator, the so called effec-
tive Floquet Hamiltonian (see, e.g., Ref. [31] and references
therein ),

ĤF [t0] = ih̄

T
ln[Û (t0, t0 + T )]

= ih̄

T
ln[T e− i

h̄

∫ t0+T
t0

Ĥ (t ′ )dt ′
], (6)

where T represents the time-ordering operator. The above
expression should be interpreted in the context of its Tay-
lor expansion. Specifically, by introducing the dimensionless
time parameter τ ≡ ωt , the evolution operator can be ele-
gantly expressed as follows:

T e− i
h̄

∫ τ0+2π

τ0
Ĥ (τ )dτ ≡ 1 +

+∞∑
n=1

(−i)n

n!

1

(h̄ω)n

∫
dτ1 · · ·

×
∫

dτnT [Ĥ (τ1) · · · Ĥ (τn)], (7)

representing a series expansion in 1/ω, commonly known
in the literature as the Magnus expansion [21,51]. Notice
that the operator ĤF [t0] is invariant under the transformation
Û (t0, t0 + T ) −→ Û (t0, t0 + T )ei2mπ (with m ∈ Z), so that its
eigenvalues, the so called quasienergies, are defined modulo
an integer multiple of h̄ω [20]. We also recall that the energy
spectrum and topological properties do not depend on the
initial time t0, which only affects the local properties of the
Hamiltonian. Owing to this, we can set t0 = 0, without loss of
generality. The dependence on t0 of the tunneling coefficients
within the stroboscopic approach will be briefly discussed
later on, in Sec. III B.

In the following, we shall focus on the model considered
in Ref. [25], that we review below.

A. Optimally shaken honeycomb lattices

Bare Hamiltonian. The undriven system, represented by
the Hamiltonian Ĥb [see Eq. (1)], consists of a honeycomb
lattice with two inequivalent sites per unit cell as shown in
Fig. 1. The geometry of the lattice is identified by two sets of
vectors, ai and bi (i = 1, 2, 3), that connect nearest-neighbour
(NN) sites (of type A and B) and neighboring unit cells,
respectively. The model is characterized by an onsite energy
offset 2δ (where the onsite energies are EA,B = ±δ) and an
isotropic NN hopping matrix element between sites A and B,

FIG. 1. Sketch of the honeycomb lattice. The unit cell is high-
lighted in light green, and the sites A and B are denoted by the filled
(red) and empty (white) circles, respectively. NN sites are connected
by the vectors a1, a2, and a3, with j0 being the corresponding tunnel-
ing rate. The vectors b1, b2 and b3 connect the different unit cells in
the Bravais lattice. Notice that there exists a specific relation between
the two sets of vectors, e.g., b1 = a2 − a3; the other relations are
obtained by a cyclic permutation of the indices.

represented by the tunneling coefficient j0. All higher order
tunneling coefficients are assumed to be vanishing (they are
supposed to be negligible, from the physical point of view).

In reciprocal space (see Appendix A), the system Hamil-
tonian is represented by a 2 × 2 matrix hνν ′ (k) that can be
conveniently written in a compact form, by using the basis
formed by the 2 × 2 identity matrix, I , and of the three Pauli
matrices, σi [25,31]. Namely,

h(k) = h0(k)I + h(k) · σ, (8)

with h ≡ (h1, h2, h3). In the present case, owing to the van-
ishing of the tunneling coefficients beyond NN and to the fact
that EA + EB = 0, we have h0(k) ≡ 0. Remarkably, we shall
see that this property—that constitutes a distinctive difference
with respect to the original Haldane model—is preserved in
the presence of the driving, so that h0(k) can be omitted from
the following discussion. Therefore the spectrum of h(k) can
be readily written as

ε± = ±|h|. (9)

In reciprocal space, the bare Hamiltonian has the following
structure

h1(k) = j0Re[Z (k)], (10)

h2(k) = − j0Im[Z (k)], (11)

h3(k) = δ, (12)

where the function

Z (k) = 1 + eik·b1 + e−ik·b2 (13)

is fixed by the lattice geometry.
Lattice driving. To induce topologically nontrivial phases,

a time-reversal symmetry (TRS) breaking driving must be
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FIG. 2. Trajectory of the lattice (r̈lat = −F(t )/m) under the in-
fluence of the force (14), for some values of the ratio A2/A1. The
path is given over a whole period; the thick dot at (x, y) = (0, 0)
indicates the initial position, at t = 0. Lengths (x, y) are given in units
of A1/(mω2). The orientation of the axis is the same as in Fig. 1.
Notice that when A2 �= 0, IS (with respect to the trajectory center)
is always explicitly broken. However, the trajectory profiles always
exhibit at least C3v symmetry.

applied. Here, we specifically consider the bichromatic driv-
ing proposed in Ref. [25], which is designed to achieve
isotropic effective nearest-neighbor (NN) and next-nearest-
neighbor (NNN) tunneling rates. Namely,

F(t ) = [A1 cos(ωt ) + A2 cos(2ωt − π/2)]ex

+ [A1 cos(ωt + π/2) + A2 cos(2ωt − π )]ey, (14)

where ex,y are the unit vectors of the x and y axis and ω =
2π/T is the fundamental frequency of the driving. Typical
trajectories of the lattice center of mass, produced by such
a force, are shown in Fig. 2. Note that this driving scheme
differs from the monochromatic driving employed by Jotzu
et al. [15] in their experimental realization of the Haldane
topological phase diagram. In that case, the breaking of TRS
was directly controlled by the phase ϕ of the driving (see also
Ref. [31]).

As anticipated in the introduction, it is important to remark
that this class of driving dynamically breaks IS. This is the
reason why the model can exhibit a Haldane-like topological
phase diagram, even if the undriven lattice Hamiltonian is
inversion-symmetric (see Ref. [25]). Bearing this in mind, in
the following we will refer to the inversion-symmetric (δ = 0)
and IS-breaking (δ �= 0) cases in reference to the properties
of the undriven model, specifically whether the bare onsite
energies of sites A and B are degenerate or not.

From Eq. (4), it becomes apparent that the driving leaves
the onsite energies unaffected, t0

AA(t ) = δ = −t0
BB(t ), whereas

the NN hopping elements t j− j′
νν ′ (t ) acquire a time dependence.

In particular, by defining [25]

gai (t ) ≡ j0eiχai (t ), (15)

with

χai (t ) ≡ q(t ) · ai/h̄, (16)

the three NN tunneling coefficients corresponding to the hop-
ping from the site A in the central unit cell to three neighboring
sites B (see Fig. 1) can be expressed as

t0
BA = ga3 (t ), tb1

BA = ga2 (t ), t−b2
BA = ga1 (t ). (17)

By combining the above results, the components of the driven
Hamiltonian in reciprocal space read

h1(k, t ) = j0Re[e−iχa3 (t )Z (k − q(t ))], (18)

h2(k, t ) = − j0Im[e−iχa3 (t )Z (k − q(t ))], (19)

h3(k, t ) = δ, (20)

with h0(k, t ) ≡ 0.

III. EFFECTIVE FLOQUET HAMILTONIAN

In general, an exact expression for the effective Hamilto-
nian, ĤF [t0] in Eq. (6) or Ĥeff [18,21], is unavailable. However,
it can be calculated either perturbatively or numerically, as
previously mentioned. Different analytical approaches are
available in the literature, as discussed in Ref. [21]. However,
perturbative expansions are often limited to the first order
and this may not be sufficient for an accurate quantitative
description in a generic driving regime. In this respect, a
nonperturbative numerical approach can be very useful. In
the following, we will directly compare these two viewpoints
within the framework of the driven lattice model presented in
the previous section.

A. Perturbative approach

We begin by examining the perturbative approach, which
amounts to an expansion of Ĥeff in powers of ω−1. In particu-
lar, we adopt the approach of Verdeny and Mintert [25], which
serves as a formal definition of the effective Hamiltonian,

Ĥeff � Ĥ (0)
eff + Ĥ (1)

eff = Ĥ0 + 1

ω

∑
n

1

n
[Ĥn, Ĥ−n], (21)

where the operators Ĥn are the Fourier components of the
time-dependent Hamiltonian (3),

Ĥn = 1

T

∫ T

0
Ĥ (t )e−inωt dt . (22)

This expression is obtained within the approach discussed by
Goldman and Dalibard [18], differing from the usual Magnus
expansion by lacking additional commutator terms (see, e.g.,
Ref. [21]). We recall that since Ĥ (0)

eff = Ĥ0 is defined as the
time average of Ĥ (t ), it is characterized by the same physical
processes of the undriven Hamiltonian, whose coefficients
simply get renormalized, as we shall discuss in the following
discussion. Instead, the structure of Ĥ (1)

eff (which involves a
commutator) leads—already at first order—to the emergence
of new couplings (that is, new tunneling processes). This, in
essence, is the reason why “Floquet engineering” is such a
powerful tool for realizing non trivial topological models.

Let us then consider the effective Floquet Hamiltonian
defined by Eq. (6), starting with its first-order truncation in
Eq. (21). As discussed in Ref. [25], a bichromatic driving
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designed as in Eq. (14) yields isotropic NN and next-
nearest-neighbor (NNN) tunneling rates, within the first-order
approximation in Eq. (21). The leading order term Ĥ (0)

eff = Ĥ0

is obtained from Eq. (22). Therefore it is straightforward to
see that the onsite energies remain unchanged (they do not
depend on time), whereas the NN hopping elements get renor-
malized by time-averaging the expressions in Eq. (17), e.g.
(we omit the label “eff” for easiness of notations),

t0
BA = j0

T

∫ T

0
e−iχa3 (t )dt . (23)

As for the first-order term Ĥ (1)
eff , it is characterized by both a

renormalization of the onsite energies

t0
AA = −t0

BB =
3∑

i=1

β(ai,−ai ) ≡ � − δ (24)

and, more interestingly, by the emergence of NNN hopping
terms,

tbi
AA = −tbi

BB = β(a j,−ak ), (25)

which were vanishing in the undriven model. In the above
expressions, the indexes i, j, k are cyclic integers, for exam-
ple tb2

AA = β(a3,−a1), and the function β(ai, a j ) is defined as
follows,

β(ai, a j ) = 1

h̄ω

∞∑
n=1

1

n

[
g−n

ai
gn

a j
− g−n

a j
gn

ai

]
, (26)

where the functions gn
a j

are the Fourier components of

Eq. (15), i.e., gn
a j

= T −1
∫ T

0 dt ga j (t )e−inωt [25]. Intuitively,
one may interpret the function β as the rate for a particle
to tunnel to a site by the vector ai and then to tunnel again
through the vector a j [24]. As anticipated above, it can be
demonstrated [25] that the NNN coefficients turn out to be
isotropic, namely they are equal along the tree directions.
Therefore the NN and NNN tunneling rates can be rewritten in
a compact form, with the superscript in parenthesis denoting
the order of the inverse frequency expansion the parameters
are related to, as

t (0)
0 = t0

BA, (27)

t (1)
1 = ∣∣t (1)

1

∣∣eiφ = β(ai,−a j ) (i �= j). (28)

Then, the effective Hamiltonian heff(k) reads

heff
1 (k) = t (0)

0 Re[Z (k)], (29)

heff
2 (k) = −t (0)

0 Im[Z (k)], (30)

heff
3 (k) = � + 2

∣∣t (1)
1

∣∣ 3∑
i=1

cos(k · bi + φ). (31)

The above results, obtained by Verdeny and Mintert in
Ref. [25], will serve as a reference for comparing the results
of the numerical approach discussed in the following section.
As an example, in Fig. 3, we show the behavior of the three
t.b. parameters, �, t (0)

0 , and t (1)
1 (modulus and phase [52]), as a

function of the driving amplitudes. In particular, we consider
the case in which there is no explicit IS breaking, δ = 0,

(a) (b)

(c) (d)

FIG. 3. Tight-binding parameters of the perturbative effective
Hamiltonian (31), as a function of the amplitudes A1 and A2 of the
driving. (a) Onsite energy � [Eq. (24)]; (b) NN tunneling amplitude
t (0)
0 [in Eqs. (23) and (27)]; [(c) and (d)] modulus and phase of t (1)

1 ,
respectively [see Eq. (28)]. Here h̄ω = 100 j0 (fast-driving regime)
and δ = 0 (no explicit breaking of IS).

under fast driving conditions, with ω = 100 j0/h̄. This high-
frequency value is expected to be sufficiently large to warrant
the first-order truncation of the inverse frequency expansion
in Eq. (21).

B. Nonperturbative numerical approach

In this section, we will extend the analysis beyond the
lowest order in the inverse frequency expansion. To this end,
we will employ the numerical approach discussed in Ref. [31].
This approach corresponds to summing up the entire inverse
frequency expansion, allowing us to compute the effective
Floquet Hamiltonian ĤF without additional approximations
other than those required by the numerical implementation,
such as time discretization. We recall that ĤF is expected to
be gauge-equivalent to Ĥeff [21]. This implies that the two
Hamiltonians should share the same spectrum and topological
properties. However, “local” properties, such as the tunneling
coefficients, may not necessarily be equal.

To start with, we consider the effective Floquet Hamilto-
nian in reciprocal space, hF (k), that we compute by means of
a suitable time discretization, as follows:

hF (k) = i

T
ln

(
N−1∏
i=0

e−i�t h(k,ti )

)
T

, (32)

with �t ≡ T/N . The details of numerical scheme are summa-
rized in Appendix B. Then, the tunneling coefficients can be
easily obtained as

t�
νν ′ = 1

�B

∫
B

hF
νν ′ (k)e−ik·R�dk, (33)

see Appendix A. Consistently with the notations in Sec. III A,
we indicate the nonperturbative (np) effective onsite energies,
as well as the NN and NNN tunneling rates obtained through
this method as �

np
ν , t np

0i , and t np
1ν,i = |t np

1ν,i|eiφnp
νi (ν = A, B), re-

spectively. The index i, introduced to account for any possible
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(a) (b)

FIG. 4. (a) Onsite energy �np and (b) NN tunneling amplitude
t np
0 , obtained from the nonperturbative numerical approach (see text),

as a function of the amplitudes A1 and A2 of the driving. Here h̄ω =
100 j0 (fast-driving regime) and δ = 0 (no explicit breaking of IS).

nonisotropy, matches that of the vectors ai in case of NN
tunneling rates (i = 1, 2, 3) and of bi for NNN hoppings (with
i = 4, 5, 6 for −bi), see Fig. 1.

The behavior of the various tight-binding parameters of
the model as a function of the amplitudes A1 and A2 of the
driving is discussed below. We focus on the same scenario
as considered in Sec. III A, specifically addressing the case
where there is no explicit IS breaking, δ = 0, under fast driv-
ing conditions, with ω = 100 j0/h̄. We begin by illustrating
the behavior of the onsite energies and of the NN tunneling
coefficients. Regarding the former, we observe that the two
lattice sites exhibit opposite onsite energies, as obtained in the
model of Ref. [25], see Eq. (24). Therefore, moving forward,
we can simplify our notation by setting �np ≡ �

np
A = −�

np
B .

This quantity is shown in Fig. 4(a), which nicely matches with
Fig. 3(a). These figures clearly reveal the dynamical breaking
of the degeneracy between the two lattice sites caused the
driving.

Similarly, we find that the NN tunneling rate t np
0i is

isotropic, as in the nonstroboscopic model, so that the index
i can be safely omitted. Its behavior, shown in Fig. 4(b),
perfectly reproduces that displayed in Fig. 3(b), proving that
also the emergent NN tunneling is model-independent. This
was expected because in the fast-driving regime the value
of the NN tunneling coefficient is determined by the zeroth
order effective Hamiltonian, where both the stroboscopic and
nonstroboscopic have the same expression as in Eq. (22)
(with n = 0), and therefore they coincide. This provides a
robust characterization of the system’s topological properties,
as from the isotropy of the NN hoppings it follows that the
position of the Dirac points is fixed by the space group of
the model, see Appendix C. This has to be a gauge-invariant
property, so that it cannot depend on the model, as confirmed
by the numerical results.

Then, in Fig. 5, we show the modulus of the emergent NNN
tunneling rates, |t np

1ν,i|, and their complex phases φ
np
νi , in the left

and right columns respectively. Consistently with the property
in Eq. (25) found from the perturbative approach 2, the numer-
ical results obey the relation t np

1B,1 = −t np
1A,1. Therefore, in the

2As discussed in Refs. [24,25], this is a fundamental symmetry of
the model, independent of the specific design of the driving, that
can be traced back to the vanishing of the NNN tunnelings of the
undriven model. It is worth reminding that instead, in the Haldane

(a) (b)

(c) (d)

(e) (f)

FIG. 5. Behavior of the emergent NNN tunneling rates t np
1i ob-

tained from the nonperturbative numerical approach (see text),
plotted as a function of the amplitudes A1 and A2 of the driving.
The modulus and phase are presented in the left and right columns,
respectively, for [(a) and (b)] i = 1, [(c) and (d)] 2, and [(e) and
(f)] 3. Here h̄ω = 100 j0 (fast-driving regime) and δ = 0 (no explicit
breaking of IS).

figure and in the following discussion, the ν index is omitted,
for the sake of notation simplicity.

On the other hand, we find that the NNN tunneling rates are
model-dependent, both in modulus and phase, see Figs. 3(c)
and 3(d) for comparison. In particular, in addition to being
inherently dependent on the initial time t0, the results obtained
by means of the stroboscopic Floquet approach turn out to
be anisotropic, with mirrored NNN neighbors constituting
complex conjugate pairs, namely, t np

1,i+3 = t np∗
1,i . Interestingly,

we have confirmed that isotropy cannot be restored, even by
considering a different initial time t0, akin to the findings
in Ref. [31]. However, as we shall explicitly compute in
the following section, these ‘local’ features of the specific
effective Hamiltonian representation are not relevant as far
as the topological properties of the system are concerned. In
addition, despite the different values that the NNN tunneling
rates may take within each approach, it is worth noticing that
they follow the predicted scaling behavior with respect to
j2
0/ω, as it is evident from the color scale of the figure. This

provides further validation of the theoretical framework.
It is worth noting that, upon numerically computing the

Floquet Hamiltonian from Eq. (32), one can easily extract
all tunneling coefficients at any order within the tight-binding
expansion using Eq. (33). We have verified that the tunneling

model, the NNN tunneling rates for sites A and B comes in conjugate
pairs, t np

1B,1 = t np∗
1A,1.

023244-6



TOPOLOGICAL PHASE DIAGRAM OF OPTIMALLY SHAKEN … PHYSICAL REVIEW RESEARCH 6, 023244 (2024)

coefficients beyond the NNN order are indeed negligible.
Additionally, we have verified that the inclusion of NNN
diagonal tunnelings in the undriven model also has a neg-
ligible effect within the driving regime considered here, for
a typical tight-binding setting.3 This observation holds rel-
evance for potential experimental realizations. Real systems
are described by continuous Hamiltonians, with their discrete
representations emerging from a tight-binding expansion.
Therefore, in principle, tunnelings resulting from both high-
frequency and tight-binding expansions should be considered
on the same footing, order by order.

Summarizing, in the current fast-driving scenario, the
tight-binding expansion can be safely truncated at that order.
Then, by using Eq. (A4), the Floquet Hamiltonian can be
analytically expressed as

hF
1 (k) = t np

0 Re[Z (k)], (34)

hF
2 (k) = −t np

0 Im[Z (k)], (35)

hF
3 (k) = �np + 2

3∑
i=1

∣∣t np
1,i

∣∣ cos
(
k · bi + φ

np
i

)
, (36)

again with hF
0 (k) ≡ 0. Here �np includes also the explicit

energy offset δ between sites A and B.

IV. TOPOLOGICAL PHASE DIAGRAM

We will now turn to analyze the topological properties of
the system, considering both the case analyzed so far, with
δ = 0, and the one in which IS is explicitly broken, δ �= 0. In
particular, we will draw the topological phase diagram as a
function of the driving amplitudes A1 and A2 (for δ = 0) or as
a function of A1 and δ, by keeping A2 fixed (for δ �= 0).

The central quantity needed to discuss the topological
properties of the system is the Chern number c.4 For a given
band n, the corresponding Chern number can be written
as [31,53]

cn = 1

2π

∫
B

�n(k) dk, (37)

where �n(k) is the corresponding Berry curvature

�n(k) = 2Im
∑
m �=n

〈n|hx(k)|m〉 〈m|hy(k)|n〉
[εm(k) − εn(k)]2

, (38)

3Specifically, we have considered a honeycomb optical lattices as
discussed in Ref. [56], in a typical tight binding regime of amplitude
10ER, with ER being the lattice recoil energy (see the reference for
details).

4We remark that in general, a complete characterization of the topo-
logical phases of a system subjected to periodic driving also requires
information about other topological invariants, such as winding
numbers, which are accessible through the study of micromotion
throughout a period. However, while these effects are crucial in a
low-frequency regime of the driving, they are expected to provide
negligible corrections in the fast-driving regime, e.g., see Ref. [37].
Therefore, in the present case, the Chern number alone is sufficient
to determine the topological phases of the Floquet system under
consideration.

FIG. 6. Topological phase diagram in the fast-driving regime
h̄ω = 100 j0. (a) and (c) display the Chern number c obtained from
the numerical nonperturbative approach: (a) inversion-symmetric
case, δ = 0, as a function of the driving amplitudes A1 and A2;
(b) explicit breaking of IS, as a function of A1 and of the bare onsite
energy gap δ,for A2a/(h̄ω) = 1 [as indicated to the dot-dashed line
in (a)]. (c) and (d) show the corresponding behavior for the minimal
energy gap at the Dirac points, �εD (see text).

with εn(k), |n(k)〉 being the eigenvalues and eigenstates of
the Hamiltonian h(k), while hα (k) is a shorthand notation for
∂h(k)/∂kα (α = x, y). In the present context of a two-band
problem where solely the lowest band is supposed to be oc-
cupied, only the knowledge of c ≡ c1 is required. Therefore,
in Eq. (38), one can set n = 1 and m = 2. In the numerical
calculations, we find convenient to tile the reciprocal space
with rhomboidal cells containing the two inequivalent Dirac
points, akin to the coordinate space tiling shown in Fig. 1,
see Appendix C. This choice proves particularly effective for
an accurate computation of the Chern number since the main
contribution to the integral comes from the proximity of the
Dirac points, where the Berry curvature �n(k) is peaked (see
also Ref. [31]). In addition, we have also verified that both
quasienergies εn(k) (n = 1, 2) never wrap around the edges
of the quasienergy rst Brillouin zone [20,33], so that the
denominator of Eq. (38) can be computed with no ambiguity.

The topological phase diagram obtained from Eq. (37) is
shown in the left panels of Fig. 6, for the same fast-driving
regime h̄ω = 100 j0 considered in the previous section. It is
characterized by a very rich structure, in which topologically
nontrivial phases with c = ±1 alternate as a consequence of
the interplay between IS and TRS dynamical breaking. We
recall that the current driving protocol does not exhibit IS,
so that IS gets broken even in the case in which the onsite
energies of undriven model are not degenerate (δ = 0), see
Fig. 6(a). This would not be possible in case of a monochro-
matic driving, like the one considered in Refs. [15,31], where
an explicit breaking of IS is necessary in order to reproduce
the full Haldane topological phase diagram.

Along with the phase diagram, in the right panels of Fig. 6,
we show the minimal energy gap at the Dirac points, defined
as �εD ≡ min(ε2(k) − ε1(k))|k=k±

D
. This quantity is specially
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relevant, considering that the boundaries between the different
topological phases correspond to the vanishing of the gap at
one of the two inequivalent Dirac points. In particular, the
thick black lines in Figs. 6(b) and 6(d) correspond to the
regions where �εD = 0. It is worth noticing that, though they
exhibit a finite width due to numerical precision, they nicely
match the phase boundaries in Figs. 6(a) and 6(c). This further
confirms the robustness of the present results.

It is worth emphasising that here we have opted to con-
struct the topological phase diagram based on the physical
parameters characterizing the driving (A1, A2) and the origi-
nal Hamiltonian (δ), rather than relying on the conventional
approach found in the literature, which employs tight-binding
parameters such as the tunneling amplitude |t1| and its phase
φ [25,50] (see also the discussion in Ref. [53]). This choice is
motivated by two key considerations. Firstly, the amplitudes
(A1, A2) are the parameters that define the driving protocol,
and as such they are directly accessible and tunable in any
experimental implementation, making them the natural choice
from the experimental point of view. Secondly, as we have
seen in the previous section, the values of the tunneling param-
eters are inherently model-dependent, introducing complexity
and potential ambiguity into the interpretation of results.
The first consideration is of practical convenience while the
second is fundamental in nature, as it pertains to express-
ing gauge-invariant quantities in terms of model-independent
parameters.

Nevertheless, it is important to remark that the two ap-
proaches for constructing the topological phase diagram
are equivalent in terms of physical content. Indeed, we
have verified that the topological phases predicted by the
NNN truncated effective approach, as presented in Fig. 2 of
Ref. [25], can be mapped onto the phase diagram in Fig. 6(a).
This can be conveniently demonstrated by determining the
values of �(A1, A2) from Eq. (24), along with |t (1)

1 |(A1, A2)
and φ(A1, A2) from Eq. (28), and then associating the cor-
responding Chern numbers shown in Ref. [25] (alternatively,
the Chern number can be computed as discussed in Ref. [8]).
As anticipated in the introduction, this result provides a di-
rect confirmation of the fact that the topological properties
of the driven model do not depend on the specific approach
employed to compute them, either the effective Hamiltonian
Ĥeff or the stroboscopic Floquet Hamiltonian ĤF [t0]. This
fact reaffirms that both approaches are complementary in the
sense that they yield the same physical results (Chern number)
while diverging in the intermediate variables (tunnelling rates)
used to represent them. However, if experimentally available,
gauge-invariant and model-independent variables are used to
express physical results, both approaches are consistent.

V. CONCLUSIONS

By means of a direct nonperturbative numerical approach,
we have computed the stroboscopic Floquet Hamiltonian and
the topological phase diagram of a system of noninteracting
ultracold atoms in a shaken honeycomb lattice, subjected to
the optimal driving of Ref. [25]. Such a driving induces dy-
namical breaking of inversion and time-reversal symmetries,
thus providing an effective way to reproduce the topology of
the Haldane model, to some extent. The numerical results
have been compared with the analytical prediction of the

nonstroboscopic effective approach of Ref. [25], valid in the
fast-driving regime, with the objective to provide a general
discussion of the different perspectives for computing the
effective Floquet Hamiltonian of periodically driven systems.

We have found that the topological properties are indeed
gauge invariant, as expected. However, some of the tunnel-
ing parameters are model-dependent. Specifically, we confirm
that the emergent NN tunneling rates are isotropic [25], and
their values are independent of the computational approach
used. This result is a consequence of the robustness of topo-
logical properties. Indeed, owing to the isotropy of the NN
tunnelings, in the present system the position of the Dirac
points is fixed solely by the lattice geometry, and it is therefore
independent of the model representation.

On the other hand, the NNN tunneling rates turn out to be
anisotropic within the stroboscopic Hamiltonian approach, in
contrast to the nonstroboscopic case [25]. Therefore we argue
that the topological phase diagram is most effectively repre-
sented in terms of the experimentally controllable physical
parameters defining the driven Hamiltonian, rather than the
model-dependent emergent tunneling parameterssuch as the
next-nearest-neighbor tunneling amplitude |t1| and its phase
φ [25,50,53], since the latter are isotropic only in the frame-
work of the nonstroboscopic effective Hamiltonian.

Finally, we emphasize that the Floquet Hamiltonian ap-
proach represents a very valuable complementary approach to
the gauge-invariant representation provided by the effective
Hamiltonian of Ref. [18]. In fact, in the case of a noninter-
acting system, it enables a direct nonperturbative calculation
using simple numerical methods. In this respect, the fact that it
is intrinsically dependent on the initial time t0 is only a minor
shortcoming, as all physical quantities are gauge invariant and
can be computed without ambiguities.
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APPENDIX A: MOMENTUM REPRESENTATION OF THE
HAMILTONIAN AND TUNNELING COEFFICIENTS

Let us consider the general expression of a tight-binding
single-particle Hamiltonian, as in Eq. (1),

Ĥ =
∑
ν,ν ′

∑
j, j′

ĉ†
jν ĉ j′ν ′tνν ′

j− j′ . (A1)

The latter expression can be mapped in reciprocal space, as
follows [54]. We start by defining

ĉ jν = 1√
�B

∫
B

d̂νke−ik·Rj dk, (A2)

where B refers to the first Brillouin zone, �B its d vol-
ume, and d the dimensionality of the system. Then, the
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Hamiltonian (A1) can be written as

Ĥ =
∑
νν ′

∫
B

hνν ′ (k)d̂†
νkd̂ν ′kdk, (A3)

with

hνν ′ (k) =
∑

�

t�
νν ′eik·R� , (A4)

where the lattice index � identifies the position of each cell
with respect to the central one. By inverting the latter ex-
pression, it is straightforward to show that the tunneling
coefficients can be expressed as

t�
νν ′ = 1

�B

∫
B

hνν ′ (k)e−ik·R�dk. (A5)

APPENDIX B: HOW TO COMPUTE NUMERICALLY
THE EFFECTIVE HAMILTONIAN

The effective Hamiltonian in Eq. (32) can be computed as
follows. We define (we omit the dependence depends on k for
easiness of notations)

u · σ̃ ≡ U (ti + �t , ti ) = e−i�t h(k,ti ) ≡ e−iη·σ̃ , (B1)

where we have used the representation of 2 × 2 matrices on
the basis of Pauli matrices, η = (η0, η1, η2, η3) ≡ (η0, η), and
similarly for u. The quantities u and η are connected by the
following relations:

u = e−iη0

(
cos |η|,−i

η

|η| sin |η|
)

, (B2)

η =
(

η0, ieiη0
|η|

sin |η|u
)

, (B3)

with η0 = − arg(u0), |η| = cos−1 |u0|. The total evolution op-
erator over one period is computed as

U (t0 + T, t0) = uN−1 · uN−2 · · · · · u1 · u0 ≡ u (B4)

and the effective Hamiltonian as heff = η/T .

APPENDIX C: DIRAC POINTS

A spectrum of the form as in Eq. (9), ε± = ±
√∑

i h2
i (k),

may be characterized by the so-called Dirac points k = kD,

FIG. 7. Sketch of the geometry in reciprocal space and of the
configuration of the Dirac points. The diamond-shaped area shaded
in light gray represents a suitable choice for the first Brillouin zone.

at which the two bands become degenerate, and their lo-
cal dispersion is linear (corresponding to relativistic particles
with vanishing mass) [55]. Their positions are fixed by the
condition

h2
1(kD) + h2

2(kD) = 0 ⇒ |Z (kD)| = 0, (C1)

which depend only on the geometry of the system. For this
specific lattice geometry, there are two inequivalent Dirac
points, which are the dual of the two lattice sites. The van-
ishing of the gap takes place instead when also h3(kD) = 0 at
any of the two Dirac points. This may occur for some specific
values of the NNN tunneling rate and of the onsite energy
difference, see Eqs. (31) and (36) [not for the undriven model,
see Eq. (12)]. The solutions of Eq. (C1),

Z (kD) = 1 + eikD·b1 + e−ikD·b2 = 0, (C2)

correspond to kD · b1 = ±2π/3 = kD · b2, modulo integer
multiples of ±2π . Then, it is straightforward to get

k±
D = 4π

3
√

3a
(±1, 0). (C3)

As anticipated, other solutions are also possible. Some of them
are shown in Fig. 7, along with the conventional tiling in
Brillouin zones.
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