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Excitation signatures of isochorically heated electrons in solids at finite wave number
explored from first principles
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Ultrafast heating of solids with modern x-ray free electron lasers (XFELs) leads to a unique set of conditions
characterized by the simultaneous presence of heated electrons in a cold ionic lattice. In this work, we analyze the
effect of electronic heating on the dynamic structure factor (DSF) in bulk aluminum (Al) with a face-centered
cubic lattice and in silicon (Si) with a crystal diamond structure using first-principles linear-response time-
dependent density functional theory simulations. We find a thermally induced red shift of the collective plasmon
excitation in both materials. In addition, we show that the heating of the electrons in Al can lead to the formation
of a double-plasmon peak due to the extension of the Landau damping region to smaller wave numbers. Finally,
we demonstrate that thermal effects generate a measurable and distinct signature (peak-valley structure) in the
DSF of Si at small frequencies. Our simulations indicate a variety of new features in the spectrum of x-ray-driven
solids, specifically at finite momentum transfer, which can be probed in upcoming x-ray Thomson scattering
experiments at various XFEL facilities.
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I. INTRODUCTION

First-principles simulation methods are well established
for the theory of solids at ambient conditions where the
electrons are in their respective ground state, enabling the
prediction of the electronic and structural characteristics
of a variety of materials [1–3]. In contrast, the properties of
the hot, correlated electrons generated by laser heating of
solids remain substantially less explored. Such systems are
located in the warm dense matter (WDM) regime [4–6], which
also naturally occurs in a host of astrophysical objects [7–9],
and as a transient state in technological applications such as
laser fusion [10,11]. In WDM the thermal energy of elec-
trons is comparable with the Fermi energy, and, at the same
time, inter-particle correlations remain strong [12]. This is
different from ordinary plasma states where thermal and quan-
tum kinetic effects dominate over correlation effects. Recent
breakthroughs in inertial confinement fusion research [13] as
well as advances in hot-electron chemistry [14] and material
science [15,16] have rendered the accurate understanding of
WDM a highly active frontier.

Although the typical parameters (e.g., timescales) in iner-
tial fusion applications differ from the WDM conditions that
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we study here, an accurate description of WDM is needed
to understand the full compression path of a fuel capsule
[10]. In practice, however, the theoretical understanding of
WDM states remains limited due to the complex interplay
between exchange-correlation effects, quantum degeneracy,
and thermal excitations. Testing existing theories and approx-
imations requires reliable experimental data with well enough
defined system parameters. In WDM experiments, two types
of systems can be distinguished depending on the timescale
of measurements: those with fully equilibrated electrons and
ions [17,18] and those in nonequilibrium [19–21]. A particu-
larly interesting subset of nonequilibrium is given by effective
two-temperature systems where both the electrons and ions
are approximately in a local state of equilibrium but with
two different temperatures [22,23]. Such experiments can be
performed at x-ray free electron laser (XFEL) facilities such
as the European XFEL [24,25] in Germany and LCLS at
SLAC [26,27] in the USA, and rely on high brightness sources
with narrow bandwidth. At these facilities, the ultrafast iso-
choric heating of solids with XFELs can create a transient
state of matter that features hot electrons within the still cold
crystal structure of the ions [28,29]. Since the system density
and lattice parameters are well defined, such experiments can
provide valuable data for validating state-of-the-art theories
and simulation methods for electronic structures in the WDM
regime.

For x-ray-driven heating, the incident x-rays cannot di-
rectly interact with the ions. Ion heating is therefore primarily
driven by electron-phonon interactions, which occur on the
timescales of several picoseconds [30–32]. As typical free
electron laser (FEL) pulses have sub-100 fs duration, the ions
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remain cold during the FEL pulse [28]. Evidently, the extreme
conditions and short timescales render the rigorous diagnos-
tics of these exotic states challenging. In this work we focus
on the x-ray Thomson scattering (XRTS) technique [33,34],
which can meet these demands by effectively measuring the
electronic dynamic structure factor (DSF) See(q, ω). Indeed,
XRTS has emerged as a standard diagnostic method for WDM
experiments, as it is, in principle, capable of giving one access
to important system parameters such as the temperature, den-
sity, and ionization [35–37].

From a practical perspective, the properties of hot electrons
in the crystal structure of the ions are relevant for hot-electron
chemistry [14,38]. Moreover, the very controlled conditions
and potentially unrivaled diagnostic capabilities (such as high
brilliance [27], high resolution [29,39], and high repetition
rate [25]) at XFEL facilities makes such experiments a much
needed rigorous benchmark for dynamical simulation meth-
ods for the description of WDM systems.

Often the uniform electron gas (UEG) model [6,40] is
used to provide a qualitative picture of the electrons in
metals [41,42]. For example, in bulk aluminum (Al) with
a face-centered cubic (fcc) lattice, the dependence of the
plasmon dispersion on wave number has a similar func-
tional form to that of the UEG [43]. However, the plasma
frequency of valence electrons in fcc Al ωp � 15 eV dif-
fers from that of the UEG ωp � 16 eV at the same density.
The free electron model becomes quantitatively accurate at
high temperatures in plasmas as the electron-ion coupling
diminishes. Therefore, one can expect the response properties
of electrons in metals to approach that of a free electron
gas with increasing temperature. In the present work, we
compute the DSF of isochorically heated electrons using first-
principles linear-response time-dependent density-functional
theory (LR-TDDFT) simulations [44] to quantify the change
in the XRTS signal with increasing temperature. Specifically,
we consider the crystal structure of fcc Al and crystal diamond
silicon (Si).

Several interesting features emerge due to thermal excita-
tions in both materials. Surprisingly, we observe that the DSF
of Al remains quantitatively different from the UEG model
even at relatively high temperatures in the range of up to T ∼
10 eV. Furthermore, we report several interesting observations
emerging due to thermal excitations: (1) our LR-TDDFT re-
sults show a reduction of the plasma frequency in Si and Al at
small wave numbers with increasing temperatures up to a few
eV; (2) we observe the formation of a double-plasmon peak
in Al caused by the shift of the Landau damping region to
smaller wave numbers; and (3) a thermal-excitation induced
signature appears in the DSF of Si at small energies, which is
absent in the ground state. Finally, we discuss the feasibility
of detecting these signatures in experiments at XFEL facili-
ties such as the European XFEL (Germany), LCLS (USA),
and SACLA (Japan). Our study can serve as a guide for the
planning of upcoming experiments and clearly indicate the
required specifications to resolve the predicted effects with
high confidence.

The paper is organized as follows: In Sec. II we describe
the simulation method and details. After that the results are
presented in Sec. III. We discuss the feasibility of measuring
the features induced by thermal excitations in Sec. IV. We

FIG. 1. Illustration of an XRTS setup in experiments where the
XFEL is used to probe a target. The XFEL beam with frequency
(energy) h̄ω0 and wave number q0 is scattered at an angle θ and
detected by a spectrometer providing spectrally resolved XRTS data.
The frequency ω and the wave number q (i.e., momentum transfer)
in the DSF in Eq. (1) are defined by energy and momentum conser-
vation: h̄ω = h̄ω0 − h̄ωs and q = q0 − qs.

conclude the paper by summarizing our findings and provid-
ing an outlook.

II. METHODS AND SIMULATION DETAILS

The double-differential cross section that is measured in an
XRTS experiment (as illustrated in Fig. 1) is directly propor-
tional to the electronic DSF [45],

[
∂2σ̃

∂�∂ωs

]
XRTS

= ωs

ω0

∂σ̃

∂�

∣∣∣∣
T

See(q, ω), (1)

where ∂σ̃ /∂�|T is the differential Thomson cross section with
respect to the solid angle, ωs is the frequency of the scattered
x rays, and ω0 is the frequency of the incident XFEL beam. In
practice, an additional difficulty comes from the effects of the
employed detector and the finite width of the x-ray laser beam
that are described by the combined source-and-instrument
function R(ω). The actually detected XRTS intensity can then
be expressed by a convolution of See(q, ω) with R(ω),

I (q, ω) = See(q, ω) � R(ω). (2)

The total DSF See(q, ω) can be further decomposed into
a quasielastic contribution Sel(q, ω) ∼ δ(ω) due to the bound
electrons and the screening cloud [46] and the inelastic con-
tribution Sinel(q, ω) that contains transitions between free and
bound electrons in any combination [47]. By definition, the
quasielastic part of the intensity emerges in the limit of small
ω, and its shape is defined by R(ω). For example, at the
SASE2 undulator of the European XFEL, a self-seeded XFEL
beam with narrow bandwidth � < 1 eV is routinely achieved
[24], with the shape being nearly Gaussian. In this work we
compute the inelastic part of the total DSF using the LR-
TDDFT method. In the following we will simply denote it
as S(q, ω). The quasielastic part can be computed if the static
structure factors for different pairs of the particle species are
known [46], e.g., using KS-DFT-based molecular dynamics
simulations.
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A. LR-TDDFT calculations

The DSF is computed from the fluctuation-dissipation the-
orem [42,48],

S(q, ω) = − h̄2q2

4π2e2n

1

1 − e−h̄ω/kBT
Im

[
ε−1

M (q, ω)
]
, (3)

where εM (q, ω) is the macroscopic dielectric function.
Within LR-TDDFT, the inverse of the macroscopic dielec-

tric function is defined as the diagonal part of the inverse
microscopic dielectric matrix ε−1

M (q, ω) = [ε−1(k, ω)]GG,
where q = G + k and G is a reciprocal lattice vector [49,50].

The inverse microscopic dielectric matrix is computed
from the microscopic density response function [44],

ε−1
G,G′ (k, ω) = δG,G′ + 4π

|k + G|2 χG,G′ (k, ω), (4)

with k being restricted to the first Brillouin zone.
The Fourier coefficients χG,G′ (k, ω) of the density response

matrix are the solution of a Dyson’s type equation [50,51]:

χGG′ (k, ω) =χ0
GG′ (k, ω) +

∑
G1G2

χ0
GG1

(k, ω)
[
vG1(k)δG1G2

+ Kxc
G1G2

(k, ω)
]
χG2G′ (k, ω), (5)

where χ 0
G,G′ (k, ω) is an ideal (noninteracting) density re-

sponse function computed using Kohn-Sham (KS) orbitals
[52], vG1(k) = 4π/|k + G1|2 is the Coulomb potential in
reciprocal-space, and Kxc

G1 ,G2
(k, ω) is the exchange-correlation

(XC) kernel defined as functional derivative of the exchange-
correlation potential [53].

For real materials, the full dynamic XC kernel is gen-
erally unknown. In this situation, LR-TDDFT with a static
(adiabatic) XC kernel Kxc

G1 ,G2
(k, ω = 0) in the local density

approximation (ALDA) often provides accurate results for the
plasmon dispersion that are in agreement with experiments for
Al [54,55] and Si [3,56] at ambient conditions. Moreover, the
ALDA approximation was successfully used by Mo et al. [23]
to describe the XRTS spectrum of Al in the WDM regime
[57]. Therefore, we employ the ALDA in the current work,
and the presented results can potentially be refined either
using more advanced static XC kernels [58–61] or available
approximations for a dynamic XC kernel [51,62,63]. We note
that an alternative approach to LR-TDDFT for computing the
DSF within the realm of DFT is the real-time TDDFT (RT-
TDDFT) method [64]. If the same XC functional were used
in both, RT-TDDFT and LR-TDDFT are formally equivalent
for linear response properties [44].

B. Simulation parameters

The LR-TDDFT simulations have been performed using
the GPAW code [65–70], which is a real-space implemen-
tation of the projector augmented-wave (PAW) method [71].
The lattice parameters of fcc Al and crystal diamond Si were
set to a = 4.05 Å and a = 5.431 Å, respectively (according
to experimental observations) [72]. The energy cutoff is set
to 1000 eV for both Al and Si. The XC functional in all
calculations was set to the ground-state LDA by Perdew and
Wang [73]. PAW data sets provided by GPAW have been used.

In the case of Al, for the DSF calculations along the
[001] crystallographic direction, we set the k-point grid to
40 × 40 × 55. In the DSF simulations along the direction
[011], we set the k-point grid to 54 × 54 × 54. For Al we
consider a temperature range from 0.025 eV to 10 eV. For the
considered primitive cell, we used Nb = 100 KS bands at T <

5 eV, Nb = 200 at 5 � T < 9 eV, and Nb = 350 at T � 9 eV.
The local field effect cutoff included in the dielectric function
was set to 120 eV. The Lorentzian smearing parameter of the
calculations for Al was set to η = 0.05 eV. For Al we consider
wave numbers in the range from 0.05 Å−1 to 1.21 Å−1.

In the case of Si, for the considered primitive cell, we used
Nb = 100 for T = 0.025 eV, T = 2 eV, and T = 4 eV. For
the direction [001] we used η = 0.05 eV with 20 × 20 × 42
and 40 × 40 × 40 k-point grids. For the direction [111], the
grid was set to 80 × 80 × 80 and η = 0.1 eV. The local field
effect cutoff in the dielectric function was set to 150 eV. For
Si we consider wave numbers in the range from 0.0275 Å−1

to 1.5 Å−1.
In all cases, the ions have been treated as frozen in their

crystal lattice positions. This approximation is justified by
the electron-phonon interaction time being long compared to
typical FEL pulse durations, with the entire scattering signal
being produced while the pulse is incident on the target. The
ions, therefore, remain cold during the scattering process, and
the displacement of a cold ion during the scattering time is
negligible.

III. RESULTS

A. Aluminum

We start our discussion by analyzing the results for Al.
In Fig. 2 we show the DSF at T = 0.025 eV, T = 3 eV, and
T = 6 eV for q in the direction [001] and six different abso-
lute values in the range from 0.195 Å−1 to 1.172 Å−1. In the
quantum many-body theory, the relative change in the width
of the DSF (e.g., at half maximum) with increasing wave
number or temperature is often used as a characteristic of the
change in the lifetime of the plasmon quasiparticle [41]. In the
ground state (ambient conditions), a plasmon is well defined
up to the plasmon cutoff wave number qc(T = 0) � 1.3 Å−1

[55]. At q > qc (T = 0), the plasmon enters the electron-hole
continuum, where it significantly broadens and effectively
decays. As a result, it makes sense to speak about a plasmon
dispersion only at q < qc, where the DSF maximum defines
the plasmon energy [74]. From Fig. 2 one can see that increas-
ing the temperature makes the DSF broader and leads to a
decrease in its magnitude. Therefore, thermal excitations con-
tribute to the plasmon broadening (i.e., dissipation) at all wave
numbers. At T = 6 eV, the plasmon peak becomes ill-defined
already at q � 0.8 Å−1 [i.e., we have qc(T ) � 0.8 Å−1]. Ac-
cordingly, we conclude that the plasmon cutoff wave number
reduces when the temperature is increased, which is the result
of the Landau damping, i.e., the loss of energy of collective
motion to the excitation of individual particles [75–77].

We note that the dimensionless scattering parameter de-
fined as α = 1/(qλs) is used to characterize the XRTS
scattering regime in plasmas [78] (with λs being the charac-
teristic screening length of a test particle in plasmas [79,80]).
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FIG. 2. Results for fcc Al along the [001] direction for the ground state with T = 0.025 eV, and heated electrons with T = 3 eV and
T = 6 eV. The wave-number values are given in units of Å−1.

For completeness, we note that for α = 1 we have the wave-
number values qα=1 = 2.1 Å−1 at T = 0.025 eV, qα=1 �
2 Å−1 at T = 3 eV, and qα=1 � 1.88 Å−1 at T = 6 eV, where
λs is evaluated using the Thomas-Fermi screening length.
Therefore, at considered wave numbers we have q < qα=1,
i.e., a collective scattering regime.

Next, we clearly see that the increase in temperature
leads to a shift of the DSF maximum position to higher
energies for 0.391 Å−1 � q < 0.8 Å−1. This is expected
behavior similar to that of the UEG [81]. However, at
q = 0.195 Å−1, we notice that the maximum of the DSF at
T = 3 eV is located at slightly smaller energies compared to
the DSF maximum at T = 0.025 eV. Although subtle, this
is a rather surprising effect, which does not emerge in the
UEG model where the plasmon energy in the limit q → 0
is independent of temperature. To get a better picture of this
heating-induced red shift in the plasmon energy, we plot the
plasmon dispersion in Fig. 3 for 0.05 Å−1 � q � 0.782 Å−1

at T = 0.025 eV, T = 3 eV, and T = 6 eV. We use the

Bohm-Gross-type dispersion relation to fit the results from
LR-TDDFT simulations for the plasmon energy [81,82],

ω2(q) = ω2
p + αq2, (6)

where ωp is the plasma frequency defined in the limit of
q → 0, and α is a fitting parameter.

Within the LR-TDDFT calculations, the use of the
Lorentzian smearing parameter η leads to a broadening of
the DSF introducing an uncertainty of the order of η in plas-
mon the dispersion [83]. In Fig. 3 we depict error bars for
the plasmon positions as ±η. One can see that the plasmon
dispersion has the Bohm-Gross-type form at all considered
temperatures. At T = 0.025 eV, the plasmon dispersion of Al
is in agreement both with previous LR-TDDFT results and
experimental data [54]. Increasing the temperature to 3 eV
and further to 6 eV, we observe that the plasmon energy at
q → 0 becomes slightly reduced.

To get more information about the temperature dependence
of the plasmon energy at small wave numbers, we show
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FIG. 3. Plasmon dispersion along the direction [001] in fcc Al at
different temperatures. Solid lines are fitted with Bohm-Gross type
quadratic dispersion. The error bars depict the uncertainty ±0.05 eV
introduced by the Lorentzian smearing.

the DSF (top panel) and the plasmon energy (bottom panel)
at q = 0.05 Å−1 for 14 different temperatures in the range
0.025 eV � T � 10 eV in Fig. 4. In the top panel, the DSF
curves are rescaled for better visualization of the change in
the maximum position to have the same width at half maxi-
mum keeping the maximum position unaltered. In the bottom
panel, we show the dependence of the plasmon energy at
q = 0.05 Å−1 on the temperature and provide a quantification
of the uncertainty due to the Lorentzian smearing. The vertical
dashed line at EF = 6.9 eV indicates the Fermi energy (level)
from the KS-DFT calculations. At T < EF , we see that the
plasmon energy at q = 0.05 Å−1 indeed decreases with in-
creasing T . The largest value of the red shift in the plasmon
energy due to thermal excitations is close to δωp � 0.1 eV.
At T � EF , the plasmon energy starts to increase with T . The
vertical solid line at Tc = 7.72 eV specifies where the chemi-
cal potential of the valence electrons becomes negative (i.e., at
T > Tc). For comparison, the chemical potential of the UEG
at the same density becomes negative at T � 13.75 eV. Fi-
nally, the finite-temperature plasmon energy ωp(T ) becomes
larger than the ground-sate plasmon energy ωp(T = 0) at
T � Tc. We note that at all considered temperatures up to
10 eV, the plasmon energy remains smaller than the plasmon
energy computed using the UEG model (ωp = 16 eV).

The DSF of electrons in fcc Al is nearly isotropic at small
wave numbers q < 1 Å−1 and becomes anisotropic at large
wave numbers q � 1 Å−1 [84]. As an example of the ion-
lattice induced anisotropy, we show the DSF for the [011]
direction at q = 1.21 Å−1 for 0.025 eV � T � 4 eV in Fig. 5.
At T = 0.025 eV, we have a well-defined plasmon peak since
q < qc. In addition, we see a smaller well-visible peak at
ω � 7.7 eV. This structure was observed in experiments [85]
and was shown to be entirely due to lattice effects in previous

FIG. 4. Top panel: the results for the DSF of electrons in fcc
Al along the [001] direction. Bottom panel: the dependence of
the plasmon energy on temperature. The results are presented for
q = 0.05 Å−1 as 0.025 eV � T � 10 eV. In the bottom panel, the
uncertainty ±0.05 eV due to the Lorentzian smearing is depicted by
vertical lines. The colormap in the bottom panel provides a visual
representation of a blue and red shift in the plasmon energy compared
to the ground state.

LR-TDDFT based studies [55]. From Fig. 5 we further see
that the peak at ω � 7.7 eV is only weakly affected by thermal
excitations at T � 4 eV. A much more interesting result of
thermal effects is the emergence of a double-plasmon exci-
tation with the increase in temperature. The double-plasmon
excitation emerges already at T = 1 eV and becomes more
distinct up to T = 3 eV. At T = 4 eV, we observe that the
DSF further splits into more local peaks. The onset of such
splitting into multiple peaks is already possible to detect at
T = 2 eV. A similar effect has been observed experimentally
in the ground state as well as using LR-TDDFT simulations
at q > qc [55,85,86], where it was interpreted to be a band-
structure effect. It is known that the adiabatic approximation
for the XC-kernel tends to over-amplify the double-plasmon
excitation and the use of dynamic kernels somewhat smooths
out the split but is unable to wash out it entirely [55]. In the
ground state, the splitting of the plasmon peak to form the
double-plasmon excitation starts to take place with increasing
wave number after entering the electron-hole continuum at
q > qc, i.e., where the plasmon becomes strongly damped. As
we discussed earlier and showed in Fig. 2, the increase in tem-
perature moves the plasmon-damping region to the smaller
wave numbers. Therefore, the increase in temperature at fixed
wave number pushes the DSF closer to the plasmon-damping
region resulting in the emergence of the double-plasmon exci-
tation. In the bottom panel of Fig. 5, we show the dependence
of the plasmon and the double-plasmon peak positions on tem-
perature. From this figure, we see that at 1 eV � T � 4 eV,
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FIG. 5. Top panel: DSF of electrons in fcc Al along the [011]
direction. Bottom panel: Dependence of the plasmon and the double-
plasmon excitation energy on temperature, where the vertical lines
indicate the uncertainty ±0.05 eV in the maximum location due to
the Lorentzian smearing. The results are presented for q = 1.21 Å−1

at 0.025 eV � T � 4 eV. The colormap in the bottom panel provides
a visual representation of a blue and red shift of the peaks in the
double-plasmon feature compared to the ground state.

the segregation of peaks of the double-plasmon is the order of
1 eV. This is within the range of the experimental accuracy at
the European XFEL as we discuss it is Sec. IV.

B. Silicon

To see whether the above-presented results for the ther-
mal excitations in Al can occur in semiconductors, next we
consider Si. We note that laser irritation-induced heating of
electrons can lead to lattice instability due to the weakening
of the silicon bond [87,88]. Therefore, we consider relatively
low electronic temperatures T � 4 eV. First, we show in
Fig. 6 the DSF of the electrons in Si in the direction [001] at
T = 0.025 eV, T = 2 eV, and T = 4 eV for wave numbers in
the range 0.0275 Å−1 � q � 0.88 Å−1 (q < qc � 1.14 Å−1);
it is less sensitive to temperature changes compared to that
in Al. Indeed, the increase in the temperature to 4 eV almost
has no effect on the DSF width (e.g., at half maximum). In
contrast, we observed significant broadening already at 3 eV
for Al. In this regard, we note that the DSF maximum in Si
is usually referred to as a plasmon, but does not follow the
Bohm-Gross type dispersion at small wave numbers [89]. For
completeness, we mention that our LDA-based calculations
yielded the Fermi energy 5.37 eV and a band gap of 0.5 eV
at ambient conditions. We note that the LDA-based calcu-
lations underestimate the band gap value about two times.
Nevertheless, this is not problematic for the DSF at finite wave
numbers, where the LR-TDDFT based on the LDA provides

FIG. 6. Results for Si along the [001] direction for the ground
state with T = 0.025 eV, and heated electrons with T = 2 eV and
T = 4 eV.

an accurate description of the experimental XRTS signal at a
finite momentum transfer [3]. This is in contrast to the prop-
erties in the optical limit, e.g., for the absorption spectra [90].

From Fig. 6 we notice two interesting features that appear
with the increase in the temperature: (1) a slight red shift of
the plasmon energy at 0.0275 Å−1 and (2) the increase of
the DSF values at small frequencies (particularly noticeable
at q = 0.88 Å−1). From Fig. 6, we see that the red shift of
the plasmon energy diminishes with the increase in the wave
number. Similar behavior was observed for Al (see Fig. 3).

To gain more insight on the former effect, we show results
for the DSF for q = 0.05 Å−1 at five different temperatures
in the range 0.025 eV � T � 4 eV in the top panel of Fig. 7.
We can clearly see the red shift of the plasmon energy due to
thermal excitations. For Si, the red shift reaches δωp � 1 eV,
which is much larger than the uncertainty ±0.1 eV introduced
by the Lorentzian smearing. Also, we note that the plasmon
red shift in Si (δωp � 1 eV) is more significant than in Al
(δωp � 0.1 eV). In addition, the results for Si and Al indicate
that the red shift of the plasmon energy due to thermal excita-
tions is a generic effect for both semiconductors and metals.

Finally, we consider the direction [111], which was ex-
tensively studied at ambient conditions experimentally and
theoretically [3,56,89]. In the bottom panel of Fig. 7, we pro-
vide results for the DSF in the direction [111] at q = 1.5 Å−1.
The main broad peak of the DSF in the bottom panel of
Fig. 7 is usually referred to as a plasmon, although it has
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FIG. 7. Results for Si along the [001] direction at q = 0.05 Å−1

(top panel) and the [111] direction at q = 1.5 Å−1 (bottom panel).
The results are presented for 0.025 eV � T � 4 eV. We use colors
to differentiate between varying temperatures.

some fine structure due to band-structure effects at q > qc.
The second peak to the left of the plasmon is the so-called
plasmon-Fano resonance at around 15 eV originating from
local-field effects [3,56,89]. The thermal excitations broaden
the width of the plasmon and the plasmon-Fano resonance
but do not have a noteworthy effect on their positions. At
low energies ω < 5 eV, one can clearly see a signature in-
duced by thermal excitations. This increase in the DSF at
low energies due to thermal effects at T = 1 eV (T = 4 eV)
reaches approximately 10% (20%) of the magnitude of the
main plasmon peak. This is in contrast to the DSF in the [001]
direction shown in Fig. 6, where these thermal features are
rather weak and do not exceed 5% of the magnitude of the
plasmon peak. Physically, these features might originate from
transitions between accumulated states located closely above
the Fermi level since heating results in partial occupation
of these levels, allowing new excitation features to emerge.
Recently, we reported a similar effect for copper [91].

As we discuss in Sec. IV, the thermally induced features
at low frequencies in the [111] direction can be observed in
experiments, e.g., at European XFEL, where a beam with a
width of � < 1 eV can be produced for XRTS diagnostics
[29,39,92].

IV. THE POSSIBILITY OF DETECTING
THERMAL-EXCITATION-INDUCED SIGNALS

AT A FEW ELECTRONVOLTS

A system of hot electrons in a crystal structure of ions
can be produced, e.g., using an FEL pulse with a duration
of ∼10–100 fs. In the case of self-scattering experiments,
scattering from a range of electron temperatures takes place.
We therefore expect that the plasmon red shift in Al will not
be directly observable in self-scattering experiments due to
how small of a shift it is. However, the plasmon red shift in
Si is much larger (about ∼1 eV), and so the overall change
in the plasmon shape may be more readily observed. Though
the spectrum is time- (and temperature-) integrated, it is antic-
ipated that, for a sufficiently narrow beam, the second peak
in the double-plasmon signature (top panel of Fig. 5) may
be observable given that it is fairly distinguishable from the
primary plasmon position. Similarly, the thermally induced
small-ω excitation in Si (see Fig. 7) should develop as an ad-
ditional bump near or on the elastic peak. The aforementioned
issues of self-scattering experiments can be entirely avoided
by driving electrons to high temperatures using a 400 nm
optical short-pulse laser on thin targets, and tuning the delay
of the FEL probe, as was reported in Refs. [93,94].

Second, probing the thermal signatures of electrons in an
ionic crystal structure requires a sufficiently narrow beam. We
anticipate that the self-seeding technique creating a seeded
beam with a FWHM of � � 1 eV [24] could allow one to
detect the double-plasmon signature in Al and the plasmon
red-shift as well as the small-ω thermal excitations in Si. Ad-
ditionally, we note that to further improve the probe quality,
a monochromator can be placed in the beam to cut out the
SASE pedestal while retaining the seeded spike.

Third, besides of the beam quality, an equally important
aspect of the XRTS diagnostics is the detector (spectrometer)
resolution. The signals reported in this work can be measured
by using high-resolution diced crystal analyzers with resolu-
tions δω � 40–50 meV fielded at FEL facilities [29,39,92].
Indeed, this was recently demonstrated for the XRTS mea-
surement with ultrahigh resolution of the plasmon dispersion
in Al at ambient conditions [95].

We conclude that the current capabilities at the European
XFEL provide a possibility to detect the plasmon red shift
in Si, the low-energy excitations in the XRTS of Si, and the
double-plasmon signature in Al. The plasmon red shift in Al
could be inferred from the plasmon dispersion at different
q vectors. Indeed, as shown in Fig. 3, the plasmon disper-
sion is well described by the Bohm-Gross dispersion relation,
Eq. (6). Therefore, by making measurements at several differ-
ent scattering angles and fitting the Bohm-Gross relationship
to the measured dispersion, the plasma frequency at q = 0 can
be inferred.

V. CONCLUSIONS

We have performed a systematic investigation of the effect
of thermal excitations on the DSF of electrons in Al and
Si based on LR-TDDFT simulations within the ALDA. The
results show that there is a wealth of interesting excitation
signatures that can be observed at XFEL facilities such as
the European XFEL. For Al, LR-TDDFT predicts a thermal
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excitation induced red shift of the plasmon energy up to
δω � 0.1 eV at T � 5 eV. This red shift is also predicted for
Si at T � 4 eV, with the largest value reaching δω � 1 eV.
Furthermore, the simulation results show that an increase in
the temperature leads to the formation of a double-plasmon
peak in Al, which is caused by the shift of the Landau damp-
ing region to smaller wave numbers. Finally, we observe the
emergence of a local peak in the DSF of Si at low energies
ω < 5 eV, with a magnitude of between about 10% and 20%
of the plasmon peak at 1 � T � 4 eV.

We provided a discussion of the possibility of measuring
these effects in both considered elements. For Si the plasmon
red shift and the increase in the DSF value at small frequencies
are within the range of the experimental capabilities at the Eu-
ropean XFEL. Similarly, the formation of the double-plasmon
peak due to thermal effects in Al should be measurable as
well. The direct observation of the 0.1 eV plasmon red shift in
Al at small wave numbers will be problematic. However, by
fitting the Bohm-Gross dispersion relation at several q values
with temperature might allow one to measure the onset of the
plasmon red shift.

The results presented here can be refined using more com-
plicated approximations for the XC kernel, if the results of
experiments on isochorically heated electrons will render the
ALDA approximation used here insufficiently accurate. In this
way, the controlled setup and highly accurate diagnostics at
modern XFEL facilities constitute an important opportunity to
rigorously benchmark dynamic simulation methods for WDM
research.

We believe that there are many more interesting phenom-
ena to be explored by XRTS experiments in x-ray-driven
materials. In Al and Si that have been considered in this work,
the electronic coupling parameter is about rs � 2, with rs ∼
n−1/3 being defined by the ratio of the Wigner-Seitz radius to
the first Bohr radius. The electronic structure is known to have
more features in the DSF at lower densities due to stronger
interparticle correlations, e.g., in alkali metals. For instance,
in cesium electrons have a negative plasmon dispersion and
form a so-called roton minimum [2,96]. Another example
are lithium-based materials, such as lithium hydride, where
electrons are strongly correlated with rs ∼ 10 [1]. Therefore,
the study of quantum-many-body effects arising from the
interplay between thermal excitations and interparticle cor-
relations in isochorically heated electrons in an ion crystal
lattice remains a largely unexplored promising research field
for future studies.

On a final note, we observe that an ideal experiment would
employ distinct x-ray pump and x-ray probe beams that are
separated in color and time. Good color separation would
allow one to measure the scattering from the probe beam
while avoiding collecting the scattering signal from the pump

beam. Meanwhile, good time separation between the beams
would allow heating to be complete by the pump before the
probe is incident. We would therefore avoid the aforemen-
tioned limitations of self-scattering experiments. Furthermore,
varying the time separation between the two pulses would
allow investigation into the establishment of electron thermal
equilibrium in femtosecond x-ray experiments. Such x-ray
pump x-ray probe capabilities have been demonstrated at ex-
isting XFEL facilities, such as the at European XFEL [97] and
at SACLA in Japan [98,99], through the use of an electron
chicane. In this setup, the pump and probe beams travel along
the same beamline, and therefore monochromation—which is
necessary to observe the thermal excitation signals reported in
this work—would not be currently possible. Additional care
would also be needed in the choice of photon energies for the
pump and probe in order to still be able to focus the beams
using existing beryllium compound refractive lenses. Never-
theless, we anticipate that the further development of x-ray
pump x-ray probe systems with high resolution would open
up new avenues for exploring the details of nonequilibrium
transient states.
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