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Superconductivity in atomically thin films: Two-dimensional critical state model
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The comprehensive understanding of superconductivity is a multiscale task that involves several levels,
starting from the electronic scale determining the microscopic mechanism, going to the phenomenological scale
describing vortices and the continuum-elastic scale describing vortex matter, to the macroscopic scale relevant
in technological applications. The prime example for such a macro-phenomenological description is the Bean
model that is hugely successful in describing the magnetic and transport properties of bulk superconducting
devices. Motivated by the development of novel devices based on superconductivity in atomically thin films, such
as twisted-layer graphene, here, we present a simple macro-phenomenological description of the critical state in
such two-dimensional (2D) thin films. While transverse screening and demagnetization can be neglected in these
systems, thereby simplifying the task in comparison with usual film- and platelet-shaped samples, surface and
bulk pinning are important elements to be included. We use our 2D critical state model to describe the transport
and magnetic properties of 2D thin-film devices, including the phenomenon of nonreciprocal transport in devices

with asymmetric boundaries and the superconducting diode effect.
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I. INTRODUCTION

Technologically relevant superconductors are usually type
II materials, with vortices determining their phenomenolog-
ical properties [1]. In technical applications, the material is
often described through its macro-phenomenological proper-
ties where vortices appear as an effective medium rather than
individual objects. The first such description was the Bean
model [2] that describes magnetic and transport properties of
bulk material in terms of the critical current density j,(B) due
to bulk pinning [3], the latter taking the role of a constitu-
tive material relation (here, B denotes the magnetic induction
that is related to the vortex density n = 1/a} = B/®,, &y =
hc/2e is the superconducting flux quantum, and ag the vor-
tex separation). A second type of macro-phenomenological
description applies to flat samples, e.g., films and platelet-
shaped samples as they appeared with the then-novel cuprate
superconductors in the late eighties and nineties. Besides
bulk pinning [3], surface pinning [4—7], geometric barriers
[7-10], and demagnetization phenomena [7,11-13] become
relevant. Today, much interest is focused on atomically thin
van der Waals materials [14,15] with superconducting proper-
ties [16], as found in transition metal dichalcogenides [17,18]
and twisted-layer graphene [19,20]. While significant efforts
have focused on explaining the microscopic aspects of super-
conductivity in such atomically thin materials [16,21-23], less
emphasis has been devoted to studying the phenomenology
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of these systems. In the present paper, we introduce a third
kind of macro-phenomenological model that describes the
two-dimensional (2D) critical state of atomically thin super-
conductors and use it to determine the relevant transport and
magnetic properties of these materials.

Atomically thin superconductors can easily be tuned, a
feature owed to their nanometric thickness. For example, the
surface barrier can be manipulated not only via the geometric
design of the edges [24], but also via a finite gate voltage
[25]. In a recent paper, the interplay between vortex pinning,
the moiré pattern in NbSe, layers, and the effects of a per-
pendicular electric field has been studied [26], demonstrating
the expanded toolkit for engineering superconductivity in this
type of materials. This high degree of tunability makes 2D
superconductors an ideal platform for realizing interesting
and novel devices, see for example the numerous reports
on the so-called superconducting diode effect [26—43]. One
important goal of this paper then is to provide a simple macro-
phenomenological model capable of describing the properties
of these 2D materials and their physical performance in tech-
nical applications.

The Bean model has been hugely successful in explaining
the magnetic and transport properties of the mixed state in
bulk material. It reduces the complex pinning behavior of the
vortex matter to a simple constitutive material relation j,(B).
In its simplest (original) variant, j, is assumed to be indepen-
dent on the B field (i.e., the vortex density n; we assume B || z)
and solving Maxwell-Ampere’s equation VA B = (47 /c) j,
provides the magnetic response of a bulk sample as shown
in Fig. 1(a), i.e., the current and vortex densities j(x) and
n(x) = B(x)/®y across the superconductor (we assume a
finite-width sample along x and an infinite extension along
y). The simplest critical state is characterized by a constant
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FIG. 1. Illustration of the critical state (partial penetration) for
three types of sample geometries, bulk (a), flat samples (b), and 2D
thin films (c), in a (perpendicular) magnetic field H || z. Current and
vortex densities j(x) and n(x) are shown as black and orange lines
(js and j, denote surface and bulk critical current densities); the
corresponding field distribution B(x) is shown as a blue dashed line.
(a) Bean model [2] describing bulk samples. (b) Flat sample, e.g., a
film- or platelet-shaped superconductor, with large demagnetization
effects [12,13] and vortices arranging in a pair of domes inside the
sample [8]. (¢) In 2D thin-film superconductors, screening can be
neglected and the magnetic field penetrates homogeneously, with
constant B &~ H everywhere. While in (a), the bulk critical current
density j, is the dominating parameter, it is the surface critical
current density j, that determines the critical state in (c¢). Comparing
(b) and (c), the density profiles j(x) and n(x) differ only quantita-
tively but the field profiles B(x) turn out very different.

current density j = j, in the penetrated part of the sample that
is associated with a linear decrease in (pinned) vortex density
n(x) away from the sample surface, while both current and
vortex densities vanish inside. Increasing the external field H,
the vortices penetrate to the middle of the sample (state of
full penetration) and the screening saturates with the magneti-
zation M = — j,W/4c. Accounting for surface effects, vortex
entry into the sample is delayed due to the surface barrier,
with Meissner currents flowing on a scale Naé /& > ag at the
boundaries defining a vortex-free region [5,7].

With the emergence of high-temperature superconductors,
numerous studies have focused on the phenomenological
properties arising from their platelet/film geometry with typ-
ical film thickness d larger than the London penetration depth
A. We separate such “flat samples” with d >> A from the “two-
dimensional (2D) thin films” with d < A, the geometry we
will focus on in the present paper, see below. Placing a flat
sample (d > 1) in a perpendicular magnetic field, i.e., with
the shortest dimension d parallel to the external field H || z,
demagnetization effects are strong and the field lines bend

around the sample, resulting in Meissner screening currents
flowing along all sample boundaries including the top and
bottom surfaces perpendicular to the field [12,13]. Further-
more, surface and geometric edge effects [5—9] determine the
field where vortices penetrate into the sample. In Fig. 1(b), we
illustrate the resulting critical state in flat samples involving
Meissner- and vortex-related current densities: since Meissner
currents flow on all sample boundaries [8,12,13], vortices are
pushed into the sample as soon as the surface/geometrical bar-
rier is overcome; they form two isolated vortex domes where
currents j = £, flow due to bulk pinning. Meissner currents
outside these domes seemingly diverge at the film boundaries
(they are cut off at distance d from the edge) and connect
the vortex-pinning-induced current plateaus across the film
center. The magnetic field in the z direction (evaluated in the
film middle at z = 0) vanishes everywhere due to Meissner
screening currents, except for the inside of vortex domes and
the thin A layer at the edges (note the difference between
the domes in Fig. 1(b) and the corresponding results in Refs.
[12,13], which is due to the missing of the geometrical barrier
in this early study on flat samples: the large Meissner currents
at the edges drive vortices, that have overcome the geometrical
barrier, to the inside of the film). Hence, a rich critical-state
phenomenology (involving conformal mappings and theory of
analytic functions in the underlying mathematics [7,8,44,45])
characterizes the analysis of flat superconductors that goes
beyond the simple description of bulk pinning within the Bean
model.

The critical state in 2D thin films with d < A is charac-
terized by the weakness of superconducting screening: As
the film thickness d drops below the bulk penetration depth
A, the effective screening length is given by the Pearl length
A1 = 2A%/d [46]. For thicknesses d in the nanometric range,
typical of atomically thin devices, the effective penetration
depth A is much larger than the coherence length &, bringing
these materials under the type II paradigm. Even more, A
easily exceeds the film width W, A; > W, and the magnetic
field remains unscreened, with B =~ H throughout the film
width. This then defines the parametric regime that we focus
on in the present paper: 2D thin films with thickness d < A
and a finite width W such that A, > W. This results in the
absence of screening and demagnetization effects and allows
us to formulate a simple theory for the critical state of such 2D
thin-film material that departs significantly from its counter-
part in bulk and flat samples, see Fig. 1(c). Note that a similar
absence of screening characterizes the situation of a thin film
with d < A in the parallel-field geometry, see Refs. [47,48].

While demagnetization and screening can be ignored in
2D thin films with d < A, both surface- and bulk-pinning
effects play important roles and we will briefly discuss both,
one after the other. The vanishing of the current density j,; at
the film boundary generates a surface barrier for vortex entry
(conveniently described by a fictitious image vortex of oppo-
site circulation) that allows for a surface current density j; of
order of the depairing current density jo = c®o/12v/372A2E
to flow at a distance A, from the boundaries, i.e., every-
where inside the sample in a typical situation where A, >
W. Combining Maxwell-Ampere’s and London’s equation
j= —(c/2m A1) A (where A is the vector potential associated
with the induction B) then tells us that the current changes
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FIG. 2. Critical current /.(H) (black-solid line) and hysteretic
diagram (colors) for a 2D thin-film superconductor in a perpendicular
magnetic field H. The critical current I.(H) provides the maximal
dissipation-free current supported by the superconducting film. At
small fields |H| < H*, the critical current is determined by the sur-
face pinning inhibiting vortex entry at the sample boundary, with
I.(|H| < H*) decreasing linearly, see (16). For fields beyond H*, the
critical current I.(|H| > H*) is limited by vortex motion and decays
o 1/|H| before saturating at the bulk pinning current I, see (17).
Upon increasing the current from zero at fixed H, vortices enter the
film for currents [ > I;(H) = I;(1 — |H|/H;) [black-dotted line, see
(19)] that delimits the Meissner state (orange) on increasing currents.
Decreasing the current below I.(H ) at fixed |H| > H*, the film enters
the mixed state (red and red stripes). In the absence of bulk pinning,
H* =H;/2 and I.(|H| > H*) = I;H,;/4|H| (thin-solid line).

linearly o« —H inside the film as long as H remains small,
H < H; « j;. Pushing the external field H beyond the sur-
face penetration field H; drives the current density j at the
boundaries beyond j; and vortices enter the film. These are
driven towards the film center where they accumulate in the
shape of a rectangular box, a “plateau” replacing the “dome”
in flat samples [8] of width d >> A. As the vortex box expands
with further increasing magnetic field H, the surface current
is squeezed to a narrow layer that reaches the width & at the
scale of the upper critical field H,,.

In the presence of “bulk” pinning with a finite critical
current density j, > 0, vortices are driven towards the thin-
film center as long as the local current density j stays larger
then j,. Hence, a symmetric pair of vortex boxes appear
away from the boundaries within the 2D thin film as illus-
trated in Fig. 1(c); they expand with increasing drive H and
reach the film center (to scale ap) at the full-penetration field
~(jp/ jo)*H.». As a result, the critical state in 2D thin films
differs considerably from those in bulk and flat samples. Par-
ticularly noteworthy is the exchange of constant and linear
dependencies in the field- and current traces when going be-
tween the bulk and the 2D critical states, see Figs. 1(a) and
1(c).

Extending the above critical-state analysis in 2D thin films
to include transport currents I, we can calculate the critical
current /.(H) of devices in the presence of magnetic fields
H as shown in Fig. 2. We find that the large currents as-
sociated with the surface barrier dominate the current flow
and determine the linear field dependence [27,49,50] of the

critical current I.(H) — I.(0) o< |H| at small magnetic fields
|H| < H* before vortex entry (H* = H,/2 in the absence of
bulk pinning), see the solid-black line in Fig. 2. At larger
fields, vortices occupy a large part of the sample and I.(H)
decreases nonlinearly to a saturation value determined by the
bulk critical current density j,. The figure also informs about
the different phases that appear in 2D thin films at given values
of field H and current /, dissipative (grey), Meissner (orange),
and mixed (red); the latter two, Meissner versus mixed states
depend on the preparation of the state, here shown is the result
of increasing (decreasing) the current / from zero [from I.(H )]
at fixed H. A further extension of the model to account for un-
equal surfaces in asymmetric devices leads us to nonreciprocal
transport that is the basis for the superconducting diode effect.

In this paper, we build on previous studies [27,49,50] to
provide an exhaustive description of the 2D critical state
model of 2D thin-film superconductors with thickness d < A.
In Sec. II, we introduce the 2D critical state model for such
2D thin films based on the Maxwell-London equation that
governs the current distribution across such films. We work
in the limit W <« A typical of atomically thin strips where
we can neglect effects of screening, while fully accounting
for both surface and bulk vortex pinning. We make use of this
2D critical state model to calculate vortex, as well as current
density profiles, first in a finite field without transport, see
Sec. IT A, that leads us to Fig. 1(c). In Sec. I B, we determine
the field H dependence of the critical current /.(H ), see Fig. 2,
and then find the critical state for a transport current 0 < [ <
I.(H) in between. In Sec. III, we determine the nonreciprocal
transport properties of asymmetric devices and discuss the
superconducting diode effect. We find (in Sec. III A) that the
critical current I.(H) reaches its maximum at a finite-peak
field Hmax. The different critical currents for positive and
negative currents then give rise to the superconducting diode
effect. Including bulk pinning, we find an upper bound on the
diode efficiency n(H) of the 2D thin film even in strongly
asymmetric devices, see Sec. III B. In Sec. III C, we compare
our critical state predictions with recent experiments. While a
great deal of transport measurements have been reported on
atomically thin superconductors, not much attention has been
paid to the magnetic properties of these materials. In the final
part of this paper, see Sec. IV, we use our 2D critical state
model to determine the hysteretic moment m(H ) that exhibits
numerous features generated by the interplay of surface and
bulk pinning. Besides strong experimental signatures, such as
kinks, we find a rich variety of vortex configurations such as
vortex—antivortex coexistence fronts inside the sample. Sec-
tion V summarizes our results and provides some conclusions.

II. 2D CRITICAL STATE MODEL

We consider a thin (d < A) superconducting film (in the
x —y plane) in a perpendicular magnetic field H = HZ. In-
side the superconductor, the current density distribution j is
determined self-consistently by the interplay of the external
field H, the distribution of superconducting vortices and the
self-field By.r induced by the current density j, as given by
the Biot-Savart integral. Our 2D thin film has a finite width
—W/2 < x < W/2 along x and extends to infinity along y.
For a film of thickness d smaller than the London length A,
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the current density j(R) is homogeneous in the field direction
z and we define the sheet current density i(R) = j(R)d that
depends on the position R within the plane of the film. The
sheet current density i(R) is related to the electromagnetic
vector potential A(r) and the condensate phase 6(R) through
the London equation

cd
4 )2

i(R) = [A(R, z=0)— &VQ(R)}. (1)
2

We take the curl of Eq. (1) and rewrite the total field B =
V x A as the sum of the external and Biot-Savart fields
H and By (r); furthermore, we replace the singular gauge
part V x [VO(R)] =22}, §(R —R,) by the vortex den-
sity Zn(R). This approximation is an integral part of our
macro-phenomenological description where we are interested
in scales larger than the intervortex separation. Accounting for
the film geometry and boundary conditions (infinite extension
and current along y), the z component of the curl provides us
with the Maxwell-London equation [51] for the sheet current
density i(x) = i,(x),

o S e £ Bl @)

with the z component of the self-field

2 /W/2 i) dx'

Bgerr (x) = — ; .
CJwp X —X

3

Equation (2) defines an integrodifferential equation for i(x)
with a characteristic length scale A, = 2A2/d that follows
from the comparison of the differential d,i with the self-
field term ~ — (d/27A2)i(x)In[(W/2 — x)/(W/2 +x)] on
the right-hand side. Estimating the self-field (3) from the
current in the absence of screening, see Eqgs. (4) and (5) be-
low, we find that Bs.js ~ —(W/A )H. For 2D superconducting
strips with W <« A, the self-field is negligible and the total
magnetic field inside and outside the material has the same
value B ~ H. The equation for the current distribution inside
such 2D superconducting thin films therefore simplifies to

di N cd
dx 4 )2

a simple first-order differential equation with a source term
that depends on the vortex density n(x).

In the following, we will integrate Eq. (4) to find the
current density profile at given field H and fixed bias current
1= f i(x)dx as summarized in Figs. 3(b)-3(e), and 4(b). In
doing so, we will determine the critical current I.(H') as shown
in Fig. 2 and characterize the (hysteretic) critical state of thin
superconductors with d < A.

[H — n(x)Po], 4)

A. Without bias current I = 0

To start with, we consider Eq. (4) in the absence of external
bias currents, I = 0. In the Meissner state, i.e., when n(x) = 0,
the current density profile is linear,

cdH
-,
4 A2

and takes opposite values on the two sides of the 2D film.

i(x) = &)

Is (a)

H=H" (c)

H < H; (d)

\

—ip ~0
H < Hg .
T —ls
is
\ H>H, (e)
o Ty
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H > HS\ . *2 *3
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—ig T
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FIG. 3. Current density profiles at different combinations of H
and / (for a film initially prepared with I = 0) corresponding to the
colored squares in the hysteretic diagram (a), cf. Fig. 2. (b) At zero
field, i(x) = I/W (solid-orange line) everywhere and no vortex en-
ters the sample until / = 7.(0) (solid-black line). (¢c) For H < H*, the
superconductor remains in the Meissner state (solid-orange line) un-
til I = I.(H) (solid-black line) is reached. At H = H*, i(x) reaches i
(ip) on the left (right) edge; vortices penetrating the sample at —W /2
stop just before exiting at +W /2. (d) For larger fields H* < H < Hy,
the state of the superconductor depends on the value of the bias
current /. At small I < I;(H) (orange), the sample is in the Meissner
state. For larger currents [ > [;(H) (red), vortices penetrate from
the left and form a box with i(x) =i, for x € [xo, x;] (solid-black
dots). At the critical current / = I.(H) (black), x; reaches W/2 and
vortices start flowing across the sample upon further increase of 1. (e)
For fields H > H,, the superconductor is always in the mixed state.
Two symmetric vortex boxes are present at / = 0. For I < L(H)
(blue), the right of the two vortex boxes conserves the vortex number
attained at / = 0. At larger currents, vortices start leaving the right
box (magenta), until this disappears when I = 1,(H ); only one vortex
box remains at currents I > I;(H) (red). The currents I, and 1; > I,
are shown with black-dashed lines in (a). The insets show the current
distribution for the same field values for the case of vanishing bulk
pinning, i.e., i, = 0 (where H* = H,/2). The black and orange lines
refer to transport currents / = I. and I = I./2 at i, = 0, respectively.
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FIG. 4. Current density profile at different combinations of H
and / [for a film prepared with I = I.(H)] corresponding to the
colored squares in the hysteretic diagram (a), cf. Fig. 2. The su-
perconductor remains in the Meissner state (orange) for small fields
|H| < H*. For larger fields |H| > H* the film always resides in the
mixed state with one vortex box (red), different from the situation
with increasing currents from zero discussed in Fig. 3. (b) At/ =
1.(H) (upper black line) the vortex box extends to the right edge
of the sample and i(x > xy) = i,. Decreasing the current (upper-red
line), vortices stay trapped, the box remains in place (upper red line),
and the current density profile i(x) rigidly shifts downwards. When
I =1.(H) — 21, < 0 [black-dashed line in (a)], the plateau in i(x)
reaches —i,; upon further decrease of I, the vortex box shifts to the
left conserving its size (lower-red line). At I = —I.(H) (lower-black
line), the current density profile i(x) touches —i; at the right edge
W/2 and the vortex box has reached the left edge, resulting in an
overall inversion i(x) — —i(—x) when going from /I.(H) to —1.(H).
The inset shows the evolution of the current density profile with
decreasing current in the absence of bulk pinning.

Upon increasing the magnetic field H, so-called Pearl
vortices start penetrating the superconductor; the latter are
disk-like objects with supercurrents circulating on the scale
A that produce a magnetic field of monopolar shape in the
upper/lower half-plane, in contrast to the usual flux-tube as-
sociated with the Abrikosov vortex in a bulk sample. The
nucleation of vortices from the edges of the superconducting
film is hampered by the presence of a steep surface barrier. In
the ideal scenario, the latter can be overcome by a transport-
or field-induced current density j when this approaches the
depairing current density jy at the boundary. Indeed, in the
narrow 2D film (W < A ) the self-field can be neglected and
the current distribution (at zero field) is homogeneous and
equivalent to that in a 1D wire [52], which results in the crite-
rion j; = jo for the critical surface current density j;. In real

materials, the critical current density j, where vortices start
penetrating inside the superconductor is typically smaller than
the depairing value [53] due to edge roughness, imperfections,
or voltage gating [25].

In the absence of an external bias current I = 0, vortices
penetrate inside the sample when the magnetic field reaches
the surface penetration value Hj, i.e., when the magnitude
of the current density i(x) at the edges x = £W/2 reaches
the critical value i; = j,d. Using Eq. (5), the condition i; =
[(cd Hy)/ (4nk2)](W/ 2) provides us with the surface penetra-
tion field

8w A%
= ——1
cdW

where the superconductor enters the mixed state for I = 0. Us-
ing the above criterion j; = jj for the surface current density,
the vortex penetration field (6) reads

20, Dy A
H=——  ~ — ~
3V3nEW  EW W

where the last estimate relates H; to the thermodynamic crit-
ical field H, = ®(/2+/27A£ that sets the magnetic scale for
the penetration of vortices across the surface of a bulk sample
in a parallel field [4] (in Ref. [49], another criterion was used
that resulted in a smaller penetration field H; = &¢/2w&W,
see also Refs. [47,48] where the same criterion gives Hy =
®y/2m&d for a film in parallel field).

In the absence of bulk pinning, the vortices that penetrate
inside the 2D film accumulate in a finite region around the
center of the superconductor where i(x) = 0. In this region,
the derivative di/dx in Eq. (4) vanishes, implying that the
density is constant and given by n = H/®y; this “vortex box”
replaces the “vortex dome” in the flat sample. The solution
of (4) then consists of piecewise linear parts i(x) = F[i; —
(cd H/4wA?)(W/2 F x)] near the vortex-free right and left
edges, respectively, and a vanishing current i(x) = 0 in the
vortex box; the two solutions merge at the box edges +x,(H)
that derive from the condition i(£+x,) = 0 imposed on the
linear part of the solution,

(6)

N

H,, (N

H > Hy=2(1- 2 8
x(H| > Hy) = 2( |H|>' ®)
The resulting current density profile is shown as a red line in
the inset of Fig. 3(e) further below.

At finite bulk pinning j, > 0 and large enough fields |H| >
H,, vortices from both sides are driven towards the center
of the film as long as the local current density i(x) stays
larger than i,. Hence, two symmetric vortex plateaus |x| €
[x;(H), x,(H)] appear away from the boundaries, see Fig. 1(c)
in the Introduction. The current density is constant and equal
to i, inside these regions and thus the slope di/dx in (4)
vanishes, again producing the vortex density n(x) = H/®,.
Matching the constant current i = i, within the plateaus to the
(properly shifted) linear current densities (5) in the vortex-
free regions, we find the expressions for the inner and outer
boundaries x;(H) and x,(H ),

M) ©)

(xi, Xo)(|H| > Hy) W(H"
Xiy Xo >Hs) = —\ 7> -
|H| |H|

2

023190-5



FILIPPO GAGGIOLI et al.

PHYSICAL REVIEW RESEARCH 6, 023190 (2024)

with
8w A%
=——1
P=caw®
the field where the Meissner screening currents (5) reach =i,
at the edges of the superconductor. The above results will also
be relevant in the calculation of the magnetic moment m(H )

in Sec. IV below, where the hysteretic behavior at decreasing
H after a field reversal at Hy will be considered as well.

(10)

B. Critical bias current I = I.(H)

We move on to study the critical state preceding the onset
of dissipation, i.e., when a critical current I = I.(H) is applied
to the superconductor. While the / = 0—finite H scenario is
relevant to magnetization experiments, the critical state with
I = I.(H) is of great importance for transport experiments.

In the presence of a finite and homogeneous across x trans-
port current I = [ dxi(x) fed to the sample, the solution of
the Maxwell-London equation (4) in the Meissner state picks
up an additional term I/W,

) ~ 1 cdH
EW T am®

see Figs. 3(b) and 3(c) where the flat and tilted current distri-
butions at vanishing and finite fields are shown. Note that the
linear term o« —Hx induced by the external field H does not
contribute to the transport current.

Criticality is reached when the magnitude of the current
density i(x) at either (or both) edges x = =W/2 reaches the
surface critical current i;, at which point vortices start pene-
trating the film. Using Eq. (11), we find the critical current at
vanishing magnetic field

an

with vortices/antivortices entering from the two edges. At
positive (negative) fields and positive current bias I > 0, the
screening term in Eq. (11) favors the nucleation of vor-
tices from the left (right) edge of the superconductor when
i(£W/2) = I./W F (cd H/4m A\*>)W/2 = iy, and the critical
current reads [49,50] [we make repeated use of Egs. (6) and
(10) to express cdW? /8w A? through i;/H; or ip/Hpl

I.(H) = IY(I - |H|>. 13)
: 7
Equation (13) defines the critical current in the Meissner state;
its linear cusp at the origin is the hallmark of surface pinning
and corresponds to the linear portions of the black solid line in
Fig. 2. The result is valid as long as the current density i(x) is
larger than depinning everywhere, i(x) > i, allowing vortices
to traverse the superconductor without stopping.

The field H = H* > 0 where i(x) first touches i, then
defines a new regime where vortices that enter from the left
edge stop because of bulk pinning just before exiting at the
right edge. This brings the superconductor to the onset of
the mixed state, with the corresponding critical state shown
by the solid-black line in Fig. 3(c). Imposing the conditions
i(—W/2) =i and i(W/2) =i, valid at H = H* on Eq. (11),
we obtain the relation iy — i, = (cd H*/4nk2)(W/2) that sets

the transition between Meissner and mixed critical states at,

H*EHJ_HP.
2

Increasing the field beyond H*, the critical current den-
sity profile i(x) turns steeper on the left and the mixed state
region expands from the right edge into the film, see the
black-solid lines in Figs. 3(d) and 3(e). Currents i, < i < i,
in the linear region push the vortices into the superconductor
until they stop and accumulate to form a vortex box with con-
stant density n(x) = H/®, within the region [xo(H), W/2].
The Maxwell-London equation (4) then tells that the current
density i(x) is constant within the vortex box, assuming the
value i(x) = i, at criticality. Matching the linear and constant
portions of i(x), we find the result [see also Appendix A and

Eq. 9]
W 2H*
xo(H):—?<l— - ) (15)

(14)

Integrating the resulting current profile i(x), we find the crit-
ical current curve I.(H) in the form [we define I, = i,W and
repeat the low-field result Eq. (13); the extension to negative
fields H < —H™ is trivial]

c s F!Y ’

The presence of the finite vortex box at fields |H| > H*
contributes with the current i,[W/2 — xo(H)] to I.(H) that
results in the nonlinear dependence of the critical current I,
on the field H. In the limit of large magnetic fields H > H*,
xo — —W/2 and I.(H) saturates to i,W = I,.

In the absence of bulk pinning, i, = 0, the result (17) re-
duces to I.(|H| > H,/2) = I; (H;/4H ) and the critical current
drops towards zero at large fields, see Refs. [49,50]. This
result, combined with the cusp of Eq. (16), is of quite general
nature and applies to flat samples with surface or geometrical
barrier and x <> —x symmetry [54]. The cusp for |H| < H,/2
describing the linear Meissner regime can be obtained with
the help of the following consideration: Linearity tells us that
the current density profile i(x) must have the form i(x) =
Ifi(x) + H fy(x), with f7 g(x) two (symmetric and antisym-
metric in x) shape functions. The conditions for maximal
current at zero field H, i(£W/2) = iy, and maximal field H; at
vanishing current I, i(—W/2) = —ig, relate Iy = i/ fi(£W/2)
and Hy; = =i,/ fy (£W/2), from which follows the result (16).
The linear form is valid until first penetration of vortices;
the corresponding conditions i(W/2) = i; and i(—W/2) =0
(valid in the absence of pinning) determine the penetration
field H* = H,/2.

In the opposite limit of strong bulk pinning i, — i,, the
linear peak Eq. (16) at small fields, that is due to surface
pinning, gets absorbed into the flat background due to bulk
pinning. The results (16) and (17) compactly illustrate the
relevance of surface and bulk pinning: The surface barrier
dominates the low-field regime at |[H| < H* and produces a
linear cusp in I.(H ), while bulk pinning shapes the large-field
region |H| > H* and produces a saturation in the tails.
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When comparing the above theoretical results for I.(H) to
experiments, we note that the magnitude of I.(H) depends,
via I, on the value i; of the critical current density at the
edges. The latter can vary from sample to sample due to edge
imperfections, rendering the task of predicting the value of
the critical current not straightforward. This is not the case,
however, for the slope dI./dH in the Meissner state: taking
the derivative of (13), we find that

dl.(H)  cdW?
dH 8 A2

(18)

is independent of i;. The slope of I.(H) thus assumes a uni-
versal value, determined only by the London length A and the
width W of the film.

C. Finite bias current 0 <7 < I.(H)

We proceed with the study of the critical state for arbitrary
bias current I at fixed field H. At small fields |H| < H*, the
film always resides in the Meissner phase and thus behaves
reversibly, with n(x) = 0 and i(x) given by the shifted linear
profile (11). At larger fields |H| > H*, the presence of vor-
tices gives rise to hysteretic behavior: We will first study the
vortex and current density profiles n(x) and i(x) for increasing
currents / at fixed H in samples initially prepared at zero bias
current / = 0 and focus on currents decreasing from I.(H) in
a second step. Without loss of generality, we will consider
positive magnetic fields H, such that vortices shift towards the
right of the superconductor when / > 0. To benefit the reader,
we will defer the detailed derivations and expressions for the
edges of the vortex boxes to Appendix A.

1. Increasing the current from I = 0

In the absence of bias currents and for fields |H| < H,,
the superconductor is in the Meissner state. Upon increasing
1, vortices first penetrate inside the sample when the current
density (11) reaches is at either of the two edges, cf. the
derivation of (13), i.e., along the line

H
I,(H) = 13<1 - %) for |H| < H,. (19)

s

This (black-dotted) line in Fig. 3(a) separates the Meissner
from the mixed states when starting from / = 0 with |H| < H;
and coincides with the critical current (13) at low fields |H| <
H*. As a result, for increasing bias currents /, the Meissner
state encompasses the orange region in Fig. 3(a).

For larger bias currents I > I;(H), vortices accumulate in-
side the superconductor, forming a vortex box that extends
between xo(H) and x;(H, I); the box boundaries xo(H) and
x1(H, I) are again obtained by matching the linear and con-
stant (i = i,) portions of the current profile derived from
the Maxwell-London equation (4) and fixing the current / =
[ dxi(x), see Appendix A 1. The solution xo(H ) is still given
by Eq. (15), while x; (H, I') depends additionally on the current
I and reads

(H,1 1)—Wl B, LH) —1 (20)
== TN E T, |

The current density profile for a situation away from I;(H )
is shown in red in Fig. 3(d); the current distribution evolves
into the critical one (black lines) as the bias current is in-
creased to I.(H) and the vortex box touches the right edge
of the sample, allowing vortices to leave the superconductor.

For fields |H| > H;, the superconductor is in the mixed
state already for vanishing bias currents / = 0, with two sym-
metric vortex boxes [xg = —x,, x; = —x;] and [xy = x;, x3 =
X,] present inside the sample. Upon increasing the bias cur-
rent, the left box [xg, x;] expands, as new vortices enter the
superconductor from the left edge, while the right box [x;, x3]
shifts towards the right edge and conserves its size, as vor-
tices therein are trapped by the surface currents and cannot
leave the film. Again, the boundaries of the vortex boxes
are found by imposing that i(x) (made up from linear and
constant portions) is continuous across the superconductor
and that / = [dx i(x); the corresponding expressions are given
by Eqgs. (A11)—(A13), and (A2) of Appendix A 1 and a typical
current density profile is shown in blue in Fig. 3(e).

When the bias currents reaches

(H*)* +2H*H,

LH)=I )
i(H) HLH|

@
the boundary x; of the right vortex box touches W/2 and
the box starts shrinking as the vortices gradually leave the
superconductor. The current density profile typical for this
regime is shown in magenta in Fig. 3(e) and the corresponding
expressions for x,, x; and x( are given by Eqgs. (A16) and
(A17) as well as (A2). When x, (I, H) = W/2, the right vortex
box has disappeared completely and only the left box remains;
this happens when the bias current reaches

(H*)? + |H|H, — H?
H,|H]

LH)=1, (22)
Equations (21) and (22) correspond, respectively, to the lower
and upper black-dashed curves in the diagram Fig. 3(a). The
two curves cross at H;, where (i) the right box touches the
sample edge at W/2 and (ii) its width vanishes. For bias cur-
rents I > I;(H), the current density profile displays a single
plateau, i.e., there is only one surviving vortex box whose
boundaries xy and x; are described by the same expressions
(15) and (20) as obtained for fields |H| < Hj; finally, the
critical current I.(H) is reached when x; = W/2.

2. Decreasing the current from I = I.(H)

We decrease the transport current / from the critical value
I.(H) at fixed field H in order to study the hysteretic effects
in current / (hysteretic effects in H will be studied in Sec. IV
below). In preparing the sample, we wish to avoid compli-
cations associated with the dissipative state [e.g., a potential
strong rearrangement in the current profile i(x)] and therefore
drive the film close to, but below I.(H ) before decreasing the
current /.

Starting with small fields |H| < H*, the film always re-
mains in the Meissner state and hence behaves reversibly.
Going to higher fields |H| > H* and preparing the film at / =
I.(H), vortices have populated the superconductor such that
the sample remains in the mixed state for all values of the bias
current I < I.(H), see the red region in Fig. 4(a). Decreasing
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the current I below I.(H) the vortices that are trapped inside
the superconductor remain trapped in the region [xy, W/2],
with xo given by Eq. (15), see the upper solid-black curve
in Fig. 4(b), and the local density of vortices n(x) does not
change as long as |i(x)| remains below its bulk critical value
i,. As aresult, the current density profile i(x) is rigidly shifted
downwards, see the upper solid-red line in Fig. 4(b), until the
current in the plateau first reaches —i, at/ = I.(H) — 2, <0
[black-dashed line in (a)]. At this current, the vortices start
shifting to the left and a new vortex-free region with di/dx
—H forms close to the right edge of the superconductor [lower
solid red curve in (b)]; the position [xo(H, I), x;(H,I)] of
the vortex box in the region I. — 2I, > I > —I. is given by
Egs. (A19) and (A20) in Appendix A 2. Finally, when [ is
further decreased to —I.(H), the current density reaches —i;
at the right boundary W/2 in the same instant that xy touches
the left boundary —W/2, thus realizing the critical state ap-
pertaining to —I.(H). Hence, in the process of reducing the
current / from I.(H) to —I.(H), the vortex box has kept its
size and has shifted from the right side to the left side of
the film. Also, note that decreasing the current from critical,
the vortex configuration in the mixed state always contains a
single vortex box, see Fig. 4(a), different from the behavior
with increasing currents where the number of vortex boxes
changes between two and one, see Fig. 3(a).

III. SUPERCONDUCTING DIODE EFFECT IN
ASYMMETRIC 2D THIN FILMS

Superconducting films have a long tradition in technolog-
ical applications, including Josephson junction-based devices
in electronics and many types of sensors, e.g., for magnetic
fields (SQUIDS) or photodetectors (bolometers). Another
application that has been much discussed recently is the
superconducting diode effect (SDE) [26-33,35—43] in 2D su-
perconductors. In this type of inductive device, an ac current
drive is applied to produce a dc voltage, the opposite of
the usual capacitive setup in a semiconductor where an ac
voltage drive produces a dc current. A simple mechanism
producing this effect is provided by the asymmetric vortex
motion within a superconducting film upon current reversal
that produces a nonreciprocal transport characteristic. Such a
vortex-based SDE can be realized through asymmetric surface
barriers generating different surface critical current densities
is.. and i; g at the left and right edges of the film, respectively.
This kind of asymmetry is ubiquitous in real thin films and
can result from device imperfections [50] or deliberate design
[40]. Another vortex-based source of nonreciprocal transport
is the ratchet effect in bulk vortex pinning producing different
depinning currents i, ; and i, i for vortices incident from the
left and right side, respectively. Such a bulk asymmetry does
not naturally occur in thin-film devices, but can be realized in
nanostructured devices [29,55-58] and twisted moiré super-
conductors [26], where the degree of asymmetry can directly
be controlled by means of an applied gate voltage. While the
surface barrier asymmetry manifests in the low field peak of
1.(H), the asymmetry in bulk pinning shows up in the tails of
I.(H) at large fields.

Alternative mechanisms [43] involving symmetry break-
ing on a microscopic level have been discussed in order to

generate a superconducting diode effect. Prominent examples
are noncentrosymmetric materials [59-61], finite momentum
pairing [62], or chiral superconductors [63]. At the same
time, use of the SDE has been proposed as a means to infer
spontaneous symmetry breaking in exotic superconductors
[63]. However, care has to be taken in order not to confuse
an intrinsic mechanism with the simple vortex-based origin
where time-reversal and inversion symmetries are broken on
a macroscopic level, see Ref. [64] and the discussion in
Sec. I C below.

In the present section, we provide a simple and quantitative
analysis of the superconducting diode effect in terms of our
critical state model, including also the effect of bulk pinning.
In Sec. III A below, we will first determine the nonreciprocal
critical currents I (H) and I (H) for different drives along
and opposite to the y axis. Subsequently, we will find quanti-
tative results for the diode efficiency, see Sec. III B, and then
compare our findings with recent experiments, Sec. III C.

A. Critical current in asymmetric 2D thin films

We choose a film asymmetry where the surface criti-
cal current density i;; and surface penetration field H;; =
(87 A%iy 1 /cdW), see (6), at the left edge are larger than their
counterparts is g and H; g at the right edge. Moreover, for the
main part of this section, we will assume that the surface crit-
ical current densities are larger than either depinning current,
i.e., is,(R,L) > ip,(R,L)-

For such an asymmetric setup, criticality at zero field H =
0 is realized when the homogeneous current density i(x) in
(11) reaches the smaller critical value i  at the right boundary
x = W/2,hence, I.(0) = i; gW, see the blue line in the inset of
Fig. 5. Vortices then enter the sample from the right side only.
Since the application of a field H > 0 tilts the current profile,
the current I can be further increased until reaching the critical
surface current i ; at the left film boundary, i.e., i(—W/2) =
is.L, at a finite field Hyax > 0, see the orange line in the inset
of Fig. 5. Using Eq. (11), the two conditions i(—W/2) = is
and i{(W/2) = i, g transform to the relations

i W = L.(0) = I.(Hpay) cdW? (23)
Is,R — Ic — 1c max 87'[)»2 max »

. cdW?

ls,LW = I.(Hmax) + mHmaw 24)

The first equation relates the peak field Hp,x to the macro-
scopic difference in the total currents I.(Hyax) — 1:(0),
82

Hyax = W[IC(HIH&X) - IC(O)]? (25)

while the sum and differences of the equations (23) and (24)
express the macroscopic quantities I.(Hyax ) and Hy,.x through
the surface parameters iz, and H; (.1

Ie(Hmax) = (s +1sr)/2, (26)

Hmax = (Hv,L - Hv,R)/2~ (27)

In a next step, we account for the presence of bulk pin-
ning by repeating the strategy adopted for the symmetric
film and compute I.(H). Defining Hg = (Hs g — H, r)/2 and
H} = (H,; — H,1)/2 as the right and left generalizations of
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Hmax
1 | — T -0.5
—H, 0 H Hy H H

FIG. 5. Critical current I.(H) as a function of magnetic field H
for a symmetric (black line) and an asymmetric system (green). The
critical currents I (H) for a positive current directed along y (solid
green) and the one for a negative current I (H) = —[F(—H) di-
rected along —y are no longer the same (the dashed-green line shows
the modulus |77 (H)|). The solid (empty) dots indicate the positive
(negative) critical currents at the fields FH; and +H;. The finite-
peak fields +H,,.x produce the nonreciprocal transport properties
characteristic for a superconducting diode; its efficiency (magenta
line) is quantified by the parameter n defined in Eq. (29). For the
present choice of parameters (see text), the diode efficiency peaks
at Hy,x. (Top left inset) Current density profile i(x) at criticality in
the asymmetric sample for H = 0 (blue line) and H = H,,,,x (orange
line). (Top right inset) Situation for Hn,c < Hy where n exhibits a
maximum at [, to the right of Hy,.

the H* field in Eq. (14), we find that

H,r+ (H;)?/|H| for H < —Hj,

L(H) ~ cdW?|Hig +H  for —Hy <H < Hmax,
87 A2 |Hyp —H for Hpy < H < Hf,
H,p + (H})?/H forH > Hj.

(28)

Figure 5 shows the comparison of the overall field de-
pendence of the critical current I.(H) for a symmetric film
(black line, i, = 2i;/5) and an asymmetric sample with
(is.L — is.r)/ (s +isr) = 1/4 and symmetric bulk pinning
(green line, iy ; =iy, ig g = 3is/5, ip = ipr = ip = 2i51/5).
With these parameters, the critical current I.(H) attains its
maximum at Hp, = (Hsp — Hsr)/2 = Hs /5 with Hff =
3H, /10 and —H} delimiting the linear segments of I.(H),
Hf = H; /10 < Hyy. For a current flow in the opposite
direction, the left and right surfaces are exchanged and the
solid-green line in Fig. 5 is reflected with respect to the origin,
with the peak field Hpyax changing sign. Defining I (H) =
I.(H) and I (H) as the critical currents flowing in the positive
and negative directions, respectively, we find them related
through I(H) = —I (—H), as required by time reversal
symmetry. The absolute value |7 (H )|, the dashed-green line
in Fig. 5, is thus a mirror copy of Ij’ (—H) reflected with
respect to the H = 0 axis. Asymmetric bulk pinning with

ipr # ip results in different asymptotic currents I.(H >
H}) — i, WandI.(H <« —H}) — i, . Hence, while sur-
face asymmetry manifests in the shift of the peak at small
fields, an asymmetry in bulk pinning manifests in the tails at
large fields.

B. Efficiency of superconducting diode

Given the difference in the positive and negative critical
currents, asymmetric 2D superconducting films display non-
reciprocal transport properties that can be exploited in the
fabrication of a superconducting diode [27]. The nonrecipro-
cal character of these devices is commonly quantified by the
(antisymmetric) diode efficiency

_LH) - ID(H)|  L(H) = 1(=H)
T LNH) 4 |ID(H)|  L(H)+ I(—H)

n(H) (29)
shown as the magenta line in Fig. 5; in Eq. (29), we have
used that I.(H) = I'(H) = —I(—H) and I.(H) is given by
Eq. (28). As the system obeys time-reversal symmetry, the
diode efficiency vanishes for H = 0. Moreover, it saturates to
the constant value

HP,L B Hp,R

n(H > H) ~
t HP,L + HP,R

(30)
at large fields where the asymmetric bulk pinning dominates
over the effects of surface barriers and reduces to zero for
symmetric bulk pinning H, g = H,, 1, see Fig. 5. The sign of
n indicates the polarity of the diode-like behavior.

The full field dependence n(H) is straightforwardly ob-
tained by inserting the expression (28) for the critical current
I.(H) into the definition (29) of 7, see the magenta line in
Fig. 5. Below, we focus on the position of the maximum
Nmax 10 the efficiency n(H) for the case of symmetric bulk
pinning H,; = H, p = H,,. We start by analyzing the situation
at small asymmetry where Hy,,x < Hp, shown in the top-right
inset of Fig. 5. In this situation, the cusp of I.(H) at Hp,x
resides within the linear segment of |[7(H)| = I.(—H) that
extends up to Hj. Similarly, I (H) = I.(H) drops linearly up
to H;. As a result, the numerator I.(H) — I.(—H) in Eq. (29)
stays constant in the interval [Hpmax, Hz] while the denomina-
tor decreases, hence, n(H) rises with increasing H > Hyx.
With a continuous derivative of IF across H, the efficiency
grows further and reaches its maximum at a field H, > H
where 0y n(H,) = 0, resulting in

[ [(HEY
H’IZHR ? +
p

Hy, H}
H, H,

> H;. 31)

The maximal diode efficiency is then found by evaluating the
expression (29) for 7 at this field,

(H2, — H2)/(HE)? — 41+ H, H, [ /(H})?
(Hp + HY,L)Z/(H;)Z + 4

When Hp,x grows larger, the nonanalyticity in I.(H) at Hpax
approaches H, and the above derivation breaks down at
Hmax = H,. For Hy,x > H,, the peak in I.(H) pins the maxi-
mum of 77 and hence 7. is achieved exactly at Hy,,x; we then
enter the domain of large asymmetry (shown in the main part

. (32)

Nmax =
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of Fig. 5) where

Hs,L _Hmax _Hp_ (H;)Z/Hmax
Hs,L_Hmax +Hp+(H]}k)2/Hmax )

Nmax = n(Hmax) = (33)

Let us consider how much the diode efficiency can be in-
creased in a strongly asymmetric device (but with symmetric
bulk pinning H), ;, = H, z = H),) by decreasing the strength of
the weaker (in our convention, the right) surface barrier H; g
until eventually reaching H, = H; z. When this happens, the
right edge does no longer play any role as nucleated vortices
are stuck until they can overcome vortex pinning in the bulk.
The maximal possible diode efficiency is therefore obtained
by replacing the right surface barrier with the bulk pinning
parameter, i.e., by substituting Hy = H,, in Eq. (33), yielding

I_IS,L - Hp

= 34
Hop=H, H;p +3H, 34)

max [nmax] = U(Hmax)

as the maximal possible 1 in a device with finite (symmetric)
bulk pinning.

C. Comparison with experiments

The superconducting diode can be engineered in 2D thin
films with asymmetric surface barriers as proposed and stud-
ied in Ref. [27]. This type of inductive diode has recently been
realized in conventional films (such as niobium and vana-
dium) and its functionality has been understood [40]. Here,
we will analyze and discuss two recent experimental studies
[32,40]; in both of these studies, the data for the critical cur-
rent I.(H) look very similar, but the conclusions drawn by the
authors turn out very different. In a first step, we compare the
results of our 2D critical state model with their experimental
data on the critical current I.(H) and subsequently discuss
the observed efficiency 7 in the light of our findings above.
The latter has been used to conjecture [32] that the diode
effect is not vortex based, as the maximum in n was found
at a field beyond H,x; as demonstrated above, this finding is
nevertheless consistent with our 2D critical-state-based vortex
model.

We begin with the analysis of I.(H) as depicted in Fig. 1 of
Ref. [32]; the observed I.(H) curve shows the typical shape
expected for a surface dominated sample with a sharp cusp at
small fields that compares well with our results in Fig. 5. The
experiment was performed in a NbSe, double layer (thickness
d ~ 1.5 nm and width W ~ 250 nm of the constriction) and
clear signatures of nonreciprocal transport and a supercon-
ducting diode effect was observed. Transforming the maximal
critical current I.(Hy,) to a current density j., we find a
value j. ~ 3 x 10° A/cm?. This has to be compared with
the depairing current density jy that can be obtained from
phenomenological parameters & and A for NbSe,; while the
bulk value for £ ~ 10 nm seems to provide a good estimate
(as T, and H,, in the film are similar to the bulk [26]), the
bulk value A = 250 nm may have to be corrected for the
film. Taking nevertheless these values, we find a value j, ~
1.6 x 107 A/cmz; a reduction j; < jo, here by a factor 5,
is expected due to surface imperfections and we consider the
agreement quite satisfactory, also with view to our uncertainty
in the size of A.

Next, we evaluate the slope oyl.(H) near the current
peak and find a value oyl .(H) =~ 104 A/T. This has to be
compared with the prediction in Eq. (18) that includes the
parameters A; = 2A%/d and W. Using the above parameters
for d and A, we find that A; ~ 80 wm that results in a small
parameter W/A; ~ 3 x 1073, quite small indeed. On the
other hand, we can extract W by comparing the experimental
result for the slope dy1.(H) with the prediction in Eq. (18)
and find the value W =~ 100 nm, an outcome that is smaller
but still acceptable in comparison with the geometric value
W ~ 250 nm. A similar analysis can be carried out for the
data reported in Ref. [40] for their vanadium-based device.

Next, we analyze the experimental data reported for the
efficiency. In Ref. [40], Moodera and collaborators fabricated
thin-film superconductors with one edge purposefully pat-
terned in order to achieve a strong diode effect. For their
vanadium device (Fig. 1 in Ref. [40]) they found that H,x ~
2.8 Oe, while from the field dependence of the critical cur-
rent, we estimate that H ~ 2.50e (we identify the weaker
edge on the right). Correspondingly, they report that the diode
efficiency is maximal for H & Hp,x, see their magenta line in
Fig. 1(c). This is in agreement with our theoretical results for
a diode device where the maximum in 7 is pinned to the cusp
in I.(H) at Hyax-

In Ref. [32], the edges of the NbSe; thin film have not been
patterned. They find that H,,x & 10 mT. This is appreciably
smaller than the field Hj ~ 25 mT that we estimate from
their Fig. 1(f). In addition, they reported a maximal diode
efficiency at a magnetic field H, ~ 35 mT, larger than both
H.x and Hj, in agreement with our theory for devices with
Hmax < Hj < H,. Based on this finding, i.e., different peak
fields for I.(H) and n(H), the authors concluded that this
would rule out a vortex-based mechanism for the supercon-
ducting diode effect. Our analysis tells instead that this finding
is perfectly consistent with our 2D critical state model that
explains the diode behavior in terms of weakly asymmetric
surface barriers.

The analysis that led to Egs. (32), (33), and (34) was carried
out under the assumption of symmetric bulk pinning. Drop-
ping this condition and assuming asymmetric bulk pinning
with H,; # H), g, a finite diode efficiency can be realized at
large fields, see Eq. (30). Furthermore, it turns out that for a
sufficiently large bulk asymmetry, the maximum 7y,,x can be
realized in the tails at large fields rather than at H, or Hpx.
Moreover, a bulk ratchet effect can give rise to interesting
sign reversals of the diode efficiency [38,57,65—67]. Within
our 2D critical state model, such a sign change is naturally
explained in terms of opposite asymmetries of surface and
bulk pinning, i.e., Hy; > H, g but H, p > H, ;. Indeed, since
low and large field behaviors are dominated by surface and
bulk, respectively, their change in asymmetry produces a sign
change in 7 as the field H increases.

IV. MAGNETIC PROPERTIES OF THE CRITICAL STATE

We now turn our focus to the magnetic response of 2D
thin films with d < A. We determine the magnetic moment
m(H ) and study the hysteretic trace for a full sweep H = 0 —
Hy — —Hy(— H)y) of the magnetic field along the I = 0 axis
in Fig. 2. The magnetic moment is generated from the currents
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flowing inside the superconductor and is thus related to the
self-field By discussed in Eq. (2). As previously announced
in Sec. II, magnetization effects are small but nonetheless
measurable with sufficiently sensitive techniques, see the dis-
cussion in Sec. V below. Moreover, our study of the magnetic
response will reveal interesting vortex configurations, such
as coexisting vortex and antivortex domains, that should be
accessible to magnetic imaging techniques such as, e.g., the
SQUID-on-tip [68].

Standard magnetostatics tells that the magnetic moment m
of a current distribution j is given by the integral

m= l/d3r[r x j(r)], (35)
2c

or equivalently, after integration by parts,

m = L/d%[]s(r) —H], (36)
4

where B is the induction in the film and H the external field.
While our approximation B &~ H was appropriate for the cal-
culation of the current density profile i(x), here, we have to
consider the small difference between B and H as produced
by the current density profile i(x). Although a magnetiza-
tion experiment is usually carried out with a squarish sample
W x W, here, we keep our 1D geometry W x L with L > W
of an elongated film in a perpendicular field to avoid going to
a 2D description of the sheet current density i(R). The latter
flows along y and we find the magnetic moment m directed
along z from (35) to read

L w/2 dL w/2
m= —/ dxxi(x) = —f dx[B(x)—H], (@(37)
cJ_wp 4w J_wp

where we have included a factor 2 in order to account for
the contribution from currents parallel to £=x at the far edges
y = £L/2 of the sample. Indeed, this last contribution is iden-
tical to the contribution from currents parallel to =y and thus
contributes a factor two, in agreement with the result (36) for
the total magnetic moment [12].

Accounting for the presence of vortices within the type-II
film leads to a hysteretic behavior of the magnetic moment
m(H). Below, we will first consider the magnetic moment
of a pristine (vortex-free) sample in a magnetic field that is
ramped up from zero to Hy > Hj, entering the mixed state at
the penetration field Hy. In a second step, we will reverse the
field at a value Hy with vortices trapped within the film and
analyze the completion of a full loop in the magnetic moment
m(H ). We will restrict our analysis to the case of a symmetric
thin film with identical surface barriers and symmetric bulk
pinning.

A. Magnetic moment: increasing fields

We start with ramping up the external field from zero, as
typical in a zero-field cooled (ZFC) experiment. For fields
smaller than the surface penetration field H;, the thin film is
in the Meissner state and i(x) is given by Eq. (5). Inserting
the result into the expression (37), we obtain the magnetic
moment in the absence of vortices,

dWL W?

m(|H| < Hy) = 487 22

H. (38)

The induction B produced by the current density i(x) extends
a distance of scale W in both the x and z directions and hence
resembles the response of a cylinder of diameter W and length
L. Such a cylinder produces the Meissner response gy =
—W?2LH/8 (including a demagnetization factor n = 1/2 for a
cylinder in a perpendicular field H) and expressing the result
(38) in terms of the my;, we find that

m(|H| < Hy) = Myl (39)

3 A 1
One should appreciate that the result (39) is quite large, owing
to the fact that we deal with a film in a perpendicular field. In-
deed, the response of the film of dimension W x W produces a
similar moment as that of a cube with dimensions W and there
is no geometric reduction. This is different for a film in par-
allel field, where the moment is down by the geometric factor
d/W. The only reduction in (39) is by the factor W/A; <« 1
that originates from the reduced screening A — A, due to the
small thickness d < A in combination with a restricted film
width W « A . For the experiments discussed in Sec. III C
above, sample sizes are about 20 um and 10 um in Refs. [32]
and [40], respectively, while 1, ~ 80 um and 5 um, hence the
ratio W/A is of order 0.1-1.

For fields larger than Hj, two symmetric vortex boxes |x| €
[xi, x,] as described in Eq. (9) form within the superconductor,
see Fig. 6, giving rise to the current density profile shown in
Fig. 1(c). Inserting the (antisymmetric) current density profile

x, 0 <x < x(H),

xi(H), xi(H) < x < x(H), (40)
Xi(H) + [x—x,(H)], x,(H) < x,

cdH
4 A2

ix)=—

into the expression Eq. (37) results in

dL i Yo
mH) = — H|:/ dxx2+x,~(H)/ dxx
0 Xi

2w A2

w/2

L (H) — xo(HD] / dxx

0

w/2
+/ dxx? |, 41)

0

we arrive at the magnetic moment of the mixed state,

AWLW?| H H 2H*\?
mH>H)=————|——+—(1-

2 2 H

AWLW?2| 6(H*)? 4H*)+H; /2
487 A2 | H H?

3H 42
+§ ) (42)

and antisymmetric in H. The (negative) magnetic moment
m(H) as a function of increasing magnetic field H is shown
as a solid-black line in Fig. 7 for H, = H,/2. For moderate

bulk pinning strengths H, < H,/ /3, see below, the magnetic
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FIG. 6. Vortex and current densities n(x) (left) and i(x) (right)
across a symmetric 2D thin film with H, = H,/2 for a magnetic
field decreasing after a field reversal at Hy = 2(H, + H,). The cor-
responding magnetic moments m(H ) are marked in Fig. 7, with the
colored dots corresponding to the different fields H in the present
figure. The vortex and current density profiles at Hy are shown in
black. Vortices occupy the region |x| € [x;(Hp), x,(Hy)] with edges
(circles) given by Eq. (9). (a) As the magnetic field is decreased
from H, (blue lines), vortices initially cannot move and n(x) is
unchanged (overlaping density lines are artificially shifted for clar-
ity); the corresponding current density i(x) assumes a positive slope
[x —(H — Hy), see Eq. (4)] within the vortex box. (b) As H is
decreased below H; [Eq. (48), orange lines], the outermost vortices
rearrange to form a new region |x| € [x,(H), x,(H)] (squares) with
lower density n(x) = H/®, but overall conserved vortex number;
edges (marked by squares) are given by Eqgs. (49) and (51) and the
current density is constant and equal to i,. Decreasing H below
H, [Eq. (52), green lines], the outer boundary of the vortex box
touches the sample edges and vortices start leaving the sample.
(c) For negative fields H < 0 (red lines), vortices stay trapped close
to the center of the film for |x| € [x;(Hy), x;(H)]. Antivortices [shown
with negative density n(x)] start entering the sample when H < H;
[Eq. (53), purple lines] and reside next to the original vortices in
the region |x| € [x¢(H), x,(H)] (squares). Finally, the original vortex
domain is completely annihilated and replaced by a corresponding
antivortex box at H = —H,.

moment m depends on H nonmonotonically: At small fields
|H| < Hy, —m(H) is dominated by the surface barrier contri-
bution and displays a maximum at the onset H, of the mixed
state with

dWLW?
487 A2
At large fields H > H;, the bulk pinning contribution takes
over as m(H ) approaches the asymptotic value

dWL W?
mH = 00) = =25 =5 Hy. @4

- 3/2

T T T T
—4H, (/ 4H,
0
Al
I—/ H2
—(3H,/2H,) m,
—Ms ] —Hog _g e
0 Hg Hj
T T
—4H, —2H, 0 20, H 4mb,

FIG. 7. Negative magnetic moment of a 2D thin-film supercon-
ductor with H, = H,/2 for different reversal fields Hy: thick lines
for Hy = 2(H, + H,,), thin lines for Hj = 0.9(H, + H,,). The colored
dots in the large loop identify the fields corresponding to the vortex
and current density profiles in Fig. 6; black stars mark the fields
H =0 and Hp,,3 where vortex boxes undergo changes. While
ramping up the magnetic field (black line) from the pristine state,
the magnetic moment grows linearly with H according to Eq. (38)
until vortices first penetrate inside the film at |H| = H, where m(H)
displays a kink, see Eq. (47). The magnetic moment in the mixed
state is given by Eq. (42) and saturates to a constant (3H,,/2H,)m(H)
given by bulk pinning at large fields H. Decreasing the magnetic
field after reversal at H,, the moment m(H) follows the Meissner
slope until H; where the vortex density profile starts changing, first
keeping the vortex number conserved (orange), then vortices leave
the system (below H,, green) and hold to a thinner box close to
the center (below H = 0, red). Subsequently, antivortices enter the
sample for negative field values H < H; < 0 and progressively an-
nihilate trapped vortices (purple) until all vortices have been replaced
by antivortices upon reaching —H,. Reversing the field at a smaller
value H; < H; < H, + H,, removes the orange and green intermedi-
ate regimes of the loop, with blue and red lines joining at H;. The top
left inset shows the magnetic moment (in units of m;) at strong bulk
pinning H, = H;.

As shown in Fig. 7, the magnetic moment displays a kink
corresponding to a finite jump in the derivative when vortices
first penetrate. This jump in dym can be quantified using
Egs. (38) and (42) by comparing the left and right derivatives
of the magnetic moment at H,

dWLW?
s = =g 3 @
and
dWLW? H;
yielding the jump
dWL W? H;
Opm|py —Oum|y- = Som 2 1— o | 47

For negligible bulk pinning H, < H;, we find the universal
result that the right derivative (46) is minus half the left
value (45). For larger fields H,, the absolute value of the
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right derivative becomes smaller, until it changes sign at H,, =
H,/~/3. For stronger pinning H, > H/ /3, the magnetic mo-
ment changes monotonically with H, with the kink in m(H)
disappearing as H, — H, see the inset of Fig. 7. For larger
pinning strengths H,, > H;, the surface barrier does not play
any role, as the effective penetration of vortices inside the thin
film is determined by the field H,, at which they start moving.
This situation can thus be reduced to the case i; = i, and is
described by Egs. (38) and (42) by substituting H, with H,.

B. Magnetic moment: decreasing fields

After increasing the field in a pristine film, we reverse H
at the value Hy. We will mainly focus on the situation where
surface pinning is dominant, i.e., H; > H,. Reversing the field
in the Meissner region Hy < Hj, the film responds reversibly.
For a reversal field Hy > Hj, vortices occupy a finite portion
of the thin film and do not immediately leave the sample
upon decreasing the magnetic field, see Fig. 6 showing the
current density #(x) and vortex density n(x) profiles in the right
and left halves of the film, respectively. The system shows
memory effects with the magnetic moment deviating from
Eq. (42), resulting in an hysteretic m(H) loop as shown in
Fig. 7.

The current distribution across the thin film along the
irreversible part of the magnetic loop can be obtained by
integrating the Maxwell-London equation (4) with the ap-
propriate vortex distribution n(x), see Fig. 6. Inserting the
resulting current distribution i(x) into the equation (37) for
the magnetic moment m(H ) then produces the curves shown
in Fig. 7. To benefit the reader, we will leave the lengthy
but straightforward derivations of the analytical results behind
these figures to the Appendix B and focus here on understand-
ing the irreversible behavior of n(x), i(x), and m(H) from
the underlying interplay of surface barrier—and bulk pinning
effects.

For a magnetic field H just below Hj, the magnitude of
the current density in the vortex box drops below i,. Due
to pinning, the vortex density n(x) then remains unchanged
from the one at Hy and assumes the value ny = Hy/®, within
the vortex boxes |x| € [x;(Hy), x,(Hy)], see Eq. (9), and zero
elsewhere. This is shown on the left part of Fig. 6 with the
vortex density n(x) at the reversal field Hy (black line) over-
lapping with the one at H (blue line). The Maxwell-London
equation (4) then tells that the current i(x) displays a negative
slope «« —H in the vortex-free region and a positive slope
x —(H — n®y) = —(H — Hp) in the vortex boxes, see the
blue line in the right part of Fig. 6; the corresponding vortex
and current density profiles are given by Egs. (B1) and (B2).
Remarkably, and differently from the critical state in the bulk,
vortices in this configuration are subject to a finite current den-
sity i of magnitude smaller than i,. In this range of magnetic
fields, the magnetic moment is given by Eq. (B3) that depends
linearly on H with the Meissner slope (38), see the blue lines
in Fig. 7 (with corresponding results at —H).

The above state persists as long as vortices do not move
away from their original positions, i.e., as long as the current
density profile i(x) within the vortex box (that has positive
slope) remains in the undercritical domain with —i, < i(x) <
i,,. As the magnetic field is lowered from Hj, this condition is

first broken when i(x,(Ho)) = ip, i.e., when H takes the value
Hy — (H; + Hp)

H =
HO - (Hs - Hp)

Hy (48)
that determines the transition from the blue to the orange
curves in Figs. 6 and 7. Below Hj, the vortex density pro-
file n(x) is changed as the vortices at the outer edge of the
box move under the critical force i =i, from their origi-
nal position x < x,(Hy) towards the edge. The vortex box
thus divides into high- and low-density parts with densities
ny = Hy/®y and n = H/ P, resulting in a two-stage vortex
box with a density step at x,(H) and inner/outer edges at
x;(Hp) and at x,(H). The position x;(H) derives from trac-
ing the current profile i(x) from x = 0 to x;(Hy) (with slope
o —H) to the point x;(H) [with slope o« —(H — Hp)] where
it reaches the critical value i,; the condition i(x) = i, defines
the location

W 2H,
x(H) = —
2 H—H

of the density step. As long as the resulting two-stage vortex
box [x;(Hy), xs(H)] with density ny and [x;(H), x,(H)] with
density n does not extend to the film boundary, the total
number of vortices remains conserved. To find the box’s outer
edge x,(H ), we impose the condition for vortex number con-
servation in the form

(49)

M o Ho) = xi(Ho) = 2 (e (H) = xi(Ho))
Eo-xo( O)_xz( 0) —ons( )_'xl( 0)

H
+ 5 (o) = xs(H)), (50)
0

yielding

x(t) = L )

2 H
The current density inside the region |x| € [x,(H), x,(H)] is
identical to =i, and assumes a linear slope o« —H between
+x,(H) and the edges £W/2 of the thin film. The correspond-
ing vortex and current densities are given by Eqs. (B7) and
(B8) and are shown in orange in Fig. 6. Due to the conserva-
tion of the total vortex number, the areas below the black and
orange curves in the n(x) plot are identical. The magnetic mo-
ment m(H ) turns nonlinear in the interval H, < H < Hj, see
Eq. (BY) and the orange segment in Fig. 7. The boundary H,
of this domain is determined by the condition x,(H) = W/2
where vortices start leaving the film,

H, = Hy — H, — H,. (52)

61V

At H,, we enter the next regime where vortices are free to
exit the sample and their number is no longer conserved. The
corresponding current and vortex densities are shown in green
in Fig. 6, with the density n(x) in the inner [outer] vortex box
given by ng(x) = Hy/ ¢ [n(x) = H/Py]. The inner boundary
and the location of the density step in the two-stage box are
still given by x;(Hy) and x;(H ), while the outer boundary is
pinned to the edge, x,(H) = W/2; the vortex and current den-
sity profiles are given in Eqgs. (B10) and (B11). The constant
currents +i, flowing in a large part of the sample produce
a reduction in the field dependence of the magnetic moment
m(H), see Eq. (B12), and the corresponding (green) portion
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of the magnetic moment m(H ) in Fig. 7 turns more flat. The
orange segment between H; and H, connects smoothly the
blue and green segments at larger and smaller fields, with no
change in the derivative of m(H ) at H; and H, (but a change
in curvature).

Vortices continue leaving the film until H = 0; at vanish-
ing field, the density n = H/® in the outer vortex box has
dropped to zero and all vortices at criticality (i.e., where i =
ip) have left the film. For negative fields H < 0, a thin vortex
box with original density np = Hy/ Py survives in the intervals
|x| € [xi(Hp), x;(H)], with x;(H) still determined by tracing
the current profile starting at x = 0 and using the condition
i(x) = i,, what results in the expression (49) for x;. In the re-
maining part |x| > x;(H), i(x) changes linearly with positive
slope «« —H, see the red lines in Fig. 6 and Eqs. (B13) and
(B14) for the vortex and current density profiles. Within the
interval Hy; < H < 0, the magnetic moment m(H) changes
close to linearly with field H and is given by Eq. (B15);
furthermore, m(H ) displays a kink at H = 0 and overshoots
the maximal Meissner value m(H,) given in Eq. (43) close
to H3.

The last hysteretic regime along the magnetic loop is en-
countered when antivortices start penetrating from the film
edges. This happens when the above current profile i(x)
(traced from x = 0, see red line in Fig. 6) touches =+i; at
+W/2, resulting in the field

Hy—H,—H, 8HyH*
H=—""""1-[1+——— | (53
2 (H()_HY_H]))Z

The vortex density profile n(x) again splits into two parts,
the leftover vortices with density ny = Hy/®P( in the region
x;(Hy) < |x| < xp(H) and the incoming antivortices in the re-
gion |x| € [x;(H), x,(H)]. The vortex—antivortex front x(H )
and the boundary x,(H ) again derive from tracing the current
profile with the appropriate slopes, once from x = 0 till cut-
ting &, and the other time from W/2 where i(£W/2) = %
and i( & x,(H)) = =%i,; the front x;(H) assumes the role of
the step x;(H) (49) and the boundary x,(H) is given by
(9) with the replacement H — —H .The resulting vortex and
current densities are given by Eqgs. (B16) and (B17) and are
shown in purple in Fig. 6. At H3 < 0, the magnetic moment
curve m(H) in Fig. 7 displays another kink and, for suf-
ficiently weak pinning, the slope of m(H) changes sign at
Hj [see Egs. (45) and (46) for a quantitative analysis of the
kink at H; > 0]. Correspondingly, the absolute value of m(H)
starts decreasing again, see Eq. (B18) and the purple curves in
Fig. 7. Note that the magnitude |H3| < Hj, i.e., antivortices
enter the film at a lower field amplitude H; as compared
with the field H; for vortex entry. Hence, the presence of
vortices inside the film lowers the critical entry field for
antivortices.

As shown with the purple line in the left panel of Fig. 6, in
this field regime the vortex and antivortex domains are adja-
cent to one another at £x,(H ). With further decreasing field
H < Hj, the vortex box is gradually shrinking through incom-
ing antivortices—vortex—antivortex annihilation then moves
the boundary x(H ) towards the film center until all vortices
have disappeared when reaching x;(Hy). This happens at H =
—H, where the entire original vortex box produced at H, has

been replaced by the congruent antivortex box and all memory
of the field reversal at Hj is erased.

Above, we have implicitly assumed that vortex—antivortex
annihilation is stabilized at &i,, i.e., by bulk pinning. Indeed,
the vortex—antivortex attraction quantified by the current den-
sity ~ip€ /s at separation s should be (over)compensated by
the bulk pinning current i, at a scale s ~ ao; at very weak
bulk pinning, s ~ ip§ /i, grows beyond ay and an additional
vortex-free region separates the vortex box from the antivortex
box.

So far, we have assumed a reversal field H, larger than
H + H), that implies positive values for the fields H, and H,
given by Eqs. (48) and (52). Reversing the field at smaller
fields Hy, < Hy < H; + H),, we find that H; < 0 and vortices
at x,(H ) immediately leave the film for fields H < H,. Corre-
spondingly, the intermediate regimes H, < H < H; and 0 <
H < H, are not realized any longer; referring to Figs. 6 and
7 the behavior of n(x), i(x), and m(H) jumps directly from
“blue” to “red” at H = H; < 0. Note that the current distri-
bution i(x) at H < H; differs from the one at fields larger
than H; only by the substitution x,(Hy) — x;(H ) for the outer
boundary of the vortex box.

To conclude this section, let us relax the condition of a
strong surface barrier and consider the possibility that bulk
pinning prevails with H, > H,. This corresponds to the sce-
nario where the vortex entry to the film is hampered by bulk
pinning and the critical current density i; does not play any
role. As discussed at the end of Sec. III B, this regime is
successfully described with the help of the results from this
section upon substitution of H, with H),. In this limit, the field
H, reduces to H, for any value of Hy, as the original vortex
box extends to the sample edges and vortices start leaving the
sample as soon as they can move from their original positions
when the current density reaches the bulk critical value =i,
In addition, H3 = 0 when Hy > 2H,, while H3; = H; when
H, <0, ie., for Hy <2H,, see the inset of Fig. 7 where
H,, = H;. In the first case, the outermost vortices reduce their
density as the field is decreased below H; (the magnetic mo-
ment changes from “blue” to “green” type behavior in Fig. 7,
see also Fig. 6), and are gradually replaced by antivortices
as H turns negative (“‘green” to “purple” type behavior). In
the second, antivortices start penetrating into the sample as
soon as vortices can escape their pinning centers (direct “blue”
to “purple” type behavior). As for the previously considered
scenario with H,, < Hy, vortex and antivortex domains coexist
for —Hy < H < min(0, H,). Finally, because antivortices re-
place vortices immediately as these exit the sample at H = 0
or H = H;, the magnetic trace m(H) displays no kink upon
sweeping the external magnetic field when the surface barrier
is weaker than bulk pinning.

V. CONCLUSIONS

We have presented a 2D critical state model that de-
scribes the macro-phenomenological properties of 2D thin
films with thickness d < A. The geometrically suppressed
screening introduces the characteristic length A | = 2A2/d >
A that easily exceeds the film’s width W. In such films with
d < A and W < Ay, the current profile i(x) can be found
from a straightforward integration of the Maxwell-London
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equation (4) in the absence of self-field effects (3). The driving
term in the Maxwell-London equation (4) depends on the
vortex density profile n(x) that we find by including both
surface barriers governing vortex entry as well as bulk pin-
ning trapping vortices within the film. The solution of the
Maxwell-London equation then involves only linear (Meiss-
ner state) and constant (mixed state) segments of current
density; together with the vortex profile n(x) (made from
vortex boxes), these segments are self-consistently combined
into the current profile i(x). The results of this 2D critical
state model differ pronouncedly from the results of the Bean
model describing bulk samples and are quantitatively differ-
ent from the usual (d > X) flat sample macrophenomenology
that is dominated by demagnetization- and geometric edge
effects.

We have made use of our 2D critical state model to analyze
and solve various tasks, the critical current I.(H) in both
symmetric and asymmetric 2D thin films, the determination
of the (hysteretic in /) state at arbitrary currents —I, < [ <
I. and (fixed) fields H, and the hysteretic (in H) magnetic
moment m(H). In the resulting phenomenology, effects of
surface pinning manifest at small fields, specifically a linear
cusp in I.(H), Eq. (16), while bulk pinning manifests in the
tails of I.(H ) at large fields, Eq. (17). In asymmetric thin films
with edges of different surface pinning strength and/or ratchet
type bulk pinning, the current transport is nonreciprocal, with
the peak maximum in I.(H) shifted away from zero to Hyx,
see (25). This nonreciprocity lends itself to the fabrication
of superconducting diodes; here, we have extended previous
analysis [27,49,50] to include the effect of bulk pinning and
have determined the diode’s efficiency. The comparison with
recent experiments shows good agreement between data and
theory.

Alternative mechanisms have been proposed that produce
a superconducting diode effect [59-63]. However, the very
nature of the effect involves the appearance of a finite volt-
age, and the question about the origin of this voltage has to
be asked first. In a type II superconductor, a finite voltage
is predominantly due to vortex motion—depairing physics
only appears at higher current drives where vortices have al-
ready depinned. It is thus important to understand why vortex
physics can be ignored when attributing the SDE to more
exotic superconducting states.

The magnetic moment m(H ) of 2D thin films has remained
uncharted territory so far, both with respect to experiment and
theory. While the induced current i(x) in the film is small
(and can be neglected in the self-field contribution (3) to
the Maxwell-London equation), it is this small current that
determines the magnetic moment m(H ) in (37). When surface
pinning dominates over bulk pinning, vortex entry into the
film manifests as a cusp in the magnetic moment curve m(H ),
see Eq. (47). Upon reversing the field in the mixed state at
H,, the trapped vortex box evolves in several steps, with field
regimes where the box remains invariant, where it splits into
two adjacent boxes, where vortices leave as the box reaches
the film’s edge and the box shrinks, where antivortices annihi-
late the remaining shrunk box, until all the original vortex box
at the field reversal Hy has transformed to a corresponding
antivortex box at —Hj and all memory of the initial state has
been lost.

In our study, we have made several assumptions that may
be overcome in future work. For example, we have assumed
that the external current / is fed homogeneously to the film.
In a real sample, although, the contact may feed the current
to the film in a nonuniform way, particularly when the con-
tact is small compared to the film width. Second, we remind
that our calculation for the magnetic loop has focused on
symmetric films, that is the exception rather than the rule
as asymmetry in surface pinning occurs quite naturally. Such
asymmetry, although, introduces further complexity into the
vortex and current density profiles, that may be worth ana-
lyzing once experiments are being carried out. Furthermore,
we have kept the stripe geometry in the calculation of the
magnetic moment for simplicity, although typical samples in
this type of experiments are rather of squarish shape. While
we expect the main features (various vortex regimes with
cusps, kinks, and smooth crossovers separating them) in the
hysteretic loop m(H) to be preserved, the detailed trace may
be modified depending on the exact shape of the sample,
square, rectangular, or more irregular; numerical techniques
appropriate to tackle this type of problem can be found in
Refs. [69,70].

An interesting question is whether and how the current
profile i(x) and the magnetic moment m could be measured
in an experiment, as these quantities are small due to the
film’s small thickness d; furthermore, the film dimensions
(in the wm) range are usually quite small. Assuming typ-
ical current densities j ~ 10° Acm™ and thicknesses d in
the few nanometer range, we expect local (parallel) fields
B, ~ (2w /c)i, of order a fraction of a Gauss (e.g., 0.3 G for
d = 5nm). A correspondingly high sensitivity is provided
by the three-junction SQUID on tip (3JSOT) device intro-
duced in Ref. [71] that has been developed for simultaneous
measurement of parallel and perpendicular (to the film) field
components. Using the 3JSOT as a scanning probe at a dis-
tance of order 10 nm above the film, one should be able to
image the current density profile i,(x) = i(x) in typical sam-
ples with widths from 100 nm to 10 ym, given the reported ac
resolution of the device on the order of 0.1 G. Using similar
sensitive devices allows to measure the magnetic moment m
of the film, e.g., via integration of the magnetization M,(R)
map [72].

Another concern is the application of the macro-
phenomenological theory to mesoscopic sized samples that
appear quite numerously in recent experimental setups. Con-
sidering the relevant field scale H;, see Eq. (7), we can extract
a relevant vortex distance ay ~ +/EW, that produces a small
number W/ag ~ /W/& of vortex rows. With typical values
& ~10nm and W ~ um, we arrive at order 10 vortex rows
and our simple averaging in a vortex profile n(x) may have
to be reconsidered. Nevertheless, our results provide a simple
and effective first description of the phenomenology of 2D
thin films, and improving upon our macro-modelling may
require numerical tools.

An interesting observation concerns the nonuniform (lin-
ear) current profile i(x) that we found in the 2D thin film,
a result deriving from the reduced screening. This linear
profile contrasts to the usual constant current density profile
in the bulk Bean model and may bear interesting conse-
quences when driving the film beyond critical. Indeed, in the
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dissipative state, flux-flow or normal, we expect a uniform
current that is driven by a (uniform) electric field. The tran-
sition from the superconducting to the dissipative state in the
film then is associated with a sudden rearrangement of the
current profile that is expected to give rise to voltage jumps
and hysteretic effects.
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APPENDIX A: CURRENT DENSITY PROFILE IN THE
MIXED STATE

We derive the current density profile in the mixed state and
obtain the relevant expressions for the vortex box geometries
that are relevant to Sec. Il C. We consider positive magnetic
fields H, such that vortices accumulate towards the right of
the superconductor when I > 0. We first consider the situation
where the superconductor is prepared at vanishing bias current
I = 0, as discussed in Sec. II C 1 and subsequently analyze the
scenario where the bias current / is decreased from an I.(H ),
see Sec. [IC2.

1. Increasing current from I = 0
a. Fields H < H;

The current density profiles for states prepared from an
initial configuration with / = 0 are shown in Fig. 3. For small
fields H < H*, the superconductor remains in the Meissner
state for all values of the current / and no hysteretic effect is
present. For larger fields H* < H < Hj, the superconductor is
in the Meissner state when I < I;(H), see Eq. (19), and enters
the mixed state at larger currents when i(—W/2) =i, and
vortices penetrate from the left edge of the film. For I > I(H),
the current density profile at the left of the film drops linearly
from iy,

. . cdH( w
i(x) =is—

e x+7), —W2<x <, (AD

and pushes the vortices to the right; these accumulate in a box
X € [xg, x1] with constant current and vortex densities i(x) =
i, and n(x) = H/®,. The expression for the left boundary xo
of the vortex box is found by equating i(x) in (A1) to i, and

we find
(H) w 1 2H*
X =——(1- ,
0 2 H

(A2)

independent of / and identical to —x,(H ) in Eq. (9) with H,; —
H), rewritten as 2H*, see Eq. (14); the result is applicable in
the wide field interval |H| € [H*, H] where it takes values
between W/2 and —W/2 4 £.

The vortex box extends between xp and x;; to the right of
the box, x > xj, the current density profile again drops linearly
from i),

cdH

47 A2

and the constraint of fixed bias current [ = f i(x)dx fixes xq,
that reads

(H,I I)W1 HP1+
x1(H, I > I;)= i
! 2 VH

i(x) =i, (x—x1), x<x<W/2, (A3)

*)2
(H)>_£’ (Ad)
HH, ) 1,

or, after using equation (17) for I.(H),

,q(HM):W[i_ i&} A5)

2 VH 1,

which touches W/2 when I = I.(H). The left and right bound-
aries (A2) and (A4) are shown as black dots in Fig. 3(d).

b. Fields H > H;

For larger fields |H| > H; and vanishing bias current / =
0, two symmetric vortex boxes (where i = %i,) are present
inside the superconductor, see Fig. 1(c), the left (right) one
extending from xop = —x, to x; = —x; (x; = x; to x3 = X,), see
Eqg. (9). Upon increasing the bias current I, the left box ex-
pands to the right as new vortices enter from —W/2, while the
right one shifts towards W/2 with conserved vortex number as
the vortices therein are trapped.

To find the positions of the four edges of the vortex boxes,
we impose that the current density profile i(x) [involving
linear and constant portions as follows from Eq. (4)] is con-
tinuous and the total transport current is fixed to I = f dxi(x).
The condition i(—W/2) = i, fixes

w 2H*

and the conserved vortex number in the right box, x3(/, H) —
x2(I,H) = x,(H) — x;(H) together with Eq. (9) requires that

(A6)

W H,
x3(I, H) = xo(I, H) + —(1 - E)' (A7)

2

Finally, the linear portion of i(x) between x; and x, connects
the critical current densities i, and —i,, hence

xz(I,H)le(I,H)+K%, (A8)
2 H
which, when replaced to Eq. (A7), yields
x;(I,H):xl(I,H)—i-K(l—ZH*—i—li). (A9)
) 2 H H
Integrating the profile i(x), we find the total current
I =ip(x +x2)+ lCd—H(Xo + K)2
2 4722 2
1 cdH (W ?
_541717(? —X3> . (A10)

The above equations (A6)—(A10) determine the four box
boundaries xo, x1, X2, x3 as functions of given field H and
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current /; they apply to the regime I < I;,(H), see Eq. (21),
where the right box is separated from the right boundary,
x3 < W/2. Inserting xy from (A6) and x; = W/2 into (A10),
we find the current /,(H ) as given in (21). This result for , (H)
then allows us to write the results for the box boundaries in a
compact form,

w 2H
x3 = 7(1 + 7”[1 — S(H, 1)]), (A11)
_W(H  2H,
B = (H + I [1 S(H,I)]), (A12)
and
_W(H, 2H,
X = (H - S(H, 1)), (A13)
with
_ H [I,(H) - 1]
SH, I = \/ 1+ i, —Ip (A14)

The corresponding current density profile is shown in blue
in Fig. 3(e) with the edges of the left and right vortex boxes
marked by black dots. For I = I,(H), we have § = 1 and x3 =
W/2.

For larger currents, vortices start exiting the right box,
which gradually shrinks. In this situation, the expression for
the total current / simplifies to

R S Sy (. i (A15)
= 1,X X —— | X —_—
YT 7 A D)

and using the relations (A6) and (A8), the new edges of the
vortex boxes are found to be

W L;(H)—1
X = —(1 - &> (A16)
2 I,
and
W 2H L,(H)—1
X = — 1__1’_&7 (A17)
2 H Ip

Similar as above, we have made use of the expression (22)
for I;(H), which is to be obtained by the condition x, =
W/2 for the complete disappearance of the right vortex box
and inserting the expressions for xy and x; into (A15). The
current density profile for I,(H) <1 < I;(H) is shown in
magenta in Fig. 3(e). Finally, when I = I;(H), the right
vortex box disappears as x, = W/2, and the mixed state dis-
plays a single vortex box described by Egs. (A2) and (AS)
above.

2. Decreasing current from I.(H)

The presence of vortices leads to hysteretic effects, chang-
ing the film’s behavior upon decreasing the bias current / from
1.(H) as compared to increasing / from zero.

After the state preparation at [ slightly below I.(H) for
fields H > H*, vortices remain trapped in their position as
long as the absolute value of the local current density does
not exceed i,. Upon decreasing the bias current /, the cur-
rent distribution is therefore shifted rigidly towards smaller
values, see the upper black and red curves in Fig. 4(b), un-
til the current density in the vortex box reaches —i,—this

happens when I = I.(H) — 21, = I,(H), see the black-dashed
line in (a). Beyond this point, vortices start rearranging and
the vortex box shifts to the left, while maintaining its width
and total vortex number. Correspondingly, a new vortex-free
region with linear current density profile is formed close
to the right edge [lower red curve in (b)]. In this regime,
the edges of the vortex box are found by imposing that the
current density profile is continuous and carries the total

current
Iy LedH (W :
T T g\ 2

1cdH (W :
———— = —x ).
247A2\ 2
The distance x; — x¢ does not depend on [ and its evaluation
at I.(H) [where xg is given by (A6) and x; = W/2] produces
the condition x; — xo = W(1 — H*/H ). Combining this result
with Eq. (A18), we find that

(A18)

w 2H* H, [, —1
x=——1-"— Ayl 11 (A19)
2 H H* I,
and
w H, (I, —1I
X =— 1——”[ | ) (A20)
2 H* 1,

The edges of the vortex box in the regime I < I.(H) — 21, =
I, are marked with black dots in Fig. 4(b). Finally, when [ =
—1.(H), the vortex box touches the left edge of the sample,
while i(W/2) reaches —iy, and the system has lost any memory
of the preparation at I.(H).

APPENDIX B: MAGNETIC MOMENT FOR A 2D
THIN-FILM SUPERCONDUCTOR

Sweeping the magnetic field down from a reversal value
Hy > H, the current distribution across the thin film depends
on the vortex density via the Maxwell-London equation (4),
with the latter to be determined by the interplay of surface
and bulk pinning. Along the magnetic loop, both the current
and vortex profiles change shape as shown in Fig. 6 with
separate colors. Inserting the current density profiles i(x) into
the definition (37) for the magnetic moment, we obtain m(H )
for the various regimes, as plotted in Fig. 7 using the same
color coding. In this Appendix, we present the analytical
expressions for the current- and vortex densities and for the
magnetic moments as a function of the magnetic field, thus
complementing the discussion in Sec. IV B with quantitative
results.

a. Fields H < H < H,
As the magnetic field is reversed at Hy, vortices stay
trapped in their original positions |x| € [x;(Hp), x,(Hp)], see
Eq. (9), and the vortex distribution is given by

0, x < x;(Hop),
n(x > 0)=1{ Ho/Po, x € [xi(Ho),x,(Hp)l, (B1)
0, x > x,(Hp).
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and symmetrically for x < 0. This produces the (antisymmetric in x) current distribution

Hx, x < x;{(Hp),
Hx — Hy [x — x;(Hp)], x;i(Hp) < x < x,(Hp), (B2)
Hx — Ho [x,(Hy) — x;(Ho)], x > x,(Hp),

) cd
ix>0)= e

that involves three linear in x segments as shown with the blue line in Fig. 6. Integrating the current density profile as prescribed
in Eq. (37) [see also Eq. (41)], we obtain the magnetic moment (shown in blue in the magnetic loop in Fig. 7)

dWLW? H, 2H*\®  Hy(H,\ 3
Hy=———|H+—(1- ——(-2) —ZHy—H)) |. B3
m(H) 187 A2|: +2< Ho) 2<H0> 2(0 ) (B3)
(
With reference to the piecewise current density integral, cf. The vortex distribution changes when the outermost vortex

(41), the first and last terms in (B3) originate from the film can move again, i.e., for
edge at W/2, while the second and third term derive from the . .

vortex box boundaries at x,(Hy) and x;(Hp), respectively, see i(+x,(Hp), Hy) = *i), (B5)
Eq. (9) and use H; — H, = 2H*. Making use of the result (42) from which we find the field boundary H,,
for the mixed-phase moment m(H > H;) in the main text, we

Hy—H,— H
can reexpress the above result in the form H, = H, e e . (B6)
Hy—H;+H,
dWL W? .
m(H) = m(Hp) — T (H — Hy) (B4) b. Fields H, < H < H,

e : ,
Lowering the field below Hj, the outermost vortices rear-
to find that the Meissner slope is retraced downwards from ~ range themselves to define a new density profile

the point (Hy, m(Hy)) in the m—H diagram. This result can i
) ) ) ; 0, x < xi(Ho),
be easily understood by inspection of the current density pro-
file (B2) [see also Fig. 6(a)]: Although vortices are present, nx > 0) = Hy/®o,  x € [xi(Ho), x,(H)], B7)
they are pinned with a fixed density ny = Hy/®, and box H/d,, x € [xs(H), x,(H)],
boundaries x;(Hy) and x,(Hp) that do not depend on H. As 0 x> x,(H)
a consequence, the derivative dyi = —(cd /4mwA?)x extends ’ o
uniformly over the entire width of the film, see Eqs. (4) and and the current distribution reads [we express the bulk critical
(5), that result in a Meissner response. current i, by H,, i, = (cd/4nk2)Hp W/2]
Hx, X g -xi(HO)v
d | Hx — Hy[x — x;(Hp)], x;(Hp) < x < x(H),
iG> 0)= — c ol (Ho)] (Hp) < x < x,(H) (BS)
4m)? | —H,W/2, x(H) < x < x,(H),

—H,W/2+H [x —x,(H)], x> x,(H).

The edges x;(H) and x,(H ) of the region where vortices redistribute are found by imposing the condition i(x,(H )) = i, together
with the conservation of vortex number (50), see Egs. (49) and (51). Together, these conditions provide the results (49) and
(51) in the main text. At the field H, = Hy — H, — H), cf. Eq. (52), the outer edge reaches the film surface, x,(H,) = W/2, and
vortices start exiting the sample. The current and vortex distributions for fields H, < H < H; are shown in orange in Fig. 6
and give rise a nonlinear dependence of the magnetic moment on H (shown in orange in Fig. 7),

dWL W? H (Hy—H, — H,\’ 2H, \* Ho(H,\’ 3
Hy=————|H+—(———2) +H - 2(ZL) —Z(Ho—Hy) |. B9
m(H) o A2|: + 2( T ) + p(HO_H) > (Ho) 2( o — Hy) (B9)

Again, the first and last terms originate from the film edge W/2, the second and third terms derive from x,(H) and x,(H) [note
that x,(Hy) as given by Eq. (9) changes to x,(H) given by Eq. (51) when the box splits], respectively, and the fourth term
comes from the inner boundary x;(H)). This association of terms with boundaries will repeat itself also in the expressions below.
Furthermore, we note that dym is continuous at H;: indeed, the derivatives dyi of Eqs. (B2) and (B8) match up, as the interval
[xs(H), x,(H )] starts appearing only when H drops below H; and Hx,(H) = (Hy — Hy; — H,) W/2 is independent of H according
to Eq. (51).
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c. Fields 0 < H < H,

Decreasing the magnetic field below H,, the total vortex number is not conserved as the outermost vortices gradually leave
the sample,

0’ X g -xi(H())a
n(x > 0) = { Ho/®o, x € [x;(Ho), x;(H)], (B10)
H/®y, xe€[x(H) W/2],

with the corresponding critical current densities i(x) = =i, extending to the sample edges. The full i(x) profile reads

d H.X, X < .Xi(H()),
i(x>0)= —4;A2 Hx — Hy [x — x,(Ho)l,  xi(Ho) < x < x;(H), (B11)
—-H,W/2, x > x(H),

with x;(H) still given by Eq. (49). Again, the derivatives dyi of Eqgs. (B8) and (B11) match up at H,: Since x,(H) = W/2 at
H,, the vortex-free region between x, and W/2 disappears and the last region x > x,(H) of Eq. (B8) is absent. As a result, the
derivative dym is continuous at H,. This profile remains valid until all vortices in the outermost region |x| > x,(H) have left the
film, i.e., until H = 0. The vortex and current density profiles in the field interval 0 < H < H, are shown in green in Fig. 6. As
the current density is constant and equal to i, in a large part of the sample, the magnetic moment depends only weakly on the
field in this regime,

dWL W? 2H, \* Ho(H,\’ 3
mH) = ————| H, - 2(Z2) -z4, | (B12)
487 A2 Ho—H 2 H() 2

as can be seen by the green curve in Fig. 7. Since the slope in i(x) at W/2 is absent, see the green line in Fig. 6 left, there is
no linear in H term in Eq. (B12); furthermore, the boundary x,(H ) is absent in this field interval. As discussed in the main text,
the above discussion for fields in the interval 0 < H < H; is valid as long as H; > 0, i.e., when Hy > H; + H,. Else, the field
H, < 0 turns negative and the outermost vortices are expelled from the film as soon as they can move away from their pins.

d. Fields Hy < H <0

Decreasing the field further below min(0, H ), the vortex region shrinks together with x;(H) and the outermost region turns
vortex-free,

0, x < x;(Hp),
nx > 0)={Hy/Po, x€l[xi(Hp),x;(H)], (B13)
0, x > x;(H).

Correspondingly, the current density is once again linear close to the edges of the sample, with the overall profile taking the form

Hx, X < .Xi(H()),
Hx — Hyp [x — x;(Hp)I, xi(Hp) < x < x5(H), (B14)
—H,W/2+H[x—x,H)], x> x,H).

d
x> 0)= =5

These results are valid as long as i(W/2) < iy, prohibiting antivortices to enter the film, that defines the field H3 as given by
Eq. (53). The corresponding vortex and current densities are shown in red in Fig. 6 and give rise to an approximately linear
dependence of the magnetic moment on the field H (see the red segments in Fig. 7),

dWL W? Hy( 2H, \° 3H, 2H Hy (H,\’ 3H
H=—-————|H+— p_) =2 _— 922 =r| B15
mH) == )\2[ +2(H0—H) ( ) T ®B15)

Note, however, that the Meissner slope is spoiled by the field dependence of x,(H) in (B14), cf. Eq. (B2) where no such
dependence of the vortex density n(x) on H shows up; furthermore, the term Hx;(H) is responsible for the deviation from
the linear dependence of m(H ). The association of terms and boundaries in (B15) now involves three terms from x;(H ) and the
X,(H) term is absent.
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e. Fields —Hy < H < H;

When antivortices start penetrating into the thin film for H < Hj, neighboring vortex and antivortex domains form (if pinning
is sufficiently strong), and the vortex distribution reads

0, x < x;(Hp),

n(x > 0) = Ho/®o, x € [xi(Ho), xp(H)], B16)
H/®g, x € [xp(H),x,(H)I,
0, x > x,(H),

where the density n(x) = H/® is negative in the region x;(H) < |x| < x,(H), x,(H) = (W/2)[1 + 2H*/H ) follows from (9)
with H < 0, and the position of the vortex—antivortex front x,(H) is found the same way as the step position x,(H ) before, i.e.,
as the point where i(x) crosses iy, hence x;(H) = (W/2)[2H,/(Hy — H)], see Eq. (49). The current distribution reads

Hx, x < x;(Hp),
i > 0) = — cd | Hx — Hy[x — x;(Hp)], xi(Hp) < x < xy(H), B17)
© 4ma? | -H,W)2, xp(H) < x < xo(H),

—H,W/2+H [x —x,(H)], x> x,(H),

and is analogous to Eq. (B8) with the replacement of x,(H) — xy(H). As the field is reduced, vortices at x(H ) annihilate with
antivortices until x;(H) = x;(Hp) and only antivortices are left. As discussed in the main text, this happens for H = —H,. The
vortex and current densities for fields —Hy < H < Hj are shown in purple in Fig. 6 and give rise to the magnetic moment (see

purple segments in Fig. 7)

m(H) = 54-2

dWLW?*| H H 2H
|- —(1+
487 A2 H

2H, \* Hy(H,\’ 3H,
H| —L-) - =) -=|. BI8
- p<H —H) 2 <Ho> 2 ] B1%)
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