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Weak localization at arbitrary disorder strength in systems with generic spin-dependent fields
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We present a theory of weak localization (WL) in the presence of generic spin-dependent fields, including
any type of spin-orbit coupling, Zeeman fields, and nonhomogeneous magnetic textures. We go beyond the
usual diffusive approximation, considering systems with short-range disorder of arbitrary strength and obtain a
compact expression for the weak localization (WL) correction to the conductivity in terms of the singlet-triplet
polarization operator in momentum space. The latter can be directly related to the solution of the quasiclassical

Eilenberger equation for superconducting systems. This formulation presents an intuitive framework to explore
how the interplay of various spin-dependent fields drives weak (anti) localization. We apply our results to study
in-plane magnetoconductivity in systems with spin-orbit coupling and in newly discovered altermagnets. Our
results enable straightforward calculation of the WL conductivity at arbitrary disorder strength, which can be
particularly useful for interpreting experiments on high-mobility samples.
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I. INTRODUCTION

Weak localization (WL) has been one of the central
tools of mesoscopic physics [1,2]. It enables probing quan-
tum coherence and various symmetry-breaking mechanisms
in low-dimensional disordered systems by straightforward
transport measurements. WL is a consequence of quantum
interference—electrons traveling along closed loops interfere
constructively, enhancing the probability of electrons return-
ing to the point of origin. This leads to the reduction of the
classical (Drude) conductivity. On the other hand, if strong
enough spin-orbit coupling (SOC) is present in the system,
the electrons interfere destructively instead, leading to the
increase of Drude conductivity [3—10]. This phenomenon is
known as weak antilocalization (WAL). WAL can also be
driven by mechanisms other than spin physics, for instance,
sublattice pseudospin physics in graphene [11,12].

The most common way to probe W(A)L in two-
dimensional structures is to apply an out-of-plane magnetic
field [1,2], which suppresses the interference correction to
the conductivity by acting on the orbital motion of elec-
trons. Then, by measuring the resulting magnetoconductivity
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and fitting it to theoretical models, one can extract micro-
scopic parameters such as dephasing, relaxation rates, and
the strength of SOC. In this work, we focus on another way
to probe W(A)L, namely, we study the effects on in-plane
magnetic fields [10,13—17]. In 2D and quasi-2D structures,
the in-plane magnetic field couples mainly to the spin of
the conduction electrons via the Zeeman effect, while the
orbital effect can be neglected over a large range of values
of the external magnetic field. The combination of the Zee-
man field with spin-dependent fields of the material, such
as SOC or magnetism, leads to distinct signatures in the in-
plane magnetoconductivity. Therefore, measuring the latter
provides valuable information about the material’s intrinsic
spin-dependent fields.

The majority of theoretical studies of W(A)L in systems
with spin-dependent fields focus on the diffusive regime,
e.g., in systems with SOC and Zeeman fields [4-6,14,16—
22] or inhomogeneous magnetization [23,24], meaning that
the disorder scattering rate is assumed to be larger than
all other energy scales of the system (except the chemical
potential). This strongly disordered regime allows for sim-
pler calculations, but in many systems, it is not justified.
Namely, advances in sample preparations allow for creating
high-mobility structures, where, e.g., SOC strength can be sig-
nificantly larger than the disorder scattering rate. Theoretical
studies beyond the usual diffusive approximation have been
done in the absence of SOC in Refs. [25-33], and including
SOC in the works of Golub and Glazov [8-10], as well as in
ballistic quantum dots [34,35]. Interestingly, some of the sig-
natures of the interplay of spin-dependent fields appear only
beyond the diffusive approximation. For instance, in systems
with Rashba SOC, magnetoconductivity is nonmonotonic as
a function of in-plane field, which becomes apparent only at
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fields comparable or larger than the disorder scattering rate
[10].

In this work, we go beyond existing theories and present
a general theory of WAL in the presence of arbitrary spin-
dependent fields at any disorder strength. Our theory includes
any type of SOC, Zeeman field, as well as any type of
magnetic texture. We derive a compact expression for the
quantum correction to the conductivity in terms of a singlet-
triplet polarization operator in momentum space. The latter
can be directly connected to the solution of the quasiclassical
kinetic equation for superconducting systems, also known
as the FEilenberger equation [36,37]. Our result provides an
intuitive framework to discuss how the interplay of var-
ious spin-dependent fields influences W(A)L and enables
straightforward computation of the quantum corrections to the
conductivity. In particular, our findings could be useful for
interpreting W(A)L measurements in high-mobility samples
exhibiting any type of spin texture, both in conventional semi-
conducting structures and in novel van der Waals materials
and heterostructures.

In this work, we neglect the contribution to conduc-
tivity due to electron-electron interaction (EEI) [38-43].
EEI corrections can be similar in magnitude or larger than
W(A)L corrections at low temperatures. Moreover, similarly
to W(A)L, EEI corrections are sensitive to SOC [44,45] and
in-plane magnetic fields [46]. The EEI contribution to the
conductivity may be experimentally disentangled from the
W(A)L by applying a sufficiently strong out-of-plane mag-
netic field. W(A)L correction is quickly suppressed by the
field, while the EEI contribution remains mostly unaffected.
Thus, the subtraction between the conductivity measured at
zero and high out-of-plane field corresponds to the W(A)L
conductivity alone. This procedure can be used to experimen-
tally extract the in-plane W(A)L magnetoconductivity, which
is the main quantity of interest for our work—one should
perform in-plane magnetoconductivity mesurements with and
without an out-of-plane component of the magnetic field and
subtract the results.

The paper is organized as follows. In Sec. II we for-
mulate the model for a disordered system with generic
spin-dependent fields and present the main result of our
work—the compact expression for the WL conductivity
at arbitrary disorder strength and in the presence of any
spin-dependent fields. In this section we also discuss the rela-
tionship of our results to the Eilenberger equation. In Sec. II1
we present several applications of our results; we discuss sys-
tems with various kinds of SOC subjected to Zeeman fields,
and we examine the WL in newly discovered altermagnets.
We conclude and summarize our results in Sec. I'V.

II. THE MODEL AND MAIN RESULTS

In Sec. IT A we first present the effective Hamiltonian to
describe electronic systems with generic spin-dependent fields
and disorder strength. We then introduce the main results of
this work. In Sec. IIB we show the general expression for
the WL correction to the conductivity. For brevity and clarity,
technical details of the derivation of these results from the
diagrammatic theory are omitted in the main text, and shown
instead in Appendix A. In Sec. II C we discuss the relationship

of our result to the quasiclassical kinetic equation. Finally,
in Sec. IID we discuss our results in the diffusive regime,
where the expression for the WL conductivity significantly
simplifies.

A. Effective Hamiltonian

The effective Hamiltonian describing a system with
generic spin-dependent fields and disorder strength has the
form

H =& +b,0i+h,0i+V. (1)

Here &, = p?/(2m) — w is the kinetic energy term, where y is
the chemical potential. Spin-dependent fields can be classified
as SOC terms, b;,, that break the inversion symmetry, and the
magnetic (Zeeman-like) terms, Kl | that break the time-reversal
symmetry (TRS). The SOC terms are odd under sign change

of momentum b’ » = —bj,, while the magnetic terms are even
k', = h,. We introduced the Pauli matrices in spin space
o, with i = x, y, z. The effect of disorder is captured by the
random potential V, with an associated scattering time v. We
take that disorder scattering is isotropic and spin-independent.

Throughout this work, we will employ the quasiclassical
approximation, which assumes that the chemical potential is
the largest energy scale in the system, excluding the Fermi
energy: (> b, by, t™!. This assumption is valid for the
majority of experimentally available structures, and it allows
us to analytically evaluate the energy integrals in the diagram-
matic theory of WL (see Appendix A). Because electronic
transport occurs at the Fermi level, we may approximate
b, ~ b,.n = b, and hy, ~ h,., = h,, where pr is the Fermi
momentum, and n = p/|p| is the unit vector associated with
the direction of momentum along the Fermi surface.

B. WL correction to the conductivity

The central object in our theory is the angle-resolved po-
larization operator I1,g, written in momentum Q space

Mg = +1/ly+iln-Q+A4,)". ()

Here I = vpt is the mean-free path, and [y = vr7y > [ is the
decoherence length, with 74 being the electron decoherence
time. The matrix A, accounts for the spin-dependent fields:

0 B —b —il
) —K, 0 by il
A, =2| " NG
by —bt 0 —il
—ikt =ik, =ik, 0

Here the hat symbol (7) denotes that the object is a 4 x 4
matrix in the singlet-triplet space, spanning the three triplets
and the singlet built from spin states of interfering pairs
of electrons. We will label the components of a matrix K
as 1%,-,», with i, j = x, y, z, 0, where indices x, y, z denote the
three triplets, while the index O denotes the singlet. From
the form of Eq. (3), we can see what is the role of different
spin-dependent fields: SOC terms &/, couple different triplets
(causing triplet precession and relaxation), while the magnetic
terms /i, couple the singlet to the triplets.
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We proceed to define another important object in the the-
ory of WL, the Cooperon C‘Q, which gives the amplitude of
quantum interference of two electrons traveling in opposite
directions. It can be written as

Cp' =2mvr[l - Tlgl. (4)

Here ﬁQ = (ﬁng), where (-) represents averaging over the
direction n, and v is the density of states at the Fermi level.

We can finally write the quantum correction to the conduc-
tivity in a very compact form:

e’ d‘Q
27 ) (2m)?

where d is the dimensionality of the system. The first and
second terms in Eq. (5) correspond to the backscattering
and nonbackscattering contributions to the WL conductivity,
respectively [30]. Formally, they come from the bare and
dressed Hikami boxes in the diagrammatic theory, respec-
tively (see Appendix A). The matrices WQ(“) and WQ(b ) are the
Cooperon weight factors, which are given as

do =

TH{EOWS +EPWP. )

Wy = Wo(n2 1} 5 Tag), (6)
Wy = —Wo(ne [T ,) (n: Tlag). )

Here the current is taken to flow along the x direction, and
n, is the component of the vector n in this direction. We
introduced the matrix Wy = 4wvtiv2 diag(—1, —1, -1, 1),
which ensures that the singlet and triplet contributions enter
with opposite signs in the WL conductivity [1,2]. The objects
C‘g’) and C‘éb) are the reduced Cooperons, C‘g’) = C‘Q flé and

C‘(Q”) = Cpllp. We consider only the contributions of closed
paths with three or more impurity collisions to the quantum
interference. This is the usual approach when dealing with
systems beyond diffusive approximation [8—10,27-31], where
the divergent contributions of paths with single or two colis-
sions need to be removed.

Equation (5) is one of the main results of our work. We see
that the quantum correction to conductivity can be expressed
in terms of the polarization operator f[,,Q, Eq. (2), which
enters the Cooperon and the weight matrices W eb) through
Egs. (4) and (6)—(7), respectively. As we discuss in Sec. IIC,
the polarization operator can be directly obtained also from
the Eilenberger equation.

The conductivity is obtained by evaluating the momentum
integral in Eq. (5). Here having a finite 74 is required to re-
move the infrared divergence of the integral. Note that it is not
necessary to impose an upper cutoff for the Q integration. This
is in contrast to the standard approach within the diffusive
approximation, where it is customary to impose the cutoff
Omax ~ 1/(vrT) to ensure convergence [1,2].

The results of this section hold for any system dimension-
ality d, but in the following we will focus on 2D systems, so
that p = (px, py) and n = (n,, ny).

C. Relation to the Eilenberger equation

In this section we connect the WL conductivity to the
quasiclassical kinetic equation for superconducting systems,
also known as FEilenberger equation [36,37]. This equation is

a widely used tool for describing superconductors at arbitrary
degree of disorder. It has also been formulated in the presence
of spin-dependent fields [36], where triplet superconducting
correlations come into play. As we will discuss in the follow-
ing, the polarization operator and Cooperons entering the WL
formalism can be directly obtained from the linear Eilenberger
equation. Moreover, if the TRS is not broken, the linear Eilen-
berger equation is formally identical to the kinetic equation for
coupled spin-charge transport in the normal state. The linear
Eilenberger equation therefore presents a unified framework
to describe different phenomena driven by spin-dependent
fields: triplet superconductivity, spin transport, and W(A)L,
as discussed in Ref. [37].

For a system described by the Hamiltonian (1), the linear
Eilenberger equation in momentum space reads [36]

(L+1/ly+in-QDf + it[byoi, f] —it{h,, f} = (f). ®)

Here we omit the superconducting source term, which is not
relevant for our discussion. The anomalous Greeen’s function
f = fioi (i =0, x,y, z) captures the singlet (i = 0) and triplet
(i = x,y, z) superconducting correlations. oy is the unit ma-
trix. The above equation can be rewritten as

f=1g(f), ©9)

where f = (fv» fy» fo» fo)T. Therefore, the polarization op-
erator appears directly in the linear Filenberger equation.
Moreover, after averaging over momentum direction, we have

A -

(I = (Iag))(f) =0, (10)

which becomes
éé‘(f) =0. (11)

Therefore, the Cooperon is the resolvent of the linear Eilen-
berger equation. We see that there is a close connection
between superconductivity and WL. It comes from the fact
that the superconducting (particle-hole) correlations of the lin-
ear Eilenberger equation are equivalent to maximally crossed
diagrams from the theory of WL (see Appendix A). The Eilen-
berger equation approach provides a simple and physically
transparent picture to compute the Cooperon for arbitrary
strength of disorder, which allows for analytical solutions in
many cases.

D. Diffusive limit

As mentioned in the introduction, most of the existing
theoretical studies on WL [4-6,14,16,17,19-21] focus on the
diffusive limit where [Q, thi, thi < 1. In this regime the
expressions (4)—(7) further simplify. Namely, we can find the
polarization operator as

1 —Tflg ~ I/ly + DQ*t + (A,) - 2i(1Q - nd,) — (A7),
(12)

and the Cooperon is readily obtained using Eq. (4). Here
we introduced the diffusion constant D = JvZt. Only the
magnetic fields 4/, contribute to the term (An), which captures
singlet-triplet coupling. Similarly, only the SOC fields b/, con-
tribute to the term 2i(/Q - nA,), capturing triplet precession,
that is, conversion of one triplet to another. Finally, the term
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FIG. 1. (a) Interference correction to the conductivity §o as a function of the Rashba o and Dresselhaus 8 SOC strengths. The ratio between
the decoherence length and the mean-free path is fixed to I, /I = 100. (b) WL conductivity Ac = 60(1(; LS Aldj N — 80(1‘; 1) as a function of
the B decoherence length Alqj1 and «, for 28prt = 1. The inset in panel (b) is a zoom-in of the green curve around its minimum.

(Af,) describes the singlet and triplet relaxation, due to SOC
and magnetic fields. The Cooperon weight factors become

W = i,

(13)
while W® = 0. The WL correction to the conductivity can
now be written as

_ &2 1
T 2nd 2mvt

Importantly, as mentioned in Sec. IIB, it is necessary to
impose an upper cutoff for momentum integration Qp.x ~
1/(vr7) to ensure convergence of Eq. (14).

The expressions (12)—(14) generalize previous theoretical
works valid in the diffusive limit [4-6,14,16,17,19-21] by
accounting for arbitrary spin-dependent fields. As an example,
in Appendix B, we reproduce the polarization operator in the
diffusive limit for the well-studied case of a 2D system with
Rashba and Dresselhaus SOC using Eq. (12).

So

d'Q Tr[(1 — [1p) " 'Wo] 14
[(2ﬂ)dr(— 0)” Wol. (14)

III. APPLICATIONS

In this section we apply the formalism introduced in Sec. II
to compute the conductivity correction to different systems
with spin-dependent fields. In Sec. III A we first address the
well-studied 2D systems with Rashba and Dresselhaus SOC.
In addition to reproducing known results, we propose a new
way to probe these types of SOC in high-mobility systems
by measuring in-plane WL magnetoconductivity for different
orientations of the field. In the rest of the section, we address
systems with more exotic spin field types and propose WL
measurements to probe them: materials with the so-called
Weyl-type SOC in Sec. III B, and newly discovered altermag-
nets in Sec. III C.

A. Systems with Rashba and Dresselhaus SOC

In this section we focus on systems with Rashba and Dres-
selhaus SOC (both linear and cubic). The Rashba SOC arises
due to the lack of structural inversion symmetry [47], while
the Dresselhaus SOC arises in materials with broken lattice
inversion symmetry [48]. Crystals with SOC show a vari-
ety of unique transport properties that have extensively been
exploited in the field of spintronics [49]. Their applications in-

clude spin-field-effect transistors [50-52], spin filtering [53],
and spin-based platforms for topological quantum computing
[54], among others. SOC has extensively been studied in the
context of WAL. The presence of SOC hinders the backscat-
tering due to the constructive electron interference, adding a
positive correction to the conductivity [3,55].

The spin-dependent fields b/, for a systems with Rashba
SOC (@), and linear (8) and cubic (83) Dresselhaus SOC are

by = aprny + Bprn, + B3py (n) — 3n.n3),

b, = —appn, — Bprny — ﬂsp; (n: - 3nyn)2(). (15)

The momentum-independent in-plane Zeeman fields are cap-
tured by the terms

W=h,, & =h,. (16)

In Fig. 1(a) we show the WL correction to the Drude con-
ductivity for different values of the Rashba and Dresselhaus

SOCs. The conductivity is normalized with oy = % In %,
so that in the absence of spin-dependent fields the WL cor-
rection is o0 = —doy [9,10]. The decoherence length is set to
Iy = 100! in all plots, except for Fig. 1(b). In the absence of
Dresselhaus SOC (blue curve), the conductivity increases with
increasing strength of the Rashba SOC, in agreement with the
known results. The SOC induces a momentum-dependent spin
precession around the effective SOC field b, = (b, b, b)),
modifying the interference of electron waves and leading to
WAL [6,55,56]. The conductivity correction saturates at o ~
%500 — 0.22;—22 [9] for infinite SOC (¢ — o0). The WL con-
ductivity correction consists of one (positive) singlet and three
(negative) triplet contributions. The three triplet channels are
suppressed by the SOC, so the conductivity correction is given
by the remaining singlet channel [3].

For finite Rashba and Dressehaus SOC, the conductivity
decreases with increasing « until it reaches a minimum at
a = B. The interplay between the two types of SOC is sub-
stractive [5]: when they are of equal strengths, the effective
SOC field decouples from momentum and points always in
the same direction. This effect is known as persistent spin
helix, as the spin precession depends only on the distance
traveled along the (1/ «/5 1/ «/5 0) direction [57]. Then the
SU(2) phase associated to the spin precession will be zero for
all closed paths contributing to the WL. Thus, the conductivity
for @ = B is equal to the spin-field-free one o = —doy.
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FIG. 2. Interference correction to the conductivity as a function of the (a) magnitude of the external in-plane field, 4, and (b) its direction,
characterized by the angle x with respect to the current. In panel (a) 8 = 0 and h, = 0, and in panel (b) 8 = o and 2ht = 1.

In experiments measuring in-plane WL magnetoconduc-
tivity, the orbital effects of the magnetic field may still play
an important role. First, there might be a finite out-of-plane
component of the field due to misalignment. Second, the
in-plane component of the field may also act on the orbital
motion of electrons in 2D films due to the finite thickness
of the film. Both effects can have a significant impact on
the WL conductivity, especially at high fields comparable to
SOC strength. However, exact treatment of orbital effects is
a computationally demanding task (especially beyond the dif-
fusive approximation), for which the real-space formulation
of the WL theory [8—10] is better suited than our momentum
space approach. Instead of exact computations, the orbital
effects may be qualitatively captured by renormalizing the
decoherence length, l(;l — l(;l + Alqjl. Specifically, Ald)_' (0%
(2eB)'/? [20,58] captures a weak out-of-plane component of
the field B, while Al; I lBﬁd2 captures the orbital effect
of an in-plane field B) for a 2D film of thickness d [22]. In
Fig. 1(b) we plot the correction to the conductivity as a func-
tion of Aldj1 for a system with Rashba and Dresselhaus SOC.
Importantly, the effects analyzed in this paper are measurable
only if the orbital effects are sufficiently weak, so that the
signatures of the interplay between spin-dependent fields in
the WL conductance are not washed out.

In Fig. 2(a) we show the weak-localization correction to
the conductivity due to a Zeeman field for different Rashba
SOC strengths. In the absence of SOC, the Zeeman field is
the only spin-dependent field. The system has a definite spin
quantization axis, so working on the appropriate spin basis
the SU(2) phase acquired by all paths contributing to the WL
conductivity will be trivial. The SOC increases the conduc-
tivity value due to its antilocalization effect, even though very
strong Zeeman fields completely overcome the SOC, restoring
the usual o = —§op correction. Note that the conductivity
curves have a bump close to 4, ~ app. This nonmonotonous
behavior appears only beyond the diffusive approximation, as
first predicted in Ref. [10].

In Fig. 2(b) we study the conductivity dependence on the
Zeeman field orientation x, where x is measured from the
current direction. Here we choose o = B, where the depen-
dence on angle x is maximized due to the formation of
the persistent spin helix. For x = —n /4 and x = 3m /4, the
Zeeman field is collinear with the SOC spin field, so o =
—80p. The conductivity curves are symmetric with respect

to both values of y, since both Zeemag field configurations
are related through the spin rotation R;_ (), where fi_ =
(1/+/2, —1/+/2,0), which leaves the SOC field b, unchanged
(see Appendix C). The conductivity shows two shallower
minima at x = m /4 and x = —3m /4, with the depth of the
minima increasing with increasing SOC strength. This feature
is absent in the diffusive regime [14,22]: in the dirty metal
limit the spin-dependent fields are weak compared to the
scattering frequency aprt, aprt, ht < 1, so the SOC is not
strong enough to develop a minimum.

In Fig. 3 we investigate different ratios of & and 8 and show
the influence of the cubic Dresselhaus term S3. The solid lines
correspond to B3 = 0 and the dashed lines to 23 p} = 0.25.
We see that the shape of do () curves strongly depends on
the ratio «/B, while the cubic Dresselhaus term generally
contributes to the WAL by increasing the value of the con-
ductivity. In addition, the cubic Dresselhaus term breaks the
symmetry around the x = 7 /4, —3m /4 angles present in the
persistent spin helix regime («¢ = B, purple lines). The cubic
Dressenhaus SOC creates a small difference in the height
of maxima, with a stronger cubic term leading to a greater
asymmetry.

B. Systems with Weyl-type SOC

While Rashba and Dresselhaus SOCs have been exten-
sively studied over the last decades, there are other types
of linear-in-momentum SOCs that can be distinguished. In

1 — 2appr=0.5
2appr=0.25
— 2aprr=0

-1.1
- 3n/4 -n/2 -n/4 O /4
X

n/2 3n/4 n

FIG. 3. Interference correction to the conductivity as a function
of x and «. The linear Dresselhaus SOC term is set to 28prt = 0.5,
the cubic term to 28;p3t = 0 (solid) or 28;p3t = 0.25 (dashed),
and 2ht = 1.
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TABLE I. Systems with equivalent WL correction and the spin symmetry operation relating them. Ri () is a ¢ proper rotation around the
1 axis. Lines 2—4 show how the different types of linear-in-momentum SOCs with a Zeeman field are related to each other.

System 1

System 2 Symmetry operation

Rashba («) + Dresselhaus (8)

Rashba + Zeeman field k = (h,, hy, 0)
Rashba + Zeeman field h = (h,, h,, 0)
Dresselhaus 4+ Zeeman field h = (hy, hy, 0)

Rashba (8) + Dresselhaus ()

Dresselhaus + Zeeman field h = (—h,, —h,, 0) R
Weyl-type SOC + Zeeman field h = (—h,, h, 0)
Weyl-type SOC + Zeeman field h = (h,, —h,, 0)

quasi-2D materials, the momentum p has two components,
while the spin can point along any spatial direction. Focusing
on SOCs with inplane spin-momentum locking, we can differ-
entiate four linearly independent types of SOC: Rashba-type
SOC p,oy — px0oy, two Dresselhaus-type SOCs pio, — p,0,
and pyo, + p,o,, and Weyl-type SOC p,o, + p,o,. While
Rashba and Dresselhaus SOCs may arise in achiral non-
centrosymmetric crystals, Weyl-type SOC requires chirality.
Chiral topological semimetals that host single- and multifold
band crossings have recently been predicted to show this kind
of SOC. Some material candidates to host Weyl-type SOC are
YSb; [59] and PtGa [60,61].

In this subsection, we study the WL conductivity of mate-
rials with Weyl-type parallel SOC in the presence of in-plane
Zeeman fields, analyze their relation to Rashba and Dres-
selhaus SOCs, and propose conductivity measurements that
allow to distinguish all SOC types. The spin-dependent fields
for materials with Weyl-type SOC read

by = v prny, a7

and we consider isotropic Zeeman terms introduced in
Eq. (16). As seen in Eq. (17), the effective SOC field b, is
parallel to the momentum direction. This is in contrast to
the Rashba effective SOC field, which is perpendicular to the
motion direction. As proven in Appendix C, systems where
the spin-field interactions are related through spin symmetry
operations have equivalent WL correction. Rotating b, and
h, = (hy, hy,0) by —m /2 around the z axis, we obtain that
the WL conductivity for a system with Weyl-type SOC is
equivalent to a system with Rashba SOC of strength y and
Zeeman field h = (hy, —h,, 0) (see third entry in Table I). One
way to identify Weyl-type SOC interaction and distinguish
it from Rashba-type SOC is to study the dependence of the
conductivity on the direction of the in-plane Zeeman field
with respect to the current x. As shown in Fig. 4, the in-plane
magnetoconductivity for a system with a single type of SOC
is anisotropic. Note that the magnetoconductivity oscilla-
tions are lost within the conventional diffusive approximation,
where a combination of different types of SOC are needed
to obtain an in-plane anisotropy [14,22]. The conductivity for
a system with Rashba SOC shows a maximum for Zeeman
field orientations x = 0 and yx = 7, while the conductivity
for a system with Weyl-type SOC shows minima for these
orientations.

Both Rashba- and Weyl-type SOCs are isotropic with
respect to inplane rotations. This is in contrast to the Dres-
selhaus SOC. One simple way to discriminate Weyl-type and
Dresselhaus SOC is to measure the longitudinal conductiv-
ity along different directions. In the former, the conductivity

by, = y prny,

vs x curves will be identical for any current direction. For
the Dresselhaus SOC, the conductivity curves will differ for
different current directions. For instance, using the fourth
symmetry operation in Table I, we obtain that the conductivity
along the x direction for a material with Dresselhaus SOC is
equivalent to a material with Weyl-type SOC and y-mirrored
Zeeman field. For 28prt = 1 and 2ht = 1, the conductivity
pattern is equivalent to the blue curve in Fig. 4. However,
if the conductivity is measured along the (1/+/2, 1/+/2,0)
direction, using the second symmetry operation in Table I we
obtain that the conductivity is equivalent to the yellow curve in
Fig. 4 (Rashba case). Therefore, it is possible to unequivocally
discriminate Weyl-type SOC from the more common Rashba
and Dresselhaus SOCs by performing conductivity measure-
ments along two directions.

C. Altermagnets

Traditionally, materials with magnetic ordering have been
classified into ferromagnets and antiferromagnets. In the for-
mer, the magnetic moments align leading to a macroscopic
magnetization. The TRS of the electronic bands is broken
on ferromagnets, which results in the spin splitting of the
energy bands. In antiferromagnets, the atomic magnetic mo-
ments order in such a way that the material does not show a
net magnetization. Despite the magnetic ordering, the energy
bands of antiferromagnets are spin-degenerate, as in nonmag-
netic materials. Recently, a new kind of materials combining
ferromagnetic and antiferromagnetic properties, known as al-
termagnets, have been theoretically predicted [62].

Altermagnets consist of opposite-spin sublattices with zero
net magnetization but spin-split band structures. Unlike ma-
terials with SOC, the spin splitting of the energy bands in
altermagnets does not arise due to relativistic effects, so they

-0.455

-0.460F
g
‘E —-0.465f 2aprr=1
bS]

— 2yppr=1
-0.470F
-0.475

- —3;r/4 —7;/2 —7';/4 (.) rr}4 7(}2 37';/4 T

X
FIG. 4. Interference correction to the conductivity as a function

of x for a system with Rashba (yellow) or Weyl-type (blue) SOC.
The strength of the Zeeman field is 2ht = 1.
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FIG. 5. Interference correction to the conductivity of an alter-
magnet as a function of the in-plane field &, for different values of
the altermagnet spin splitting strength «.

do not require inversion symmetry or high atomic number
materials. Moreover, due to its nonrelativistic origin, the spin
splitting in altermagnets [62—64] is much stronger than in
materials with SOC [65]. Materials that show this kind of
magnetism include crystals with rutile (P4, /mnm) structure
such as RuO, [63,64], FeF, [66], and MnF, [62,67], as well
as several crystals with NiAs-type structure (P63 /mmc), such
as MnTe [68] and Euln,As, [69].

To second order in p, the effective Hamiltonian term de-
scribing the altermagnet interaction is given by « p.p,o. [62].
Notice that even-in-momentum spin-dependent fields are pos-
sible in centrosymmetric crystals [62,70]. In the following we
will consider an altermagnet

B = Kk prnyny (18)

subjected to an in-plane Zeeman field &, = h,. Other types of
even-in-momentum fields have also been examined in works
on WL of exciton polaritons in microcavities with polarization
splitting [71,72].

Inserting the values of the spin-dependent fields (18) into
Egs. (2)—-(7), we compute the WL conductivity of an altermag-
net. In Fig. 5 we show the WL conductivity as a function of the
Zeeman field strength. In the absence of Zeeman field (4, =
0), the WL conductivity is not modified by the strength of
the altermagnetism k. Despite being a momentum-dependent
interaction, the direction of the altermagnet term (18) always
lies along the z direction. Unlike for Rashba- or Dresselhaus-
type SOCs, there is a definite spin quantization axis which is
independent of the crystal momentum. An incoming particle
with up/down spin will not precess along any in-plane tra-
jectory, so the SU(2) phase acquired by all paths contributing
to the WL conductivity will be trivial. Therefore, the conduc-
tivity is not corrected by altermagnetism. When an inplane
Zeeman field is applied, the spin quantization axis will depend
on the momentum direction, so that spin is no longer an
appropriate quantum number. This contrasts with the in-plane
magnetoconductivity of a ferromagnetic material, where the
total magnetic term h, does not depend on the momentum
direction and thus does not modify the conductivity. For a
very strong Zeeman field (i, >> « p%), a spin quantization axis
along the x direction is restored in the altermagnet, so the WL
conductivity correction equals o = —d0y. The conductivity
curves in Fig. 5 display a bell-like shape. The value of the
Zeeman field 4, for which the maxima occur is slightly lower

than « p%. Around this value, the interplay between the Zee-
man and altermagnetic interactions is enhanced, resulting in a
positive correction to the conductivity. This property might be
useful to determine the strength of the altermagnetism « of a
material through a WL measurement.

IV. CONCLUSION

We have presented a theory of weak (anti)localization that
accounts for any type of spin-dependent fields with arbitrary
disorder strength. Equation (5) gives a very compact expres-
sion for the WL correction to the conductivity, which requires
only the knowledge of the polarization operator f[,,Q [Eq. (2)]
to compute. This enables straightforward and efficient numer-
ical computation of the WL correction. Moreover, in Sec. II C
we demonstrate that the same polarization operator also read-
ily follows from the Eilenberger equation for superconducting
systems, demonstrating the connection between WL and su-
perconductivity.

We expect that it is possible to derive a compact expres-
sion for the WL correction similar to Eq. (5) for any system
where quasiclassical approximation holds. This includes sys-
tems with internal degrees of freedom other than spin (valleys,
sublattice isospin, etc.) and systems with anisotropic disorder,
or disorder, which depends on the internal degrees of freedom.
Similarly, we expect that the connection of WL and the Eilen-
berger equation also holds in general.

We apply our theory to calculate the WL conductivity
in various systems. First, we test our theory on a system
with Rashba and Dresselhaus SOC, which has been ex-
tensively studied in the context of WL in recent decades.
Then we apply our theory to more exotic systems: the
materials with Weyl-type SOC, and the newly discovered
altermagnets.

We mainly focus on the in-plane magnetoconductivity,
which shows distinct signatures created by the interplay
of externally applied Zeeman field with the intrinsic spin-
dependent fields of the material. Importantly, some of these
signatures appear only beyond the conventionally used dif-
fusive approximation. For instance, in Rashba systems the
in-plane magnetoconductivity is nonmonotonic as a func-
tion of field strength, while it oscillates a function of
field direction. We show that it is possible to distin-
guish different kinds of linear-in-momentum SOC (Rashba-,
Dresselhaus-, and Weyl-type) in the nondiffusive regime,
by measuring in-plane magnetoconductivity for different
field directions. Finally, we discuss how to probe the
strength of altermagnets by in-plane WL magnetoresistance
measurements.

While in this work we have mainly focused on 2D systems,
our results can also be applied to systems of any other dimen-
sionality, e.g., quasi-1D nanowires with strong SOC.

Our theory provides an efficient way to compute the WL
conductivity, giving important insights for the classification
of materials with SOC and other types of spin-dependent
interactions. The simplicity of our expressions makes them
very useful when fitting and interpreting experiments on
systems with any type of spin texture, including tradi-
tional semiconducting structures and novel van der Waals
materials.
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FIG. 6. Renormalization of the current vertex. Solid arrows rep-
resent Green’s functions, while the dashed lines represent disorder.
The upper (lower) branch of the diagrams correspond to retarded
(advanced) Green’s functions.
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APPENDIX A: DERIVATION OF MAIN RESULTS
FROM THE DIAGRAMMATIC THEORY

In this Appendix we derive the results presented in Sec. II
from the standard diagrammatic theory. We first calculate the
renormalized current vertex in Appendix A 1, followed by the
derivation of the polarization operator and the Cooperon in
Appendix A2, and in Appendix A3 we obtain the final re-
sult for the WL conductivity after evaluating the conductivity
diagrams.

To start, we introduce the disorder-averaged zero-
temperature retarded (R) and advanced (A) Green’s functions

as
.o\ 1
l
GRA=(-MHot ) .

where Ho = &, + bl,0; + h,0;. Here the self-energy +i/(27)
is calculated in the self-consistent Born approximation. We
assumed a random disorder potential V, characterized by the
Gaussian white noise correlators (V,)ais=0 and (V,Vy)ais =
Vi385, so that the inverse scattering time is 7~ = 27 vV
The brackets (-)q4;s stand for disorder averaging.

(AD)

1. Renormalized current vertex

The current operator is defined as Ji, = 9, Hp = vpn; +

3p,bp0j + 3p.hpo;. In the leading order of the quasiclassical
approximation, we need to keep only the first term and there-
fore J;, ~ vpn;. Next, we calculate the renormalized current
vertex J;,, shown in the diagrammatic form in Fig. 6.

Explicitly writing the diagrams in Fig. 6, we obtain

d

1 d_pGA, J;
Qm)d P 4

- Gk

-

Jip=Jip+ —— A2
? rt 2wty (A2)
We look for the solution of this equation in the form J;, =

KJip = Kvpn;, where K is a scalar. The momentum integra-

tion is performed by substitution | (;i:f)'d s> v (fdEp )
and using the residue theorem. Performing the energy inte-
gral yields v [ d&,G,GR = 2w tv. Then the equation for the

renormalized vertex reduces to

Kvpl’li = vpn; + <Kvpl’li) = VUfrn,;. (A3)

o o o _a Qo {: o «@
! ' Pra'f
Cg/i,aﬂ — : + : Cgl 1,00
— L >
B B BB BB 5+Q B

FIG. 7. Bethe-Salpeter equation for the Cooperons. Greek in-
dices in the subscript denote the spin. Summation over repeated
indices is assumed.

Therefore, K = 1, and the renormalized current vertex is fip =
J,'p = VUrn,;.

2. Polarization operator and the Cooperon
The central object in the theory of WL is the Cooperon,
which is determined from the Bethe-Salpeter equation, shown
in the diagrammatic form in Fig. 7.
Explicitly writing the diagrams from Fig. 7 yields

Bl f 1 ”
C B.a'B aaa’sﬂﬂ’ + Hoéﬁ’a]ﬂlcglﬂl’aﬁ . (A4)

e 2wty
The Greek indices denote the spin degree of freedom and
can take value 1 or |. The summation over repeated indices
is assumed. We introduced the angle-averaged polarization
operator

mges = S [ 26 (Gl 49
Y T2ty | Qm)ydbpleaLTp0Ips0
where we introduced the notation p = —p.

Next, we transform the polarization operator and the
Cooperon to the singlet-triplet basis using the transformation

M = Loyo,1usM PP (0,01 grar. (A6)
The inverse transformation is
MPE = L00y1paM* (0,04 ]wp - (A7)

Here the indices s, s = 0, x, y, z label the singlet 0 and the
triplets x, y, z. After the transformation, we obtain

, 1 ,
Cy = ——38, +II5'CH° A8
or, in matrix form
Co = 1pCy. A9
Q 2w TV + 1ol (A9)

Inverting this equation to express C yields Eq. (4). The po-
larization operator in the singlet-triplet basis is l'I"Q" = (HﬁfQ),
where

e _

= A10
" At (A10)

-
dépTr[Uyang+Qos/a), (Gﬁ) ] .

The integration in Eq. (A10) can be performed for each pair
of indices s and s" by the residue theorem, which we do using
Mathematica. This finally yields Eq. (2).

3. WL corrections to the conductivity

Diagrammatic representation of the WL correction to
the conductivity is given in Fig. 8. We distinguish two
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af
Co J

FIG. 8. Diagrams for the WL correction to the conductivity.
(a) Bare Hikami box. (b) Dressed Hikami boxes.

contributions to the WL conductivity

S0 =80 @ +80®, (A11)
where §0@ in the backscaterring contribution coming from
the so-called bare Hikami boxes [Fig. 8(a)], and o is the
nonbackscattering contribution [30] coming from the dressed
Hikami boxes [Fig. 8(b)].

Explicitly writing the diagrams in Fig. 8(a) while taking
that the current flows along the x direction yields

(a) — 6_2 ddp ddQ

00 =07 | @y | any

[Gg]a/acgl)aﬁ,ﬂ [G§+Q]yy’

X [Lplys [Goaolys[Gplsp ip e (A12)
Note that conductivity diagrams with single and two impu-
rity lines diverge upon Q integration [8—10,27-31]. For this
reason, we introduce the reduced Cooperon C@_ where the
contributions from single and two impurity lines are removed,
namely,

1
(a)aB.ys B.ys B.ys
CQaa ve =P [5a,35y5 + Hoé Y ]

Al3
Q0 2wVt ( )

Transforming Eq. (A13) to the singlet-triplet basis, we obtain
A A 1 . n
(@ 2

Next, transforming Eq. (A12) to the singlet-triplet basis yields

(A15)
|

2 d
@ _ ¢ a‘Q A@)yfy (@)
30 = Z/ (Zn)dTr[CQ Wy"],

where we introduced the weight matrix Wé") as

W(a)ss/ — l ddp
Q0 2 ) @n)
. - T
x Tr[a.vqﬂ"G;:JXPG;S(G§+QJWG§+QU>’US) ] (a16)

After performing &p-integration by residue theorem using
Mathematica, we obtain Eq. (6) from the main text.

The nonbackscattering WL conductivity o is similarly
obtained as

2 g e
so® = £ / QTr[cg>WQ<”>]. (A17)

2 | Qm)d
Here in the reduced Cooperon C” we need to subtract
the single-impurity contribution (it ultimately gives a two-
impurity conductivity diagram, since the weight factor already
contains one impurity line):

CY =Co -
0 " Jnvr

(A18)

The weight matrix WQ(b) is determined from

o _ 11 d‘p d'p'
¢ " 22nvr ) @n)y )] @n)

AF ~RAR (AR R § A T
X Tr[oyaerprpGp Gp, (Giz+QGp’+Qsz"’ Gp’+QGyUS)

+ 0,09GAGAJ

R(AR 7 _ A A T
5 GoplipGy (G diy Gy 4 9Gprp030s) |-

(A19)

Here the second and third line come from the two different
types of dressed Hikami boxes, represented in the upper and
lower panels of Fig. 8(b), respectively. Evaluating the integrals
over &, and &, by residue theorem in Mathematica yields
Eq. (7).

Finally, the total WL correction is given by summing
Egs. (A15) and (A17), giving Eq. (5).

APPENDIX B: POLARIZATION OPERATOR IN THE
DIFFUSIVE LIMIT FOR SYSTEMS WITH RASHBA AND
DRESSELHAUS SOC

In this Appendix we explicitly write the polarization op-
erator in the diffusive limit for the widely studied 2D system
with Rashba and Dresselhaus SOC. Using Eq. (12) together
with Egs. (15) and (16) gives

l—‘DPT + x}Zm XnxXny + XaXB1 _i(xale + xﬂlle) _ixhx
A XnxXhy + XaXg1 I'ppt + x,%y —1(xp110x + x4 10y) —1Xpy
1—Tlg =1/l +DQ*t + | . (B1)
l(xale +xﬂlle) l(xﬂlle+xale) 21_‘DPT 0
—iXpy —ixpy 0 Xjre Xy

Here we introduced the dimensionless parameters quantifying the magnitude of the different spin fields: x, = 2aprt, xg; =
2BPFT, Xp3 = 2B3prT, Xpe = 20T and xpy = 2hyT. Tpp = (x2 +x§1 + x§3)/2t is the D’yakonov-Perel spin relaxation rate,
and Q = (O, Qy). The polarization operator (B1) recovers known results [4-6,14,16,17,19-21].
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APPENDIX C: SPIN ROTATION OF THE
SPIN-DEPENDENT FIELDS

In this Appendix we show that systems where the spin-
dependent fields are related through spin symmetry operations
give rise to the same WL correction to the conductivity. A
comprehensive symmetry analysis for systems with Zeeman
and linear-in-momentum SOC was developed in Ref. [18]
in the diffusive regime. Here we account for spin-dependent
fields with arbitrary momentum dependence. If the Zeeman-
like fields h, = (h;, h, h%) and the SOC-related fields b, =
(b, by, b%) in the Hamiltonian (1) are transformed through
pure spin operations, i.e., distance-preserving transformations
in spin space without transforming the spatial degrees of free-
dom, the resulting integrand in Eq. (5) is equivalent to the
original one, so both systems have equivalent WL correction
to the conductivity.

Within our formalism, the 4 x 4 matrices in singlet/triplet
space transform as M — UMU T, where the symmetry oper-
ation matrix U is given by

~ (R 0
o= 1)

where Ris a 3 x 3 orthogonal matrix describing proper and
improper rotations. Inserting the identity U " in the trace in
Eq. (5), we obtain

T[CW] = Te[OCOTOWU .

(CDH

(C2)

The Cooperon (4) transforms as

UCO" =

. . . 1 A

U-Tlp] "0 = ——[1-011,0 17},

[ ol 27rvr[ oU ']
(C3)

2mvT

and similarly the polarization operator (2) transforms as

UllyU" = (1 +1)ly +iln-Q+UA U™ (C4)

Following a similar procedure for the weighting factor, one
also obtains that transforming W is equivalent to transforming
the A,, matrix inside of it.

Using the explicit form of matrix A, (3), it can be
shown that the magnetic terms k, and the SOC terms b,
transform as vectors and pseudovectors under the symme-
try operation R, respectively. This means that under spin
rotations, the spin-dependent fields transform as h,,A—> Rh,
and b, e Rb,, under proper rotations and h, — Rh, and
b, — —Rb, under improper rotations. In conclusion, the in-
tegrand in Eq. (5) for two systems whose spin-dependent
fields are related through spin symmetry operations is the
same, so both systems have equivalent WL correction to the
conductivity.

In the following we provide a simple example of two
systems that give rise to the same WL conductivity. The spin
fields for a system with only Rashba SOC are b, = aprn,

and b, = —aprn,. Rotating b, by 7 /2 around the z axis
followed by a 7 rotation around the x axis results in a spin
field b, = appn, and b, = —aprny, which is equivalent to

a linear Dresselhaus SOC with strength «. More generally,
the WL conductivity of a system subjected to Rashba and
linear Dressehaus SOC is the same as another system with
interchanged SOC strengths « <> . This SOC-induced lo-
calization symmetry has already been reported in quasi-1D
quantum networks [73,74]. In Table I we present other exam-
ples of systems with equivalent WL correction and the spin
symmetry operations relating them.
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