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Activity-induced ferromagnetism in one-dimensional quantum many-body systems
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We study a non-Hermitian quantum many-body model in one dimension analogous to the Vicsek model or
active spin models, and investigate its quantum phase transitions. The model consists of two-component hard-
core bosons with ferromagnetic interactions and activity, i.e., spin-dependent asymmetric hopping. Numerical
results show the emergence of a ferromagnetic order induced by the activity, a quantum counterpart of flocking,
that even survives in the absence of ferromagnetic interaction. We confirm this phenomenon by proving that
activity generally increases the ground-state energies of the paramagnetic states, whereas the ground-state energy
of the ferromagnetic state does not change. By solving the two-particle case, we find that the effective alignment
is caused by avoiding the bound-state formation due to the non-Hermitian skin effect in the paramagnetic state.
We employ a two-site mean-field theory based on the two-particle result and qualitatively reproduce the phase
diagram. We further numerically study a variant of our model with the hard-core condition relaxed, and confirm
the robustness of ferromagnetic order emerging due to activity.
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I. INTRODUCTION

Active matter physics has engendered a wealth of insight-
ful studies and fascinating phenomena, providing perspectives
in understanding emergent properties in a range of complex
systems. These studies have mainly been conducted within
classical systems, featuring assemblies of self-propelled par-
ticles, each of which independently consumes energy to
generate motion or other actions. Classical active matter sys-
tems, involving biomolecules [1], bacterial swarms [2], and
multicellular flows [3,4], as well as nonbiological materials
[5,6], have offered considerable insight into the behaviors that
arise from nonequilibrium conditions [7,8]. Despite the exten-
sive exploration within this realm, active matter principles in
quantum many-body systems remain largely unexplored.

As our understanding of active matter deepens, it is in-
creasingly becoming of interest to investigate its potential
implications in quantum systems. The recent development
of controllable experimental settings in quantum many-body
systems has opened up a broad range of physics fields, in-
cluding the investigation of open quantum systems [9-16].
Importing the active matter principles to these systems could
potentially reveal new aspects of nonequilibrium behaviors at
quantum scales.
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With this motivation, we have previously introduced a
model of quantum active matter [17] and showed how the
analog of the motility-induced phase separation (MIPS) can
be realized as a quantum phase transition in a non-Hermitian
quantum many-body setup. The quantum phase transitions ob-
served in this model can be considered as a change in macro-
scopic behavior induced by biases in path ensembles in a
classical model [18]. Other works have investigated one-body
properties of active quantum systems, such as non-Hermitian
quantum walks [19] and driven quantum particles [20].

In addition to the general interest in studying phase transi-
tions induced by non-Hermiticity, examining quantum models
may be of interest due to the potential link to solvable mod-
els. For example, the asymmetric simple exclusion process
has been analyzed using the Bethe ansatz due to its connec-
tion to the XXZ spin chain [21,22]. Another example is the
one-dimensional (1D) Hubbard model, whose non-Hermitian
extensions have also been previously considered and solved
[23,24]. Even the common tools used in the study of quantum
mechanics, such as the uniqueness and other properties of the
ground state in a certain class of models, or exact methods
to solve fewer-body problems, may become useful in settling
issues that typically arise in the simulations of classical active
matter. Connecting the two regimes may bring new insights
through the exchange of methodologies, enhancing the under-
standing of nonequilibrium/non-Hermitian physics [25].

Here we introduce a model of 1D quantum active matter
with ferromagnetic interactions to study how flocking can
emerge in a quantum setup. First, we show by exact diag-
onalization that the ferromagnetic phase can be induced by
activity in the ground state of this model, even at the limit of
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FIG. 1. (a) The one-dimensional model (1) for quantum active
matter with aligning interaction. The chain is in the z direction
and the magnetic field (orange arrow) is applied in the x direction.
(b)—(d) Microscopic ingredients in the model. (b) corresponds to
Hiop [Eq. (2)] and A, [Eq. (3)]. (c) and (d) are described by Hrgm
[Eq. (4)].

no ferromagnetic alignment. To understand the mechanism,
we prove that the ferromagnetic state always has the low-
est real eigenvalue when activity is finite and the transverse
magnetic field is zero. By analyzing the two-particle case, we
also show explicitly that a two-particle bound state appears in
the paramagnetic state, which causes the ferromagnetic state
to be relatively more stable. We further construct a mean-
field theory that incorporates the bound-state formation and
demonstrates how it qualitatively reproduces the phase dia-
gram of the original model. Lastly, we investigate a soft-core
variant of the model, which can be thought of as a two-lane
extension, and show that the basic properties are preserved.

II. MODEL

In this paper, we mainly consider non-Hermitian two-
component (“spin-1/2") hard-core bosons in one dimension,
which is schematically shown in Fig. 1(a). The numbers of
lattice sites and particles are denoted by L and N, respectively.
The particle density is given by p := N/L. The Hamiltonian
is given as

H:= ﬁhop + Hye + Hrem, (D
where
L
Bhop i= =1 Y > (@l s +af @), @)
i=1 s==+
L
Hi=—et ) Y sl bis = dis), ()
i=1 s=%
L L
Breng = —J. Y i,y —he Y i )

To impose the hard-core condition, we truncate the Hilbert
space as the local particle number is not greater than one. In
other words, the possible states for each site are only three:
vacant, or occupied with s = 4. The parameters are taken
ast,J,,h, >0and 0 < e < 1. &ZS (a; 5) denotes the creation
(annihilation) operator of a bosonic particle at the ith site (i =
1,2,..., L). Using these operators, the particle number oper-
ator is defined as 7; 5 := &j'séz,-,x. Each component is labeled
by s € {4, —}, which repreéents the spin direction along the z
axis, parallel to the 1D chain [see Fig. 1(a)]. Unless otherwise
specified, we consider the periodic boundary condition (PBC),
i.e., r41,¢ = a1,5. The “spin” operators are defined as 7} :=
fj+ —f;— and m = &Z+&,»,, +&;7&i,+. I-?hop [Eq. (2)] is
a usual hopping term between neighboring sites. The non-
Hermitian operator Hoe. [Eq. (3)] is an active hopping term
that mimics the activity in classical active matter. This term
consists of spin-dependent asymmetric hopping. Our previous
work has shown that this term corresponds to the activity in
classical active lattice gas models [17]. Hrrm [Eq. 4)] is
the Hamiltonian for the transverse-field Ising model (TFIM).
We consider the ferromagnetic interaction (J, > 0) that works
similarly to the aligning interaction in classical active matter
models [26,27]. The transverse-field term enables the particles
to change their direction by flipping the spin. At p = 1, this
model is reduced to the TFIM. The fermionic version of
this model is the ¢-J; chain when the activity and magnetic
field are both zero [28]. The fermionic Hubbard chain with
non-Hermitian hopping (¢ > 0) has been discussed in the
context of spin-depairing transition in ultracold atoms [24].
This model is still exactly solvable using the Bethe ansatz even
with the non-Hermitian term.

Note that this model is in the deeply quantum regime, as
the model (1) is far from the classical condition, where the
non-Hermitian Schrédinger equation can be exactly mapped
to the classical Markov process [17]. From the viewpoint of
this mapping, the hopping and the transverse-field terms cor-
respond to the kinetic motion and the spin-flipping rate in the
classical active spin models, respectively. However, the Ising
interaction in the quantum model and the aligning interaction
in the classical models (such as in the active Ising model [27])
are distinct in that the former only contributes to the diagonal
term in the Hamiltonian whereas the latter is introduced as
off-diagonal terms in the transition rate matrix.

To study the quantum phase transition of this model, we in-
vestigate the ground state |Y/ggs) of the Hamiltonian (1), which
is defined as the energy eigenstate whose eigenvalue has the
smallest real part [17]. This is a convenient definition since
the ground-state energy will then become real and unique
due to the Perron-Frobenius theorem, and the ground state
corresponds to the steady state in a classical stochastic system
with biases in path ensembles [17]. Although this state is not
the steady state in general, it is still observable in experiment
as a transient state. To realize this ground state, we start from
the Hermitian limit (¢ — 0) and adiabatically turn on ¢. Then,
the system evolves into the ground state thanks to the unique-
ness and the realness of the ground state. While the system
finally falls into the state with the largest imaginary part, the
system stays in the ground state for a while. This approach has
been discussed in our previous work [17] and other studies
[29,30].
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The active hopping term [Eq. (3)] can be implemented by
a single-particle loss induced by a dissipative optical lattice
[17]. For example, ultracold atoms loaded in a dissipative
optical lattice are described by the Lindblad quantum master
equation [9,25],

dap ~ N
d—f = LIp] = —ilFhop + Frenv, P1+ D151 (5)

where D[p] =Y, (L pLl — (L} L;,. p}/2). Here, p de-
notes the density matrix of ultracold atoms, and L;,
represents the Lindblad operator that describes the detail
of loss processes. When there is no real loss process, the
jump term I:j_si)I:}s can be omitted and then the dynamics
is reduced into that driven with a non-Hermitian effec-
tive Hamiltonian: dp/dt = —i(Husp — ,Z)Hgff) where H. =
Hiop + Hrema — (i/2) Y ; IZJT’SI:N. In our previous work, we
have found that the active hopping is effectively realized
with L s = \/ﬂ(& s +1saj41 ) corresponding to a single-
particle loss [17]. Indeed, with this choice of the Lindblad
operator, the effective Hamiltonian becomes Her = Hiop +
Hrrv + Hoot — 2ieN, where N = > is 71} s is the total number
operator and this just gives a constant shift since the particle
number is fixed without real loss processes. Note that a similar
construction of the spin-independent asymmetric hopping has
been discussed in previous studies [31,32] before our proposal
in Ref. [17].

This effective description is justified (i) within a short
timescale, or (ii) when we choose the data where there is no
loss event, which is called postselection [17]. Even without
these assumptions, the relaxation dynamics with loss events
is expected to strongly reflect the nature of the effective
non-Hermitian Hamiltonian H.¢ because the Liouvillian £
only contains loss processes. Such a Liouvillian spectrum is
known to be determined only by the eigenvalues of H.; and
the eigenmodes are also systematically constructed by the
corresponding eigenstates of H.¢ [33].

The above Lindblad operator lA,J-,S can be implemented by
combining multiple optical lattices including a dissipative one
[17]. While this active hopping itself has not been realized ex-
perimentally, a similar non-Hermitian effective Hamiltonian
containing spin-independent asymmetric hopping has been re-
cently realized to observe non-Hermitian skin effects [34,35].

In the following, we denote the expectation value with
respect to the ground state of the Hamiltonian (1) as (- --) :=
(¥asl - - - [¥gs) unless otherwise specified.

III. NUMERICAL RESULTS

In this section, we present numerical results based on
the exact diagonalization of the Hamiltonian (1) for small
system sizes, L =8, ..., 16. We construct a sparse matrix
for the Hamiltonian (1) and then numerically diagonalize it
with the Lanczos method for ¢ = 0 and the Arnoldi method
for ¢ > 0 using the KrylovKit.jl package [36]. We find that
(i) ferromagnetic order, a quantum counterpart of flocking,
is induced by activity even without the aligning interaction,
(ii) the activity-induced phase transition is captured by the
correlation function [Eq. (6)] that captures a bound-state-like
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FIG. 2. (a) Normalized squared magnetization (M?2)/N?, which
is the order parameter for ferromagnetic (polar) order corresponding
to a flocking phase. FM: ferromagnetic phase; PM: paramagnetic
phase. (b) Binding strength C;, which takes a large value in the para-
magnetic phase near the phase boundary. (c) Correlation function
Ci[j=0,...,5(=L/2)] for J, = 0.01. (d) The +~— configuration
behaves like a two-particle bound state under a large activity. The
panels (a)—(c) are the numerical results based on the exact diagonal-
ization of the Hamiltonian (1) for L = 10 and p = 0.5, with t =1
and h, = 0.01.

structure, and (iii) the ferromagnetic order is achieved with an
infinitesimal activity for 2, = 40 and J, = 0.

A. Magnetization

We examine the total magnetization M, := Zf: | 15, which
is the order parameter for flocking since the spin degree of
freedom corresponds to the dominant direction of hopping
[see Figs. 1(a) and 1(b)]. The calculated values of (1\9122) /N 2 for
different ¢ and J, are shown in Fig. 2(a). For the finite activity
regime, ¢ > 0, Fig. 2(a) shows that the parameter range of J,
for the ferromagnetic ordered state is expanded by increasing
the activity, meaning that activity enhances ferromagnetic or-
der. Taking J, = 0.01, for example, the ground state exhibits
a phase transition to the ferromagnetic state around & ~ 0.1.
By increasing the system size, the transition becomes sharper
[Fig. 3(a)], which suggests that this activity-induced flocking
survives even in the thermodynamic limit.

Furthermore, the ferromagnetic order appears even without
the ferromagnetic interaction, i.e., at J, = 0 [Fig. 2(a)], mean-
ing that the quantum flocking transition can occur without
the aligning interaction, which is in contrast to the flocking
transitions in classical active matter that typically require
aligning interactions. This behavior can be related to the fact
that our model is in the deeply quantum regime as mentioned
in Sec. II. As shown in Fig. 3(b), this transition also becomes
steeper with increasing the system size, and thus is expected
to appear even in the thermodynamic limit.
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FIG. 3. System-size dependence of (a), (b) normalized squared
magnetization (M2)/N? and (c), (d) binding strength C;. We used
J; =0.01 for (a) and (c) and J, =0 for (b) and (d). Here, all
the numerical results are based on the exact diagonalization of the
Hamiltonian (1) for L = 8, ..., 16 at p = 0.5. We set the parameters
ast =1, h, =0.01.

To further examine the difference from classical flocking
transitions, we consider the distribution of the total magne-
tization P,, for the ground state |Y¥gs). P, is represented as
P, = ||P, |¥gs) ||* where P, is the projection operator on the
eigenspace of M, with the eigenvalue m. In Fig. 4, we show
P,, for several values of ¢ with L = 8 or 16. While P,, exhibits

a broad peak around m = 0 for ¢ = 0, the sharp peaks are
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FIG. 4. Distribution of the total magnetization P,, for the ground
state of the Hamiltonian (1) with L = 8, 16 and ¢ = 0.0-0.4. Other
parameters are set as p = 0.5,¢ = 1.0, J, = 0.0, and &, = 0.01.

formed around m = £N and the fraction at m = 0 decreases
to zero when increasing the activity €. This is in contrast to the
flocking phase in the classical active Ising model [27], where
a finite fraction of zero magnetization is observed even in the
large system size simulation.

B. Correlation function and binding strength

Figure 2(a) shows that the transition line of the activity-
induced phase transition is smoothly connected to the
transition point in the Hermitian case (¢ = 0). It is natural
to ask whether the activity-induced phase transition can be
distinguished from the ferromagnetic transition within the
Hermitian system presented in this section. To answer this,
we introduce the following correlation function,

Cij = (s Rigj— — A Ry j 4 ). (6)

In practice, we use C; := Cy; instead because C;; is indepen-
dent of 7 under the PBC.

The typical behavior of C; is shown in Fig. 2(c); a peak
appears at j = 1 whose height increases approaching the tran-
sition point, and then decreases with increasing activity. This
implies that C; works as a good indicator to detect the tran-
sition point of the activity-induced phase transition. Indeed,
Fig. 2(c) shows that C; takes large values near the transition
point on the ¢ axis. On the other hand, this enhancement does
not occur near ¢ = 0. Therefore, the behavior of C; within
the paramagnetic side distinguishes the activity-induced phase
transition from the Hermitian transition triggered by J..

The enhancement of C; near the transition point reflects
the appearance of a bound-state-like structure in the ground
state |Y¥gs). In the paramagnetic phase, both + and — appear
at an almost equal probability. First, let us consider the +—
configuration, where the + particle sits on the left adjacent site
of the — particle, as shown in Fig. 2(d). With stronger activity,
this configuration becomes more difficult to dissolve because
the right (left) hopping of the + (—) particle is prohibited due
to the hard-core condition, and the hopping amplitude in the
other direction is small [see Fig. 2(d)]. In contrast, the —+
configuration is more likely to be dissociated upon increasing
the activity.

The +— configuration can be regarded as a bound state.
Indeed, it can be shown that the two-particle wave function
is exponentially localized in the relative coordinate for the
h, — 0 limit at J, = 0, which will be discussed further in
Sec. V. From the definition of C;; [Eq. (6)], it is clear that
C; measures the asymmetry between the bound (4—) and
nonbound (—+) configurations and C; becomes larger when
the bound configuration is dominant; we therefore call C;
the binding strength. The numerical results show that the
binding strength is small in the ferromagnetic phase. This is
reasonable since the balance between the number of + and
— particles in the ferromagnetic phase becomes significantly
biased and the bound pairs almost disappear.

Figures 3(c) and 3(d) show that the enhancement of bind-
ing strength near the ferromagnetic transition is robust even
for a larger system. This suggests that the enhancement of
binding strength can be used to capture the activity-induced
phase transition. C;; is calculable from the spin-resolved local
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FIG. 5. (a) h, dependence of normalized squared magnetization
(Mzz) /N?. (b) Transition point &, for different values of h,. Here, &,
is defined as the value of & where (Mzz) /N? takes 0.6, represented
by a red dashed line in (a). The inset of the panel (b) is the log-
log plot. The green dashed line represents ¢, = h!/? for comparison.
All numerical results are based on the exact diagonalization of the
Hamiltonian (1) for L = 10 at p = 0.5. We set the parameters as t =
1, h, = 0.01.

density (1, ), which is measurable in ultracold atom experi-
ments, e.g., by quantum gas microscope [11,37,38].

C. h, dependence at J, = 0

To clarify the nature of the activity-induced phase tran-
sition at J, =0, we study its behavior with changing h,.
Figure 5(a) shows that the ferromagnetic order is induced by
a smaller activity by decreasing h,. This is reasonable since
h, introduces quantum fluctuation between the + and — states
and makes the paramagnetic phase favorable, as in the TFIM.

To understand this behavior more quantitatively, we calcu-
late the 4, dependence of the transition point ¢, [Fig. 5(b)].
We define ¢, as the value of ¢ where the normalized squared
magnetization (M?)/N? takes 0.6 for convenience. We find
g, ~ h,'/?, which indicates &, — 0 in the limit of A, — 0.
This means that the activity-induced phase transition occurs
with an infinitesimal activity for h, = 40 and J, = 0, al-
lowing us to analyze the phase properties under the simple
condition J, = h, = 0.

IV. PROOF OF THE FERROMAGNETIC GROUND STATE

Focusing on the case with no explicit ferromagnetic in-
teraction (i.e., J, = 0), we consider the mechanism of the
activity-induced ferromagnetism observed in Sec. III. Since
the numerical results suggest e, — 0 for h, — 0 (Fig. 5), we
further set 4, = 0 and examine how nonzero & can stabilize
ferromagnetism in the ground state.

Since the Hamiltonian A commutes with the total magne-
tization M, for h, = 0, the eigenvalue of M., M., is a good
quantum number. In addition, since the positions of neigh-
boring particles with different spins cannot be exchanged in
the model (1), the spin configuration of the particles except
empty sites with the PBC taken into account can be specified
by another quantum number, S.

For a given set of (L, N, M;), we define S as follows. First,
we take a Fock state |g;) :==|+---+ —---—0---0), where

——— ———
(N+M,)/2 (N-M)/2
=+ and O represent the particle’s spin state and empty site,

respectively. Then, we consider a partial Fock space H,
spanned by {Fock basis |f) |3n € N s.t. (f|H"|g1) # 0}, i.e.,
all the states that can be visited starting from |g;) just by
hopping and without flipping the spins. Similarly, we take

another Fock state |g) i=|+---+ —4+ —---— 0.--0),
—— S———
(N+M.)/2—1 (N—=M,)/2-1

which is orthogonal to |g;), and consider the correspond-
ing H,. Continuing this process, we can construct Hi, Hj,
..., Hp that are orthogonal to each other and satisfy H =
@ﬁzl H,,, where H is the partial Fock space specified by
(L, N, M), and M € N is determined by (L, N, M,). Finally,
we assign S =m to the obtained H,, (im=1,2,..., M).
For example, for (L,N,M;) = (7,6,0), we obtain M =
[+4+——4+-0), and |g4) =|+—+ —+ —0), and can
construct {H,,}* _,, accordingly.

In a partial Fock space specified by the three quantum
numbers, (N, M,, S), the Perron-Frobenius theorem holds for
the matrix representation of A using the Fock bases. Thus,
we first separately consider the ground state in each subspace
specified by (N, M_, §) and then examine the state where the
ground-state energy is minimal with respect to M, and S for a
fixed N.

In the partial Fock space specified by (N, M., §S), we divide
H as H = Hy + H;, where H, is the Hermitian part defined as

L
Hy:=Hyop = —t 3 > (@], G5+ 1), (D)
i=1 s=%

and H, is regarded as the anti-Hermitian part defined as

L
Hy = Ho = —et ) ) s@f, 0 —a} Qs 8)
i=1 s=%+

We denote the ground-state eigenvalue and eigenvector of
Hy as Eéos) and |1ﬂéos)), and the ground-state eigenvalue and
eigenvector of H as Egg and |[YGs), respectively.

From the generic property of the eigenvalues of non-
Hermitian matrices combined with the fact that A and H,
satisfy the Perron-Frobenius condition, we can show that

Egs > ESY, )

where the equality is satisfied if and only if H; |¥/gs) =0
(see Appendix A). Thus, the ground-state energy generically
increases as we introduce nonzero &, except for the special
case with H; |¥gs) = 0. We can also show that E((;Os) does not
depend on the quantum numbers M, and S (see Appendix B).
In the following, we show that when the activity is finite,
e > 0, we have Egs = Eéos) for the fully ferromagnetic ground
states (i.e., with M, = £N) and Egs > E((;Os) otherwise, which
suggests that ferromagnetism is stabilized by activity for i, =
J.=0.

A. Fully ferromagnetic states are robust against activity

For the fully ferromagnetic states, we focus on the case
with M, = N without loss of generality. In this case, S = 1
since the spin configuration of the particles except for the
empty sites is unique.
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Within the partial Fock space specified by
(N, M, = N,LS =1), Hy and H; are reduced to
Hy=—tY 0 (a],, it +a] ai4) and H =

L af oA At A . . A
—et Y1 (@l @iy — @  @4ip14), respectively. Since Hy
and H, are commutable, |1ﬂéos)) is also an eigenvector of

H,. We denote the corresponding eigenvalue of H, as Ej,
which is purely imaginary since H; is anti-Hermitian. Thus,
we obtain H [Yi9) = (Ho + H) 1Y 5)) = (EGS + ED) Wd),
which means that W’éos)) and Eéos) + E; are the eigenvector
and eigenvalue of H, respectively. Since |¢éos)) is the
Perron-Frobenius eigenvector for H, |1/féos)) is also the
Perron-Frobenius eigenvector for A (e. |¢(GOS)> = |¥ags)),
and the corresponding eigenvalue Egg ZEéOs) + E; must
be real. This means that Egs = Eg)s), and correspondingly,

H, |y6s) = 0. X
In Appendix C, we show another proof of H; |Ygs) = 0
using the Jordan-Wigner transformation [39].

B. Activity-induced energy increase in other ground states

Assuming 2<NLKL-1 and M, <N -2,
we consider a partial Fock space specified by
(N,M_,S). Given |M,| <N —2, we should be able
to find |fi):=|+s152---sy20—0---0) and |fp) :=

L-N—1
05182+ sy—2 — 0---0+) in this space, where {s,}"_7 (s, €

L-N—1
{+, —}) represent a sequence of spins that does not include 0.
Now, we can check Ehat for | jiO) =
[+s152 - sy—2—0---0), only (folH|f1) and (folHilf2)
L-N
are nonzero (= —¢), and for any state |¢) that is orthogonal
to both |f,) and |f>), it should be (fy|H,|p) = 0. According
to the Perron-Frobenius theorem, we can expand |{gs)
as |Yes) =cilfi) +c2lf) +19) with ¢, ¢z > 0. Thus,
for & >0, we obtain (fylH|Vgs) = —¢e(c1+ ) #O,
which means H [Ygs) # 0, and therefore Egs > ESy (see
Appendix A).

C. Stability of the ferromagnetic ground state

When there is an O(L) energy difference between the fer-
romagnetic ground state and the paramagnetic ground state,
it is expected that the ferromagnetic ground state is stable
even in the thermodynamic limit. To investigate this point, we
numerically calculate the ground-state energies for different
magnetization sectors. Since M, and S are good quantum
numbers for J, = h, = 0, the Hamiltonian can be block di-
agonal. We diagonalize each block and then obtain the lowest
energy eigenstate as the ground state of each sector. We denote
its energy eigenvalue as Egs(,) where n labels the different
sectors characterized by (M., S). The results are shown in
Fig. 6. The largest and smallest eigenvalues correspond to
the ground state in the paramagnetic and ferromagnetic sec-
tors, respectively, and the energy difference between them is
proportional to the system size L. This suggests that there is
the O(L) energy difference and thus the ferromagnetic ground
state is stable even in the thermodynamic limit.

05F 1.00
ectel
— o
= _
z 04 P 0.75
Ca ///:/ ) — ~
=03 - 2,
= . 0.50 .~
| 0.2 Y ® ® ® - ‘E
=
%—/0.1 0.25
K
00t @ © ® ® ® 0
8 10 12 14 16
L

FIG. 6. System-size dependence of ground-state energies for dif-
ferent magnetization sectors Egg(,, where n labels the different
sectors characterized by (M., S). The plotted values are subtracted by
the lowest ground-state energy ming[Egs)] for each system size. The
color of dots represents the value of squared magnetization (Mzz) /N?
where the expectation value (- --) is taken for the ground state of
each sector. When the ground-state energies are degenerated, the data
points are shifted horizontally for visibility. We put a red dashed line
obtained by fitting the largest values for L = 8, 10, ..., 16 as a guide.
We set the parameter as p = 0.5, =1,¢ =0.3,and h, = J, = 0.

V. TWO-PARTICLE PROBLEM

Applying the results of Sec. IV to two-particle systems
(N =2 and L > 3), we can show that a finite & stabilizes
the ferromagnetic ground states with M, = +2 compared to
the paramagnetic ground state with M, = 0. This suggests
that the essential effect of activity on the ground state can
be captured by the two-particle problem. In this section, we
assume i, = J, = 0 as in Sec. IV and obtain the ground-state
properties of two-particle systems explicitly to gain further
insight.

A. Ferromagnetic ground states

For the ferromagnetic states, we focus on the case with
M, = 2 without loss of generality. We consider a unitary trans-
formation 7' that represents the one-site translation of all the
particles; for example, T104+00+)=|+0-+00). Since T
commutes with H, the ground-state eigenvector |¥/s) is an
eigenvector of T, ie., T |Ygs) = Tgs |V¥gs) with |Tgs| = 1.
On the other hand, expanding |Ygs) as |¥gs) = Y, ¢ | fu)s
where {|f,)}. is the set of Fock bases, we can take ¢, > 0
for any n, according to the Perron-Frobenius theorem. Then,
T |Wes) =Y., ¢, |fy) with ¢, > 0 for any n, and thus we
obtain Tgs = 1, which means that the ground state is trans-
lationally invariant.

Considering the translational invariance of the ground
state, we can expand |Ygs) as [Ygs) = D, d; |I), where {|])},
is the set of translationally invariant bases defined as

1) := L7Y2(|4+ 4+ 0---0) + t.c.),
[2) :=L7'2(J]4+04+0---0) + t.c.),
: (10)
(L —1)/2) ;=L Y2(|4-0---04+0---0) + t.c.),
(L-3)/2
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for odd L, and

1) := L7Y2(|++0---0) + tc.),
[2) :=L72(J]4+04+0---0) + t.c.),

IL/2—1):=L""2(+0-0

0+0---0) +tc.), (1)
L/22
IL/2) = (L/2)" (140 0+0---0) + L),
L/2 1

for even L. Here, t.c. is the summation of all the Fock bases
that are connected to the term just before t.c. by transla-
tion, i.e., single or multiple operation(s) of 7'; for example,
for L=4, [1)=2""(4++00)+|0++0)+ 00+ +) +
|-|— 00+4)) and 12) =2712(][+040) + [0+ 0+)). Since
Zl D i(a,Jr1 i ajéam s) |11y =0 for any I, which
means that the effect of ¢ cancels out for any |/), we obtain
H, |gs) = 0, consistent with the general result in Sec. IV A.
Note that H; |Yvgs) = 0 also holds for the ferromagnetic two-
particle ground state in the case with J, > 0 and A, =0,
according to the same type of discussion based on the transla-
tional invariance.

Representing H with bases
(L—1)/2 x (L — 1)/2 matrix,

we obtain an

{10},

0 1
1 0 1
1 0
H= -2t ; 12)
0 1
1 0 1
1 1
for odd L, and an L/2 x L/2 matrix,
0 1
1 0 1
1 0
H=-2 , (13)
0 1
1 0 V2
V2 0

for even L. Hamiltonian (12) or (13) describes the relative
motion of two particles with the same spin state in the transla-
tionally invariant subspace. From Egs. (12) and (13), we can
obtain

(L—3)/2
[¥as) o Z sin(zwl/L) |I) + cos[m /(2L)] |[(L — 1)/2)
= (14)
for odd L and
L/2—1
Was) o Y sin(rl/L) 1) +272|L/2)  (15)

=1
for even L, and
Egs = —4t cos(m /L) (16)

for both odd L and even L. Note that Eqs. (14)—(16) are also
applied to the case with M, = —2 by replacing spin + with
spin —.

B. Paramagnetic ground state

As in the ferromagnetic states explained in Sec. V A, the
ground state is translationally invariant for the paramagnetic
state. Thus, we can expand the ground state eigenvector as
[Ygs) = Zm | em |m), where {|m) 1 is the set of transla-
tionally invariant bases defined as

1) := L7 Y2(|+ - 0---0) + tc.),
2) :=L7"2(J|4+0—-0---0) + tc.),
12) . ( ) ) (17
IL—1):=L"Y2(|+0---0—) + tc.).
We can representﬂ with bases {|m)}, L- 11 as
0 14+¢
1—¢ 0 1+e¢
N 1—¢ 0
H= -2 )
0 1+¢
1—c¢ 0
(18)

which describes the relative motion of two particles with
opposite spin states in the translationally invariant sub-
space. In contrast to the ferromagnetic case [Eqs. (12) and
(13)], the effect of activity ¢ appears in Eq. (18). More
specifically, reflecting the asymmetric hopping and the pro-
hibited exchange of the two particles, the Hamiltonian (18)
is equivalent to the Hatano-Nelson model under the open
boundary condition [40]. Following the standard proce-
dure [40,41], using V= diag(1, [(1 —&)/(1 +&)]'2, (1 —
)/ (14¢e),...,[(1 —e)/+e)]%2/?), we can transform
Eq. (18) into a Hermitian matrix:

0 1
1 0 1
PN 1 0
VT'HV = =2ty/1 — &2 . . (19
0 1
1 0
Diagonalizing V~'HV, we finally obtain
L-1
Was) o< Y _[(1—&)/(1+ )" sin(rm/L) |m) ~ (20)
m=1
and
Egs = —4t+/1 — g2 cos(m /L). 21)

Comparing Egs. (16) and (21), we find that the ground-state
energy for the ferromagnetic states is lower than that for the
paramagnetic state as long as & > 0.

In Fig. 7, we plot the expansion coefficients in Eq. (20)
with varying e, which shows exponential decay that reflects
the bound-state formation for ¢ > 0. This indicates the ap-
pearance of the so-called non-Hermitian skin effect [41] at the
two-particle level [42]: the particle with the — spin localizes
on the right of the particle with the 4 spin, leading to a
two-particle bound state.
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FIG. 7. Normalized expansion coefficients (m|ygs) of the two-
particle paramagnetic ground state for h, =J, =0 and L = 100.
Index m represents the coordinate of the particle with spin — rela-
tive to the other particle with spin 4. In contrast to the case with
e = 0 (blue circles), (m|ygs) decays exponentially as a function
of m for ¢ > 0 (orange squares and green triangles), reflecting the
two-particle bound state.

VI. MEAN-FIELD THEORY

According to the result of the two-particle problem for
h, =J, =0 (see Sec. V), the many-body ground state for
hy > 0 and/or J, > 0 is expected to reflect the e-induced
bound state of two particles with different spin states. In-
deed, a single-site mean-field theory, which ignores such
bound-state formation, does not reproduce any & depen-
dence of the ground-state energy or eigenvector, as shown in
Appendix D. Thus, we expect that the bound state is the key to
the e-induced ferromagnetism, which is observed in numerical
experiments (see Sec. III). In the following, we consider a
two-site mean-field theory to incorporate minimal effects of
the bound state and discuss the ferromagnetic transition for
h, > 0 and J, > 0. We assume even L in this section.

Our approach to constructing the mean-field theory is to
use the variational formulation. Though the variational formu-
lation is often used in Hermitian systems [43], the variational
principle is not generically applicable to non-Hermitian sys-
tems such as our model of interest, Eq. (1). Nevertheless, in
the same spirit as the principle of minimal sensitivity [44], we
extrapolate the variational principle in the Hermitian regime
(¢ = 0) to the non-Hermitian regime (¢ > 0). Following the
general formulation explained in Appendix D, we write a set
of variational parameters as «, the variational ground-state
eigenvectg)r as |Vgs (v)), and Eheyariational ground-state en-
ergy as Egs(@) := (¢gs(a)| H |Ygs(a)), where |¢gs(a)) i
the left eigenvector correspondlng to |Ygs(a)). Using the
optimized variational parameters, a* := arg min, Egs(a), we
can obtain the ground-state energy and eigenvector at the
mean-field level as EMF := Egs(a*) and |3 := [gs(a@¥)),
respectively.

To determine the specific form of |/gs(e)), we consider
a two-site mean-field theory. We divide the whole system
into L/2 clusters of two consecutive sites. To each cluster
specified by odd i € {1, 3, ..., L — 1}, we assign a mean-field
Hamiltonian:

H( =—1 Z(al+l Yal s+ a, 5al+1 s)

—st(a,+l s = & digs)

— hy Z(a az s+ a,+1 ,saz+l s)—J; mz A,Z+1
s=+
— (R + figr) — V(ﬁi,z + m?+])
= @+ al + ags ). (22)
s==+

where #; := #i; 4 + ;. We also define the total mean-field
Hamiltonian as H (&) := Y 44, Hi(e). Here, o := {v, Ay, A_}
is a set of variational parameters: ferromagnetic mean field
v and superfluid mean field A, for particles with spin s. We
assume As = 0 so that the Perron-Frobenius theorem holds for
H;(«) as well as Hamiltonian (1). Chemical potential y is also
introduced to keep the total particle number to N on average.

Writing the ground-state eigenvector and left eigenvector
of Hi(ar) as [Vgs.i(@)) and |@gs.i(a)), respectively, we obtain
the ground-state eigenvectors for H () as the tensor products:

[Was(@)) = X) [Vos.i@)) .

5 odd i . 23

Ias(@)) = ) Idas.i(@)) 23)
odd i

Then, following the method explained above, we ob-
tain the variational ground-state energy as Egs(o) =
(Pes(a)|H|Pgs(a)), which is reduced to

2EGS 2EGs(a) )

Zt[(1+es) () +(1—es) (@} ) (@1,5)]

= J (i ) ) + v () + (m3) )
+ Y A@ns) + (@] ) + (@) + (@],) + Eas.
s=+
(24)

where Eas is the ground-state energy of the two-site Hamil-
tonian H;(«), and (---) := (@gs(@)| - - |¥gs()). To obtain
the ground-state eigenvector at the mean-field level from
|1p(l‘st) = |Ygs(a*)) with a* = arg min, Egs(a), we minimize
Ecs(a) using scipy.optimize.dual_annealing in the SciPy
package [45].

In Fig. 8(a), we plot the heat map of the obtained
normalized squared total magnetization, (1\912)MF /N? =
(M| M2y ¥E) /N?, for the parameter sets (t =1, h, =
0. 01 and p = 0.5) used in the numerical study (Sec. III).
This figure shows that the system undergoes the ferro-
magnetic transition when & or J, is increased, as ob-
served in the numerical study [see Fig. 2(a)]. Further-
more, the mean-field counterpart of the binding strength,
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FIG. 8. Magnetic phase diagram obtained by the two-site mean-
field theory for t =1, h, = 0.01, and p = 0.5. (a) Heat map of
the normalized squared total magnetization (1\9112)MF /N 2 in the J.-¢
plane. The inset shows the ¢ dependence of (It?IZZ)MF /N?, which
indicates the ferromagnetic transition, for several values of J, from
0 to 0.03. (b) Heat map of the mean-field binding strength CMF. The
inset shows the & dependence of CMF, which shows a peak at the
e-induced transition point.

CMF = L7030 (W |y iyt — — Ay it 1 |3 ), shows
a peak at the transition point as a function of ¢ [Fig. 8(b)],
as seen in the numerical study [Fig. 2(b)]. Thus, the two-site
mean-field theory qualitatively reproduces the magnetic prop-
erties of the ground state for model (1). Our results confirm
that |¢CI§’ISF ) reflects the e-induced two-particle bound state and
corroborate the conjecture that the bound state is essential to
the e-induced ferromagnetism.

Focusing on J, = 0, we can explain the e-induced ferro-
magnetic transition and ¢ dependence of CMF as a conse-
quence of the competition between the transverse magnetic
field h,, which favors the paramagnetic phase, and the activ-
ity ¢, which favors the ferromagnetic phase as we discussed
in Sec. IV. In the paramagnetic phase, as suggested by the
paramagnetic state of two particles (see Fig. 7), the binding
strength CMF and ground-state energy are expected to increase
as ¢ increases. The ferromagnetic transition will occur when
the energy in the paramagnetic phase exceeds the energy in
the ferromagnetic phase. In the ferromagnetic phase, particle
pairs with different spin states (i.e., + and —) are less likely
to appear as the ferromagnetic order is enhanced by ¢, leading
to the decrease of C {‘/IF.

We note a few remarks on the properties of our mean-field
theory. First, the inset of Fig. 8(a) suggests that (]VIZZ)MF lin-
early increases as a function of ¢ — eMF(J,) near & = eMF(J,),
where eMF(J,) is the J,-dependent mean-field critical point.
Thus, the mean-field critical exponent for magnetization at
the e-induced ferromagnetic transition is SMF = 1/2 as ob-
tained by the standard mean-field theory [46]. Further studies
are necessary to elucidate whether the transition is indeed
continuous for the original model (1) and how the critical
exponents can deviate from the mean-field values. Second, the
mean-field nature of the theory leads to a nonzero superfluid
order parameter, which can be zero in the thermodynamic
limit of model (1), according to the expectation from the
quasi-long-range order typical to 1D systems [39]. To improve
this point, other methods such as the Bethe ansatz will be
required.
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FIG. 9. (a) Two-lane model [Eq. (25)]. + (—) particles run only
on the upper (lower) lane. There is a repulsive Hubbard-type interac-
tion Ay [Eq. (26)] between the lanes. (b)—(d) Normalized squared
magnetization for the two-lane model with (b) U = 104, (c) U = 10,
and (d) U = 5. The inset of panel (b) is the normalized squared
magnetization at J, = 0.0. For comparison, the same quantity for
the one-lane model (1) is also plotted. For panels (b)-(d), we set the
parameters as L = 10, p = 0.5,¢ = 1.0, and &, = 0.01.

VII. TWO-LANE MODEL

In this section, we consider relaxing the strict hard-core
condition to see the robustness of activity-induced ferromag-
netism. For this purpose, we examine the case where we allow
the 4+ and — particles to sit on the same site. This is realized
by replacing the projection operator in the Hamiltonian (1)
and introducing

ﬁZlane = Hhop + Hact + HTFIM + HHuba (25)
where
L
Buay = U Y fi sy . (26)

i=1
Here, the Hilbert space is truncated as the number of parti-
cles with s € {4, —} is not greater than one. This prohibits
double occupancy for each single component. We call this
the two-lane model, since it can be regarded as a set of two
“lanes” where each component runs in a single lane as in
Fig. 9(a). For comparison, we call our main model [Eq. (1)] a
one-lane model in this subsection. In the strong-coupling limit
(U/t — 00), the two-lane model is reduced to the one-lane
model.

The numerical results of the exact diagonalization for
the two-lane model are summarized in Figs. 9(b)-9(d). Fig-
ure 9(b) is for very large U (= 10*t) and the results nicely
agree with ones for the one-lane model shown in Fig. 2(a).
Figures 9(c) and 9(d) are for still large but more realistic
values of U. The activity-induced ferromagnetic order appears
for both cases, which means that the strict hard-core condition
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is not required to realize the activity-induced ferromagnetism.
On the other hand, we need larger ¢ and J, to achieve the phase
transition for these cases. In particular, the transition point
disappears at J, = 0 for U/t = 5. This is consistent with the
analysis in the previous sections, which shows that the strong
repulsion induces a two-particle bound state, which plays an
important role in stabilizing the ferromagnetic order.

VIII. SUMMARY AND OUTLOOK

Here we have demonstrated that in a 1D model of bosons
with ferromagnetic interactions, the ferromagnetic (i.e., flock-
ing) phase is enhanced by non-Hermiticity (i.e., activity).
We further found that this ferromagnetic phase survives even
without the ferromagnetic interactions, which is supported
by the proof that activity generically increases the ground-
state energy of paramagnetic states, as well as the mean-field
theory. Although flocking appears typically in active systems
with aligning interactions [26], there are several examples that
show large-scale velocity alignment without explicit align-
ing interactions [3,47-50]. The mechanism of flocking in the
quantum model that we found seems distinct from these clas-
sical situations; compared with a classical model of MIPS,
the repulsive interactions between the bosons are enhanced
in the sense of bias in the ensembles [17], rather than being
weakened or turning into attractive.

Clarifying whether the phase transition we observe belongs
to the known universality class or not, for example by com-
paring with quantum phase transitions in TFIM, will be an
important next step. Studying the behavior around the critical
point will require conducting simulations at larger sizes. This
is challenging using the diffusion Monte Carlo simulation
as conducted in our previous work [17], since the current
situation is far from the classical condition as mentioned in
Sec. II. One promising way is to employ numerical techniques
with tensor networks, e.g., the time-evolving block decima-
tion [29].

We have shown that for the observation of activity-
induced ferromagnetism, spin-dependent asymmetric hopping
[Eq. (3)] added to the two-component Bose-Hubbard model
is sufficient, and the ferromagnetic interaction, as well as
the hard-core condition, is likely unnecessary. Components
required for this setup have already been realized in ex-
periments; two-component Bose gas (e.g.,*’Rb) has been
extensively studied [37] and the spin-independent asymmet-
ric hopping has been effectively realized using a dissipative
optical lattice [34,35]. A challenge may lie in detecting the
ferromagnetic state. The most direct way is to realize the
ground state through the single trajectory dynamics and mea-
sure the spin degrees of freedom, which may be difficult
for many-particle systems. An alternative way is to observe
the loss dynamics. A recent theoretical study has revealed
that the quantum phase transition of decaying eigenmodes in
the Lindbladian spectrum is detectable through the relaxation
dynamics [51]. We expect that a similar phase transition can
also be observed in our setup to observe the activity-induced
ferromagnetism.

Note added. Recently, we noticed an interesting preprint by
Khasseh et al. [52] that studies a similar model of 1D quantum
active matter with a different approach.
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APPENDIX A: BOUND ON THE EIGENVALUES
OF NON-HERMITIAN MATRICES

Let a square matrix A be split into its Hermitian part and
its anti-Hermitian part, H = H, + H,. For an eigenvalue E
and eigenvector |y) of H, H |y) = (H, + H,) |¥) = E |y),
we have

(WIH 1Y) + (Y Ha ) = E, (AD)

assuming () = 1. Since (V| Hy |v) is real and (| H, |/)
is purely imaginary, we find Re(E) = (Y| H,|¥) and
Im(E) = (Y| H, |Y) /i. Due to the min-max theorem, we have

ESin < (VI Hy [¥) < Ej. (A2)

where E. and E; are the smallest and largest eigenvalues

of 1-73, respectively. Therefore,
E .. <Re(E)<E,

min (AS)

ax

This is known as Bendixson’s inequality [53,54].

If A satisfies the Perron-Frobenius condition, then its dom-
inant eigenvalue Egs should be real and unique, with an
eigenvector |/gs). In order to satisfy Egs = E7. , we need the
ﬁrstAequality in Eq. (A2) to hold, which is achievedAif and only
if A, [¥es) = Ejy, |Vas). in which case (H — H,) [i/as) =
H, |¥gs) = 0. Therefore, if H, [\ygs) # 0, then E}. < Egs.
On the other hand, since H, also satisfies the Perron-Frobenius
conditign, we cansay EJ. = Egs if H, Ll/st) = 0. This is be-
cause H, [Ycs) = O means H |Ygs) = H; [Ycs) = Eas [Vcs)>
which suggests that |¥gs) and Egs are also the Perron-
Frobenius eigenvector and eigenvalue of Hj, respectively.

Altogether, we have

Egs 2 E;; (A4)

n

and

H,|Vgs) =0 < Egs = E5;,. (A5)
APPENDIX B: GROUND-STATE ENERGY
FOR ZERO ACTIVITY

For a given N, we show that the ground-state energy
of Ay [=—tY 0 Y@l dis+a] 2] [Eq. (D]
does not depend on the quantum numbersA M, and S.
For M, = N (and similarly for M, = —N), H, is reduced
to Hy=—tY (4, ai++a a14), and thus the
matrix representation of H, by the Fock bases is the
same as that of the standard hard-core boson model [i.e.,
—t 3@, a + aa)).
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In the following, we assume a partial Fock space specified
by (N, M,, S) with |[M;| < N. We consider a unitary transfor-
mation, U, that represents the translation of all the particles
excluding the empty sites; for example, U |+ 4+ —0—) =
|— 4+ +0—). Since U commutes with 1-70, the ground state
eigenvector |1//é05)) is an eigenvector of U, ie., U |1/f(0)>
UG(OS) W(O)) with |Ué%)| = 1. On the other hand, expanding
1Y) as [WS8) = 3, cn 1 f), where {|£,)}, is the set of Fock
bases, we can take ¢, > 0 for any n, according to the Perron-
Frobenius theorem. Then, U [¢:50) = 3, ¢/ | f,) with ¢, > 0
for any n, and thus we obtain Ué%) =1, which means that
|1//(0)) is invariant under the translation excluding the empty
sites. We take a set of U-invariant bases, {|gm)}m, such that
each |g,) is generated from a single Fock basis by single
or multiple operation(s) of U; for example, a basis gener-
ated from [+ +—0—) is 27 1(|++ -0 =) + |-+ +0—) +
|——+0+)+ |+ ——0+4)). We can see that the matrix
representation of Hj by {lgm)}m is the same as the matrix
representation of the standard hard-core boson model by Fock
bases. Related discussions on the energy spectrum of the
fermionic Hubbard model are presented in Ref. [55].

Since the discussion above suggests that the matrix to be
diagonalized in obtaining the ground state energy E((;s is the
same regardless of M, or S, E ) does not depend on M, or
S. Specifically, by dlagonahzlng the standard hard-core boson
model [39,56] (see Appendix C), we can obtain

EQ = gy _ 4% + D /LY sinl(V — /L)

sin(mr /L)
for odd N and B
Ec(;os) _ 4 cos[Nn/(SZilr,liLs;rLl[)Nn/(ZL)] B2)
for even N.

APPENDIX C: ANOTHER PROOF OF ROBUSTNESS
AGAINST ACTIVITY IN FULLY
FERROMAGNETIC STATES

Assuming h, =J, =0, ¢ >0, and 2< N L -1, we
consider the fully ferromagnetic states (i.e., M; = £N). We
focus on the case with M, = N without loss of general-
ity. Within the partial Fock space specified by (N, M, =
N, S), the two parts of the Hamiltonian, I% and H,, are
reduced to Hy = —¢ Zl (@l L4@iy +a) L4 1) and H, =
—et Y (Al L ais — a}!+a,+1,+), respectively. Here, Hy is
equivalent to the standard hard-core boson model and can be
diagonalized by the Jordan-Wigner transformation [39,56]. In
the following, we rewrite a(l) as am

Following the standard procedure [56], we introduce anni-
hilation and creation operators of fermions:

¢l = af [ Ja - 2ata). (C1)

Noticing that the total fermion number, Y~ léjéi, is equal

to the total hard-core boson number, N = Zl I a "a;, we can
obtain
L-1
Hy ==t (@], &+ efei) + (=DNi@leL + &6 (C2)
i=1

and

Ay = —et Y (@], 6 — &fein) + (1) Vet @er — ejéy).

(C3)

If N is odd, we can diagonalize Egs. (C2) and (C3)
with the Fourier transformation, ¢; = L~'2Y", e*/¢, (k =
2nm /L with n e {0,1,...,L —1}), leading to Hy+ H, =
=2ty ", (cosk — iesin k)éZék. Thus, each one-particle state
is specified by k, and the ground state, |Ygs), is the state
in which totally N one-particle states are occupied with the
sum of —2¢cosk minimized. In |{¥gs), all the one-particle
states are occupied by pairs of +|k| and —|k| (mod L for n)
except for the k = 0 state, and thus we obtain H |[YGs) =
2iet Y, sink & & [¥gs) = 0.

If N is even, we can diagonalize Eqgs. (C2) and (C3) with
the transformation that respects the antiperiodic boundary
condition, ¢; = L™'2 ", e*i¢ [k = 2n+ 1) /L with n €
{0,1,...,L —1}], leading to Hy+H; = —2t) ,(cosk —
ie sin k)é}:ék. Since all the one-particle states are occupied
by pairs of +|k| and —|k| (mod L for n) in |Ygs), we can
obtain H; |¥gs) = 0. Combined with the discussion for odd
N, we conclude H, |¥gs) = Oregardless of N, which suggests
Egs = Eéos) according to the result of Appendix A.

APPENDIX D: NON-HERMITIAN MEAN-FIELD THEORY

We consider a generally non-Hermitian Hamiltonian, H,
that satisfies the conditions for the Perron-Frobenius theorem
in a representation with certain bases, such as model (1). We
formally introduce the inverse temperature B8 > 0. Defining
the thermodynamic potential as  := —8~'InTre 7, we
can obtain the ground-state energy as

B—o00

We divide H into two parts: the main part, H(«), where
a is a set of Varratlonal parameters, and the residual part,

AH(a) :=H — A (a). We assume that A (@) also satisfies the
conditions for the Perron-Frobenius theorem. To expand 2
with respect to AH (o), we use the following relation [57]:

2 ~ 2 /3 2 2
g*ﬂ(HJrAH) — eﬁH|:1 _ / dTeTHAHefrH + O(AHZ)i|’
0

(D2)
where the argument « is omitted for simplicity. Taking
the trace of Eq. (D2) and using Tre PHeH AR ™H =
Tre PHAR , we obtain

A _ gTre PAAR + O(AH?),
(D3)

Tr e PHA+AN) _ Ty b
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which, with the argument « restored, leads to

s Tre PA@AR
Q= —plinTre P T A )
TrePA@

+O(AH (@)]?). (D4)

With some orthonormal bases {f,},, we can take the trace
of an operator A as

TrA =) (fulAlf) = Y (fulvm) (@ulAlf)

n,m

=D (bulAlym) .

m

(D5)

where {|¥,), |¢),,}m is the biorthogonal set of eigenvectors
and left eigenvectors of a diagonalizable operator B (i.e.,

(@ml V) = Smaws BlYm) = b |¥m), and (¢l B = (¢m| b
with the eigenvalue b,,). In the following, we write the

biorthogonal set of eigenvectors and left eigenvectors of H (a)
as {| (@), |¢m(@))}n and the corresponding eigenvalues as
{En(a)}. In parAticular, we assume that m = 0 represents the
ground state of H(®).

For the first term of Eq. (D4), taking ¢ ##@) and H («) as
A and B in Eq. (D5), respectively, we see

—B 'InTr e‘ﬁﬁ("‘) =—B"'In Z e PEn(@
B—oo  ~ ~ 2 ~
— Eo(a) = (po(e)|H (a)|Po()) -
For the second term of Eq. (D4), using Eq. (DS5) in a similar
way, we can obtain

(D6)

Tre PAOAA (a)
Tr e—BA@
_ X e (@) AR (@)Y (@)
- Zm e_ﬁEm(a)

P2 Bo(e)| AH ()| 0(@)) -

(D7)

From Egs. (D1), (D4), (D6), and (D7), in the limit of 8 — o0,
we obtain

Ecs = {¢as(a)|H|¥as(@)) + O(AH (a)]?),

where we rAewrite the ground-state eigenvector and left eigen-
vector of H(a) as |gs(e)) and |Pgs(a)), respectively. Note
that the linear order in AH («) is contained in the first term of
Eq. (DS).

We can also derive Eq. (D8) without introducing the
inverse temperature B in the Afollowing way. After divid-
ing the Hamiltonian as H = H(a) + A{-AI (), we write the
ground-state eigenvector for H and H(a) as |ygs) and
[¥gs(@)), respectively. Similarly, we write the correspond-
ing left eigenvectors as |<12Gs> and |¢gs(a)). Then, we define
[AYs(a)) := |Yas) — [Yas(@)) and [A¢gs(a)) := |¢gs) —
|¢cs(a)). We assume the normalization as (¢gs|¥cs) =
(dcs(@)|¥gs(@)) =1, which leads to (Ad¢gs(a)|¥cs) +
(Pcs|Avas(@)) = (Agas(@)|AYgs(a)). The ground-state

(D8)

energy is calculated as

Ecs = (¢as|H|Ycs)
= (Pas(@)|H|¥cs(@)) — (Adas(@)|H| Ags(a))
+ Egs[{A¢gs(a)|Vas) + (Pos| Avgs(@))]
= (dos(@)|H Vs (@)) — (Ados ()| (H—Egs)| Ars(@))
= (Pas(@)|H|Pcs(@)) + O(AH (@)]), (D9)

which is equivalent to Eq. (D8).
Neglecting O([AH («)]?) in Eq. (D8), we define the varia-
tional ground-state energy:

Ecs(a) == (pas(e)|H|Ycs(@)) .

To determine the optimal «, we apply the principle of mini-
mal sensitivity [44] as follows. If the terms in O([AH (@)]?)
are incorporated with no truncation, the resulting Egs will
not depend on the choice of «. Thus, the optimal value of
Egs(a), which is truncated up to the first order of AH (),
should be obtained when Egg(a) depends minimally on «,
ie., 0Egs(a) /da = 0. Practically, we optimize the variational
parameters as o := argming Egs(a). We regard EMF :=
Egs(a*®) and |1ﬁ(I§J’ISF) := |Ygs(a*)) as the ground-state energy
and eigenvector at the mean-field level, respectively. Since
Egs(a) > Egg should hold if A is Hermitian, the method
proposed here is an extrapolation of the standard mean-
field theory based on the variational principle [43] to the
non-Hermitian regime. In particular, if we tune the model pa-
rameters so that A becomes Hermitian [e.g., ¢ — 0 in model
(1)], a* defined above as argmin of Egs(a) will approach
the optimal value in the sense of variational principle. Note
that, in general [43,44], the principle of minimal sensitivity
has been widely applied as a nonperturbative method beyond
the cases where the variational principle holds.

(D10)

Single-site mean-field theory

As an application of the method explained above, we con-
sider a single-site mean-field theory for model (1) though
the ¢ dependence is not incorporated at this level of theory,
as demonstrated below. We divide the Hamiltonian as H =
H(x)+ [H — H(x)] and take H(a) := Zf‘zl H;(a) with the

single-site Hamiltonian, H;(a), defined as

Hie) = —h Yl _ais— phy — ving — > A + @),
s=% s==+
(D11)
Here, @ := {v, A, A_} is a set of variational parameters: the
ferromagnetic mean field v and superfluid mean field A; for
particles with spin s. The chemical potential u is also intro-
duced to keep the total particle number to N on average.

Writing the ground-state eigenvector and left eigenvector
of Hi(a) as |Ygs.i(a)) and |q§Gs,,<(ot)>, respectively, we obtain

the corresponding eigenvectors for H («) as tensor products:

L
Was@) = @) 1Vas.i(@)) .
i=1

L
|das(@) = Q) Idas.i(@)) - (D12)
i=1
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Then, following the method explained above, we can cal-
culate the variational ground-state energy as Egs(@) =
(pgs(@)|H |¥gs(a)) and obtain the optimized o by min-
imizing Egs(a). Here, instead of proceeding with the
calculation, we focus on the ¢ dependence of the
ground state. The ¢ dependence of Egs(x), |¥gs(a)), or
|pgs(a)) is potentially derived from the following terms in

(s ()| H | Yas(a)):

L
—et Y > s(Pas(@a), i — af i1 lPas(@) . (D13)

i=1 s=%

However, according to the product forms of [gs(a)) and
|as(@)) [Eq. (D12)], (Pas(e)|a) ajs|Pas(@)) is reduced to
(Bas1(@)la] |¥as1(@)) (bas,1(@)|ars|Pes 1(a)) as long as
i # j, and thus Eq. (D13) is zero. Consequently, in the single-
site mean-field theory, any ¢ dependence does not appear
in the ground state, and the activity-induced ferromagnetic
transition observed in the numerical study (Sec. III) is not
reproduced. This is natural since the two-particle bound state
explained in Sec. V B is not taken into account in the single-
site Hamiltonian (D11). In Sec. VI, we consider a two-site
mean-field theory as a minimal self-consistent description of
the e-induced ferromagnetic transition.
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