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Boosting energy transfer between quantum devices through spectrum engineering
in the dissipative ultrastrong coupling regime
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The coherent energy transfer between two quantum devices (a quantum charger and a quantum battery)
mediated by a photonic cavity is investigated, in presence of dissipative environments, with particular focus
on the ultrastrong coupling regime. Here, very short transfer times and high charging power can be achieved
in comparison with the usually addressed weak coupling case. Such phenomenology is further magnified
by the presence of level crossings appearing in the energy spectrum and which reveal very robust against
dissipative environmental effects. Moreover, by carefully controlling the physical parameters of the model, e.g.,
the matter-radiation coupling and the frequencies of the system, it is possible to tune these crossings making
this device more flexible and experimentally feasible. Finally to broaden our analysis, we assume the possibility
of choosing between a Fock and a coherent initial state of the cavity, with the latter showing better energetic

performances.
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I. INTRODUCTION

The starting of the second quantum revolution [1] has
been one of the most relevant scientific event of the last
decades, opening the way to the development of quantum
technologies. In fact, while the first quantum revolution dealt
with the attempt of theoretically explaining the fundamental
idea of wave-particle duality [2], the second has taken the
rules of quantum physics and is using them to develop new
technologies [3—11]. Among them are quantum metrology,
quantum communication, quantum computation and, in the
last years, also quantum thermodynamics [12—14]. Here, the
progressive and increasingly fast miniaturization of devices
such as quantum thermal machines [15-18] imposed that the
classical laws of thermodynamics could no longer be applied
and it has been necessary to reconsider them in a regime
where quantum effects cannot be neglected. In this context,
exploiting the effects of quantum correlations, coherences and
entanglement, new devices suitable for energy storage at the
quantum level were considered. In 2013, Alicki and Fannes
introduced the theoretical concept of quantum battery (QB)
[19], a device that allows us to store, transfer, and release
energy with better performances compared with the classical
batteries, thanks to quantum effects [20,21]. In the last ten
years several theoretical works have been devoted to study
realistic models and possible experimental implementations
[22] based on simple quantum systems, mostly collections of
two-level systems (TLSs), also known as qubits [20,23,24]. In
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fact, exploiting two states allows us to simply identify the QB
as empty when the system is in the ground state and as full
when the system is in the excited state. Different scenarios
have been considered to charge the QB, i.e., allowing transi-
tions between the empty and full QB. Particular interest has
been devoted to classical external fields [25-28], but mostly
to quantum chargers, e.g., other TLSs [23,29] or photons
trapped in a resonant cavity [30—32]. In this direction, possible
implementable models have been based on the well-known
platforms already used for quantum computations, such as
artificial atoms [29,33-37] and circuit quantum electrodynam-
ics [30,38,39]. First experimental QB works only started to
appear in the last two years, the first being the experiment
reported in Ref. [40], where fluorescent molecules, approx-
imated as TLSs, are placed into a resonant cavity, acting as
the quantum charger. Only later, experimental works based
on superconducting qubits [41] and quantum dots [42] have
been proposed, increasing even more the interest in the field
of QBs. Moreover, recently implementations in the framework
of the IBM quantum machines have been presented, providing
another example of functioning QBs [43,44].

So far, the research on QBs has been mainly focused on
finding efficient ways to store and release energy on de-
mand, used to locally supply it to other miniaturized devices
[23,29,30,45]. At the moment only few works have been de-
voted to the study of the relevant problem of coherent energy
transfer [23,24], and only last year the topic of mediated
energy-transfer processes has been considered with particular
focus on off-resonant conditions, i.e., when the frequencies
of each part of the system are not identical [46,47]. How-
ever, these works only considered a weak coupling regime
(where the matter-radiation interaction does not exceed 10%
of the frequencies of the qubits [48—50]) between each part
of the system, leaving the regime of stronger matter-radiation
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couplings (>10% of the frequencies of the qubits), the so-
called strong and ultrastrong coupling (USC) regimes [50,51],
completely unexplored. The latter regimes have been inves-
tigated in the state-transfer literature [52-54], proving that
higher couplings could lead to a faster transfer of the quan-
tum state from one qubit to the other. In the framework of
the circuit quantum electrodynamics, this USC regime can
be engineered by capacitively coupling two superconducting
qubits to a waveguide or resonator. Here, the matter-radiation
coupling can reach a considerable fraction of the cavity fre-
quency. This configuration is well described by the so-called
two-qubit Rabi model [55-57], namely, a system where two
qubits are coupled to the same photonic cavity, but not with
each other. In particular, working in the USC regime, despite
the additional computational issues related to the failure of
the rotating wave approximation (RWA) [58-60], the present
model shows interesting features such as a sudden population
inversion of the photons [53,54] which can lead to a complete
and very fast state transfer between the qubits. Other than
being theoretically interesting, this model has been experi-
mentally implemented in several scenarios, e.g., on resonance
with a Fock state in the photonic cavity [61] and off-resonance
with a coherent state in the photonic cavity [62].

Moved by this great interest, in this work we study the
mediated energy-transfer performances between two quantum
devices: a quantum charger and a QB, working in the USC
regime, both on and off-resonance. In our description the
cavity acts as the mediator of the energy transfer and, to follow
the experimental works, both Fock and coherent state will be
taken under analysis. A peculiarity of the USC regime is that,
in this case, it is possible to obtain level crossings in the energy
spectrum that can be engineered to realize the best working
setup. In fact, by changing the initial state of the system it is
possible to choose which one of the different crossings in the
energy spectrum is the more relevant for the dynamics of the
system. Instead, by tuning the coupling between the different
parts of the system or working in the off-resonant condition, it
is possible to shift the crossings of the spectrum towards lower
values of the coupling strength, moving it from the far USC
regime to a more experimentally feasible strong coupling. In
general, with the two-qubit Rabi model, working in the USC
regime leads to better performances compared with what can
be obtained with a weak coupling. Indeed, the presence of
the crossings lead to a sudden jump in the transfer times
and consequently in the average charging power, namely, the
ratio between the transferred energy and the minimal time
needed to achieve a complete transfer. To make the analysis
complete and experimentally relevant, we also consider the
effects of two external environments (thermal baths) at the
same temperature. In fact, in real setups it is not possible to
neglect the effects of dissipation, which needs to be taken into
account. In particular, in our analysis dissipation is taken into
consideration in the framework of the conventional Caldeira-
Legget picture [63—-66], where one bath is coupled to the
cavity and the other bath to the QB, to prove the stability
of the model. In this direction, it has also been demonstrated
that it does not always have detrimental effects on the energy
transfer performances of devices [28,67—09]. Here, we prove
that, even in presence of dissipation, where the dynamics is
described by the Lindblad formalism [70,71], it is possible

to get optimal performances in the USC regime, where the
model still presents a sudden jump in charging power. Notice
that the majority of the theoretical works about QB assume
unitary dynamics and neglect dissipative effects associated
with the coupling with external environments. This approach
is usually justified by considering a scale separation between
the relevant time evolution of the system and the typical relax-
ation and dephasing times associated with the coupling with
external degrees of freedom [27,72,73]. Despite this condi-
tion is sometimes fulfilled in simple experimental proposals
[43,44], it is necessary to include dissipative effects to make
the description more realistic and experimentally relevant.

The paper is organized as follows: In Sec. II we introduce
the model for the cavity-mediated energy-transfer process,
and couplings to the thermal baths, with a particular focus
on the initial states. Moreover, the Lindblad formalism is
introduced to solve the dynamics in the presence of dissipa-
tion. Also, the relevant figures of merit for the energy-transfer
process are introduced. Section III is devoted to the analysis of
the results obtained for the closed-system dynamics. For the
system, we consider the energy spectrum to show its crossings
in the USC regime. In addition, we analyze both Fock and
coherent initial states, spanning coupling constant from the
weak to the USC regimes. At the end of the section, a possible
engineered scheme of the energy spectrum in the off-resonant
case is presented. In Sec. IV the stability to dissipation of
the previous results is demonstrated for an initial coher-
ent state. Section V is devoted to conclusions. Finally, the
Appendix shows the stability of the results in the presence of
dissipation for the Fock state.

II. MODEL

In this work, we analyze the energy transfer between two
TLSs in terms of the two-qubit Rabi model [55,56], where the
first qubit, the quantum charger (C), and the second one, the
QB (B) are coupled by means of the photons in the cavity,
which play the role of a mediator (M) of the energy transfer
(see Fig. 1). We also consider dissipation in the framework
of the conventional Caldeira-Legget picture [63—66], by cou-
pling the QB and the photons in the cavity with two different
reservoirs (thermal baths) at the same temperature, modeled
as ensembles of harmonic oscillators. The total Hamiltonian
can be written as

Hi,(t) = H(t) + Hri + Hro + Hril + Hrio- (1

Here, the first term H(¢) represents the Hamiltonian of the
closed system, composed by the quantum charger, the QB
and the cavity. In particular, assuming the conventional dipole
interaction between the qubit and the cavity radiation [60], it
reads (hereafter we set iz = 1)

wB

2

+gf®) @ +a)(of +0?), )

where wc p are the energy gaps between the ground |Ocp)
and the excited states |1¢ g) of the two qubits and U&B are the
Pauli matrices along the %, Z directions referred to the quantum
charger and QB Hilbert spaces, respectively. Moreover, wy is
the frequency of the photons inside the cavity and a (a') is the

H(t) = %O’ZC + UZB + wma'a
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FIG. 1. Scheme of the two-qubit Rabi model in presence of two
dissipative baths. Here, two TLSs with level spacings wc and wg
are coupled to a photonic cavity with frequency wy. The baths are
modeled as collections of harmonic oscillators with frequencies Qg.”
and SZ;Z), respectively. The first reservoir is coupled to the QB, while
the second to the photonic cavity. Both baths are assumed to have
Ohmic spectral densities J;(w) and J,(w) [see Eq. (7)].

annihilation (creation) operator of the photons. The quantum
charger or QB and the photons in the cavity are coupled by
means of a coupling strength g with an interaction modulated
in time by the switch on and off function

J@®)=0@)—0@ —1). 3)

Here, 0(¢) is the Heaviside step function and t is the time
interval for which the coupling is turned on. This kind of
dynamics can be realized for example by introducing addi-
tional elements in the circuit which play the role of quantum
couplers [74-76].

The baths Hamiltonians are written in terms of bosonic
creation (annihilation) operators b;(’) (by)) as

Hpi =) QPp00), “
J

where Q' are the harmonic oscillator frequencies and i =
1, 2 indicates the two different baths. Notice that we can
neglect dissipative effects on the quantum charger dynamics
since the energy-transfer process to the QB happens in a very
short time. Conversely, it is very important to understand how
the loss of photons in the cavity influences the energy-transfer
performances and to characterize the stability of the energy
storing in the QB in presence of dissipation, once the matter-
radiation coupling is switched off. To do so we consider the
interaction Hamiltonians, which couple the first bath to the
QB and the second bath to the photons, namely,

HRII = 0):3 Z)‘j(bj'(l) + b;l)),
J

Hpp = (@ +a) Y k(01 +5). 5)
J

The spectral properties of these thermal baths are character-
ized by the spectral functions [63]

Ji(@) =) " 138(w— ),
J

() =" «78(w— Q). (6)
J

These equations can be written in the continuum limit and, as-
suming Ohmic dissipation, they become [63,65,66] (i = 1, 2)

Ji(w) = ajwe” e . 7)

Here, ) and o, are dimensionless parameters that quantify
the dissipation strength and w, is the high-frequency cut-
off of the baths [63,77,78], which for simplicity is assumed
identical for both and considered as the greater energy scale
present in the model.

We now comment on the initial state of the system-bath
configuration. First, we assume that, at time ¢ = 0, the system
and the baths are decoupled and described by the factorized
total density matrix

Pt(0) = p(0) ® pr1(0) ® pr2(0). ®)

As demonstrated in Refs. [23,79], the choice of the initial state
of the system can have a great impact on the performances
of QBs. Therefore, it is important to properly address this
point also for more general energy-transfer devices. Within
this paper, the initial states of the qubits, at t = 0, will be

[¥c(0)) = [1c),  |¥8(0)) = |08) €))

for all considered configurations. This corresponds to the
reasonable assumption of a completely full quantum charger
and a completely empty QB at the beginning of the energy-
transfer process. Different is the situation for the cavity. Here,
most of the experimental works in literature have studied a
coherent state as initial condition for the photons [62,80,81].
Conversely, great part of the theoretical papers addressing QB
based on matter-radiation coupling have considered a Fock
state in the cavity [30,31,46]. In the present work, for sake
of generality, we take into consideration both cases, following
Refs. [61] and [62]. In particular, the initial state of the cavity
state is assumed to be

[Ym©0) =Y uln), (10)

where |n) represents a state with n photons and ¢, are the
associated probability amplitudes. A Fock state with exactly
N photons and a coherent state with an averaged number N of
photons are then characterized respectively by

1

F=s c_ N (an
é‘n — On,N» ;‘n =e \/m
Summarizing, the initial state of the system can be written as
[¥(0)) = l1c, O8) ® [¥m(0)), 12)
with the density matrix
p(0) = [ (0)) (¥ (0)]. 13)
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Moreover, the reservoirs are at thermal equilibrium with
density matrices given by

Pri(0) = (14)
with 8 = 1/(kgT) the inverse temperature.

To solve the complete dynamics associated with the
Hamiltonian in Eq. (1) we apply the routinely used Lind-
blad equation [70,71], which can be applied in the case of
weak coupling between system and reservoirs, i.e., ot » < 0.1,
and within a Markov approximation [82]. This means that
the characteristic times associated with the dynamics of the
reservoirs, tri, Trz, must be much shorter with respect to
the one for the system, tg, such that 7|, try < ts. Under the
above conditions it is possible to derive the time evolution of
the reduced density matrix p(¢) = Trr{pw:(t)} (R stands for
the trace over the reservoirs). We have [70,71]

d . 1
PO =—ilH®), pO]+ 5 Y

j=12
x [2C;p(t)C] — p(t)C]C; — C[Cip(®)]. (15)
Here, C; = /v;A; (j = 1, 2) are the so-called collapse oper-

ators with A; = o2 and A, = a' + a, written in terms of the
QB and cavity decay rates

2 B\ & + v
T 2 B.M
Vio = SEREBM o | Y0 (1)
& +“)123AM 2

which are proportional to «; and «; introduced in Eq. (7) [83].

Notice that we have used the numerical tool of the
PYTHON toolbox QuTiP [84] to solve the dynamics of the
system.

Before concluding this section, we briefly recall the def-
initions of the quantities of interest to characterize the
energy-transfer performances of the device. The energy trans-
ferred from the quantum charger to the QB can be written as

Eg(t) = Trs{p(t)Hp} — Trs{p(0)Hg}, a7
where
Hp = %of (18)

is the QB Hamiltonian, S stands for the trace over the system,
p(0) is the initial density matrix of the system in Eq. (13),
and p(z) is its time evolved according to Eq. (15). Since in
realistic situations it is important to transfer as much energy
as possible from the quantum charger to the QB in the shortest
time, it is also useful to define

EB,max = EB(tB,max)a (19)

which corresponds to the maximum of the stored energy in the
QB, occurring at the transfer time #g max. It is also interesting
to characterize how much power can be obtained from the QB.
In this direction, another two relevant figures of merit are the
charging power and the corresponding power evaluated at the

maximum transferred energy, defined as

Eg(t)

Ep me
Po(1) = = —Bomax

PB,max =

(20)

B,max

III. CLOSED SYSTEM RESULTS IN THE ULTRASTRONG
COUPLING REGIME

In the following we present the main results, starting by
considering the case where no dissipation is present (o) =
ay = 0). The stability of the presented results in presence
of dissipative effects will be discussed in the next section.
Here, we analyze the results concerning the advantages of
entering into the USC regime, i.e., g = wp, in order to
improve the performances of energy-transfer devices. No-
tice that previous works have addressed the weak coupling
regime [46], where the rotating-wave approximation allows
us to neglect the counter-rotating terms of the Hamiltonian
in Eq. (1), i.e., the terms of the form ao_ and aTUJr [85].
Despite very convenient from the computational point of view,
this approximation limits the coupling strength to an upper
bound of g < 0.1ws, leading to a constraint on the energy-
transfer times [46]. To improve the present knowledge about
coherent energy-transfer processes and widen the perspectives
in terms of future applications, we consider a broader range
of coupling spanning from weak coupling up to USC, namely,
0 < g < 0.5wg. The upper bound on the coupling strength is
dictated by the Lindblad approximation, which starts to fail
for g 2 0.5wg [52,86,87]. Note that, in the regime of parame-
ters investigated in this paper (with g < 0.5wg) and limited to
time windows relevant for the considered figures of merits, the
results obtained with the Lindblad equation and the one ob-
tained with the Bloch-Redfield master equation (not shown),
a less constraining approximation [82], are almost indistin-
guishable. However, for stronger matter-radiation interaction
the Lindblad formalism fails since the counter-rotating terms
of the interaction Hamiltonian starts to become relevant. As a
consequence, other approaches need to be taken into account,
as done, for example, in Ref. [87]. However, in absence of
dissipative effects, higher couplings can be also addressed
[53]. For the sake of clarity, the results will be reported in
the resonant regime wc = wy = wg. This configuration is
characterized by the better performances in terms of energy
transfer and can be realized experimentally [61]. However,
at the end of the section a comment on how to engineer the
spectrum of the system by working in the off-resonant regime
will be given.

Before analyzing the other figures of merit, it is convenient
to study the spectrum of the system of the Hamiltonian in
Eqg. (2). Notice that the dimension of the Hilbert space of the
system grows with the number of photons initially present
into the cavity. Therefore, despite some helpful constraints
imposed by conservation laws [30,88], the Hamiltonian in
Eq. (2) cannot be diagonalized analytically and consequently
the eigenvalues and eigenstates need to be evaluated numeri-
cally. Also in this case the numerical calculations have been
performed by means of the Phython toolbox QuTiP [84]. To
constrain the dimension of the Hilbert space, without affecting
the reliability of the results, we need to carefully fix a cutoff
number of photons considered in the dynamics Np,x = 10N,
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FIG. 2. Eigenvalues E; of the Hamiltonian in Eq. (2) (in units of
wp) for f(t) =1 as a function of the coupling constant g/wg. The
model shows level crossings in the USC regime. The crossing at the
red circle will be discussed later (see Sec. III). For the sake of clarity
we have reported only the first six eigenvalues. Other parameters are
wec = Wy = (1)]3,,]\’,“ﬂX = 10N.

with N being the number of photons in the cavity. Within
this framework it is possible to obtain the energy spectrum in
Fig. 2. We notice that, as g increases entering the USC regime,
one observes some level crossing [54]. In the present work we
want to show that it is possible to engineer such crossings in
order to obtain better energy-transfer performances. In fact,
by varying the frequencies of the different parts of the system
or by considering different couplings between the cavity and
the quantum charger or QB, it is possible to shift the crossings
toward a smaller value of g. Moreover, by changing the initial
state of the system, it is possible to make relevant one of the
different crossings in the energy spectrum for the dynamics of
the system. Notice that the number of photons plays no role
in determining the energy spectrum. Indeed, the eigenvalues
only depend on the chosen Hamiltonian [Eq. (2)] and not on
the initial state of the system. We now consider the impact of
such interesting energy spectrum at the level of the different
figures of merit. The behavior of the maximum of the energy

= Fock, we = wy = wp

048,
10- 0.47
i - éo.m
-'-- E‘iﬁ 0.45
. 0.8t -_-- 0.44 >
= a 0.43
om - 0.30 0.32 0.34 0.36 0.38
0.6t --- g/ws
0.4 .
(a)
0.0 0.1 0.2 0.3 0.4 0.5
g/ws

FIG. 3. Behavior of (a)E]

max

transferred from the quantum charger to the QB as a function
of the coupling strength is reported in Fig. 3, considering
both a Fock and a coherent state as initial state of the cavity.
As a representative case and to guarantee a fair comparison
between the two cases we choose N = 8 as photon number in
the Fock state and N = 8 as the average number of photons in
the coherent state. However, similar qualitative results can be
obtained for different values. Notice that throughout this sec-
tion we use the superscript “0” to indicate that no dissipation
is taken into account. Moreover, if not specified differently,
the results shown correspond to the choice t = in the
switch on and off function f(¢) in Eq. (3).

As a first remark, in Fig. 3 we observe that, in the weak
coupling regime, the Fock state allows a complete energy
transfer [Fig. 3(a)]. However, as soon as the coupling is in-
creased, the transferred energy drops, reaching its minimum
for g & 0.34wg. By further increasing the coupling one has a
partial recovery of the transferred energy. A similar qualitative
behavior is obtained for the coherent state. However, as can
be seen in Fig. 3(b), this scenario is more stable against the
variation of the coupling constant, with a fluctuation of only
a few percent in the considered range of interaction. It is
important to note that both cases present an abrupt change
of behavior for the value g =~ 0.34wg (see insets of Fig. 3).
This corresponds to the value at which the eigenvalues of the
model present the crossing highlighted in Fig. 2. This can
be better understood by writing the time-evolved state of the
system in terms of the eigenvalues E; and eigenstates |¢;) of
the Hamiltonian in Eq. (2) as follows:

0
tB,max

W) =) a®le) =Y a@e ™ g), (1)
k k

where we have introduced the probability amplitudes c;(0) =
(o] (0)) and we have only considered the time interval 0 <
t < 17, where the function f(¢) = 1. By a careful analysis of its
elements, it is indeed possible to determine which eigenvalue
gives the dominant contribution to the energy transfer.
Indeed, in the present model, as we can see in Fig. 2, there
are three crossings in the interval 0 < g < 0.5wg. They are

= Coherent, wc = wy\ = wp

1.10

0.90

1.05

1.00f

0.882,
0.30

B, max

0.95[ = =

0.80- ‘ ‘
0.1 0.2 0.3

g/ws

(in units of wg) as a function of g/wg for a Fock state with N = 8 and (b) a coherent state with averaged

number of photons N = 8. Insets show zooms near the value g* = 0.34wg, where the data show a cusp. Other parameters are wc = wy = wg,

Nmaox = 10N, 7 =13 . and o = o, = 0.
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FIG. 4. Behavior of (a) the energy transfer time u)Btg_max as function of g/wp for the Fock state at N = 8 and (b) for the coherent state
with averaged number of photons N = 8. Insets show zooms near the critical value g* = 0.34wg, where the transfer time has a jump. Other

parameters are wc = @y = W, Npax =

due to the intersections of different eigenvalues. For exam-
ple, the one occurring at g = 0.34wp depends on E3 and Fs,
while the one at g = 0.47wp on E3 and E4. The relevance of
the probability amplitudes in Eq. (21) crucially depends on
the initial state of the system. For the one chosen in Eq. (12),
one has, for example, that the weight of the fourth eigenvalue
and eigenvector is negligible in the sum in Eq. (21), therefore
the crossing at g = 0.47wg has no role in the energy-transfer
performances. Conversely, the crossing occurring the critical
value g* = 0.34wp is the most relevant (from now on we are
going to use the superscript “*” to indicate this peculiar value
of the coupling). The role of this energy-level crossing is to
realize a sudden population inversion of the photons, with
important impact at the level of state transfer, making it faster.
This is a consequence of the crossover between the strong
coupling and the USC regime. In the latter case indeed, due
to the reduction of the symmetry of the system, the accessible
part of the Hilbert space becomes unbounded. Therefore, the
system can explore a greater number of states leading to a
complete and faster transfer [53].

Here, we address for the first time the consequences of this
peculiar feature at the level of energy transfer. Notice that,
by changing the initial condition of the system [|y(0))] the
coefficients ¢, (0) change. As a consequence, also the weight
of the different crossings in the dynamics of the system may
vary with a consequent lowering of the critical value of g
(not shown). This can be a great incentive in engineering
the system to obtain the optimal performances of the energy
transfer.

To further deepen our analysis, we now demonstrate that
this phenomenology has a relevant impact on the energy-
transfer times and consequently at the level of the power.

The time required to transfer energy from the quantum
charger to the QB gets smaller by increasing the coupling
g [23,79], as shown in Fig. 4, and consequently it is very
short in the USC regime. Moreover, the energy transfer in
the Fock state [Fig. 4(a)] is typically considerably slower with
respect to the one in the coherent case [Fig. 4(b)]. Apart from

10N, =1 ..and o) = a; = 0.

these general considerations, it is interesting to look closely
at what happens near the critical value g* = 0.34wg. Here, an
abrupt reduction of the energy-transfer times occurs for both
the Fock and coherent state, as can be seen in the insets of
Fig. 4. It is quite remarkable to see how this quantity shows a
sudden drop in the USC regime, in correspondence of the level
crossing, meaning that the proper engineering of the spectrum
can lead to improvements at the level of the transfer times.
In an energetic perspective, such a sudden decrease of the
transfer times can be directly related to an enhancement of
the average charging power.

Before addressing this relevant point, it is useful to bet-
ter clarify why this reduction occurs. This can be done by
analyzing the time evolution of the energy transferred from
the quantum charger to the QB, shown in Fig. 5. We only
report the case of the Fock state, but an analogous behav-
ior is observed also for the coherent state. Notice that, to
better enlighten the behavior of the maximum of the trans-
ferred energy, we have considered 7 > z‘g max 10 Eq. (3),
corresponding to a situation where the matter-radiation cou-
pling is switched on for a longer time with respect to the
one needed to reach the maximum of the transferred energy.
With the aim of discussing the behavior of the transferred
energy across g = 0.34wg, we compare the cases of coupling
constants near g*. By doing so it is possible to observe that
the first two maxima of the transferred energy progressively
exchange their role. In fact, while for g < g* [Fig. 5(a)] the
second maximum is the most pronounced, when the critical
value is reached the two maxima have exactly the same value
[Fig. 5(b)]. Finally, for a greater coupling g > g* [Fig. (c)],
the first maximum is always the most pronounced and the
energy transfer occurs in a shorter time. This justifies the
jump in the transfer time in Fig. 4, observed at g = g*. Notice
that this phenomenology is a peculiarity of the USC regime,
further strengthening the interest in exploring this range of
parameters.

Let us now analyze how the behavior observed in #3
influences the average charging power. In Fig. 6 we show the
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FIG. 5. Behavior of Eg(t) (in units of wg) as function of wgt for a Fock states with N = 8. We consider three different values of the
coupling: (a) g = 0.3ws, (b) g = g" = 0.34ws, and (c) g = 0.38wg. The black dashed lines represent the positions of the maximum of the
transferred energy #g max. Other parameters are wc = wy = wp, Npax = 10N, and o) = ap = 0.

evolution of the maximum of the average charging power as a
function of the coupling, defined in Eq. (20), for both a Fock
and a coherent initial state. At g" = 0.34wp we observe in
both cases a sudden enhancement in the value of Pg max-

Due to the previous considerations, one has that the Fock
state is less performant compared with the coherent state.
Indeed, the former [Fig. 6(a)] jumps from Pg’max ~ 0.22w3
to P ..x = 0.360} across the critical coupling while the lat-
ter [Fig. 6(b)], shows a discontinuity from Pg,max ~ 0.40a)123

to Py .x = 1.17wg. Here, the power increases by almost a
factor of three by slightly changing the coupling constant.
Even more interestingly, the average charging power grows
almost linearly in g after the critical value. This leads to a
remarkable improvement of the average charging power in the
USC regime with respect to what observed at weak coupling.

Before concluding this analysis, it is useful to consider how
it is possible to engineer the position of the level crossings,
which play a crucial role in the power performance. Among
the different possibilities discussed previously, the most rel-
evant from an experimental point of view is to consider an
off-resonant regime. This also because it is not always possi-
ble to obtain exactly identical qubits or to have photons with
the same frequencies as the energy separation of the TLSs.

= Fock, we =wy =wp

In this direction, we now consider the off-resonant regime
wc = wy = 0.8wg, proposed in the experiment in Ref. [61]
and also discussed in Ref. [46]. Here, it useful to understand
how the energy spectrum of the Hamiltonian in Eq. (2) is
modified. As we can see from Fig. 7(a) the eigenvalues of
the Hamiltonian are different from those in Fig. 2, with the
system on resonance. In particular, the crossings are shifted
at lower values of the coupling, where the circled one, rep-
resenting the critical values for this scenario is obtained for
g = 0.26wp compared with the previous one g* = 0.34ws.
Notice that, by going even further off-resonance (e.g., when
wc = wy = 0.3wp), it is possible to shift the crossing to very
small values of the coupling constant. However, in such a
regime the value of the energy transferred to the QB and
consequently the associated power is very small, making this
regime not convenient for energetic applications. In this direc-
tion, we analyze the charging performances in the off-resonant
regime wc = wy = 0.8wg. We focus on the coherent state
since we have shown that it is more performant compared
with the Fock state. Moreover, as the relevant figure of merit,
we analyze the maximum of the average charging power,
reported in Fig. 7(b), and we give a comparison between the
off-resonant and resonant regimes.

= Coherent, wc = wy = wp
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FIG. 6. Behavior of (a) P]g

max

(in units of a)é) as a function of g/wg for a Fock state at N = 8 and (b) for a coherent state with average

number of photons N = 8. Other parameters are wc = Wy = W, Nmax = 10N, T = tg_max, and ;) = ar = 0.
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FIG. 7. (a) Eigenvalues E; of the Hamiltonian in Eq. (2) (in units of wg) when the system is off-resonance wc = wy = 0.8wp in the interval
0 <t < 7 as function of the coupling constant g/wg. The red circle indicates the critical coupling g% = 0.26wg. For sake of clarity we have

reported only the first six eigenvalues. (b) Behavior of P

max

(in units of w3) as a function of g/wp for a coherent state with average number

of photons N = 8 for the off-resonance regime wc = wy = 0.8wp (full magenta squares) compared with the resonant case wc = wy = wp

(opened black squares). Other parameters are Np,x = 10N, T = zg,max,

First, it is possible to observe that the two scenarios
have the same qualitative behavior, again PJ  has a sud-
den boost at the critical value of the coupiing. However,
in the off-resonant regime this happens for a lower value
of the coupling (g = 0.26wp), meaning that, in the inter-
val 0.26wp < g < 0.34ws, this configuration has much better
performances compared with the resonant one. For the other
values of the coupling the two scenarios have almost the same
performances, with the off-resonant regime showing slightly
higher values of Pg max»> Since the transfer times are in general
shorter when the sy’stem is off-resonance [46].

From the above results, it is evident that the structure
of the eigenvalues of the Hamiltonian in Eq. (2) (especially
their crossings) has a great impact on the energy-transfer
performances of the device. To be flexible and to optimize
the performance we have shown that the level crossings can
be engineered by changing the parameters of the system.
In the considered cases, the crossings at g* = 0.34wp and
g = 0.26wp (in the USC regime) lead to a reduction of the
energy transfer time and to a consequent enhancement of the
average charging power. Moreover, these effects are further
enlighten by considering a coherent states as initial state for
the photonic cavity.

IV. STABILITY TO DISSIPATIVE EFFECTS

We now study the stability of the different figures of merit
in a more realistic case, in presence of dissipation. For sake
of simplicity, we assume the two baths to have the same
temperature Bwp = 10, compatible with experimental values
[61,62]. We underline that the temperature of the bath is a
relevant parameter that influences the QB and cavity decay
rates y; and y, in Eq. (16). In fact, if one chooses a smaller
value of B (high temperature) the performances of the device
are strongly affected by dissipative effects, leading to a very
poor energy transfer.

and(xl =0y = 0.

Here, the results are presented only for the coherent state
which, in absence of dissipation, has shown the best perfor-
mances. The results for the Fock states are commented in the
Appendix.

It is interesting to analyze the stability with respect to dis-
sipation for different values of the couplings ranging from the
weak to the USC regime. In this direction, in Fig. 8(a)-8(c),
the behavior of Eg(t) is reported for three relevant examples
g =0.05wp, g = 0.2wg, and g = 0.5wg, respectively. While
the cavity is supposed to have the same dissipation strength a;
throughout the whole analysis, consistently with the possibil-
ity to realize very stable cavities [61,89], the QB is supposed
to be more affected by the action of the environment and
consequently we analyze the effects of having different «;.
Notice that the coupling between the baths and the QB and
cavity are chosen within the regime of validity of the Lindblad
equation, i.e., 0 < a1 < 0.1 [82]. Moreover, all the results
are compared with the case where no dissipation is present
(a; =ar =0).

First of all, we observe that the energy-transfer process is
strongly affected by dissipation in the weak coupling regime
[Fig. 8(a)], even for very small dissipation strength o; = 0.03
and o, = 0.01. This gets progressively worse by increasing
the coupling o between the bath and the QB. However, when
the system approaches the USC regime, the dissipative effects
become less important.

In fact, at g = 0.2wp [Fig. 8(b)], it is possible to obtain
up to ~80% of the total energy transferred to the QB, at
a1 = 0.03, compared with ~90% without dissipation. Even
better is the case where g = 0.5wg [Fig. 8(c)], where dissipa-
tive effects have only a marginal impact on the energy-transfer
process, even considering different dissipative rates for the
QB. In general, it is also worth to note that choosing different
« implies that, after reaching the maximum of the transferred
energy and switching off the coupling between the parts of
the system, the energy approaches the thermal equilibrium
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FIG. 8. Behavior of Eg (in units of wg) as function of wgt for a coherent state with average number of photons N = 8 and three different
values of the coupling: (a) g = 0.05wg, (b) g = 0.2wg, and (c) g = 0.5ws. We consider, at fixed o, = 0.01, different values of «;: oy = 0.03
(full green curves), oy = 0.07 (dotted blue curves) and «; = 0.1 (full magenta curves). The dashed black curves are the reference case in
absence of dissipation («; = «p, = 0). Other parameters are wc = wy = wg, Npax = 10N, Bwp = 10, and we,; = 500ws.

value at different times, since with higher «; comes a faster
decay rate.

This analysis demonstrates that it is better to work in
the USC regime, where dissipation only plays a minor role.
This is a consequence of the fact that at USC the timescales
associated with the energy-transfer processes are very short
with respect to the dynamics induced by the coupling with the
external environment. Moreover, it is obviously convenient to
have a low dissipative rate associated with the QB to obtain a
more stable storing of the energy into the QB.

We now discuss the dissipative effects on the average
charging power. In particular, we focus on the representative
case with o; = 0.07 and ap = 0.01 and compare it with the
nondissipative case (see Fig. 9).

As a general remark it is possible to see that, for these
values of the parameters, dissipation has only marginal effects
on the value of the Py .. In particular, at weak couplings and
in the USC regime the data almost coincide with the nondissi-
pative case, while in the regime 0.1wp < g < 0.25wg there is

= ] = 0.070.)]3., Qg = 0.01(,;}]3 a (X = Qg = 0
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FIG. 9. Behavior of P max (in units of a)é) as function of g/wg
for a coherent state with average number of photons N = 8, for
the dissipative case at o; = 0.07 and o, = 0.01 (magenta square)
in comparison with the case with no dissipation at o; = =0
(blue square). Other parameters are wc = wy = W, Nmax = 10N,
Bwg = 10, and w.y, = 500ws.

a discrepancy between the dissipative and nondissipative case.
Moreover the more relevant feature of the average charging
power, namely, the jump at g* = 0.34wp discussed above,
remains unaffected. It is important to notice that these results
are a consequence of the small values of dissipative rates
consistent with the Lindblad formalism and motivated by state
of the art experiments [61,89]. However, one would expect
that, if higher values of dissipation are considered it should be
possible to realize an avoided crossing in the eigenvalues and
consequently lose the sudden jump in the power [54], leading
to a loss in the performances of the device.

In conclusion, the coherent state shows optimal energy-
transfer performances also in the presence of dissipation,
particularly in the USC regime, adding another motivation
to engineer devices in such conditions by controlling and
mitigating dissipative effects.

V. CONCLUSION

The present work has been devoted to the analysis of a co-
herent energy transfer between two quantum devices, namely,
a quantum charger and a quantum battery, mediated by a
photonic cavity. The analysis is brought out in a wide range
of coupling strengths, ranging from the weak coupling to the
ultrastrong coupling regime. In the latter case the model shows
crossing in the energy spectrum, which we demonstrated can
be engineered in order to optimize the performance of the
energy transfer. Indeed, this peculiar behavior has a great
impact on the different figures of merit. In particular, in the
presence of level crossings, the transfer time has a sudden
jump at the critical value of the coupling, which also impacts
the average charging power, which doubles in the ultrastrong
coupling regime compared with the weak coupling regime.
Moreover, choosing different initial states has a great impact
on the performance. In fact, we have shown that a coherent
state for the cavity has better performance compared with the
Fock state. In addition, we proved the robustness of the model
to dissipation. In fact, especially considering a coherent state
for the cavity, the presence of two environments, coupled to
the cavity and to the quantum battery, does not have strong
detrimental impact on the dynamics, mostly in the ultra-
strong coupling regime. This analysis opens the possibility of
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FIG. 10. Behavior of Ep(f) (in units of wg) as a function of wgt for a Fock state at N = 8 and three different values of the coupling:
(a) g =0.05wg, (b) g =0.2wg, and (c) g = 0.5wg. We consider, at fixed a; = 0.01, different values of «;: oy = 0.03 (full green curves),
o; = 0.07 (dotted blue curves), and «; = 0.1 (full magenta curves). The dashed black curves are the reference case in absence of dissipation
(o; = ap = 0). Other parameters are wc = wy = @, Nypax = 10N, Bwp = 10, and ., = 500wg.

engineering an energy-transfer setup for quantum batteries,
where working in the ultrastrong coupling regime allows us
to obtain better results compared with the conventional ones
obtained in the weak coupling scenario. Moreover, being the
two-qubit Rabi model experimentally established, this should
pave the way for the implementation of our model in the very
near future.
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APPENDIX: DISSIPATIVE EFFECTS ON FOCK STATES

In this Appendix we consider the effects of the two thermal
baths, when as initial state of the cavity it is considered a Fock
state. The qualitative behavior is in general identical to the
one obtained in the main text for the coherent state. However,
the Fock state is more unstable in the presence of dissipation.
This can be seen from Fig. 10, where the behavior of Eg(t) is
reported for the three couplings considered in Sec. IV.

In fact, it is possible to observe that, when the coupling
between each part of the system is weak, the energy is sup-
pressed, even for very low dissipation strengths («; = 0.03
and o, = 0.01). Increasing the coupling strength allows us to
get better results compared with the case without dissipation,
reaching the best stability in the USC regime at g = 0.5wp
[see Fig. 10(c)]. However, we recall that at such high cou-
plings the Fock state has poor performances even without
dissipation when one considers the maximum of the trans-
ferred energy, i.e., Ep ... ~ 0.50wg.

To conclude the analysis we also consider the dissipative
effects of the two thermal baths on the average charging

power, focusing on the representative case with «; = 0.07wg
and oy = 0.0lwp and comparing it with the nondissipative
case (see Fig. 11). Again, the qualitative behavior is com-
pletely analogous to the one obtained for the coherent state.
However, being the energy transferred from the quantum
charger to the QB lower in the latter case and having longer
transfer times, the average charging power is considerably
lower. Moreover, it is still possible to observe the jump of
the value at g* = 0.34wp, meaning that this important feature
is not suppressed by dissipation also with the Fock state in
the considered range of parameters. Finally, we see that the
dissipation has a slightly higher impact on the value of Pg max.
In fact, a relevant discrepancy can be seen in the regimes
0.05wp < g < 0.3wg. Then, around the critical value the data
almost coincide with the nondissipative case, while for higher
couplings the two start to differ again.

This allows us to state that dissipation has more impact
on the performances of the Fock state, proving the interest in
engineering coherent state for future devices.

= ap =0.07wp, as =0.0lwg a vy =y =0
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FIG. 11. Behavior of P§ .. (in units of ®3) as a function of
g/ws for a Fock state at N = 8, for the dissipative case at o;; = 0.07
and o, = 0.01 (magenta squares) in comparison with the case with
no dissipation at «; = a; = 0 (blue squares). Other parameters are

wc = wy = W, Npax = 10N, Bwg = 10, and wey, = 500wg.
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