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Skyrmion-mechanical hybrid quantum systems: Manipulation of skyrmion qubits via phonons
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Skyrmion qubits are a new highly promising logic element for quantum information processing. However,
their scalability to multiple interacting qubits remains challenging. We propose a hybrid quantum setup with
skyrmion qubits strongly coupled to nanomechanical cantilevers via magnetic coupling, which harnesses
phonons as quantum interfaces for the manipulation of distant skyrmion qubits. A linear drive is utilized to
achieve the modulation of the stiffness coefficient of the cantilever, resulting in an exponential enhancement
of the coupling strength between the skyrmion qubit and the mechanical mode. We also consider the case of
a topological resonator array, which allows us to study interactions between skyrmion qubits and topological
phonon band structure, as well as chiral skyrmion-skyrmion interactions. The scheme suggested here offers a
fascinating platform for investigating quantum information processing and quantum simulation with magnetic

microstructures.
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I. INTRODUCTION

With the advancement of experimental techniques and the-
ories, qubits, the core of quantum computation and quantum
information processing, are becoming increasingly abundant
and better performing [1-4]. In addition to the well-known
superconducting qubits [5—10], trapped ions or atoms [11],
and solid-state spins [12-21], soliton-based qubits in mag-
netic insulators, such as two-dimensional skyrmions [22-30],
one-dimensional magnetic domain walls [31-35], and two-
dimensional magnetic merons [36—42], have recently received
much attention due to their small lateral size, high topological
robustness, and convenience of modulation [43-55]. Magnetic
merons encode quantum information in chirality and polarity
[56], whereas magnetic domain walls and skyrmions en-
code quantum information in collective coordinates [57-61].
Skyrmions in frustrated magnetic materials, in particular, have
an internal degree-of-freedom helicity ¢ (collective coordi-
nates) [60—64] that can be modulated by an electric field [65]
and can be utilized to construct a qubit by quantizing g
[60,61]. The skyrmion qubit has also been utilized to build
universal qubit gates, which have emerged as potential candi-
dates for quantum computer implementation [61]. However,
how to implement long-range interactions between distant
skyrmion qubits remains unresolved.
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The scalability of qubits and long-range interactions be-
tween them are essential for achieving quantum computation,
which can be accomplished through indirect coupling me-
diated by a third quantum system like nanomechanical
resonators [1]. With the development of manufacturing tech-
nology and nanofabrication, the lifetime and quality factor
of the vibrational modes of nanomechanical resonators are
constantly improving [66—73]. Commonly used nanomechan-
ical resonators include nanomechanical cantilevers [74-80],
clamped beams [81-84], ring oscillators [85,86], carbon nan-
otubes [66,87], optomechanical crystals [§8-94], suspended
particles [95-102], and so on; they can couple to other quan-
tum systems such as solid-state spins [74-84,87,103,104],
quantum dots [105], and magnons [106,107] through mag-
netic dipole interactions [74—76], strain coupling [12,81,108],
and magnetostrictive effects [106,107]. Mechanical oscillator-
based hybrid quantum systems have been widely employed
in the research of quantum effects such as entanglement
[80,93,109], quantum transduction [75,79], ground state cool-
ing [82,89,99], squeezed states [81,84,90], and nonreciprocal
phenomena [86,92]. Furthermore, a parametric amplification
technique based on the nanomechanical system has been
proposed and demonstrated [110,111], which is important
for enhancing the coupling strength between mechanical res-
onators and other quantum systems.

In this work, we propose a hybrid quantum system with
a skyrmion qubit strongly coupled to a nanomechanical can-
tilever via a magnetic gradient field generated by a magnetic
tip. We show that coherent coupling between phonons and
skyrmion qubits can reach the strong coupling regime, in-
dicating that the phonons can be employed as a quantum
interface for manipulating the skyrmion qubits. Mechanical
amplification can be realized experimentally by positioning an
electrode near the lower surface of the cantilever and applying
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Cantilever (7w, ?)

FIG. 1. The model of our proposal. The geometry of the can-
tilever is (/, w, t), and the distance from the driving electrode to the
cantilever is d. The insert depicts the structure of a skyrmion.

a tunable and time-varying voltage to this electrode. This
effect leads to a two-phonon drive and consequently an ex-
ponential increase in the phonon-skyrmion coupling strength
[110,111]. We then investigate coherent interactions between
distant skyrmion qubits via a single mechanical resonator,
showing that strong skyrmion-skyrmion coupling is possible
in the presence of a parametric drive. Furthermore, we ex-
tend a single cantilever to a coupled resonator array with a
topological phonon structure. When a single skyrmion qubit is
coupled to the topological phononic bath, a chiral skyrmion-
phonon bound state can be obtained due to the topological
characteristics of the phononic bath, and the chirality can be
controlled by adjusting the two-phonon drive. It can be further
used to mediate chiral skyrmion-skyrmion interactions. The
modulation of the chiral coupling can be achieved by adjust-
ing the position of the skyrmion qubit and the phonon hopping
rate.

II. SETUP

A. Hamiltonian of skyrmion qubits and phonons

As illustrated in Fig. 1, a skyrmion in frustrated magnets
is a spin texture with a centrosymmetric vortex structure that
is supposed to lie in the xy plane and holds its center at the
origin of the coordinates. The Hamiltonian of the skyrmion in
frustrated magnets can be given by Refs. [60,63]

T , Jhat,_, .2 H K,

H= /ﬁ[_?(V'FS) + ) (V;:S) — ESZ + ESZ
ey
with  competing interactions Ji,, lattice spacing
a, position vector 7= (p,¢), z-direction magnetic
field H, and z-direction easy-axis anisotropy K,
according to Ginzburg-Landau theory [63]. There is

s = [sin O(p) cos ®, sin O(p) sin @, cos O(p)] for a classical
skyrmion with & = ¢ 4 ¢y and helicity ¢y. We can derive
the steady-state solution, represented by &, and ©®,, by
minimizing the energy ‘H (Appendix A).

Skyrmion qubits can be designed by quantizing the helicity
¢o [60]. The Hamiltonian of &, qubits, employing the col-
lective coordinate quantization technique [60,64,112,113], is
given by

He. = I?zéf — h,&, — &, cos o, )

with the collective coordinate ¢o and its conjugate momen-
tum &., where the parameters &., /., and £. are described
in detail in Appendix B. Because the energy level of &,
qubits is nonuniform (the nonuniformity satisfies |w., —
wy| > 20%w,, where w, is the qubit frequency defined below
and w,, is the frequency of higher level transitions [60,114]),
we can truncate the Hilbert space to |0) and |1), simplifying
the Hamiltonian of &, qubits to

o, = Mg Bo

A sub A sub
HSky = ) stu — ) stu (3)
with Ay =#. —h., By=5., and Pauli operators 63 =

11)(1] — 10)(0] and 65"° = [1)(0] + 0)(1].
The cantilever with dimensions (I, w, t) depicted in Fig. 1,
can be described by the Hamiltonian

2
A p I,
H, = — + -koZ", 4
m m ) 0 ( )
where p, and Z are momentum and position operators, respec-
tively. With p. = —i/mw,/2(a — a"), 2 = zo(a+a"), and
20 = +/1/(2mw,,), the Hamiltonian can be written as (setting
h=1)
ﬁm = wm&T&a (5)
where w,, = +/ko/m indicates the resonance frequency and
a @h represents the annihilation (creation) operator for the
phonon mode.

B. Interaction Hamiltonian

The mechanical mode and the skyrmion qubit are coupled
by the magnetic gradient field generated by the magnetic tip,
which can be described by the Hamiltonian [60]

. )

a

with the Landé g factor g, the Bohr magneton pp, and the ef-
fective spin §. Substituting the gradient magnetic fields B, =
—GZe, (see Appendix C) and s into Eq. (6) and dimensionless
the integral results in

Hrs = 8MB§GZ/ dxdy(1 — T0), (7

where T1=1—TI and TT = cos ®. Here we have ignored
in-plane component of the tip’s magnetic field, since it is much
smaller than the magnetic field in the perpendicular direction
produced by the tip [74-77,110,115]. Using Eq. (BS8), the
interaction Hamiltonian can be reduced to

Hrs = —Ars(a +ahé,, 8)

where Ars = gupSGzp is the coupling strength. Figure 2
depicts the phonon-skyrmion coupling strength versus the
distance between the magnetic tip and the skyrmion, as well
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FIG. 2. (a) The cooperativity Crs = 4A%S /(YmYsky) and coupling
strength Arg are displayed as a function of the distance hrg from
the magnetic tip to the skyrmion qubit. Shaded areas indicate
strong coupling regions Ats > max{ysky, ¥}. The dissipation rates
of skyrmions and phonons used in the calculation of the cooperativ-
ity is ¥,,/2m =1 kHz and ysiy /2w = 1 MHz, respectively. (b) and
(c) depict the relationship between the coupling strength and mag-
netic tip shape. The parameters hry,, #,, and r, represent the height
of the magnetic tip, the radius of the upper bottom surface, and the
radius of the lower bottom surface, respectively.

as the magnetic tip geometry. The coupling strength decreases
with increasing distance hrs, as illustrated in Fig. 2(a). It
should be noted that this hybrid quantum system is capable
of entering the strong-coupling region [the shaded region in
Fig. 2(a)]. Figures 2(b) and 2(c) demonstrate that the cou-
pling strength increases as the magnetic tip becomes sharper
(smaller r,). In the subspace {|0), | 1)}, the interaction Hamil-
tonian can be simplified to

N A
Ars = —f(a +ahHes, ©9)

where 6% = [1)(1] — [0)(0].

Since the resonance frequency of the skyrmion qubit (GHz)
is significantly greater than that of the mechanical mode
(MHz), we employ the dressed state technique to establish
resonance here. In other words, we realize the resonance
between the mechanical oscillator and the qubit by applying
microwave drive to the qubit and converting it to the dressed
state basis [74,110]. The microwave-driven Hamiltonian is
computed in the same method as the interaction Hamiltonian
from Eq. (6) to Eq. (9). With the microwave drive B, =
By cos(wmwt e, polarized in the z direction, the Hamiltonian
of the microwave drive can be expressed as

6SUb,

Hmw = QmW COos (wmwt) z (10)

where By and wp, are the magnetic field amplitude and
frequency of the microwave drive, respectively. Qpy =
gupBS/2 denotes the microwave-drive strength.

C. The phonon-skyrmion hybrid quantum system

The total Hamiltonian of the hybrid quantum system is
represented as

Hrrs = Hsy + Hyy + Hrs + Hi. (11

In this case, the Hamiltonian ﬁSky is not diagonalized. The
eigenstates of the Hamiltonian ﬁSky are |y,) =cosf|l) —
sinf#|0) and |Y¥_) = sin@|1) 4 cos #]0), and the correspond-
ing eigenenergies are & = £+ A2 + B;/2 with tan(20) =
Bo/Ap. In terms of |;) and |/_), the Hamiltonian Hgyy
can be expressed as ﬂSky = a),,&f /2, where the resonance
frequency of the skyrmion qubit is denoted by w, = &, — £_.
In the subspace {|/;), [y_)}, the interaction Hamiltonian Hrs
and the microwave-driven Hamiltonian H,, reduce to

. A
Hrs = _%(a +a")[cos(20)6P +sin(26)6P],  (12a)
Huw = Qumw €08 (wmyt)[c0s(20)6° + sin(20)67]  (12b)

with Pauli operators 6° = [y, ) (Y| — [¥_)(¥_| and 67 =
[y (W—| 4+ [¥_){(¥y|. If the &, qubit is supposed to work
near the degeneracy point, subsequently cos(260) ~ 0 and
sin(26) ~ 1 can be obtained. The term containing cos(26)
can therefore be removed, reducing the Hamiltonian (12a) and
(12b) to

Frs =~ @ +a)3?, (13a)
Hiny = Qumw €08 (@mwt)GP. (13b)

The Hamiltonian of the &, qubit
Airess = %&ZD + Qi €08 (@52 (14)

can be diagonalized by the eigenstates |J+) =cos B|Y4) +
sin B|y_) and |Y_) = sin Bly4) — cos Bly—), with the cor-
responding eigenenergies £y = +1/2+/ Agmw + Q2. Here
Agmw = ®g — Wmy and tan(2B) = Quyw/Agmw. In this case,
the total Hamiltonian of the hybrid system is

~

N w A .
Arrs = 7"@ + wpd'a — %(a +ah)

X [sin(28)6, — cos(28)64], (15)

where &, = & — &, 8, = [V }(y| — [W-) (|, and 8, =
[ WY (| + |¥_){¥.|. We can attain sin(28) < cos(28) by
modifying the microwave drive, and then Hamiltonian (15)
can be represented as

~

A w, . _
Hrrs = 7‘1@ + ond'a + Ars(a +a'eé,, (16)

where the coupling strength is defined as Ats = Ars cos(28).

III. MODULATION OF THE SKYRMION QUBITS
BY A SINGLE MECHANICAL OSCILLATOR

A. Modulation of the phonon-skyrmion coupling strength

To manipulate the coupling strength of the system, a volt-
age drive is used to alter the stiffness coefficient of the
mechanical oscillator [110,111]. The hybrid system with the
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FIG. 3. (a) The effective coupling strength AT versus the
squeezed parameter r. (b) displays the squeezed parameter r as a
function of the ratio Qg/A,,. (c) and (d) depict the influence of a
two-phonon drive on the dynamics of a hybrid quantum system. The
skyrmion occupation is defined as (66 _). The other parameters are
Ay = A AT = A,/ cosh(2r), A, =20Ars, Ysiy/27 =0, and
Vm/2w = 0.

mechanical oscillator driven by a voltage can be described by
the Hamiltonian (see Appendix D)

. A N .
Hrrs = 7"@ + Apata+ irs(aé, +at6.)

Qe .
- @ +ah (17)
with the detunings defined as A, =@, —wr and A, =
wm — wp. Employing the Bogoliubov transformation b =
acoshr —a'sinhr [111,116,117], we transform the Hamil-
tonian (17) into the squeezed picture resulting in

. A R R
Hylg = Tqa + ATHTh 4+ 28 (b4 b6, (18)

with A®f = A, /cosh(2r). The phonon-skyrmion coupling
strength A8 = Argexp(r)/2 is increased exponentially
[Fig. 3(a)]. The squeezed parameter r is related to the ratio
of the voltage drive Q2 and detuning A,,, which is defined as
tanh(2r) = Qg /A, [Fig. 3(b)]. We introduce the parameter
8c = /A A to characterize the different coupling regions.
Considering the near-resonance condition A, ~ AT, it re-
duces to g. ~ A, The region of ultrastrong coupling (USC)
is defined as 0.1 <A /g, = A /AT <1, and the region
of deep strong coupling (DSC) is localized as AeTfo /8c =
2SI/ ACT > 1 [118]. As shown in Fig. 3(a), as the squeezing
parameter r increases, the system can gradually transition
from the strong coupling (SC) region to the USC region, and
finally can enter the DSC region. The dynamical evolution of
the Hamiltonian (18) in the SC region and near the USC and
DSC boundary is illustrated in Figs. 3(c) and 3(d), which is

described by the Lindblad master equation

p = —i[As, ] + ymDIB] + ysiyDI6-1+ ysiyDI6:1, (19)
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FIG. 4. (a) A scheme of skyrmion-skyrmion interactions medi-
ated by phonons. (b) As the squeezed parameter r grows, the effective
coupling strength A increases exponentially. (c) and (d) depict
direct state conversion between two skyrmion qubits in the absence
(r = 0) and presence (r = 4) of the parametric drive, respectively.
The parameters used here are ysky = 0.5A1s, ¥ = 0.1h1s, AT =

102¢%, and A, = 0.

where D[O]- = O - OT — {070, -}/2 is the Lindblad operator
and {y,, ¥sky} is the dissipation rate of the system. Here, the
decay D[b) of the phonon, the decay D[6_] and the dephasing
D[6,] of the skyrmion qubit are considered. It can be seen
that in the SC region (r = 0), the Hamiltonian (18) can be
approximated as a Jaynes-Cummings model and the dynamics
of the system behaves as a standard Rabi oscillation. As the
squeezing parameter r increases and the system enters the
USC or even DSC region (r = 1.5), the Hamiltonian (18)
will be described only by the Rabi model, in which case the
occupation of the phonons can be larger than one.

B. Phonon-mediated effective skyrmion-skyrmion interactions

This section investigates skyrmion-skyrmion interactions
mediated by a single mechanical oscillator. Two skyrmions
depicted in Fig. 4(a) are situated on opposite sides of a can-
tilever. When a voltage drive is applied to the mechanical
oscillator, the Hamiltonian of the hybrid quantum system is
displayed as

A~ w, - .
Hrsrs = Tq(a; +62) + wpd'a + Ars(a+a')

x (6] = 67) — Qpcos Qupt)(@+a'y.  (20)

X

Transforming to the squeezed picture gives

A

Aq A1 A2 ff 777
H’ls“gTS = ?(O—z + oz) + A; bTb
+ A5+ bH(6)! —67). Q21

The foregoing analysis shows that the coupling strength AS%T
is enhanced exponentially. The effective skyrmion-skyrmion
interaction can be achieved by adiabatically eliminating the
phonon modes. Utilizing the Schrieffer-Wolff (SW) trans-
formation U = e with € = —i, § = P(6! — 62), and P =
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FIG. 5. (a) Modulation of multi-skyrmion interactions utilizing
an oscillator array. (b) The hopping rate between phonons can be
controlled by the applied voltage U. The parameters utilized here
are d = 100 um, & = 100 nm, and C = 0.1 fF. (c) depicts the SSH
model obtained from the mechanical oscillator array in (a).

xS/ A (BT — b) [119,120], the effective Hamiltonian of the
hybrid quantum system is

Higrg = A (5)3 - 52)2, (22)
where the effective coupling strength can be calculated by
ASE = 812 /AT Figure 4(b) shows that when the squeezed
parameter r increases, the coupling strength increases expo-
nentially and can approach the strong coupling region. The

dynamical evolution is described by the Lindblad master
equation

b = —i[Hpdrs. B] + YmDIb] + ysiyDIG_1 + ysiy D61,
(23)

where D[O]- = 0 - 0" — {070, -}/2 is the Lindblad oper-
ator. As illustrated in Fig. 4(c), in the absence of the
parametric drive, the effective skyrmion-skyrmion coupling
strength is weak and there is no state conversion between
the skyrmion qubits. When the parametric drive is applied,
the skyrmion-skyrmion coupling increases exponentially, and
state conversions between the skyrmions occur [Fig. 4(d)].
The phonon modes are adiabatically eliminated due to the
large detuning condition, and hence their occupation is
always 0.

IV. MODULATION OF THE SKYRMION QUBITS BY A
MECHANICAL RESONATOR ARRAY

A. Hamiltonian of the hybrid system

In the preceding section, we explored the skyrmion-
skyrmion interaction mediated by a single mechanical res-
onator. When we expand the single mechanical resonator into
a resonator array, the dynamics of the hybrid quantum sys-
tem become more enriched. The different resonators in the
array can couple to each other by capacitances, as shown in
Fig. 5(a), and the coupling strength can be calculated by com-
puting the electrostatic energy of the circuit. The Hamiltonian
of the coupling of skyrmion qubits and the oscillator array can

be written as (see Appendix E)
asq Ay, .
Hyrvs = Z > % + Z b, by
+ Y Gb6} + Hee) + Y Gu(blbysr + Hee)).

(24)

Here, we have assumed A;ff ~ A4 > G,. All the parameters
in Eq. (24) are defined as G = AT = Arsexp(r)/2, G, =
¢ = g, exp(2r)/2, and Q,, = A", It is worth noting that
the bare hopping rate g, = z3U2C*C3,/[h*(2C + Cw)?] (see
Appendix E) can be modulated by varying the applied voltage
U [Fig. 5(b)].
We begin to investigate the characteristics of the oscillator
array, defining its Hamiltonian as
Hon = ) Qubiby+ ) Gu(Bjbu1 +Hed.  (25)

n

In this case, we consider a spatial period of 2, which allows
us to obtain the Su-Schrieffer-Heeger (SSH) model, and the
Hamiltonian of the phonon modes simplifies to

Apn = Q,(AA, + B}B,)
n

+ ) (GiAB, + G:BjA,41 + Hee),

n

(26)

where A, (B,) is the annihilation operator for phonons in
sublattice A (B) [Fig. 5(c)]. By altering the voltage U, the
coupling strengths G; = G(1 4+ §) and G, = G(1 — §) can be
changed (see Appendix F). Through the Fourier transform

N N
A 1 Ty A IN 1 in A
Ak = — €7lknAn, Bk = —= eilkans (27)
2 wE

the Hamiltonian of the phononic bath can be reduced to

G|+ Gze_ik Ak
N o

where the periodicity condition is applied. The dispersion re-
lations of the phononic bath are determined by diagonalizing
Hamiltonian (28), i.e.,

Qo

g AT RT
HPh - (Ak Bk)(Gl 4 Ggeik

Qp = +Gv2(1 + 82) + 2(1 — §2) cos k (29)

with €, as the energy reference. These two dispersion rela-
tions can be further described as Q. (k) = —Q_(k) = Q(k)
because they are symmetric with regard to the zero energy.
Figure 6(a) depicts the dispersion relation with a band gap
4G|5|. As the squeezed parameter r grows, the band gap of
the phononic bath becomes much larger [Fig. 6(b)].

B. A single skyrmion qubit coupled to the phononic bath

We investigate the properties of the hybrid system com-
posed of a single skyrmion qubit and the phononic bath with
a topological band structure. The interaction Hamiltonian of

023067-5



XUE-FENG PAN et al.

PHYSICAL REVIEW RESEARCH 6, 023067 (2024)

2 0.3 000
o @)
3 /\ —A OO oo
% 0 4G 18| 0.01 8 (e) 8
X &)
) <. o o
A 5 \/ _20)3 (c) OOQOO
- 0 n  -10 0 10 o
Wavelength k& Jjth site Skyrmion
—8r:O--- r=05 - r=1
w J(0) 03 0299,
= | -7 m=B OO %
) N o /’,/ o
I N ! () B %o o°
o 0 n -0 0 10
Wavelength k Jjth site Vacancy

FIG. 6. (a) Dispersion relations for the phononic bath with § = 0.25. (b) The dispersion relation is affected by the two-phonon drive. Here,
8 = 0.25 is used. (c) and (d) show chiral skyrmion-phonon bound states. The parameters are Egs = 0, G = 0.4G, and § = 0.25. The probability
amplitudes of the phonon excitation on sublattices A and B correspond to light and dark gray, respectively. (¢) A SSH chain with periodic
boundary conditions. A skyrmion qubit is coupled to a site of sublattice A. (f) The skyrmion coupled to a site of sublattice A is replaced by a
vacancy to obtain a bare phononic open SSH chain with (2N — 1) sites [121,122].

the system in k space is
ve 9D
2N

Z ~n,B t[kx,, ¢(k)](05 +ﬁk)+HC

AmA ks, 7
it = G e (G — Br)

30
m 0

where & /By = [+Ay + €?®B,1/+/2 are the eigenoperators
of the phonon modes on a diagonal basis, respectively. The
interaction between the skyrmion qubit and the sublattice A
(sublattice B) is denoted by dﬁA (613 ). x,, denotes the posi-
tion of the cell and ¢ (k) = arg[G| + G, exp(—ik)]. When the
skyrmion qubit and phononic bath are coupled, the topological
features of the phononic bath are inherited via the skyrmion-
phonon interaction. When the frequency of the skyrmion qubit
equals the zero-energy mode, it becomes an effective bound-
ary of the phonon lattice, confining the phonon excitations to
its one side only [123,124]. The wave function in the single
excitation subspace can be expressed as

mM

'Sk (€2))

W)= |[Cor+ D G

k s=AB

lg)[vac),

where C, is the probability amplitude of the spin in the excited
state, and (7" indicates the probability amplitude that the
phonon excitation exists in different sublattices when the spin
is coupled to the sublattice m = A/B in the j = O cell. The
notations sk {AT,B }, lg), and |vac) denote the creation
operator for phonon modes in k space, the ground state of the
skyrmion qubit, and the vacuum state of the phonon mode,

respectively. By
Egs|¥ps), we have

solving the equation Hyjrysl¥ps) =

C.E b4 ik j
cr, = 9 BS/ dk—— . (2
: )L — 2k
C, )
ct =7 / dk—(2 e : (32b)
AT 2r )L R S92
Ggc, (~ Q(k)ei[kjﬂb(k)]
ch, = dk——————, 32
kBT o /_,, B2 — Q2(k) (32¢)
CeE T ik j
cp, = 9CEns / dk—— . (320
: ) EL — (k)

where we have employed the Fourier transform to derive the
distribution in real space. Figures 6(c) and 6(d) show the
phonon mode localization on the right side of the skyrmion
qubit when it is coupled to sublattice A, and on the left side
of the skyrmion qubit when it is coupled to sublattice B.
Figure 6(e) illustrates that the SSH chain can be represented
as a circle under periodic boundary conditions. A skyrmion
qubit is coupled to one of the sites of sublattice A. Figure 6(f),
on the other hand, shows the site of sublattice A coupled to
a skyrmion qubit is replaced with a vacancy. In this case,
the skyrmion-phonon bound state obtained in Fig. 6(e) is
one-to-one mapping with the edge state obtained in Fig. 6(f),
as demonstrated in Ref. [125]. In other words, the skyrmion-
phonon bound state corresponds to the left and right edge
state appearing in the topological phase, and the skyrmion
coupling induces an effective boundary in the phonon SSH
chain [123-126]. It is worth noting that for § = 0, the chain of
mechanical oscillators is reduced to a trivial phononic chain,
at which case the chirality of the skyrmion-phonon bound
state will vanish [127,128].
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FIG. 7. (a) and (c) show that the chirality of the skyrmion-
phonon bound state disappears when Eps # 0 (r =0), but it
reappears when the squeezed parameter r is adjusted, i.e., the
squeezed parameter r can modulate the chirality of the skyrmion-
phonon bound state [(b) and (d), » = 2]. The parameters are G =
0.4G and § = 0.25.

In the preceding discussion, we assumed Egs = 0. Next,
we analyze the case Eps # 0. Figures 7(a) and 7(c) illus-
trate the distribution of phonon excitations in real space for
Egs = 1.1G and Egg = —1.1G, respectively. It is obvious that
when Egg # 0, the chirality of the skyrmion-phonon bound
state disappears. When we increase the squeezed parameter
r, the chirality of the skyrmion-phonon bound state returns,
as can be seen in Figs. 7(b) and 7(d). In other words, by
modulating the two-phonon drive to the mechanical oscillator,
we can manipulate the system chirality. The phenomenon
can be explained by Fig. 6(b). When the squeezed parameter
r = 0, the nonzero Egg cannot satisfy the condition Egs = 0,
and then the chirality will disappear, but as the squeezed
parameter r increases, the band gap also increases, and then
the condition Egg ~ 0 approximates to be valid and the chi-
rality reappears. For the case m = B, the local direction of the
skyrmion-phonon bound state will be reversed, as shown in
Figs. 6(c) and 6(d).

C. Multiple skyrmion qubits coupled to the topological
phonon bath

Subsequently, we investigate effective skyrmion-skyrmion
interactions that are mediated by chiral skyrmion-phonon
bound states. The interaction between skyrmion qubits is
generated by exchanging virtual phonons. For § > 0 and
with Markov approximation, the Hamiltonian of the effective
skyrmion-skyrmion interaction can be expressed as (see Ap-
pendix G) [123,126,129]

Ass=— "G, ;(6{67 + Hc), (33)
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FIG. 8. (a) and (b) depict two models with skyrmion qubits
coupled to distinct sublattices. The dynamical evolution of the cor-
responding models is shown in (c) and (d), and it can be seen that
altering the coupling points can modulate the skyrmion-skyrmion
interaction. In (c) and (d), we assume that G = 0.1G and § = 0.25.
(e) and (f) correspond to (c¢) and (d), respectively, and by adjusting
the parameter § = 0.25 to § = —0.9, the chiral skyrmion-skyrmion
interactions are modified, i.e., the skyrmion-skyrmion interactions
are controllable by modifying the phonon hopping rate. The scat-
tered dots in (c)—(f) illustrate the results of the dynamics simulations
obtained using the analytical solution (34), which are consistent with
the simulations using the original Hamiltonian (24) (the curves).

where the coupling strength is defined as Gf?/ BB — 0 and

G (= 1)”!( S)Xff >

G (1-8 >0

AB G(146 ’ =

Gi,j — (1+8) \1+46 (34)
0, Xij < 0.

Then we perform numerical simulations for the dynamics
of the hybrid system. Three skyrmion qubits are separately
coupled to three mechanical oscillators in a mechanical os-
cillator array consisting of 10 cantilevers [Figs. 8(a) and
8(b)]. The effective skyrmion-skyrmion interaction in the hy-
brid quantum system is chiral because it is generated by a
chiral skyrmion-phonon bound state. It can be adjusted by
altering the position of the skyrmion-coupled sublattice and
the hopping rate between phonons. The initial state of the
three qubits is |¥sky, ) [¥sky,) | ¥sky,) = |g)e)|g) and that of the
phonon is |vac). First, we analyze how to modulate the effec-
tive skyrmion-skyrmion coupling by adjusting the coupling
position of the skyrmion qubits. As indicated in Fig. 8(a),
skyrmions 1 (Sky;), 2 (Sky»), and 3 (Sky3) are coupled to sub-
lattices B,, A3, and By, respectively; however, in the second
scenario, Sky, Sky,, and Sky; are coupled to sublattices A,,
B3, and Ay, respectively [Fig. 8(b)]. Figures 8(c) [8(e)] and
8(d) [8(f)] illustrate the simulation results for the two cases,
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respectively. Because of the chirality of the skyrmion-phonon
bound state, there is only an interaction between Sky, (Sky;)
and Skys (Sky,), without coupling to Sky; (Skys), as shown
in Fig. 8(c) [8(e)]. When the position of the coupling of the
skyrmions is changed, however, there is an interaction be-
tween Sky; (Sky,) and Sky, (Skys) without coupling to Skys
(Skyy), as illustrated in Fig. 8(d) [8(f)]. The second approach
modulates the effective skyrmion-skyrmion interactions by
modifying the hopping rate between phonons, which can be
accomplished by changing the voltage U. In Fig. 8(c) [8(d)],
we take § = 0.25, and then G| > G, indicating that there is
an interaction only between Sky, (Sky;) and Skys; (Sky»),
but when § = —0.9, we have G| < G,, implying that there
is an interaction only between Sky; (Sky,) and Sky, (Skys),
as illustrated in Fig. 8(e) [8(f)]. In other words, by merely
altering the voltage U, we can modulate the chirality of the
skyrmion-skyrmion interaction.

V. EXPERIMENTAL FEASIBILITY

In the following, the experimental feasibility of the sug-
gested hybrid quantum system is analyzed. Both experimental
and theoretical investigations of skyrmions have made signif-
icant progress. Skyrmions are predicted to exist in triangular-
lattice frustrated magnets NiGa,S, [130,131], FexNi;_4Br,
[132-134], «-NaFeO, [135,136], and square-lattice frustrated
magnets Pb, VO(PQOy), [137]. Bloch skyrmions have been dis-
covered experimentally in triangular-lattice Gd,PdSis [138]
and Gd;RuyAl, [139] via the topological Hall effect. Here, we
suppose that the parameters of the skyrmion are the effective
spin S = 20, the lattice spacing @ = 0.5 nm, the interaction
strength 71 = 1 meV, the anisotropy energy 0.13 meV, the
applied external magnetic field 30 mT, and the electric polar-
ization Pr = 0.2 C/m [60,64]. To manipulate the resonance
frequency of the skyrmion qubit, the electric field gradient
80 V/m is added. Based on the parameters mentioned here,
we can calculate that the radius of the skyrmion is ~6 nm
[61] and the resonance frequency of the skyrmion qubit is
wy/2m ~ 2 GHz.

Here, we assume that the geometric parameter of the
cantilever is (/, w,t) = (5.6 wm, 0.05 wm, 0.04 um). With
the cantilever mass density p =2329 kg/m? and the
Young’s modulus E = 1.3 x 10" Pa [110,140], we de-
rive the phonon resonance frequency w,/2mw = 3.516 X
tEJ/12p /1> ~ 10 MHz. The magnetic tip is assumed to be
composed of a uniformly magnetized truncated cone and a
nonmagnetized protective layer [115], with the upper bot-
tom surface radius, lower bottom surface radius, magnetized
layer thickness, and nonmagnetized layer thickness being
rq = 40 nm, r, = 160 nm, A1, = 180 nm, and sy = 10 nm,
respectively. At a distance of 20 nm from the magnetic tip, the
magnetic field gradient is G ~ 1.74 x 107 T/m, with the tip
magnetization strength uoM; = 2.4 T [115]. We can calculate
the skyrmion-phonon coupling strength Ars /27 ~ 3.56 MHz.
In this case, we suppose that the original phonon dissipation
is 1 kHz. Taking into account the parametric amplification
of dissipation, we eventually assume that the phonon dissi-
pation is y,,, /27 = 0.1 MHz. The dissipation of the skyrmion
qubit is ysky /2 = 1 MHz. The cooperativity of the system is

Crs = 4)»%5/()/,")/51(},) ~ 507 > 1, i.e., the system can reach
the strong coupling region [2].

VI. CONCLUSION

We propose a hybrid quantum system composed of
skyrmion qubits and nanomechanical cantilevers, and show
that the coherent coupling between them can reach the strong
coupling regime. It is feasible to modulate the skyrmion
qubit by employing phonons as quantum interfaces. Firstly,
we show the enhancement and modulation of the skyrmion-
phonon coupling strength by modulating the two phonon
drive. Even ultrastrong coupling of the system can be ob-
tained by increasing the squeezed parameter r. Furthermore,
by adiabatically eliminating the phonon modes, we establish
strong skyrmion-skyrmion interactions. When considering a
coupled resonator array, the long-range skyrmion-skyrmion
interactions by exchanging virtual phonons can be realized
[128]. More interestingly, when a skyrmion qubit is cou-
pled to a topological oscillator array, we can obtain a chiral
skyrmion-phonon bound state, and we can alter the chirality
by changing the squeezed parameter r. Utilizing the chiral
skyrmion-phonon bound state, chiral skyrmion-skyrmion in-
teractions can be obtained. It can be modulated by altering the
coupling position of the skyrmion qubit or the hopping rate
between phonons. The highly controllable hybrid quantum
system suggested here offers a feasible platform for quantum
technologies and quantum information.
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APPENDIX A: THE CLASSICAL SKYRMION

A skyrmion is a centrosymmetric vortex-structured spin
texture. The skyrmion in the frustrated material, in particular,
possesses an internal degree of freedom: helicity ¢,. Accord-
ing to the Ginzburg-Landau theory [63], the Hamiltonian of
the skyrmion in frustrated material can be represented as

2 2
H= /d?[—%(V;s)z 4 L (V2s)? — A+ X 2}.

_‘S‘7
2 a? a’ 't

(AD)

The vector s is the normalized spin vector, defined as s =
S/IS| = (sx, Sy, 5;), employed to describe the spin direction at
location ¥ = (0, ¢), where p and ¢ are the polar coordinate
variables. We have assumed that the skyrmion is in the xy
plane, with its center at the coordinate origin. For a classi-
cal skyrmion, s = [sin ©(p) cos ®, sin O(p) sin @, cos O(p)]
with ® = ¢ + @y. Minimizing the energy H yields the classi-
cal stationary solutions ®( and ®(. Here we take the approx-

imate solution ®g = 7 /y/p? + 1 exp(—Vrep) cOS(—Vimp)

with Ve = Re(Y), Vim = Im(Y), Y =V -1+ V)2,V =
VI =4(h+«k.),h=H/J, and k, = K/ J,.
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APPENDIX B: THE SKYRMION QUBIT

The collective coordinate quantization approach has been
thoroughly discussed in Ref. [60,64,112,113], and the main
process of the method will be described here. The partition
function of the skyrmion studied here is

= /Ds exp [iS(s, §)] (B1)
with action S = [ di L, where £ denotes Lagrangian
£=35 / dr[AGs) - § — F] (B2)

with gauge potential 2 = {[1 — €4 - (e X 5)]/(€s) - s}e€o.
A(s)-s = (1 —cos®)P can be obtained by using ¢ =
(cos @, sin ®, 0) and e = (— sin D, cos P, 0). F is the en-
ergy density functional, which is defined as

H K,
_ZSZ + _2SZ’ (B3)
a a

f———(v 2+ ‘72“ 220 (vis) -

Based on the global symmetry of the model, we can get s —
M(¢p)s, where M(gy) is given by

cosgy —singy O
M(go) = | singy  cosgy  O]. (B4)
0 0 1

By introducing the vector n = /1 — cos ®s/ sin ®, the gauge
potential can be redefined as 2A(n) = dpn. Based on the
collective coordinate quantization method, we introduce §
constraints [113,141]

/DgoODGZJ%J@ZS(Fl)S(Fz) =1 (B5)
with

HZ/WW%%@—ML

1 -
5=X/mmmymw—mmn (B6)

SF 2
T Je,
o ‘
which eliminate zero modes. The Jacobians of the transfor-
mation are J,, and Jg, . We express the field as its classical
solution plus its correspondlng quantum fluctuations, intro-
ducing n =1 + Y and An) = cAny) + ; The parameter
c ensures that the transformations described above are canon-
ical. And applying the constraint P — &, = F,, we can get

_ GZ—fdrE~3¢n

fdrgl(no) dgn

In other words, we can derive the path integral in phase space
retaining the canonical form f dtdrl(n) - n = f dtS, ¢y +

[ dtdrg - p. In order to simplify the analysis of the transfor-
mation of the energy functional F, the transformation

S, — [dr(r, 1)3,P(r, 1) ~
A
O(r,t) = Dolr, po(t)] + &, 1)

J</70 =

(B7)

M, t) =

Io(r, t) + n(r, 1),

(B8)

is introduced, ensuring that the canonical form of the Wess-
Zumino (WZ) term [ driid = 6,9, + [ drné is maintained.
Basedon S = f dt L and Eq. (B2), we can derive the real-time
action as [141]

S= ;/dtd‘ep(l - H)—/d??—[ez, (B9)

where ® = 9,® and IT = cos ©. Please keep in mind that
we only discuss the construction of &, qubits, which can be
described by the Hamiltonian

_ H K , .
He, =S dr —;sl + ESZ — EPgae, - P |, (B10)

where the electric polarization P =&, X (s x dzs) + &, X
(s x d5s). To manipulate the energy levels of qubits, we in-
troduce an external electric field in the z direction. Defining
dimensionless parameters Jn = J1, £ = / /T, F = rla,
and7 =1t /I, one can obtain

S:S/dtdrd)(l — H)—/dl’HGZ, (B11)

where

He. = /dr(—i_zzsZ + &,s7 — 88, - P). (B12)
The coefficients in Eq (B12) are defined as h, =HS/Jy,
k. =KS8/Jn, &, =a EPES/jA, and P =ée, x (§ X 0,8) +
&, x (s x dys) [57,60]. According to transformation (B8), the
Hamiltonian (B12) can be expressed as

He, —IGG —h6 — &, cos ¢y, (B13)

where ¢y and &, denote the collective coordinate and its
conjugate momentum, respectively. The terms » and &, which
are associated with magnon fluctuations, have been ignored
here. The coefficients in Hamiltonian (B13) are defined as

- _ (1 — cos ©)?
r ,
[ dr(1 — cos ©)*

K; = K;

h. = h., (B14)

_ in(20
B = EZ[dr|:8,,®o + M]
2p

The operatorization of the collective coordinate and the cor-
responding momentum gives @y and 6,, satisfying S. Lls) =
sls), @olgo) = polgo), e #ls) =|s 1), and [@o, &.] =i.
The Hamiltonian of the skyrmion qubit can thus be reduced
to

7—[6 = KZG h S, — E. cos Qo. (B15)

The eigenstates and eigenenergies of the skyrmion qubit can
be derived by solving the Schrodinger equation 7:[@7 We(po) =
E,Wi(po). Substituting the Hamiltonian (B15) into the
Schrodinger equation, the damped Mathieu equation can be
obtained [142,143]

2 g Qfx g‘z
Oy, — thdy, + == + = cos g [Ws(po) = 0 (B16)
K

z Kz
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AN

FIG. 9. A schematic diagram of the magnetic tip.

Tip S NM

where Wi(¢o) = (pols) and Wy(po) = Wy(@o + 27). Utilizing
the Liouville transformation W,(¢g) = ¥(@o) exp(ihgo/2)
[142], the damped Matthieu equation Eq. (B16) can be sim-
plified to the standard Matthieu equation

04, Vrs(0) + [t + g cos @o1¥5(¢0) = 0 (B17)
with eigenvalues and eigenfunctions
Ms(N, —24.)
O = ——
4
(B18)
Yilpo) = D €0M;(4aty, —245, 90/2),
j=C/S

where o, = h*/4 + €,/ and ¢, = &./k.. Odd solutions,
even solutions, and characteristic indices are denoted by
Mg, M, and N, respectively. Because it is demonstrated
in Ref. [60] that the energy level of Hamiltonian (B15) is
inhomogeneous, we can truncate the energy level of the &,
qubit to the subspace {|0), |1)}. The Hamiltonian can then be
reduced further as Eq. (3).

APPENDIX C: MAGNETIC FIELD GENERATED
BY THE MAGNETIC TIP

The magnetic tip is modeled here as a uniformly magne-
tized truncated cone with a nonmagnetized protecting layer in
the top cross-section (Fig. 9) [115]. The z component of the
magnetic field generated by the magnetic tip is

M, —SNM
M;) l f f8..1/B.2d7,
T —htip—snm
_ 1
T IRE) + P+ (2= 2PV
R(@)—p* = (@ -2)
(R(Z)+ p)? + (z — 2)? E(q) + K(q)], (Clc)

B.(p,2) = (Cla)

SB.1 (C1b)

fB.2= |:

and the radius of the magnetic tip at position 7’ is defined as

Ya —Tp

R(Z) = @+ s\m) + 7a (C2)

htip

The upper and lower surface radiuses of the mag-
netic tip are represented by the symbols r, and rp,
respectively. The height of the uniform magnetization of the
tip and the thickness of the nonmagnetized layer are denoted

by hrip and snu, respectively. The complete elliptic integrals
of the first and second kinds are given by

/2 do
E(q) = T (C3a)
0 +1—¢%*sin"60
/2
K(q) = / V1 —g?sin” 6do. (C3b)
0

After some computations, we discover that the gradient of
the magnetic field generated by the magnetic tip at z can be
approximated as that produced by the magnetic tip at (0, z) in
the range we are interested in. The magnetic field produced by
the magnetic tip at z can then be simplified to

M. —SNM
B.(0,z2) = Koy / fo i fe ,d7, (C4a)
27 —hTip—SNm v
= ! (C4b)
Bl IR () 4 (2 — 7)1/
o _T|RO-@-2?
=== 41| (4
T 2 [Rz(z/) + (@ —2) - (¢

Taking the first-order derivative of Eq. (C4a) results in the
magnetic field gradient

8BZ(O’ Z) _ MOMY TiNM P Q /
3z = 4 /; —W — W dz s (CSa)

Itip—SNM

2R+ (-2 —2)

TR+ (2 — )PP
2(z—2)

S C5b
+R2(z/)~l—(z—z’)2’ (©0)

_ RX(Z)— (z —2)? /
Q B |:1 * RZ(Z/) +(z— Z/)z](z — )’ (CSC)
R? = [R*(Z) + (z — )12, (C5d)
R? = [R*(Z) + (z — )T~ (C5e)

Considering the magnetic tip parameters r, = 40 nm, r;, =
160 nm, At = 180 nm, syv = 10 nm, and puoM; = 2.4 T,
the magnitude of the magnetic field gradient generated by the
magnetic tip at a distance of z = 20 nm fromitis G =~ 1.74 x
107 T/m.

APPENDIX D: NONLINEAR RESOURCES
INDUCED BY LINEAR DRIVES

In this section, we derive the two-phonon drive induced by
the linear drive. The mechanical oscillator driven by a voltage
can be described by the Hamiltonian

N 1
A, =2 4 K2,

2m ®h

where k(t) = ko + kg(t) and kg(t) = 0F,/dz. The electro-
static force generated by the electrode is defined as F, =
3(C,V)?/(20z), where C, = €S/(d + 2) = €p€,5/(d + z) de-
notes the capacitance of a parallel plate capacitor with the
effective area S, the vacuum permittivity €y, the relative per-
mittivity €,, and the distance between the two plates (d + z).
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Assuming V (t) = Vp + V), cos(2wgt), we can derive the time-
dependent stiffness coefficient kg () = Akg cos(Qwgt) with
Akp = 2€0€,SVyV,/d>.

After driving the mechanical oscillator, the Hamiltonian of
the hybrid system is given by

. @ ha b
Hrrs =7‘1crz+wma’ha+)qs(a+a )6

— Qg cosQupt)@" + a)?, (D2)

where Qp /27 = —AkEzg /(2w h). Transforming to a rotating
frame with the frequency wg and utilizing the rotating wave
approximation, one can get Eq. (17).

APPENDIX E: THE MECHANICAL OSCILLATOR ARRAY

In this section, we will analyze in detail the interactions
between the different oscillators in the array of oscillators. The
different resonators in the array can couple to each other by
capacitances, as shown in Fig. 5(a), and the coupling strength
can be calculated by computing the electrostatic energy of the
circuit. The interaction between the oscillators is given by the
Hamiltonian [75]

Hy, = gij(@] + a;)(@} + a;) (E1)
with the coupling strength denoted as
32W1
2 e

ij =8=20 7 lz=0- E2

81 =8= 255 lz=0 (E2)

7o is the zero-point fluctuation of the mechanical oscillator,
and W, = —U? /2CsCy /(Cx + Cy) is the electrostatic en-
ergy of the circuit with Cy = C(1 — z;/h) + C(1 — z;/h). The
average distance between the electrodes is supposed to be A,
and the distance between two lattice points is assumed to be
0, which are connected by wires with self-capacitance Cy =~
€00. The capacitance of the electrode is denoted by C. Then
the hopping rate between the resonators can be calculated
from g = Z2U*C2C}, /[h*(2C + Cw)?]. It is worth noting that
the hopping rate g can be modulated by varying the applied
voltage U [Fig. 5(b)]. The hopping rate is g/27 ~ 0.12 MHz
when U =1 V, and it can reach g/2m ~ 12.33 MHz for
U=10V.

According to Eq. (D2), the interaction between the oscil-
lator array and the skyrmion qubits can be described by the
Hamiltonian

Jei _ Wq At A
MTMS = 701 + Wmd; d;
i i

+ Y Rrs(a; + a6
i

+ Y 8@ +a)a; +a))
]

— Z Qg cosQwgt ) (a; + &,T)z. (E3)

Here, we only consider the interactions between the nearest
neighbors. By transforming to a rotating frame with frequency
wg and employing the rotating wave approximation, Eq. (E3)

can be simplified to

. A,
Hyvtvs = Z 7610; + Z Andla,
n

n

+ ) drs(@6} +He)
+ > 8@} +Hee)

1
= 5%l +aj). (E4)
where g, = z3U?C?>Cj,/[h* (2C + Cw)*]. Utilizing the
Bogoliubov  transformation (b, = &, coshr — &,T, sinh r)

[111,116,117] and disregarding the anti-rotation term, we
have Eq. (24).

APPENDIX F: TUNING THE HOPPING RATE TO
IMPLEMENT A SSH CHAIN

The hopping rates G; and G, between phonons depend
on the voltage U. One can realize the SSH model by ad-
justing the voltage U. At the beginning, it is assumed that
the hopping rates between phonons are all equal, i.e., G| =
G, = G, corresponding to a voltage of Uy. By adjusting the
voltage U we get G; = (1 4+ 6)G and G, = (1 — §)G, corre-
sponding to the voltages U; and U, respectively. Using g, =
ZU2C?CE /[ (2C + Cw)*] and G, = g, exp(2r,,)/2, we get

Z(%UECZC%V exp(2ry)

G| = & exp(2r)) =

2 R2Q2C + Cy ) 2
JUsC*Cy 2
— (14 8) 20 C O _ P
B2Q2C+Cy)y 2

2172022 (F1)
75U C°Cy,  exp(2r2)

h22C + Cy )3 2
Z(Z,UOZCzC%, exp(2ry)
h2(2C + Cy )? 2

Then we can obtain the dependence of § on squeezing param-
eter r and voltage U as

Gy = % exp(2ry) =

=(1-19)

2 2
§=1-— U_2€2(r2*"0) — U_leZ(rlfro) —1.

F2
Uz Uz (F2)

That is, we can realize the modulation of § by adjusting the
voltage U or the squeezing parameter r, and it satisfies the
relation

U= 4+ Uge* ™) = 2U;. (F3)

In particular, when r| = r, = rg, one can obtain U 12 + U22 =
2U02. That is, we need to adjust the voltages to U; > U, and
Uz < U().

APPENDIX G: SKYRMION-SKYRMION INTERACTIONS
MEDIATED BY CHIRAL SKYRMION-PHONON
BOUND STATES

Here we analyze the skyrmion coupling to sublattice A as
an example. By solving the secular equation H;,?TMSWBS) =

023067-11



XUE-FENG PAN et al.

PHYSICAL REVIEW RESEARCH 6, 023067 (2024)

Egs|yps) and the Fourier inverse transform [129], the real-
space phonon profile is given by
C.E b4 ik j
cr, = 9 BS/ dke—— ., (Gla
’ 2 —x Ejg— Q%(k)
C, [T Qk)elki-¢®
cr, =9 / a0
' 2 ), Egg — Q%(k)

(G1b)

For the case Egs = 0, calculating the integral (Gla), we
can easily obtain C,/: 4 = 0. Integral (G1b) can also be com-
puted to obtain

GC(=1)] (1-8\J 'S0
C/?,B —G(1+6)(1+5) ) J./ ) (G2)
0, j<O0.

This skyrmion-phonon bound state can be used to me-
diate chiral skyrmion-skyrmion interactions by exchanging
virtual phonon. For § > 0 and in the Markovian limit,
the chiral skyrmion-skyrmion interaction can be written as
[123,126,129]

Hss = - G (6167 + He), (G3)

i<j

where the coupling strength is defined as fo/;/ BB — 0 and
G2 (=)'l (1=§\Xij o

GAB = | G+5) (m) » %y 20, (G4)
b O, Xij < 0.
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