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3Institute of Physics PAS, Aleja Lotnikow 32/46, 02-668 Warszawa, Poland

4ICREA, Pg. Lluís Companys 23, 08010 Barcelona, Spain
5Faculty of Physics, University of Warsaw, ul. Pasteura 5, PL-02-093 Warsaw, Poland

(Received 23 June 2023; accepted 12 March 2024; published 15 April 2024)

Dynamical generation of strong and scalable quantum resources, like many-body entanglement and Bell
correlations, in spin-1/2 chains is possible with all-to-all interactions, either for constant interaction strength
realizing one-axis twisting protocol or for power-law decaying potentials. We show, however, that such quantum
resources can also be dynamically generated with a finite range of interactions. We identify a threshold range
and indicate a threshold time when scalable quantum correlations appear. Finally, we show that the certification
of generated states is accessible in modern quantum simulator platforms.
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I. INTRODUCTION

The potential for future quantum technologies is fuelled
by resources [1–3] which are the quantum coherence and the
triad of many-body nonclassical correlations: entanglement
[4], Einstein-Podolsky-Rosen (EPR) steering [5], and the Bell
nonlocality [6]. As such, the main goal of quantum technolo-
gies in the next years is generation, characterization, storage,
and certification of many-body quantum states [7].

The archetypal model allowing generation of scalable
quantum resources is a spin-1/2 chain undergoing one-axis
twisting (OAT) [8,9]. In the OAT protocol, the dynamics
is governed by a nonlinear Hamiltonian with all-to-all,
i.e., infinite-range, spin couplings, while initially spins are
polarized along a direction perpendicular to the Hamiltonian
axis. The OAT protocol dynamically generates metrologically
useful spin-squeezed states [9–12], many-body entangled,
and the many-body Bell-correlated states [8,13–34]. It
was realized experimentally with ultracold systems utilizing
atom-atom collisions [35–38], atom-light interactions [39,40],
Rydberg atoms [41–43], arrays of trapped ions [44,45],
and superconducting qubits [46–48]. There are theoretical
proposals for the OAT simulation with ultracold atoms in
optical lattices [31,49–55]. All these proposals are based on
the presence of the all-to-all couplings. However, the question
of whether such long-range interactions between elementary
spins are necessary for scalable quantum resources has been
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weakly addressed. Particularly important is the determination
of the minimal interaction range and the rate at which the
resources are generated.

Here, we attempt to answer this question by focusing on the
many-body Bell correlations [23,25,51]. We consider dynam-
ics of spin-1/2 chains governed by an OAT-type Hamiltonian
but with finite-range couplings. We find analytically that a
minimal range allowing scalable many-body Bell correlations
is 4 and is independent of the total number of spins N . We
characterize the depth of these correlations as a function of
the interaction range, and N , and determine the threshold time
at which they emerge. Finally, we show that the dynamically
generated quantum states possessing many-body Bell corre-
lations can be certified with the help of present experimental
techniques in the state-of-the-art platforms for quantum simu-
lators [43,45,56,57].

This manuscript is organized as follows. In Sec. II we
introduce our model and discuss the main properties of the
many-body Bell correlator that is well-suited to detect quan-
tum correlations in this system. In Sec. II A we identify the
universal interaction range beyond which the Bell correlations
are dynamically generated in the spin chain. Next, in Sec. II B
we show that there exists a threshold time, scaling inversely
with the number of spins, at which the correlations emerge.
In Sec. II C we argue that the range of two-body interac-
tions translates onto the strength of Bell correlations, while
in Sec. II D we show how these correlations can be efficiently
measured with modern experimental techniques. We present
some concluding remarks in Sec. III, while some details of
analytical calculations are presented in the Appendixes.

II. SPIN CHAINS AND BELL CORRELATIONS

Let us consider a one-dimensional chain of N spins-
1/2, with open boundary conditions, described by the
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FIG. 1. (Top panel) An illustration of a chain of spins (spheres
with arrows) interacting by means of finite-range interactions (lines).
(Bottom panel) Visualization of the spin connectivity in a chain of
N spins for different interaction ranges r. The three panels show
nearest-neighbor interaction with the range r = 1 (left), finite-range
interaction with r = 4 (middle), and the all-to-all type of coupling
with r = N − 1, present in one-axis-twisting-like protocols (right).

following Hamiltonian:

Ĥ =
N∑

k,l=1

Jkl σ̂
(k)
z σ̂ (l )

z , (1)

where Jkl is the coupling strength (in units of h̄) of the
kth spin interacting with its lth partner. Here we take the
finite-range interaction potential governed by the rectangular
function Jkl = 1 for 0 < |k − l| � r, and 0 otherwise. The
range r changes from r = 1 (nearest-neighbor couplings) to
r = N − 1 (all-to-all couplings), see Fig. 1. An experiment
[58] showed a high degree of control over the distance-
selective interactions Jkl .

In the following we consider a dynamical generation of
quantum resources, namely, many-body entanglement and
many-body Bell correlations. The protocol starts with the
uncorrelated spins polarized along the x axis, orthogonal to
the z axis distinguished by the Hamiltonian Ĥ , namely, the
initial state for the dynamics is

| + 1〉⊗N
x =

[
1√
2

(| + 1〉z + | − 1〉z )

]⊗N

, (2)

a so-called spin coherent state, and by | ± 1〉x we denote an
eigenstate of the x-axis Pauli operator with a ±1 eigenvalue.
Next, we evolve the system with the time-evolution operator
Û (τ ) = e−iτ Ĥ , i.e., the state of the system of spins after
time τ is

|ψ (τ )〉 = Û (τ )| + 1〉⊗N
x . (3)

During the evolution, the two-body interaction in Ĥ correlates
spins. In the limiting case of the all-to-all interactions,
r = N − 1, the system dynamics is equivalent to OAT,
where the many-body entanglement and Bell correlations of

arbitrary depth can be generated [51]. A well-suited tool to
address questions posed in the Introduction is the many-body
Bell correlator

EN (τ ) = |〈σ̂ (1)
+ · · · σ̂ (N )

+ 〉|2. (4)

Alternatively, we will use a normalized logarithm of this
correlator, namely,

QN = log2 (2NEN (τ )), (5)

where the rising operators are taken along the x axis, i.e.,
σ̂

(k)
+ = 1

2 (σ̂ (k)
y + iσ̂ (k)

z ) [51]. This choice of orientation is
dictated by the observation that the OAT dynamics generates
Greenberger-Horne-Zeilinger (GHZ)-type superpositions of
|1〉⊗N

x and | − 1〉⊗N
x states at time τ = π/4.

To see how EN relates to the local-hidden-variable (LHV)
theory, replace each σ̂

(k)
x/y with a c-number quantity σ

(k)
x/y that

can take binary (±1) values depending on the random hidden
variable λ. The locality resides in the assumption that σ ’s
depend only on a single label k, while realism implies the
presence of a probability distribution p(λ) for the hidden
variable. Hence, a classical counterpart of EN consistent with
the LHV theory is

E (LHV)
N =

∣∣∣∣
∫

dλ p(λ)σ (1)
+ (λ) · · · σ (N )

+ (λ)

∣∣∣∣
2

. (6)

Employing now the Cauchy-Schwarz inequality and the fact
that for binary outcomes |σ (k)

+ (λ)|2 = 1/2, we obtain the
bound E (LHV)

N � 2−N , which is the N-body Bell inequality
[24]. Note that in Eq. (6) we did not assume that the N
subsystems are described by quantum mechanics. If that were
the case, the restriction that the quantum spin lies within the
Bloch sphere would yield |〈σ̂ (k)

+ (λ)〉|2 � 1/4, where the mean
denotes the trace with the single-qubit density matrix. Hence
the violation of the inequality EN � 4−N implies the presence
of entanglement in the system; for details see Ref. [23].

Among these two limiting cases of the structure of the
bounds (EN � 4−N and EN � 2−N ), there is a large set
of inequalities obtained under assumptions of quantum-
mechanical restrictions for some subset of N parties.

Note that the violation of the Bell inequality EN > 2−N ,
or equivalently, QN > 0 [see Eq. (5)], ensures entanglement
and the EPR steering in the system [5]. To summarize, E (LHV)

N
from Eq. (6) is consistent with the LHV theory and hence sets
the Bell limit. The correlator EN from Eq. (4) is its quantum
equivalent, designed to witness nonclassical correlations in
many-body systems. Furthermore, large EN implies strong
Bell correlations. To see this, take the maximally nonclassi-
cal state, the GHZ state |ψGHZ〉 = 1√

2
(| + 1〉⊗N

x + | − 1〉⊗N
x ),

which gives the largest value of the Bell correlator (4), i.e.,
EN = 1

4 , or more conveniently for this purpose, QN = N − 2
[see the right-hand side of Eq. (4)]. If a single spin is corre-
lated to the remaining quantum state of N − 1 spins by a LHV
theory, similarly to Eq. (6), we obtain the maximal value of
QN = N − 3. Hence, QN > N − 3 implies that the nonlocality
encompasses all the spins, and we say that the nonlocality
depth, denoted with ν, is ν = N . These considerations can be
generalized to other integer values of QN , and when

ν − 3 < QN � ν − 2, (7)
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then up to ν spins are Bell correlated. For further analysis we
introduce the fraction of the Bell-correlated particles defined
as β = QN/N . For more on nonlocality depth and the related
depth of entanglement, see Refs. [19–24,59].

A. Universal threshold interaction range

In the following we find an N-independent threshold range
r allowing for the generation of Bell correlations witnessed by
EN during unitary time evolution, Eq. (3). First, we note that
in general, the exact numerical calculation of the correlator in
Eq. (4) is exponentially hard, as it requires working in the full
many-body basis of dimension 2N with access to the N-body
operator σ̂

(1)
+ · · · σ̂ (N )

+ . However, in the considered scenario
where [Ĥ, σ̂ (k)

z ] = 0, as we have found, Eq. (4) with Eq. (3)
can be exactly and with no approximations expressed as

EN (τ ) =
∣∣∣∣∣∣2−2N

∑
σ,σ ′

e−iτ (Hσ−Hσ′ )σ1 · · · σN

∣∣∣∣∣∣
2

, (8)

where Hσ = ∑N
k,l=1 Jklσkσl , and the sum runs over the vectors

of eigenvalues of σ̂ (k)
z operators, i.e., σ = (σ1, . . . , σN ) and

σ ′ = (σ ′
1, . . . , σ

′
N ), over 2N combinations of σ1, . . . , σN and

σ ′
1, . . . , σ

′
N , which take values of ±1. The formula in Eq. (8)

allows for the exact calculation of the Bell correlator for
the high number of qubits (here up to N = 300), since the
exponentially growing dimensionality of the Hilbert space is
no longer a computational constraint (for derivation details see
Appendix A).

Let us consider first the marginal cases. For the afore-
mentioned range r = 1, the Bell correlator is given by the
analytical formula EN (τ ) = sinN (τ ) cos3N−4(τ ). This expres-
sion has a maximum maxτ (EN ) ≈ 2−1.6N+1 at τ � π/6, which
is exponentially smaller than the Bell limit 2−N . Equivalently,
QN = −0.6N + 1, and the deviation from the Bell limit QN =
0 becomes larger with N . Therefore, the nearest-neighbor
interactions cannot generate many-body Bell correlations in
our case. The other extreme case is the all-to-all interactions
with r = N − 1, which was considered in detail in [51]. This
case realizes the OAT protocol, and the Bell correlations are
present from τ � 1.5/N . At τ = π/4, the N-body GHZ state
is formed [50,54,55], and the correlator in Eq. (4) reaches its
maximal value EN = 1/4, which is exponentially larger than
the bound in the N-body Bell inequality.

In Figs. 2(a)–2(d) we present the time evolution of the
correlator QN (τ ), calculated using Eq. (8), for different in-
termediate ranges 1 � r � 5 and for all-to-all couplings r =
N − 1 for various spin numbers N = 64 (panel a), 128 (b),
256 (c), and 300 (d). We observe that the correlator only
breaks the Bell limit QN > 0 when r � 4 even for large N .
This is the first indication of the presence of a threshold range.
However, it must be verified whether the value of r = 4 is
universal, i.e., independent of the system size. To this end, we
focus on

Qmax
N ≡ max

τ
QN (τ ), (9)

i.e., maximized QN with respect to τ calculated for different
N’s. In Fig. 2(e) we show Qmax

N as a function of the num-
ber of spins N and for various values of 1 � r � 5. For a

FIG. 2. (a)–(d) The Bell correlator QN (τ ) for N =
64, 128, 256, 300 spins as a function of time τ for the
interaction range: r = 1 (thin-solid-black), r = 2 (dotted-blue),
r = 3 (dashed-dotted-green), r = 4 (thick-solid-red), r = 5
(dashed-orange) and r = N − 1 (solid-dark-blue). The values
QN > 0 mark the region where the many-body Bell inequality
is violated. (e) The first maximum of QN with respect to time,
Qmax

N , as a function of the total number of spins N for various
r ∈ [1, 5]. (f) The exponent of the Bell correlator in the scaling
with N , approximated as Qmax

N ≈ γ N + const, or, equivalently,
2N maxτ EN (τ ) ∝ 2γ N . The growth of scalable many-body Bell
correlations with N is manifested by positive γ when r � 4.

given r and large N , these maximal values lie on a straight
line determining an exponent γ in the exponential scaling
of EN ∝ 2(γ−1)N . In Fig. 2(f) we present the value of γ as a
function of the interaction range. For r � 4 we find positive
exponents indicating that the degree of the Bell inequality
violation becomes higher with growing N , in contrast to the
case of r � 3. Therefore the change in the sign of γ indicates
qualitatively different scaling regimes of the Bell correlations.

The observed behavior of Qmax
N and γ (r) > 0 for r � 4

demonstrates that r = 4 is indeed a threshold range at which
the Bell correlations are detected. Crucially, Qmax

N increases
with growing N , indicating scalable Bell correlations in this
system [24]. Remarkably, although r = 4 in the limit N � 1
is a short-range interaction encompassing an intensive number
of neighboring spins, the system still exhibits an increasing
degree of violation of the Bell inequality with increasing sys-
tem size. The invariance of the threshold range with respect to
the number of spins proves its universality.

Qualitatively, the strengthening of Bell correlations with
growing r can be explained as follows. To generate the
GHZ-like coherence, which is the witness of Bell corre-
lations [see Eq. (4)], one needs to flip all the spins and,
hence, to act with an N-body operator B̂N = σ̂ (1)

z · · · σ̂ (N )
z

on the input state, since σ̂z| + 1〉x = | − 1〉x. Note that
the evolution operator coupling any pair of spins is
e−iτ σ̂ (k)

z σ̂ (l )
z = cos(τ ) − i sin(τ )σ̂ (k)

z σ̂ (l )
z . As r grows, each spin

couples to more neighbors, and the number of possible com-
binations of interacting terms giving the operator BN grows
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FIG. 3. (a) The threshold time τc at which the Bell correlator
passes the Bell limit, QN = 0, as a function of interaction range r.
The dashed curves correspond to the limit r � N , while solid curves
correspond to the limit r  N . The latter collapses onto the same
line. (b) The maximal fraction of correlated spins β = ν/N as a
function of range r, see Eq. (7).

exponentially, consequently increasing EN (τ ). This growth
is, however, balanced by the exponential decay of the am-
plitude of the initial state. The eventual observation of the
Bell inequality violation is, thus, the effect of the competition
between the two indicated mechanisms. In order to formalize
these observations, we developed the spin-inversion asymp-
totic expansion theory; for quantitative explanations using a
diagrammatic approach1 and the details on the asymptotic
theory, see Appendix B.

B. Threshold time

As evident from Figs. 2(a)–2(d), the interaction range r
determines the threshold time τc, at which Bell correlations
emerge. This dependence can be extracted from Eq. (8) as
follows. For an arbitrary internal spin coupled with 2r neigh-
bors, the sum over σk = ±1 vanishes unless the corresponding
phase term e−iτσk (σk−r+···+σk+r ) oscillates quickly enough. The
sum in the parenthesis is at most equal to 2r, and hence
the phase factor will vary significantly between σk = −1 and
σk = 1 if τ · 2r � 1. Thus, the Bell correlator becomes sig-
nificantly nonzero if τc � a/r, where a is some constant. The
scaling of τc, which is inversely proportional to the interaction
range, is confirmed by exact solution of the dynamics gener-
ated by Eq. (1). In Fig. 3(a) we identify the threshold time τc

when QN surpasses the Bell limit for different values of large
N = 80, 100, 120, 140, for which r  N and small N = 8,
10, 12, 14, where r � N . The observed behavior shows that
for large systems, τc becomes independent of the system size.
By changing r from the threshold value r = 4 to r = N = 14
we recover the scaling τc ∝ 1/N characteristic to the all-to-all
coupling case [51].

C. Fraction of Bell-correlation spins

In Fig. 3(b) we present the dependence of the fraction of
Bell-correlated spins β = ν/N as a function of the range r,
deduced from Qmax

N , see Eq. (7). In the limit of N � r, the
results follow the universal curve. This can be understood as

1For intermediate values of r, in our open-access repository [95]
we provide examples of the time evolution of EN (τ ) obtained analyt-
ically for concrete values of N and r.

FIG. 4. The dynamics of the estimated many-body Bell correla-
tor QN for (a) N = 4, (b) N = 6, (c) N = 8, and (d) N = 10 spins
with interaction range r = 4 (lower curves), and all-to-all connec-
tions r = N − 1 (upper curves). Solid blue lines present exact results,
while red circles represent the value of the reconstructed many-body
Bell correlator from the classical shadows tomography. Standard
deviation is marked as a shaded area.

follows. Using the asymptotic exponential scaling for large N ,
i.e., QN ≈ γ (r)N [see the discussion below Eq. (9)], we can
estimate the nonlocality depth by νN ≈ QN up to corrections
on the order of 1/N . Then, the fraction β ≈ γ (r), which
shows that for large N , β becomes independent of N , as is
observed in the figure. This relation uncovers the physical role
of the exponent of EN as a concentration of Bell-correlated
particles. Therefore, we find the range not only controls the
threshold time τc, but also the number of Bell-correlated clus-
ters in the system.

D. Many-body Bell-correlation certification

Measuring higher-order quantum correlations is challeng-
ing. However, the many-body correlations considered here
can be certified by inspecting only one element of the
density matrix, which couples the state with all spins up,
with the state with all spins down in the x basis, see
Eq. (4). As such, the problem of many-body Bell-correlation
measurement can be cast as a quantum-state tomography
task [60–76].

With the full many-body calculations, we simulated tomo-
graphical reconstruction of the density matrix with classical
shadows tomography [77–86], which was employed for
trapped ions [87–89] and Rydberg atom arrays [90]. We pre-
pared ten reconstructions of the target density matrix 
̂(τ )
at a given time τ , where each reconstruction consists of M
classical shadows. From each reconstructed 
̂(τ ) we extracted
the Bell correlator, and based on the generated collection, we
estimated the mean and standard deviation of the reconstruc-
tion E∗(τ ) ≡ 2Q∗

N (τ )−N . In Fig. 4 we demonstrate that Bell
correlations quantified by QN (τ ) (solid blue lines) can be suc-
cessfully certified by the tomographically reconstructed mean
value Q∗

N (τ ) (red circles) with standard deviation (shaded ar-
eas) for N = 4, 6, 8, 10 spins with the interaction range r = 4,
and the all-to-all couplings when r = N − 1. We prepared
a M = 105N classical shadow for N = 10 and r = 4, and
M = 104N otherwise

An alternative method to measure considered Bell correla-
tions relies on the multiple quantum coherences [91,92], see
Appendix C.
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III. DISCUSSION AND CONCLUSIONS

We showed that all-to-all spin couplings are not neces-
sary and that an OAT-type Hamiltonian with finite-range
interactions only is sufficient to efficiently generate scalable,
many-body entanglement and Bell correlations, which can
be measured with classical shadows tomography or multiple
quantum coherences measurements.

Recently, preparation of spin-squeezed states on varia-
tional quantum circuits was proposed [93]. On the other
hand, our results have important consequences for digital
quantum computers, aiming to generate scalable many-body
entanglement and Bell correlations dynamically. In a single
trotterization step of the OAT the number of two-qubit en-
tangling gates scales quadratically with the number of qubits
[46–48,94], while for the finite-threshold-range interactions
considered here, it scales linearly.

The data presented in this article is available from [96].
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APPENDIX A: APPENDIX ON DERIVATION OF EQ. (8)

We begin by invoking a general expression for the density
matrix of N qubits, which is


̂in =
∑
σ,σ ′


σ,σ ′ |σ〉zz〈σ ′|, (A1)

where

σ̂ (k)
z |σ〉z = σk|σ〉z, (A2)

and the double sum over σ and σ ′ is a shortened notation for
2N sums over σ1, . . . , σN = ±1 and σ ′

1, . . . , σ
′
N = ±1. Since

the Hamiltonian contains only σ̂ (l )
z operators, it is natural to

use as the basis the product of eigenstates of N z-axis Pauli
matrices. Hence, the action of the evolution operator on each
such ket is formally equivalent to replacing all Pauli operators
in Eq. (1) with a corresponding set of σ numbers, i.e.,

e−iĤτ |σ〉z = e−iτ
∑N

k,l=1 σ̂ (k)
z σ̂ (l )

z |σ〉z ≡ e−iτHσ |σ〉z. (A3)

Therefore, the output state becomes


̂out (τ ) = e−iτ Ĥ 
̂ineiτ Ĥ =
∑
σ,σ ′

e−iτ (Hσ−Hσ′ )
σ,σ ′ |σ〉zz〈σ ′|.

(A4)

Since the correlator EN is calculated with the product of N
operators raising the spin projection along the x axis, it is
convenient to change the basis using[

| + 1k〉z

| − 1k〉z

]
= σ̂ (k)

x + σ̂ (k)
z√

2

[
|mk = +1〉z

|mk = −1〉z

]
, (A5)

where σ̂ (k)
x +σ̂ (k)

z√
2

is the so-called Hadamard matrix. Equa-
tion (A5) can be equivalently expressed as

|σk〉z = 1√
2

∑
mk=±1

σ
1−mk

2
k |mk〉x, (A6)

σk = ±1, where the right-hand side is expressed in the eigen-
basis of x-axis Pauli operators. Substituting this result into
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Eq. (A4), we obtain


̂out (τ ) = 1

2N

∑
σ,σ ′

e−iτ (Hσ−Hσ′ )
σ,σ ′

×
∑
m,m′

|m〉xx〈m′|
N∏

k=1

σ
1−mk

2
k σ

′ 1−m′
k

2
k , (A7)

where the vector m = (m1, . . . , mN ), and σ̂ (k)
x |m〉x = mk|m〉x.

The correlator couples the two extreme elements of the den-
sity matrix: the one where all spins are up, | + 1〉⊗N

x , with that
where all are down, | − 1〉⊗N

x . Hence it can be expressed by a
single element of 
̂out (τ ), namely, the coherence term between
these two elements. By setting all m’s to −1 and all (m′)’s to
+1, we get

EN = |x〈+1|⊗N ρ̂out (τ )| − 1〉⊗N
x |2

=
∣∣∣∣∣∣

1

2N

∑
σ,σ ′

e−iτ (Hσ−Hσ′ )
σ,σ ′σ1 · · · σk

∣∣∣∣∣∣
2

, (A8)

as invoked in Eq. (8) of the main text for the case of the input
state Eq. (3), which yields 
σ,σ ′ = 2−N .

APPENDIX B: DIAGRAMMATIC SPIN-INVERSION
ASYMPTOTIC EXPANSION THEORY

To capture the physical mechanism of the correlations’
enhancement beyond the universal threshold range r = 4,
we resort to an asymptotic diagrammatic expansion of the
many-body state coefficients in the number of spin inversions
throughout the evolution. The proposed method provides in-
formation about the time dependence of EN , enabling the
estimation of the threshold time and indicating the origin of
enhanced correlation at the threshold range r = 4.

We consider first the part of the Hamiltonian from Eq. (1),
which couples a single pair, i.e., Ĥkl = Jkl σ̂

(k)
z σ̂ (l )

z . Then, un-
der the action of Ĥkl , we obtain

e−iτ Ĥkl |1k〉z|1l〉z = f̂kl |1k〉z|1l〉z, (B1)

where f̂kl = cos(Jklτ ) − i sin(Jklτ )σ̂ (k)
z σ̂ (l )

z . The action of the
second term in the operator f̂kl inverts the spins due to the
property σ̂ (k)

z |1k〉z = |−1k〉z unless the distance d = |k − l|
exceeds the range r. Since the evolution of the state is given
by a product of the terms from Eq. (B1),

|ψ (τ )〉 =
∏
k,l

f̂kl | + 1〉⊗N
x , (B2)

we can represent the final state diagrammatically as a se-
quence of dots (each corresponding to the initial state of the
individual spin) and lines connecting pairs of dots. To each
line connecting a pair we assign either the amplitude cos(τ )
and an unchanged state of the pair, or the amplitude −i sin(τ )
to a pair with inverted spins.

The final state is the sum over all possible assignments to
all the lines and all possible ways of connecting the pairs of
spins that are compatible with the distance of the interaction.
In such a case the nontrivial lines can connect only points
that are not further apart than the distance r, and there are in
total K ≡ r(2N − r − 1)/2 of such lines. We now apply this

FIG. 5. (a) An example of diagrams for r = 3 and N = 10. Three
disconnected cluster diagrams are visible. (b) The classes of clusters
including 2, 4, and 6 spins (A2,4,6) for r = 3. Ra/b

x→y and Exy with x, y =
1, 2, 3 mark extended and closing cluster diagrams as explained in
the main text. (c), (d) The classes of cluster diagrams with one (two)
unconnected spins are marked with blue (red) points. The green lines
close the cluster, and the blue lines exchange the classes between one
and two unconnected last spins. The red line extends the diagram
within the same class.

diagrammatic method to calculate the EN at short times and
identify at which r the correlator crosses the Bell limit.

a. Diagrammatic approach

Here we describe the diagrammatic method allowing for
physical insights regarding the origin of the threshold inter-
action range r = 4. We begin by analyzing the number of
possibilities of forming the diagrams Pr for small values of
r. We show that the number of diagram classes in the case
of r = 4 exceeds those of r = 3. As a result, new additional
diagrams appear for r = 4, which describes a correlation that
spreads over the whole chain and thus increases the exponent
of P4(N ).

To proceed, we first investigate the case r = 3, see
Fig. 5(a). As can be seen from the diagram, which is an exam-
ple for N = 10, there are clusters or blocks of spins between
which there are no lines. The positions of such different clus-
ters can be exchanged, leading to an exponential scaling with
N due to many permutations when N grows. These clusters,
including k = 2, 4, and 6 spins, which form classes A2,4,6, see
Fig. 5(b), can appear anywhere in the chain.

For comparison, in the case r = 1 only a single class A2

from Fig. 5(b) contributes, which contains just a single ele-
ment. As a result, there are (N/2)! such permutations built
from the same diagram, and thus P1 = (N/2)!/(N/2)! = 1.
In the case r = 2, in addition to class A2, the first diagram
from class A4 from Fig. 5(b) contributes. Here, we can per-
form the summation analytically and, after straightforward
calculations, we obtain P2(N ) = FN/2+1, where Fn is the nth
Fibonacci number. For large N we have P2 ∝ eln φ N/2, which
confirms the exponential scaling with the exponent (ln φ)/2 ≈
0.241 determined by the golden ratio φ.
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Importantly, in the case of r = 3 there is a single cluster
diagram, the class denoted by R1→1 in Fig. 5(b), which can be
extended up to arbitrary k � N spins by adding a single line
shown in red starting from the blue point. The notation Rp→q

is meant to denote a recursive type of diagram that brings
p open points to q open points in the cluster. This extended
cluster diagram can be terminated at any point by adding the
green line as shown in the diagram denoted by E11. Interest-
ingly, such a cluster can include all spins. The appearance
of such extended diagrams increases the exponent of Pr to
0.427, which we found by a simple fit, and so approximately
by a factor of 2 compared to the case r = 2. This increase,
however, is insufficient to reach the Bell limit.

For the case r = 4, the situation changes qualitatively. Sim-
ilarly to the r = 3 case, small cluster diagrams appear in the
expansion, but now the class of extended diagrams is much
larger. In Fig. 5(b) we show examples of diagrams which end
with one unbound spin (blue). Not only can the cluster be
closed by adding one of the green lines from classes E1, j with
j = 1, 2, 3, but also it can be further extended by using the
red line from class R1→1. Alternatively, the diagram can be
converted to a cluster ending with two spins, as in class R1→2.
Next, such diagrams can be closed [using green lines from
classes E2,1/2/3 in panel (c)], or converted to a diagram with
one unbound spin [as in panel (b)], by using blue lines from
class Ra/b

2→1. As a consequence, by fitting an exponential, we
find 0.563 for the exponent P4. For completeness, we mention
that we found the exponent to be 0.670 for r = 5.

The increase of the exponent of P4(N ), relative to the r = 3
case, is sufficient to surpass the Bell limit. Such long-range
cluster diagrams have a much larger contribution in the case
r = 4 than for r = 3. For instance, for N = 10 there are 15
different cluster diagrams embodying all the N spins for r = 4
compared to a single diagram for r = 3. As a result, the rate of
increasing Pr (N ) as a function of N is larger with increasing r
and leads to crossing the Bell correlations limit when r = 3 is
increased to r = 4.

b. Expansion of correlator EN

The correlator EN (τ ) from Eq. (3) can be conveniently
rewritten in the form

EN (τ ) = |C+(τ )|2 |C−(τ )|2, (B3)

for the pure state from Eq. (B2), where C+ (C−) is the ampli-
tude of finding all spins up (down) along the x axis. Therefore,
in order to calculate the amplitude C−, we need to count all
the processes that lead to the spin inversion of all N spins,
and in order to obtain C+ we have to take into account all
the processes that resulted in no net spin inversion of the
initial state. Our approach is to consider only those diagrams
in which each spin inverted the fewest number of repetitions,
which is justified for short times.

We first determine C−(τ ), focusing on the dominating
process where all the spins have inverted only once. Diagram-
matically, each pair of points is connected only once with a
line with the amplitude −i sin τ , and there are N/2 such lines,
while all the remaining K − N/2 lines have amplitudes cos τ .
Therefore, the coefficient C− is given by

C− ≈ Pr (N )(cos τ )K−N/2(−i sin τ )N/2, (B4)

FIG. 6. (a) The comparison of exact (solid) and approximate
(dashed) numerics for N = 16 and r = 3 (red), 4 (blue), 5 (black).
The parameters used are (Pr, Rr ) = (491, 40) for r = 3, (3116, 76)
for r = 4, and (12483, 120) for r = 5. (b) The behavior of Ẽmax as
a function of the range r for various values of N = 12, 14, 16, 18,
20. The solid line is a guide to the eye. The value of Ẽmax is positive
for r = 4, which signals the existence of τcrit for the Bell inequality
violation as given by Eq. (B10).

where Pr (N ) denotes the number of possibilities of forming
the diagrams.

A similar expansion holds for C+, but now we count the
diagrams with the least number of lines with the amplitude
−i sin τ , which results in no net spin inversion. In the zeroth
order, no spin inversions occur, resulting in the scaling of
cosK τ . In the first order, such diagrams contain three lines
where the three spins i, j, and k are mutually connected and
subject to the constraint that all the distances between the pairs
fall within the range of the interaction. By the symbol Rr (N ),
we denote the number of such diagrams for the given range
r and the number of spins N . We thus arrive at the following
expression:

C+ ≈ (cos τ )K + Rr (N )(cos τ )K−3(−i sin τ )3. (B5)

For r = 1 we have only a single diagram with only nearest-
neighbors being connected, and thus Pr=1 = 1 and Rr=1 = 0.
As a result, we recover the exact formula cited in the main
text, namely,

EN (τ ) = sinN (τ ) cos3N−4(τ ). (B6)

For small values of r or N , the actual numbers for Pr and
Rr can be found by counting the number of permutations
or from analytical solutions [95]. In the large N limit, Rr

scales linearly with N , and Pr scales exponentially with an
r-dependent exponent. This exponential growth of Pr with a
sufficiently large exponent is responsible for surpassing the
Bell limit and observation of nonlocal correlations.

In Fig. 6(a) we compare our asymptotic expansion of EN

from Eq. (B3), calculated with Eq. (B4) and Eq. (B5) for
N = 16 and the range r = 3 (red), 4 (blue), 5 (black). From
these examples we see that the proposed approach via the
asymptotic spin-inversion expansion works sufficiently well
for the correlator EN , as it captures the short-time behavior
as well as the approximate time of crossing the Bell limit for
r � 4. For r = 3 the theory quantitatively shows that the limit
is not surpassed.

c. Gaussian approximation

To gain further insight into the expansion method, we ap-
proximate the powers of cosines by Gaussian functions, sines
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with the first order in τ , and K − 3 ≈ K in the second term of
|C+|2, which is valid for large N . In this way we obtain

|C−|2 ≈ P2
r τN e−(K−N/2)τ 2

, (B7)

|C+|2 ≈ e−Kτ 2(
1 + R2

r τ
6
)
. (B8)

Furthermore, in the region of τ where the Bell inequality is
violated, and around the maximum of EN , we can neglect
the first term in |C+|2, which yields our intermediate-time
approximation,

EN ≈ P2
r R2

r e−βN τ 2
τN+6, (B9)

where we introduced the exponent βN = 2K − N/2.
Now we estimate the time of crossing the Bell limit, and, as

a result, we show that the approximate expression in Eq. (B9)
describes the observed numerical behavior, i.e., that for r = 3
the Bell threshold is not surpassed and for r � 4 we observe
the violation of the inequality. However, our approach, being
asymptotic in nature, does not accurately capture the threshold
time τc, where the Bell limit is surpassed, due to its systematic
underestimation that manifests in a small offset. In Fig. 6 this
offset is not visible, but it can be larger for larger values of r.

To determine τc, we expand ln(2NEN ) around the maxi-
mum, which is reached at the time τmax = √

(N + 6)/(2βN ),
up to quadratic terms in τ − τmax. The Bell limit EN = 1/2N

is reached at

τc ≈ τmax −
√
Ẽmax

2βN
, (B10)

which is meaningful, i.e., τc ∈ R, only when Ẽmax � 0, and
where the maximum of the scaled logarithm is

Ẽmax

N
= 2 ln(PrRr )

N
−

(
1 + 6

N

)
ln

1

τmax
+ ln 2 − 1 + 6

N

2
.

(B11)

Due to the linear scaling of Rr with N , the first term on the
right-hand side extracts the exponent of Pr in the first ap-
proximation. The second term, which decreases Ẽmax, comes
from the factor τN in the expansion of C− originating from
the requirement that all the N spins have to be inverted during
the dynamics. In Fig. 6(b) we present the function Ẽmax as a
function of the range r for various N’s. The time τcrit from
Eq. (B10), when the Bell threshold is reached by EN , exists
if Ẽmax � 0. We find that for r � 3, Ẽmax is negative and for
r � 4 it is positive, resulting in a physically meaningful τc.

Physically, EN (τ ) quantifies how fast the initial state, given
by |C+(τ )|2, is depleted, and in order to surpass the Bell

inequality, the state with all the spins inverted, given by
|C−(τ )|2, has to be populated fast enough. The population in
|C−|2 is exponentially enhanced as r increases due to a larger
number of diagrams with spin pairs inverted by interaction.
On the other hand, τc decreases with increasing r, causing
significant reduction ∝ τN of |C−(τ )|2. The two processes
compete, and in order to surpass the Bell limit, Pr has to be
large enough. We note that Rr also plays a role in the above
considerations, since the first term in the expansion of |C+|2,
which leads to Gaussian decay, is insufficient to describe the
violation of the Bell limit.

APPENDIX C: MEASURING MANY-BODY BELL
CORRELATOR WITH THE MULTIPLE QUANTUM

COHERENCES

The multiple quantum coherences (MQCs) technique
provides extensive information about the structure of a many-
body state. It allows for the relation of the quantum correlators
with other physical quantities, such as the out-of-time-order
correlations [91,92]. The MQC is defined upon picking some
observable Â and expressing a density operator in terms of the
eigenstates and eigenvalues of Â as follows:


̂ =
∑

m

∑
λi−λ j=m


i j |ψi〉〈ψ j | ≡
∑

m


̂m, (C1)

where Â|ψi/ j〉 = λi/ j |ψi/ j〉. The MQC is defined as a norm
of the fixed-m part of the density matrix, namely, Im(
̂) =
Tr[
̂†

m
̂m]. In the multiqubit case considered in the current
work, we consider

Â = 1

2

N∑
k=1

σ̂ (k)
x (C2)

and m = N/2 to obtain

IN (
̂out (τ )) = EN (τ ). (C3)

The IN (
̂) is directly accessible in the laboratory, as shown in
Ref. [91] for N = 6 qubits.

For a more detailed discussion of the physical significance
of the MQCs, their measurements, and the relation to the
out-of-time-order correlations, see Ref. [92] and references
therein.
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