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Microwave-tunable diode effect in asymmetric SQUIDs with topological Josephson junctions
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In superconducting systems in which inversion and time-reversal symmetry are simultaneously broken the
critical current for positive and negative current bias can be different. For superconducting systems formed by
Josephson junctions (JJs) this effect is termed Josephson diode effect. In this paper, we study the Josephson diode
effect for a superconducting quantum interference device (SQUID) formed by a topological JJ with a 47 -periodic
current-phase relationship and a topologically trivial JJ. We show how the fractional Josephson effect manifests
in the Josephson diode effect with the application of a magnetic field and how tuning properties of the trivial
SQUID arm can lead to diode polarity switching. We then investigate the ac response and show that the polarity
of the diode effect can be tuned by varying the ac power and discuss differences between the ac diode effect of
asymmetric SQUIDs with no topological JJ and SQUIDs in which one JJ is topological.
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I. INTRODUCTION

Recently there has been a great deal of activity investigat-
ing nonreciprocal effects and supercurrent rectification in su-
perconductors [1-16] and Josephson junctions (JJs) [17-32].
Conventional diodes, such as p-n junctions, have electrical
resistance that depends on the direction of current and have
numerous applications in computing, logic, and detection. The
superconducting diode effect is characterized by a difference
in forward and reverse critical currents /, and /_ where the
current range between I and /_ can be used to achieve super-
current rectification. This nonreciprocal supercurrent develops
due to simultaneous breaking of time-reversal and inversion
symmetry [29,33-35]. Despite superconducting diodes having
been discussed long ago [17,36—40], there has been a revival
of interest, in part, due to signatures of finite-momentum
Cooper pairing in helical superconductors [8,26,30] associ-
ated with the Josephson diode effect (JDE). Superconducting
diodes can also be used as passive on-chip gyrators, circula-
tors, and memory in cryogenic applications [41].

The fractional Josephson effect [42,43] describes a
4 -periodic current-phase relationship (CPR) in JJs originally
associated with topological superconductivity. Topological
superconductivity has made important strides over the past
decade since theoretical proposals to create topological
superconductors for use in quantum computing have become
feasible to realize [44-50], although their discovery is still
inconclusive [51-65]. Despite this, the fractional Josephson
effect is well documented in both topological [19,66-69] and
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trivial JJs [70]. Furthermore, planar JJs are a suitable platform
to realize a large JDE since both time-reversal and inversion
symmetry can be readily and controllably broken [71,72].

In this paper we study the dc and ac response of asymmet-
ric SQUIDs [73]. Compared to previous studies we take into
account effects due to the SQUID’s inductance, the presence
of an ac bias, and the role that a non-negligible fractional,
47, component of the CPR for one of the JJ forming SQUIDs
has on the SQUID’s diode effect. We call a SQUID in which
one JI’s CPR is 47 a 2m-4mw SQUID. Recent experiments
have shown that high-transparency wide JJs can also have
a 4m-periodic component of the current-phase relationship
[70]. Our approach and results do not depend on the origin
of the 4m-periodic component and therefore apply directly
also to SQUIDs in which one JJ is wide and very transparent,
as the one studied in Ref. [70]. First, we treat the problem
with an analytic model that goes beyond the minimal models
considered before [72,74,75]. We show that the dc response of
2m-4w SQUIDs exhibits the JDE and that the diode polarity is
reversible with asymmetry in the normal resistance of the two
SQUID arms. We compare the JDE of a topological SQUID to
a topologically trivial one and find that, despite both SQUIDs
showing comparable diode efficiencies, topological SQUIDs
are of higher practical quality given they have a larger rec-
tification current window AI. coinciding with large diode
efficiency making them more robust to, e.g., stray magnetic
fields. We also show the JDE can be switched and enhanced
by an ac drive allowing for a microwave-controlled diode
effect. By including the inductance’s effects we are able to
properly characterize the ac response of the SQUID and show
that the strength and sign of the diode effect depend on the
ac power, an additional contribution toward the understanding
of the physics of asymmetric SQUIDs. Lastly, we compare
our analytic results with numerical simulations of the ac re-
sponse of trivial asymmetric and 27-4wr SQUIDs and find
good agreement between the two approaches.
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FIG. 1. (a) Circuit diagram of a 2w-47 SQUID hosting Majorana zero modes in one arm. (b) SQUID oscillations for 7, (solid) and /_
(dashed) with B, = 0. Skewed SQUID parameters are a; = 1 and a, = 0.9 = 1 — ¢, and (c) corresponding critical current difference for an

asymmetric SQUID witha; = 1, b, = Wy, = 1 — a,. n. dependence on ® and

BL
1+R2;

fora; = 1 and (A)Ws, = 1, (e) Wy = 0.5, (f) W4, = 0.1,

(g) ax =0.8,b, =0.1 = ¢y, and (h) a; = 0.9 = 1 — ¢, (skewed SQUID).

II. MODEL

To model the dynamics of the JJs we use the resistively
shunted junction model, Iy = 1‘;—1 + I;, where a current bias
I across a JJ is split into a resistive channel associated with
quasiparticle current with normal resistance R, and a super-
current channel /;. Here we ignore charging effects associated
with a capacitive channel. It is known that the Coulomb
energy Ec can compete with the Josephson energy E; in a
2r-4wr SQUID and lead to a gap in the midgap spectrum
[76] associated with quantum phase slips, reducing the 4w
periodicity to 2z. Here we assume E; > E¢ for both SQUID
arms, corresponding to wide topological JJs [48,49].

We can describe the fluxoid quantization condition with
s-wave superconducting electrodes for the SQUID shown in
Fig. 1(a). If the superconducting electrodes are thicker than
the London penetration depth and the arms have equal in-
ductance then we have the following current conservation
and flux quantization conditions: Ig =1} + L, ¢ — ¢ =
é—”(]@wt(modZn) where & = LI} — L)+ ®and [; = ZLE +
Ly, k=1,2. Here I} and I, are the currents in each of
the SQUID arms, ¢, and ¢, are the gauge-invariant phase
differences across each of the SQUID arms, ® is the total
external magnetic flux through the SQUID, L is the inductance
associated with the screening flux, ®, denotes the supercon-
ducting magnetic flux quantum h/2e, and V;; and I are
the potential difference and the supercurrent of the kth arm,
respectively. In this paper, we define an asymmetric SQUID
as a SQUID with at least one of the following conditions:
I1(@) # L 2(9), 1.1 # 1o, or Ry # Ry, 2. Using the Joseph-
son relation V; , = (fi/2e)¢y, we can combine these equations
and solve for two coupled differential equations in terms of
the average phase ¢4 = (¢ + ¢2)/2, and phase difference is

V= (¢ —¢1)/2m:

dga _ 1+ Ry iy i1+ Aziiga 1 =Ry W — &), (1)
dt 4 2 48
av _ Ry — 1i3+ Is1 — Agilsy 1+ Ry, W — &), 2
dt 4 27 4 B

where T = 2r 1. 1R, 1/Po)t is a dimensionless time, Ry} =
Rup/Ruts Aoy =Roilen/ley, BL=1,1L/Po, isx =1L/l 1,
and ® = ¢/P.

Evidence for nonsinusoidal terms contributing to a
skewed CPR have been observed in past experiments
[67,69,70,77-79]. To account for the presence of both skewed
and topological CPRs, we assume a CPR with -, 27-, and
4 -periodic channels:

Is,1(¢1) =aj sin(¢1) + by sin (%) +crsin(2¢1),  (3)

As1is2(¢2) = az sin(¢y) + by sin (%) + c2s5in(2¢). (4)

The 27 -periodic term of the current-phase relationship is stan-
dard for a JJ, the 4m-periodic contribution is present either
from the topological character of the JJ or from Landau-Zener
transitions in high-transparency JJs, and the m-periodic term
is the leading term that needs to be included to describe JJs
with good transparency. For a ballistic short junction with a
mode with transmission 7, the CPR is described by I;(¢)
sing/+/1 — 7sin*(¢/2), where 0 < 7 < 1 and ¢ is the phase
across the junction. A Fourier expansion of the CPR to the
second harmonic gives I;(¢) =~ I; sin(¢) + I, sin(2¢), where
Iy > I, and I, /I, depends on t. For realistic values of 7, we
have I,/I; < 0.1. With this in mind, we constrain the ampli-
tude ¢; < 0.1 in our calculations. We assume a; + b; + ¢ =
1 and a; 4+ by + ¢, = Ap; throughout the paper for simplic-
ity. Furthermore, we assume A,; = 1 throughout the paper,
which implies the gaps of the junctions in the SQUID are
the same. Following previous work [80], we can reduce the
SQUID dynamical equations to a single equation of motion
by considering Bz, |1 — Ry;| < 1. Retaining terms linear in
B, the SQUID dynamics are determined by the average phase

oa:
doa

dt

7 BLlcr — 2)?

sin(47 ®),
2(1 + Ryy)

=2 — i+ ®)
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where

6

ii(¢a) = Z |:xm sin <m%A> + Y COS (m%)}

m=1
+ xg sin (4¢4) + yg cos (4¢4),  (6)

where x,, and y,, are coefficients that depend on d, a;, b;, ¢,
and B1/(1 4+ Ry;) [81]. The diode efficiency n. = (I — 1-)/
(I+ + 1) is often used to characterize superconducting diodes
where the critical current /, (—I_) corresponds to positive
(negative) current bias. In an asymmetric SQUID, the broken
chiral symmetry is due to different properties in the two arms
of the SQUID, and the broken time-reversal symmetry is due
to a magnetic flux threading the SQUID ring. For instance,
in the topologically trivial asymmetric SQUID in Ref. [74],
the diode is only present if an anomalous supercurrent exists
at zero phase bias. This anomalous current breaks the chiral
symmetry of the SQUID. We extract /. from Eq. (5) where
the last two terms describe an effective CPR. First, it is worth
noting that the effect of screening enters the dynamics via the
term B./(1 + R,;), suggesting an increase of R, is similar
to a decrease of f;. The presence of R in the effective CPR
of the SQUID can be traced back to SQUID inductance con-
tribution to the total magnetic flux where the currents /; and
I, are currents which include both the supercurrent channels
and normal channels. Second, the last term in Eq. (5) is inde-
pendent of ¢, but odd in &. This term applies an overall shift
in the CPR which suggests a bipartite form of the diode effect

— AT TBLlc1—c)* &
I — I = Aig .+ 30150 sin(4r®), where the former

term Ay . = max(i;) + min(i,) is determined by Eq. (6) and
the latter is ¢4 independent and associated with the screening
current of imbalanced 7 channels. In general, a SQUID with
asymmetric skewed CPRs can expect additional contributions
to the screening current term, and such shifts to the CPR can
contribute to anomalous scenarios such as || > 1.

III. RESULTS

We start by considering two types of SQUIDs. The first
is a 2mw-4mwr SQUID with 47 supercurrent in the topological
arm characterized by the parameter Wy, = b, = 1 — a,. The
second is a trivial asymmetric SQUID (skewed SQUID) with
aj =1anda2=0.9=1—cz(b1 =0=b2).

The dc responses of the SQUIDs are shown in Fig. 1(b).
We notice that I is largest when & = ®,/4 for the 2w-47
SQUID. To understand this, recall that for a trivial SQUID
with sinusoidal CPRs the currents are maximized at ¢, =
7 /2 and the two arms of the SQUID can simultaneously have
that phase ¢, if the magnetic flux is an integer multiple of
the magnetic flux quantum. Now, for the 27 -47 SQUID, if
the trivial arm has ¢max 2 = 7 /2 and the nontrivial arm has
Pmax 4x = 7, then it follows from the same argument that the
maximum should occur at @y = /4 [72,82].

In Fig. 1(c), we present the difference in critical currents
Al. =1, — I_ for the 2-4w SQUID and trivial asymmetric
SQUID considered in Fig. 1(b). A clear Josephson diode ef-
fect develops at ® # nd(/2 (n € Z). Note, Al, of the 2m-47
SQUID exceeds that of the trivial asymmetric SQUID until
Wir < 0.3.

We present 1, dependence on © and screening S /(1 +
Ryy) for 2m-4r SQUIDs in Figs. 1(d)-1(f). The diode ef-
ficiency of the 2w-47 SQUID shown in Fig. 1(d) shows
extrema for B;/(1 + R;;) = 0 and diode polarity switching
for large screening. As Wy, is decreased from unity [Figs. 1(e)
and 1(f)], n. varies but the tunability of the diode polarity
persists. Furthermore, as Wy, decreases, the diode efficiency
is generally smaller.

For a SQUID nearly saturated with trivial supercurrent
(a1 =1, a; = 0.8, and b, = ¢, = 0.1), the regime of polarity
switching with g, is pushed beyond our approximation of
Br < 1 [Fig. 1(g)] and closely resembles the trivial asym-
metric SQUID dc response [Fig. 1(h)]. In the case of a trivial
symmetric SQUID where a; = 1 = a,, the diode efficiency
ne = 0 regardless of the value of ® and R,; [74]; this also
holds for B, > 0. The source of the diode polarity switch-
ing with B;/(1 4+ R,;) is higher harmonic contributions to
the CPR associated with the screening current (8 > 0). The
inclusion of B, and R;; is one of our main analytic results.
We also see that n, of the trivial asymmetric SQUID can
be larger than 7. of the 27-47 SQUID. The reason for this
is that 7, approaches unity when one of the critical currents
approaches zero. Typically, this indicates an ideal diode, but
if the nonzero critical current is also extremely small the
practicality of such a diode is diminished since the current
window for supercurrent rectification is also small. Using
|Al:] as an additional quality factor we find that the 2w -4
SQUID diode outperforms the trivial asymmetric SQUID (see
Appendix D and Fig. 6). The smallness of /. at half flux is also
the reason for the presence of strong variations and polarity
switchings of ., when ®/®, &~ 1/2. Such variations are phys-
ically uninteresting. In the remainder when discussing polarity
switchings of 1. we refer to switchings at values of ®/®,
away from 1/2. We discuss 7, in the remainder of the paper
for simplicity and comparison with the available literature, but
we caution against an overemphasis on optimizing 1. without
consideration of the operational current range Al.. Our results
also suggest the control of the diode polarity with R,; could
be used as a signature of the fractional Josephson effect.

To study the ac response of asymmetric SQUIDs we
first consider the voltage-biased case, since in this regime
we can obtain analytical results. Assuming V(¢) = Vpc +
Vac cos(2m ft), from the Josephson relation Zid¢, /dt = 2€V,
we obtain ¢4(1) = ¢o + wot + zsin(2x ft) where ¢ is an
arbitrary integration constant, z = 2eVac/(hf), and wy =
2eVpe/h. Using Egs. (5) and (6) we can obtain the I — Vpc,
with I being the time-averaged current, characteristic of the
SQUID. In the remainder we focus on the behavior of the
current when Vpc = 0.

Figures 2(a) and 2(b) show the SQUID critical current
Ly = I + I_ as a function of ® and Vac for B /(1 + Ry1) =
0 and 0.125, respectively, for the skewed SQUID. In the
absence of screening, I,y; has a high degree of symmetry in
(®, Vac) space defined by lines of Iy, = 0 at ® = ®(/2 and
Vac ~ 2.5hf [2e. With screening, lines of I, = 0 become
broken and distorted. To see how this translates to the JDE, we
present the corresponding diode efficiency in Figs. 2(c) and
2(d). We immediately notice the symmetry of I, is preserved
in ., particularly where Iy, ~ 0. In fact, . has extrema near
Iyg ~ 0 as a consequence of I — 0 and I3 > 0, as discussed
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FIG. 2. AC power dependence of /. and 7. for the skewed
SQUID with (a), (¢) L.~ = 0 and (b), (d) {£&- = 0.125.

1+Ry; 1+Ry;

earlier. We observe periodic diode polarity switching with
increasing microwave power Vac for fixed .

We can compare the ac response of the skewed SQUID of
Fig. 2 with a 27 -4z SQUID shown in Fig. 3. Figures 3(a) and
3(b) show the ac response for 8, /(1 + R,;) = 0 and 0.125,
respectively. We notice the extrema of 5, occur further away
from ® = ®(/2 compared to a trivial asymmetric SQUID,
and the magnitude of V¢ required to flip the diode polarity is
generally larger than that of a trivial SQUID by a factor of 2.
The change in diode polarity can be attributed to the Jy(z/2)
Bessel function contribution to the gap, associated with the
47 channel, which evolves with z more slowly than the trivial
Bessel dependence. Similar to a trivial asymmetric SQUID, a
screening current distorts the symmetry of 7,.(®, Vac).

In Fig. 4, we consider the influence of microwave power
in the experimentally relevant current bias regime. We nu-
merically solve the coupled system of nonlinear differential
equations described in Eq. (2) where we are not limited by
the approximation B, |1 — Ry| < 1 used thus far. We con-
sider a current bias Ig = Ipc + Iac cos(2m ft) with a driving
frequency hf /m A = 0.6 where m A = 2el R, [83].

Vac (hff2e)

0 2 4 0 2 4
Vac (hff2e) Vac (hff2e)

FIG. 3. AC power dependence of 7, for a 27-47 SQUID with
(@), = 0 and (b)B./(1 + Ry) = 0.125. 5. vs Vac at & = 3/4 for
a; = 1 with (¢)B;, = 0 and (d)B./(1 + Ry;) = 0.125.
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FIG. 4. SQUID microwave response under current bias with ® =
3/4 and B, =1 for (a), (b) the skewed SQUID with a; =1, a, =
09=1-—c;, Ryy=2 and (c¢), (d) 27-4m. Dashed lines indicate
powers at which n, = 0.

Figure 4(a) shows the power dependence of the dV/dI
characteristics for a trivial asymmetric SQUID (® = &y/4)
where the diode polarity gradually switches at high powers,
as shown in Fig. 4(b). Dashed lines indicate a diode polarity
switch. In agreement with Figs. 2(c) and 2(d), n. has a soft
sign switch at low power before switching abruptly as the
critical currents are nearly suppressed. Also in agreement with
Figs. 2(c) and 2(d), n. has extrema as the critical currents
are suppressed. Figures 4(c) and 4(d) present the microwave
response of a 2w -4 SQUID. We note that the polarity of the
2m-4r SQUID is opposite to that of the trivial asymmetric
SQUID at zero ac power. 7. has a weak enhancement in mag-
nitude at lower Iac before a gradual sign change at Iac = I,
which is at a higher power than the first polarity switch of the
asymmetric SQUID (Iac ~ 0.61.). Generally, the numerical
results indicate good agreement with the analytic calculations.
The dV/dI characteristics are generally nonreciprocal, show-
ing different Shapiro steps for positive and negative Ipc [75].

IV. CONCLUSIONS

In this paper, we studied the JDE in the dc and ac response
of asymmetric SQUIDs, including the effects of inductance
and asymmetries in /. and R,,. We showed that the inductance
Br and the ratio Ry; = R, 2/R, 1 can tune the diode efficiency
of an asymmetric dc SQUID. Such results may be applicable
to recent experimental demonstrations of gate-tunable diode
effects in asymmetric SQUIDs [84,85]. For SQUIDs with a
4w junction, tuning B; and Rp; can cause a switching on
the diode polarity. We also showed a 2w-4r SQUID has the
opposite diode polarity of a trivial SQUID over a wide range
of Br./(1 + R»;) and . We then discussed how the Josephson
diode polarity and efficiency of asymmetric SQUIDs can be
controlled by microwave irradiation. We presented calcula-
tions of the ac response of asymmetric SQUIDs where the
diode efficiency and polarity are controlled by the ac power.
The advantage of probing nonreciprocal transport in the ac
response is that missing Shapiro steps indicative of a frac-
tional Josephson effect have been observed experimentally
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[19,66-70], suggesting the ac response of a 2w-4mw SQUID
can readily be observed regardless of whether the 47 junction
is topological or not.
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APPENDIX A: 2r-47 SQUID DYNAMICS

We start with the model for a semiclassical description of
SQUID dynamics:

Iyias = 11 + D, (A1)
21
¢ — 1 = — Do, (A2)
D
Do = LU — b) + P, (A3)
V. dv; ;
1,»=L+1“+c d;‘ (A4)

where I; and I, are the currents in each of the SQUID arms,
¢1 and ¢, are the gauge-invariant phase differences across the
JJs in each of the SQUID arms, ® is the total external mag-
netic flux through the SQUID, L is the inductance associated
with the screening flux, and V;; and I;; for i = 1,2 are the
potential differences across the ith JJ and the pair current in
the ith JJ, respectively. We can consider the general resistively
and capacitively-shunted junction (RCSJ) model for a SQUID
device:

d*¢, do;
oLt
dt'? dt’
= 3 — i@+ U@Pz ¢ —2rd),  (ASa)
d*¢, o dey
2 d‘L'/2 Rz] dt’
= E — D5 2(¢) — —ﬁ(fﬁz —¢1 —27d) (ASb)
where Gy = G/Cy, Ly =12/, Ry =Ru2/Ry1, 0 =

VCI>0/2nIE,1R2.1C1, and v’ = ~2nl,. ;1 /PoCit. We will work
in the overdamped regime for simplicity, but the extension
is straightforward. Numerical calculations are generated by
solving the system of coupled differential equations in the
overdamped regime where capacitance is neglected.

For a 2m-4w SQUID, we consider the supercurrents is | =
sin(¢;) and i; » = sin(¢,/2) where Ry} =, = 1. We can
reduce the SQUID dynamical equations to a single dynamical

equation as a function of the average phase across the SQUID
¢a = (@1 + ¢2)/2 by considering the inductance S, to be
perturbatlvely small [80]. The resulting dynamical equation is

lB/2 = + ls(¢Av ext) where T = (ZJTRIZT[/(D())[ and
1 o 1 .
i(pa, &) = = sm (%%) + 3 sin (¢4 — 7 d)

- ﬂ{z Sin[2(da — 7 d)] + sin(gy + 7 D))

7T,3L|: . <¢A—37T<D>
— —=|sin| ———
8 2
— 3sin (—3¢A — nﬁ))i|.
2

DC response

We find that the SQUID dc response to magnetic
flux in the 2m-47 SQUID is asymmetric: Imax(ciD Inc) #
Lax (— d ,Ipc) # ImaX(QD —Ipc). The symmetry retained in
the system is Imdx(fb Inc) = Lnax (— o, —Ipc).

Besides this general asymmetry, we also notice that the
maximum critical current does not manifest at & = 0. Recall
that for a trivial SQUID with sinusoidal CPRs the currents are
maximized at ¢ = 7 /2 and the two arms of the SQUID can
simultaneously have that phase ¢, if the magnetic flux is an
integer multiple of the magnetic flux quantum:

(A6)

O — ¢ =

(A7)

Now, for the 27-47 SQUID, if the trivial arm (say, arm 1)
has ¢max.1 = 7 /2 and the nontrivial arm has ¢m.x 2 = 7, then
it follows from the argument for the trivial SQUID that the
maximum should occur at & = & /4.

APPENDIX B: SYMMETRIC SQUID WITH =-, 2x-,
AND 47-PERIODIC CHANNELS

In this section, we provide the general solution for a sym-
metric dc SQUID circuit model with negligible capacitance,
weak inductance, and a supercurrent with -, 27-, and 4m-
periodic channels. We write an effective description of the
supercurrent channel with a skewed CPR and a topological
contribution as

I, = Ly sin($/2) + by sin(¢) + I sin(2). B1)

. dp _ 2e
Making use of the ac Josephson effect - = 5V, we find

a9 + sin(¢1) + Bsin(2¢1) + asin(¢1/2) + ———— - o2
dt 47'[,3L

1 d
_5 lB_E

62 + sin(¢2) + B sin(2¢») + o sin(¢r/2) — ek
T 4m B

=a\" "5

where B = I /by, @ = liz /by, B = Ly /P,

(B2)

(B3)
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iB = Ibias/12n» é = (D/CD(), and 7 = (27TR,1’1127,/CD())I.
Defining ¢a = (¢ + ¢2)/2 and ¥ = (¢ — ¢1)/27, we can
consider the sum and difference of equations to find
d -
ﬂ + sin(¢a) cos(mr W) + B sin(2¢4 ) cos(2m V)
T

+ a sin(¢a/2) cos(m ¥V /2) = %B, (B4)

A\ v . = .
T— 4+ — + sin(r W) cos(Py) + B sin(2wr V) cos(2¢4)
dt ZﬁL

~

D
+ asin(rV/2)cos(ps/2) = —. (BS)
2BL
Assuming B; < 1, we make the following ansatz:
W(r) = &+ AW (2) + O(B)). (B6)

Substituting, we find the solution to lowest order in §;, is
W (1) = —2[a sin(w ®/2) cos(pa/2)
+ Bsin2rn ®) cos(2¢pa) + sin(w d) cos(¢pa)]. (B7)

Now we can reduce the system of coupled equations into a
single equation for ¢4 and calculate the time-averaged cur-
rent bias for an rf-driven junction. Substituting Eq. (B7) into
Eq. (B4) and simplifying, we find

d¢a

Tr + asin(¢y) + bsin(2p,) + ¢ sin(3¢4) + d sin(4g,)

+ fsin (%) + gsin (%) + hsin (%) = %B

(B8)
for the coefficients

a=x(1—npBy") + %azm(l —x).  (BY)

b=pB+ (B — 2B, (B10)

¢ = 67 BLBxy?, (B11)

d =27 B BH, (B12)

f= 01<Cn/2 + %ﬂLySrr/Z)v (B13)

J

3 -
g§= 70‘,3Ly(1 + 2Bx)Sxz 2, (B14)

h = SnocﬂL,BxyS,,/z

where S;» = sin(nCTD/Z), Crpp= cos(n®/2), X = cos(nfib),
and y = sin(7 ®). Note that if & = 0 then only a, b, and f
are nonzero. The coefficients in Eq. (B8) have the following
interpretations: a, the 27t channel of each arm, the interference
of the 47t channels of the arms, and the interference of the 27
and 7w channels of the arms; b, the 7w channel of each arm and
the interference of the 27r channels of the arms; ¢, the interfer-
ence of the 27 and 7 channels of the arms; d, the interference
of the r channels of the arms; f, the 47 channel of each arm;
g, the interference of the 47 and 27 channels of the arms, and
the interference of the 47 and 7w channels of the arms; and A,
the interference of the 4 and 7 channels of the arms.
Voltage-bias solution

(B15)

From here, we can consider a voltage bias

V(t) =Vy+ Vicos(wr) (B16)

and make use of the ac Josephson effect

dps _ 2e

dr R
to solve for ¢4(7) and substitute into Eq. (B8). Then we can
use the Jacobi-Anger expansion,

400
eiZSln(9)= Z Jn(Z)eme, (B17)
n=—oo

where J, are nth-order Bessel functions, to calculate the
Shapiro spikes and each spike’s width.

Now we will describe how to calculate Shapiro spike
widths in terms of the time-averaged pair current I, and
specifically consider the n = 0 spike. We start by integrating
the ac Josephson effect from the end of the previous section.
We can write (in dimensionless parameters)

@a(t) = ¢o + wot + zsin(wt)

where ¢ is an arbitrary integration constant, z = 2¢V) /hiw,
and wy = 2eVp/h. We then substitute into Eq. (B8) to get
2dpa/dt + Iy = ip where

(B18)

+00
I, 221111: Z (_l)ne—inwr [aei(¢o+wor)Jn(Z) + be2i(¢o+wor)]n(2z) + CeBi(¢o+w0r)Jn(3Z)

n=—00

+ det O], (42) 4 eI PN, (2/2) 4 ged PN, (32/2) + hed W, (52/2) } (B19)

APPENDIX C: ASYMMETRIC SQUID DYNAMICS

Now we assume a general CPR with -, 27, and 4m-
periodic channels:

i5,1(¢1) = ay sin(¢y) + by sin <%) + cisin2¢y),  (CD)

Aniisp(92) = azsin(¢z) + by sin(/2) + c2 sin(2¢2)  (C2)

(

where Az = 1. 2Ry 2/1:1R,1. If we assume B, |1 — Ry <
1 then we can reduce the system of two ordinary differential
equations (ODEs) to a single ODE via a perturbative ansatz
similar to the ansatz made by de Luca:

dpa ip - nBL(c1 — )
P is(¢pa) + W&l (C3)
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where

Ti(¢a) = xosin(ga) + x4 sin(24) + Xo sin(3ha) + x5 sin(dpa) + x1 sin(a/2) + x3 sin(3a/2) + x5 sin(5¢a /2)

+ 2 c08(@4) + y4 c08(2¢4) + Y6 COS(3da) + yg cOs(4a) + y1 cOS(Pa/2) + ¥3 c0s(3da/2) + y5cos(5¢a/2). (C4)

The coefficients of the effective supercurrent i, are [C,, = cos(nrw <i>) and S, = sin(nncﬁ)]

7 BLb1by a) + ay B (b} by axc B ac;  apcy
_ _ L TN A ST R
2 2(1+R21)+|: 2 TRy \ g~ taatp—— YT Ry, \ BT > )G ()
a — ai BL aica b5 ey B (@ aic
= - -+ == —— |8 - —_— - — )85, C6
Y2 [ 2 1+R21<a'c1 2 a2 ) T T iR\ TRt ) (c6)
7 B(d® + a?
= wphraiax (e +o B(a? + a3) . )
14+ Ry 2 2(1 + Ryy)
¢ — 1 ﬂ.BL(a% - “%)
= — S, C8
Y4 ( 2 41 +R) )7 (€8)
X = — 7hL (—a2C2 —2aye; — L e )C _ T 2aic1 + 2a +axer + 412\ ¢ (C9)
6 = T+ Ry \ 2 2€C] ) 162 )Cy 1+ Ry 11 > 202 > 3
_ TP (e, — et @ Vs = TP (e + 2 4o + D2 (C10)
Y6 = 1+ Ry 2C1 ) 1C2 )91 1+ Ry 1€1 ) 2C2 ) 3,
2_ 2 302 4 2
Xg = — ﬂﬂL 02 Cl — 26‘]6‘2 — 7T,3L Cl +62 C4, (Cll)
1+ Ry 2 1+ Ry 2
B —30% + 2ci1c0 + c%
— Su. Cl12
8 1+ Ry, ( 2 4 (C12)
by + by B aiby + axby wBL (aiby + axby
= — , Cl13
X1 < > + 1+ Ry 7 ) 12 1+ Ray 7 3/2 ( )
by — b mBL axby —aib; 7B (axby —aib;
= Sip — S3/0, Cl14
N ( 2 T 1+R, 4 > 2T T Ry 4 3/2 (C14)
7T,3L 3611192 + 3612[91 3a1b1 — 5b1C1 + 2b16‘2 + 3a2b2 — 2b26‘1 — b2C2
X3 = C1/2 — C3/2
1+ Ry 4 4
—2bscr + 2bicy + bicy + Sbac
_< 2C2 1 14 162 2 1>C5/2], (C15)
_ JTﬁL 3(611[92 — azbl) s + —3a1b1 + 5b1C1 — 2b1C2 + 3a2b2 — 2b2€1 — b26‘2 s
y3 = 1+ Ry 2 1/2 2 3/2
2b 2b bicy — 5b
+< 202 ‘C‘: 12 261)55/21, (C16)
B —Tbyci + 2bycy — 2bicy — 3bica Tbici — 2bicy + 2bre; + 3brcr
=— C C , C17
Xs 1+ Ry [( 1 ) 32 + ( n ) 5/2:| ( )
ys = — B Tbycy — 2bycy — 2bicy — 3bjca S3/2 n —Tbic + 2bicy + 2bycy + 3bsc) S5/2 ' C18)
1+ Ry, 4 4

(

These are complicated expressions, but we can gain insight ~ the SQUID. First, we notice that the harmonics entering the
about the effects of asymmetry on the dc and ac response of  effective supercurrent are the same as those in the symmetric
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a) (9) (c) 3
A oo (R (o5,
R‘ = N - N -
201 202 Zo1 15 S 201 2
= s 5 S = =
«Q [Son SOy 1
1.0
080 0.5 1.0 08.0 0.5 1.0
[} ((Do) ® (dg) ® (Do)
(d) (e)
Qg 27 Q‘E‘ 273
+ S + :i’
20.1 2 = 0.1 2
= 1= = 15
Q <Q
o (<Do) ) (00)
ave 1+R = 1 and (a)—(c) various values of Wy, (e)a, = 0.8,b, = 0.1 = ¢, and(f)a, =09 =1—¢,
(trivial SQUID)

case, except here we have both cosine and sine terms. For ~ and make use of the ac Josephson effect

d = Q, we have y; = ... = yg = 0 so that only the sine .terms doy e

contribute to the zero-field SQUID response. Interestingly, e EV (C20)
higher harmonics, e.g., sin(2¢,), contribute to the effective

supercurrent at zero field as opposed to the symmetric case  to solve for ¢, (7). Then we can use the Jacobi-Anger expan-
where higher harmonic contributions only affect the SQUID sion,
response at nonzero magnetic flux. +00
eiz sin(0) _ Z Jn(z)eine, (C21)

n=—00

where J, are nth-order Bessel functions, to calculate the
Shapiro steps and each step’s width.
We can integrate to solve for ¢ (7):

Voltage-bias solution

As before, we can consider a voltage bias

Ga(T) = o + woT + zsin(wt) (C22)
V(t) = Vy + V) cos(wt) (C19)
(a) (b) 0.2 (c)
~02 0.25 ~02 ~0.2 0.025
< I3 S -
+ 000 =+ 00 = # 0.000 =
go1 3 go1 3 o1 3
«Q —0.25 «Q «Q -0.025
-0.2 l
080 08, 05 1.0 080 0.5 1.0
o (<1>o) ® (®o) D (Do)
e 0.2

~02 0.2 ~02 (€)

< - y -

& 0.0 = : 0.0 =

go1 3 2ol 3

«Q «Q

—0.2 -0.2
0. 05 1.0 080 05 1.0
® (D) ® (Do)

FIG. 6. Al dependence on & and i flgz] for a; = 1 and (a)—(c) various values of Wy, (e) a, = 0.8, b, = 0.1 = ¢, and (f) a, = 0.9 =
1 — ¢, (trivial SQUID).
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0.1
J@ o
o —~ ) -
Q 58 <
S 00 = < 5 =
| 3
8.0 05 1o 01 8.0 05 7.0
D (D) ® (Do)

FIG. 7. AC power dependence of Al for a trivial SQUID with
()72~ = 0and (b):Z- = 0.125.

14Ry; 14+Ry;

SQUID with (a)-—£L

0.75—

lavg (lc,1)
lavg (lc,

Al (Ic,1)

FIG. 8. AC power dependence of I, and Al. for a 2mw-4mw
=0 and (b)£— =0.125.

[E

T+Ra;

where ¢ is an arbitrary integration constant, z = 2¢V) /hiw, and wy = 2eVy/h. Then we have

I5(o, wo = mw) = Z(—D”[& sin(o ) (2)8m,n + x4 8I0(2¢0)n(22)82m,n

+ X6 sin(30)J (32)83m,n + Xg Sin(460)Jn (42)84m,n + X1 8I0(P0/2)5(2/2)8m /2.
+ x3 8in(3¢0/2)J1(32/2)83m 2.0 + X5 SI(SP0/2)J3(52/2)85m2,n + Y2 €05(0) 0 (2)Sm.n
+ ¥4 c08(2¢0)Jn(22)82m,n + Y6 €08(3¢0) 1 (32)83m,n + ¥ COS(4h0)J (42)84m,n

+ y1c08(¢o/2)n(2/2)8mj2,n + ¥3 08B0 /2)2(32/2)83m/2,n

+ s COS(5¢0/2)Jn (SZ/2)85m/2,n]-

(C23)

APPENDIX D: ADDITIONAL DATA

Figures 5 and 6 show calculations of the average critical current and critical current difference corresponding to data in
Figs. 1(d)-1(h). Figures 7 and 8 show the critical current difference corresponding to data in Figs. 3 and 4, respectively.
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