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Proton-boron fusion scheme taking into account the effects of target degeneracy
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The proton-boron (p-11B) reaction is regarded as the holy grail of advanced fusion fuels, since the primary
reaction produces three α particles with few neutrons and induced radioactivities from second order reac-
tions. Compared to the deuterium-tritium reaction a much higher reaction temperature is required. Moreover,
bremsstrahlung energy losses due to the high nuclear charge of boron deem it seemingly apparent than a fusion
reactor based on deuterium-tritium plasma in equilibrium is to say the least very difficult. It is becoming more
appealing to collide intense laser beams or accelerated proton beams with a boron target to produce p-11B
reactions. The fusion yield of p-11B reactions is closely related to proton beam parameters and boron target
conditions such as density, temperature, and ingredients. Degeneracy will increase fusion yields by reducing
the stopping power of injected protons. In this work, we suggest a scheme for beam-target p-11B fusions via
injecting a MeV proton beam into a highly compressed quantum degenerated boron target. Such a boron target
can be achieved via quasi-isentropic compression of solid boron by using precisely shaped laser pulses. Our
results indicate that for densities ranging from 103 to 104ρs, where ρs is the density of solid boron, contributions
of bound and free electrons to the stopping of protons can be completely disregarded and dramatically reduced,
respectively. The result is an increase in fusion yield by orders of magnitude. Furthermore, in order to achieve
multiplication factor F greater than one, with F defined as the ratio of output fusion energy to the energy of
injected protons, it is found there exists a minimum possible density of boron target, which is 1.8 × 105ρs when
the kinetic energy of injected protons is 880 keV.

DOI: 10.1103/PhysRevResearch.6.013323

I. INTRODUCTION

Apart from the advances in fusion research that made the
headlines in public nonscientific journals, such as the record
in confinement time at high temperature of the Hefei Ex-
perimental Advanced Superconducting Tokamak [1], the 59
megajoules of fusion power reported from the Joint Euro-
pean Torus in a Deuterium Tritium fusion experiment [1],
and the burning plasma in an inertial fusion experiment
from the National Ignition Facility of the Lawrence Liv-
ermore National Laboratory [1], there was a great number
of more quiet achievements that demonstrate an accelerated
pace towards the final goal of fusion energy [1–7]. While
the mainstream of research and technological development
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is directed towards the deuterium-tritium reaction for fusion
energy, the 11B(p, α)2α process got renewed attention [8–10],
since nonequilibrium conditions, as they are available in laser
generated plasma, may turn out to be favorable to enhance
the fusion yield [11]. The cross section of the 11B(p, α)2α

together with reactions like 12C(e,e′p)11B provides a di-
rect probe for nuclear structure properties of 12C [12–15].
Moreover, the abundance of 11B in the universe is still an
unresolved problem. Therefore, the investigation of these re-
actions will also contribute to solving the mystery of the low
astrophysical abundances of the light elements Li, Be, and
B in young main-sequence F and G stars [16,17]. Besides,
the 11B(p, α)2α reaction provides a method of cancer treat-
ment [18].

Despite the recent progress, there is still a long way to go
until fusion energy will finally be the solution to the global
energy problem. All routes to fusion energy, as there are mag-
netic confinement fusion and inertial fusion, carry different
inherent problems and at the moment it is not clear where
the chances of success are highest. Therefore, all possible
routes should presently be investigated thoroughly. However,
there are not only technical problems or unsolved physics
details, there is also the problem of supply of fusion fuel,
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especially tritium in the case of the DT-fusion reaction. The
start of the ITER reactor in the 2030s will use the world’s
stockpile of tritium and it will take a while until tritium may
be supplied by using fusion neutrons and lithium within the
reactor. Therefore, we deem it important to investigate alter-
native routes using the 11B(p, α)2α reaction. This reaction
is a good candidate since the boron is readily available and
neither in the entrance channel nor in the exit channel of the
reaction radioactivity is involved [3]. There are of course reac-
tions of second order, where neutrons are present and induced
radioactivity may occur, but on a low and acceptable level [7].
Therefore, at government level in Europe a discussion started
to license fusion power plants outside of the restrictions that
are valid for fission power plants because it releases few
radioactive products [18]. But there is a price to pay. The phys-
ical conditions to be met for fusion power based on proton
boron fusion are much more demanding than those of DT. On
the one hand, compared to the DT reaction, the p-11B reaction
requires more center-of-mass energy to reach its maximum
nuclear reaction cross section and, on the other hand, radiation
losses due to bremsstrahlung are overwhelmingly high and
thus prevent a burning plasma in equilibrium conditions and
equimolar fuel constituents, resulting eventually in no or very
little net energy output [19,20]. However, with advances in
high-intensity laser technology, the p-11B fusion reactions us-
ing a PW-class laser in the “in-target” geometry or in the beam
target (“pitcher-catcher”) geometry are gradually becoming
more attractive.

Based on this idea, a number of groups [10,11,23–31]
have performed a series of experiments on p-11B fusion re-
actions and measured the yields of α particles. The yields
have been increased from about 105 sr−1 in 2005 [23,24]
to about 1010 sr−1 in 2020 [28]. Giuffrida et al. [28] have
investigated the p-11B beam-target fusion reactions and cal-
culated the fusion yields and Liu et al. [32] have also made
a feasibility study of fusion reactors based on accelerators.
Giuffrida et al. [28] previously addressed the role of the stop-
ping power in a p-11B fusion plasma that causes an elevation in
fusion yield and especially they noted that the mass stopping
power tends to decrease from ordinary matter to degenerate
plasma. However, the stopping process of protons in detail has
not been analyzed there, thus still leaving open ambiguities
involving the interaction between the intense proton beams
and the boron target. This interaction depends largely on the
intensity of proton beams and the conditions of the boron
target such as temperature, density, composition, and others.
Beam intensity influences the stopping process as has recently
been demonstrated [30]. The same is obviously true for the
target and plasma parameters. It is important to uncover the re-
lationship between these factors and their respective influence
on the reaction probability. Among these factors, the degree
of quantum degeneracy (also called degeneracy) is defined as
� = TF /T [33], in which the Fermi energy TF and thermal
temperature T are in eV. Electrons have to obey Fermi-Dirac
statistics. For � � 1 Boltzmann statistics may be applied.

In this paper, the quantitative relationship between the
yields of p-11B beam-target nuclear reactions and the density
of boron targets is derived. By the way, the beam-target fusion
reactions are similar to the in-flight fusion reactions [34]. We
find that the effect of degeneracy will increase the fusion

yields mediated by the effect of reducing the stopping power
of the beam protons [35] under the situation of � � 1 be-
cause, meanwhile, electrons must obey Fermi-Dirac statistics
and the Pauli exclusion principle. We also verify that the
fusion yields will increase when the boron target density is
increased for the effect of degeneracy. Based on that, we sug-
gest a different scheme for beam-target p-11B fusions, where
a MeV proton beam is injected into a highly compressed
degenerated boron target. An outline of the suggested scheme
is displayed in Fig. 1. A highly compressed degenerated boron
target can be achieved via quasi-isentropic compression of a
solid boron by using precisely shaped laser pulses [36,37].
For ideal gas, in an isentropic process, T2 = n1/(γ−1)T1, where
T2 and T1 are temperatures before and after the isentropic
process, n is the density ratio after and before the isentropic
process, and γ is the adiabatic coefficient. In this work, γ is
set to 5/2, so T2 = n2/3T1. Furthermore, the actual electron
gas’s Fermi energy TF is proportional to ρ2/3, where ρ repre-
sents the density of the Fermi electron gas. That is, T � TF

could be maintained in an isentropic compression if the initial
T � TF is guaranteed.

The radioactive losses for the degenerate medium are dis-
regarded in this work because, on the one hand, the lower
temperature of plasma will result in lower bremsstrahlung
power and, on the other hand, the high density of plasma
results in high radiation opacity [38]. Our results indicate that,
for boron target of densities ranging from 103 to 104ρs, contri-
butions of bound and free electrons to the stopping of protons
can be completely disregarded and dramatically reduced, re-
spectively, which therefore results in orders of magnitudes
increment of fusion yields. Furthermore, in order to achieve
a multiplication factor F greater than one, we find that there
exists a minimum required boron target density of 1.8 × 105ρs

when the kinetic energy of injected protons is 880 keV.
The structure of this paper is organized as follows. In

Sec. II, a quantitative relationship between the reaction yields
of p-11B beam-target nuclear reactions as a function of proton
stopping power per unit density is derived. In Sec. III, contri-
butions from free electrons, bound electrons, and nuclei to the
stopping power of protons are analyzed and compared with
PIC simulations. In Sec. IV, in order to achieve multiplication
with F > 1, the relation between the minimum possible den-
sity of compressed boron and the kinetic energy of injected
protons is analyzed. Finally, discussions and conclusions are
displayed in Sec. V.

II. BEAM-TARGET FUSION YIELDS

In general, to calculate the reaction yields of the proton-
boron nuclear fusion, we first need to integrate the relative
velocity distribution according to the cross section of the
proton-boron nuclear fusion under the center-of-mass system
to get the average reaction rate [36]

〈σv〉 =
∫ ∞

0
σ (v)v f (v)dv, (1)

where f (v) is the distribution function of the relative veloci-
ties of protons to boron nuclei and σ (v) is the corresponding
cross section with v, which is the relative velocity of protons
to boron nuclei. The number of reactions per unit time per
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FIG. 1. (a), (b) Diagram of a p-11B fusion scheme, (c) p-11B fusion cross section as a function of center-of-mass energy, where the data
of the orange triangle is extracted from the work of Sikora and Weller [21], and (d) The ionization degree of the boron target as a function of
temperature and density of the boron target; the data is calculated by Heltemes’s code BADGER [22].

unit volume, namely the volumetric reaction rate, is then
calculated as R = npn〈σv〉, where np is the number density
of protons and n is the number density of boron nuclei. It
shows that the volumetric reaction rate is proportional to the
density of protons and boron nuclei [36]. Finally, the total
reaction number under a certain volume in a certain energy
confinement time is obtained by multiplying R with the total
volume and confinement time.

However, this method is strictly applicable only when
the proton boron plasma is in thermal equilibrium. For
nonequilibrium states, such as the process of projectile-target
interaction, the relative velocity distribution changes rapidly.
Therefore, the average reaction rate also changes with time.
Here we propose a simple model to calculate the nuclear
yields of beam-target reactions. In this model, we just consider
the process of projectile-target interaction in p-11B beam-
target fusion while neglecting thermonuclear contributions.
The previous work of Giuffrida [28] also proved that ther-
monuclear contributions to the fusion yields are negligible in
the beam-target process. The density of incident protons is
considered to be low; therefore, the action of the proton beam
on the boron target can be regarded as a small perturbation.
The temperature of the proton beam and boron target are kept
at low levels, meaning that the relative velocities of protons
and boron nuclei equal the injected velocities of the proton
beam. Due to the interaction of the proton beam and boron
target, when the protons move inside the boron target, they
will be decelerated gradually.

We assume a small cloud of protons to be injected into
the boron target and the proton number in this cloud is Np.
According to the proton energy, the deceleration process of
this cloud inside of the boron target can be divided into many

segments with infinitesimal volume and the energy of protons
is considered constant within a respective segment. In the ith
segment, the density of protons npi and the volume Vi will
satisfy Np = npiVi. We only need to calculate the reaction
number of every segment and sum them up. Then we will get
the total reaction number during the deceleration process of
protons.

During the deceleration process, the energy of protons has
reduced from Epi to Epi − δEp in laboratory coordinates in
the ith segment. The average reaction rate in the ith segment
becomes σ (vi )vi and then we can express the volumetric
reaction rate in the ith segment as Ri = npinσ (vi )vi. The
reaction number in the ith segment during the time interval
δti is RiδtiVi = nNpσ (vi )viδti = nNpσ (Epi )δzi, where δti and
δzi are the deceleration time and the deceleration distance of
the proton cloud in the ith segment, respectively, satisfying
δzi = viδti. We have

δzi =
∫ Epi−δEp

Epi

1

dE/dx
dE , (2)

where dE/dx = −S and S is the stopping power of protons,
which is also called the stopping force.

By integrating all segments, we can obtain the total reac-
tion number as

RT = nNp

∫ Ep

0

σ (E )

S
dE , (3)

where σ (E ) is the p-11B fusion cross section as a function of
center-of-mass energy, as is shown in Fig. 1(c). The data of
the orange triangle is extracted from the work of Sikora and
Weller [21]. Equation (3) elucidates the relationship between
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the number of reactions and the energy loss of protons in a
boron target, which can be written into the form

RT = NpP = Np

∫ Ep

0

σ (E )

S/n
dE , (4)

where P is the rate of a single proton triggering p-11B nuclear
reactions during the whole deceleration process and Ep is the
initial energy of injected protons. A similar formula as Eq. (4)
had also been derived by Giuffrida [28].

It is worth noticing that, since the cross section of the p-11B
fusion cannot be changed, P only depends on the stopping
power per unit density Sa = S/n. Obviously, Sa is fully deter-
mined by the thermodynamic state (density and temperature)
of the boron target [34,39–41].

III. STOPPING POWER OF PROTONS

Contributions to the stopping power of injected protons can
be divided into three parts, i.e., stopping by collisions with
free electrons, bound electrons, and nuclei. Generally speak-
ing, the contribution from nuclear stopping is small unless
at low incident energy. However, at highly compressed and
quantum degenerate plasmas, the nuclear contribution cannot
be ignored easily before a detailed analysis of the specific
situation. In order to comprise all the three contributions, here
we take the stopping power of protons as

S = S f + Sb + Sn, (5)

where S f is from free electrons, Sb is from bound electrons,
and Sn is from nuclei. As free and bound electrons contribute
separately, to distinguish them, the ionization degree of the
boron target with given density and temperature needs to
be determined. According to the shielded hydrogen model
and the single electron counting model [22], the ionization
degree as a function of density and temperature is displayed
in Fig. 1(d). The ions and electrons of the boron target are
set to the same temperature T in this study. The data is calcu-
lated by Heltemes’s code BADGER. For highly compressed and
quantum degenerated (low temperature) plasmas, the degree
of ionization depends only on the density. In our following
analysis, the initial ionization state of the boron target is
chosen according to Fig. 1(d).

A. Stopping contribution from free electrons

The stopping contribution from free electrons is closely
related to degeneracy. To indicate the effect of degeneracy,
here both theoretical analysis and computer simulations are
displayed and compared to each other. We divide the part
of theoretical analysis into semiclassical and quantum parts,
respectively. Simulations are also divided into two parts: the
classical part and the quantum part considering both Fermi-
Dirac statistics and the Pauli exclusion principle.

As for the stopping contribution from free electrons, it
was intensively analyzed with both the semiclassical partial
wave scattering (SPWS) method [41–44] and the dielectric
function method [39,45–49]. Within the dielectric formalism,
the stopping power of a bare ion of mass mb � me and charge
Zbe (me and e are the electron mass and the elementary charge,
respectively) from free electrons moving with velocity vp is

given by [45,49,50]

S f = 2

π

(
Zbe

vp

)2 ∫ ∞

0

dk

k

∫ kvp

0
dω ω Im

( −1

ε(ω, k)

)
, (6)

where ε(k, ω) is the complex dielectric function of the
medium which depends on the wave number k and angular
frequency ω of the electromagnetic disturbance caused by the
bypassing projectile,

ε(ω, k) = 1 + 4π

k2
�0(ω, k), (7)

where �0(ω, k) is the free-electron density response function.
The proportionality of S f with Z2

b is a signature of linear-
response theory. Semiclassically, the stopping contribution
from free electrons that dismisses quantum wave effect can
be derived from the Vlasov-Poisson equations(

∂t + p
me

· ∂r

)
f (r, p, t ) + q∇φ · ∂p f (r, p, t ) = 0 (8)

and

∇2φ = −4πe

[
Zbδ(r − vpt ) − 1

me

∫
d p f + Zn

]
. (9)

The δ function stands for the projectile ion moving with
velocity vp. The last term in the Poisson equation repre-
sents the static plasma ion background. The f involved in
the Vlasov-Poisson equations is Fermi-Dirac distribution. The
semiclassical response function is

�0(ω, k)sc = −
∫

d p
k · ∂p f (p)

ω − k · v
. (10)

In quantum analysis, the stopping contribution from free elec-
trons can be derived from the quantum-mechanical dielectric
function method, which is also called the random-phase-
approximation (RPA) method. With quantum wave effects,
Wigner-Poisson equations [51,52] are usually used. It is
convenient to replace the Vlasov equation with the Wigner
equation,(

∂t + p
m

· ∂r

)
f (r, p, t )

= e

ih̄

∫
dξ

∫
d p′

(2π h̄)3
ei(p′−p)·ξ/h̄

×
[
φ

(
r + ξ

2

)
− φ

(
r − ξ

2

)]
f (r, p′, t ). (11)

The f involved in the Wigner equation is Fermi-Dirac distri-
bution. In this case the quantum response function is

�0(ω, k)q = −
∫

d p
f (p) − f (p + h̄k)

h̄ω − k · h̄v − h̄2k2/2m
. (12)

Taking the response function into ε(ω, k) and solving Eq. (6)
numerically, we will obtain the stopping contribution from
free electrons. Especially, in the limit of low projectile ve-
locities, vp � vave, with vave the average electrons velocity,
vave = (v2

th + v2
F )1/2, where vth is the thermal velocity of elec-

trons and vF is the Fermi velocity, the stopping contribution
from free electrons is written as

S f = 4πZ2
b e4n f

mev
3
F

vpln(� f ), (13)
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FIG. 2. Stopping power per unit density from free electrons as a function of densities and injected velocities of protons, where analytical
results and values extracted from simulation by the LAPINS code are compared with each other, in which the analytical curves include
“Wigner-Poisson” and the semiclassical “Vlasov-Poisson” methods and the numerical curves include values extracted from “Quantum PIC”
and “Classical PIC” simulations.

where n f is the number density of free electrons n f = Zn and
ln(� f ) is the Coulomb logarithm, which changes little with
the slowing down of protons. In the limit of high projectile
velocities, vp � vave, the stopping contribution from free elec-
trons simplifies to [45]

S f = 4πZ2
b e4

mev2
p

n f ln(� f ), (14)

which already provides 1% accuracy for vp > 2vave. See
Appendix A for detailed information.

The statistic model used in the LAPINS code [53–56] to
deal with the case that disregards degeneracy is based on the
classical Boltzmann equation, where the average energy of
electrons is only determined by the thermal temperature T .
The model used in the LAPINS code to deal with degeneracy
is based on the first principle Boltzmann-Uhling-Uhlenbeck
(BUU) equation [57]. BUU collisions can ensure that the
evolution of degenerate particles is enforced by the Pauli
exclusion principle. This principle prevents degenerate parti-
cles from being scattered into an energy state that is already
occupied. By using this code, we have simulated the stopping
contribution from free electrons in different densities of the
boron target. See Appendix B for relevant information.

In Fig. 2, the stopping power per unit density from free
electrons Se/n as a function of proton velocity is shown. The

range of proton velocity considered is 0.001–0.0462c, with
c the speed of light. The densities of the boron target in
Figs. 2(a)–2(e) are respectively ρs, 10ρs, 100ρs, 103ρs, and
104ρs.

When we compare the cases disregarding and considering
degeneracy in Fig. 2, i.e., “Classical PIC” and “Quantum
PIC,” we can find the effect of degeneracy does decrease the
stopping power per unit density from free electrons Se/n. The
reason is due to the following two terms. First, as the most
probable distribution of electrons is the Fermi-Dirac distribu-
tion, the average energy of electrons is much higher than the
thermal temperature, which is

Teff = T

[
2√
π

F1/2(η)(1 + e−η )

]2/3

, (15)

where F1/2(η) = ∫ ∞
0 x1/2(ex−η + 1)−1dx, η = μ/T , and μ is

the chemical potential. Second, the Pauli exclusion principle
ensure that only electrons near the Fermi surface contribute to
the stopping power, as those electrons deep inside the Fermi
surface are frozen. Therefore, with the effect of degeneracy,
the results of Quantum PIC indicate a decrease in Se/n com-
pared with those of Classical PIC under the same parameters
of density and temperature.
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FIG. 3. (a) Bound electronic stopping power per unit density as a function of densities and velocities of injected protons. (b)–(e) The
stopping power per unit density as a function of densities and velocities of injected protons, with contributions from the total, free electrons,
bound electrons, and nuclei plotted, respectively. The label is shown in (b).

In the limit of low projectile velocities, the average electron
stopping power Se/n predicted by “Wigner-RPA” is propor-
tional to the velocity of protons. In the limit of high projectile
velocities, it is inversely proportional to the square of the
velocity. It is shown that the results of Wigner-RPA and
Quantum PIC agree with each other quite well. Due to the
limitations of semiclassic stopping power theory, results of
“Vlasov-RPA” depart from Wigner-RPA and Quantum PIC,
but still show a similar trend. Especially, the result of Vlasov-
RPA is well consistent with that of Wigner-RPA when the
density of the boron target is lower than 100ρs.

In addition, by analyzing the differences among the sub-
pictures of Fig. 2, we find that, when the density of the boron
plasma target is increased, the stopping contribution from
free electrons per unit density decreases. This is because the
effective temperature of free electrons is increased according
to Eq. (15). Therefore, we can easily find the same trends hold
for the cases of Quantum PIC, Vlasov-RPA, and Wigner-RPA,
but not for the case of Classical PIC. This is because in the
former three cases the Fermi-Dirac distribution is considered.

B. Stopping contribution from bound electrons

The model used in both analysis and LAPINS code to calcu-
late the stopping contribution from bound electrons is based
on the work of Fano [40], Trujillo [58], and Gil [59]. Gen-
erally, we can write the stopping contribution from bound

electrons as

Sb = 4πZ2
b e4

mev2
p

(A − Z )n ln(�b), (16)

where

ln(�b) ≡ ln

[
2γ 2mev

2
p

Ī (Z, A)

]
− β2 − CK

A
− δ

2
, (17)

in which A is the atomic number of stopping medium, Z is
the ionization degree of the background plasma, γ is the rel-
ativistic factor of the injected ions, and Ī (Z, A) is the average
ionization potential considering the degeneracy effect [60,61]

Ī (Z, A) = U −
�

U + TF , (18)

with U the isolated ionization potential [62] and
�

U the ion-
ization potential depression (IPD) [63]. As the density of the
boron target is increased, the Fermi energy is also increased
and ionizing the bound electrons needs to overcome an extra
energy of TF . In Eq. (17), the latter two terms are related to
shell corrections and density effect corrections, respectively.
These two terms are based on Fano’s original work [40], to
which the definitions of CK/A and δ/2 can be referred.

Figure 3(a) shows the stopping power per unit density
from bound electrons Sb/n as a function of proton velocity
during the deceleration process in different densities of the
boron target. It is shown that Sb/n is decreased when the
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density of the boron target is increased. Especially, it can be
completely disregarded when the density of the boron target
exceeds 100ρs. Moreover, as the density of the boron target
is increased, the average ionization potential Ī (Z, A) is in-
creased as well, which is also reflected by the increasing peak
positions of the stopping power per unit density from bound
electrons when the density of the boron target is increased.

C. Stopping contribution from atomic nuclei

As for the stopping contribution from atomic nuclei, the
typical binary collision method [64] is usually used,

Sn = 4πZ2
b Z2

t e4

mtv2
p

n ln(�n), (19)

where Zt is the nuclear charge of the target particle, mt is
the mass of the target particle, and ln(�n) is the Coulomb
logarithm [65],

ln(�n) = 1

2

[
ln

(
1 + b2

max

b2
min

)
− b2

max/b2
min

1 + b2
max/b2

min

]
, (20)

with

bmin = 2ZbZt e2

M0v2
r

, (21)

in which M0 = mbmt/(mb + mt ) is the reduced mass, bmin

represents the closest distance that two charged particles of the
same sign, Zb and Zt , with relative velocity vr , can reach, and
bmax is an effective maximum impact parameter for nuclear
collisions, with bmax = max(λD, rWS). Due to the effects of
high density and low temperature, the Debye length λD is usu-
ally smaller than the Wigner-Seitz radius rWS = (4π/3n)−1/3.

Figures 3(b)–3(e) show the contributions of all the three
components (free electrons, bound electrons, and nuclei) to
the stopping power per unit density of injected protons in the
boron target. As can be seen in Fig. 3, at the low density
region, Sn/n is far smaller than Se/n and can be ignored. With
the increasing of boron target density, the contribution of nu-
clei becomes important. Meanwhile, the peak of Sb/n moves
to the right and the contribution of bound electrons dwindles.
When the target density is 103-104ρs, the contributions of free
electrons and nuclei determine the stopping power per unit
density S/n, where Se/n dominates at high proton velocity,
while Sn/n dominates at low proton velocity.

IV. MULTIPLICATION FACTOR OF BEAM-FUSION
REACTIONS

With the above analysis, we can easily obtain the total
reaction number of beam-target nuclear fusion

RT = NpP = Np

∫ Ep

0

σ (E )

(S f + Sb + Sn)/n
dE . (22)

For the p-11B beam-target reaction, the total number of reac-
tions is closely related to the stopping power per unit density
of protons in the target. As can be seen in Fig. 3, the total stop-
ping power per unit density S/n decreases when the density of
the boron target is increased. Especially when the density of
the boron target reaches 103ρs, Sb/n almost disappears, the

total stopping power per unit density is now determined by

S

n
= 4πZ2

b Z2
t e4

mtv2
p

ln(�n) + 4πZ2
b e4Z

mev
3
F

vpln(� f ). (23)

The reason for the decrease is due to the following two
facts. First, as bmax is inversely proportional to n1/3, ln(�n)
decreases when the density of the boron target is increased.
Second, as v3

F is proportional to n f = Zn, the second term of
Eq. (23) ∝ln(� f )/n also decreases when the density of the
boron target is increased.

Numerically, we have run simulations with different initial
densities by using the LAPINS code, with density of ρs, 10ρs,
100ρs, 103ρs, and 104ρs, respectively. The initial kinetic en-
ergy of the proton beam is fixed at 1 MeV. Figure 4(a) shows
the probability of the p-11B beam-target fusion as a function of
the boron target density. The comparisons between theoretical
analysis and numerical simulations coincide with each other
quite well. Due to a high degree of degeneracy, the effect of
temperature is quite small on the reaction probability.

Quantitatively, it is critical to consider the energy multipli-
cation factor F in order to achieve the net energy gain. Here
F is a fundamental quantity in beam-target fusion [66],

F = P(Ep; n, T )Q

Ep
, (24)

where Ep is the initial proton energy and Q is the fusion
Q value. For the p-11B fusion reaction, Q equals 8.7 MeV.
Theoretical analysis leads to the conclusion that, for injected
protons of energy of 1 MeV, the threshold density of the boron
target is 1.95 × 105ρs, beyond which the energy multiplica-
tion factor F would be greater than one.

Moreover, the cross section of nuclear fusion depends on
the center-of-mass energy, which is a function of the injected
proton energy. Therefore, different injected energy of proton
beams may lead to different reaction probabilities. We have
calculated the fusion probability with varying injected proton
kinetic energies. In order to make the F factor more than
one, we find, when the energy of injected protons is around
880 keV, there exists a minimum possible compressed density,
which is 1.8 × 105ρs, as shown in Fig. 4(b).

By utilizing the ideal gas equation of state and taking into
account the Fermi energy, we can estimate the total laser
energy required,

EL = ELn + ELp

= nV

η1

[
(Z + 1) × 3

2
T + Z × 3

5
EF

]
+ NpEp

η2
,

(25)

where EL is the total laser energy, ELn is the laser energy
to compress the target usually by a nanosecond laser, and
ELp is the laser energy to accelerate protons usually by a pi-
cosecond ultraintense (>1018 W cm−2) laser [67]. The energy
conversion efficiency of compression and acceleration is η1

and η2, respectively. According to the work of Hey [68] and
Robson [67], the conversion efficiency from laser energy into
proton kinetic energy is about 5%. The conversion efficiency
from laser energy to compressed target is 10%–33% [36].
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FIG. 4. (a) Reaction probability of the p-11B nuclear fusion as a function of boron target density. The initial energy of the proton beam is
1 MeV. (b) The multiplication factor F of p-11B beam-target fusion as a function of boron target density and initial proton kinetic energy. F is
defined as the ratio of the fusion energy produced during the deceleration of the proton beam to the overall energy of injected protons.

When considering the energy of laser, the G factor of
yield-to-laser energy can be rewritten as

G(Ep; n, T ) = NpP(Ep; n, T )Q

EL
. (26)

In this study, because we do not take into account the impact
of proton beam density, target composition, and other param-
eters that affect ignition, the G factor is substantially smaller
than the F factor.

V. DISCUSSIONS AND CONCLUSIONS

It is worth mentioning that the present work assumes low
density of a proton beam, so that the protons do not perturb the

compressed boron plasma. Because the density of the proton
beam is far lower than the density of the boron target and the
range of the duration of the proton beam in our simulations
is just set to 0.3–3 ps, the heating effect is not obvious in the
boron medium. Since we do not consider the ignition currently
and this work is more about the physical exploration of the
beam-target p-11B nuclear reaction process in a degenerate
target, we cannot get a fusion-burning wave in the degenerate
medium.

However, a dense beam with the parameters achieved by
experiment is required in a practical scheme. In this case,
the dense proton beam would heat the boron plasma and the
degeneracy of the heating region would decrease. We simply

FIG. 5. (a) Se/n as a function of the velocity of protons at different target temperatures with the target density 103ρs in theory. (b) Se/n
as a function of the velocity of protons at different target temperatures with the target density 103ρs in simulation. (c) The local occupation
number of electrons in initial time as a function of energy of electrons in simulation. (d) The energy spectrum of electrons at different target
temperatures with the target density 103ρs in simulation.
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FIG. 6. (a) Proton energy as a function of time and incident dis-
tance, simulated by the LAPINS code considering the Pauli exclusion
principle, with boron density of 103ρs and temperature of 10 eV. The
duration of the beam is set long enough to ensure that the beam is
still injected when the protons in the front are stopped. We therefore
can get stable data describing the proton energy as a function of
the incident distance during the deceleration process. (b) The proton
energy as a function of the incident distance during the deceleration
process.

consider the interaction of a proton beam with a boron target
at different temperatures.

Theoretically, when the temperature of the interaction re-
gion is increased, though the degeneracy of the heating region
is decreased, Se/n would be decreased also, as is shown in
Fig. 5(a), which can be seen in the Fig. 6 in Ref. [69] as well.
This is because the interaction between protons and plasma
does not take the Pauli exclusion principle into account.
However, the LAPINS code has integrated the Pauli exclu-
sion principle self-consistently; consequently, the simulations
give forth a different result on Se/n when the temperature of
the boron target T is increased. Figures 5(b)–5(d) illustrate
that, when the temperature of the target rises from 10 eV
to 100 eV, Se/n increases. At this point, the change in the
distribution function causes electrons within the Fermi sur-
face to be excited more easily. As the temperature rises to

500 eV, the impact of the average energy becomes equally
significant to that of the Pauli exclusion principle. Finally, the
thermal energy of electrons is comparable to Fermi energy, the
Pauli exclusion principle acts weakly, and the average energy
mainly accounts for the result that Se/n decreases when T
rises from 500 eV to 1000 eV.

In further study, the relevant physical processes described
above will be taken into consideration and the effect of the
heating process caused by an intense proton beam on the
beam-target nuclear fusion yield will be quantitatively ana-
lyzed, which is also included in our LAPINS code.

Besides, instabilities are not considered in this work
because of the extremely high density and relatively low
temperature of the target. However, when we take the dense
beam into consideration as well as the heating process, some
collective instabilities may occur [70], which deserve further
studies.

In addition, compression by a factor of 105 can hardly
be achieved with presently known techniques [71]. However,
when considering the heating process, the requirements may
be reduced. In reality, in order to verify the results of this
paper, as a first step, several hundred times the solid density
would be sufficient in the experiment.

In conclusion, we suggest a scheme for beam-target p-11B
fusions via injecting a MeV proton beam into a highly com-
pressed quantum degenerated boron target. The degeneracy
effect is found to have an effect on the number of fusion
reactions by decreasing the stopping power per unit density
of protons in the boron target. At low boron target densities,
free electrons and bound electrons dominate the stopping
power per unit density. Especially when Ep = 1 MeV and ρ =
103 − 104ρs, Sb/n and Se/n can be completely disregarded
and dramatically reduced, respectively, which therefore
results in orders of magnitude increments in fusion yields.
When the injected proton beam has an energy of around 880
keV, there exists a minimum possible compressed density,
which is 1.8 × 105ρs, to make the F factor greater than one.
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APPENDIX A: CALCULATION OF THE STOPPING
CONTRIBUTION FROM FREE ELECTRONS BY

WIGNER-RPA EQUATIONS

Considering a homogeneous free electrons gas (FEG) with
density n f and Fermi wave number kF = (3π2n f )1/3, the FEG
can be characterized by the Lindhard parameter χ2; these
dimensionless quantities are linked to kF through [45,49]

χ2 = (πkF a0)−1, (A1)
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where a0 = h̄2/mee2 is the Bohr radius (h̄ is the reduced Plank
constant) and α = (4/9π )1/3. It is convenient to replace k and
ω by the dimensionless variables

z = k

kF
, u = ω

kvF
, (A2)

where vF = h̄kF /me stands for the Fermi velocity. In this case
the dielectric function can be written as [49]

ε(z, u) = 1 + χ2

z2
[ f1(z, u) + i f2(z, u)], (A3)

with

f1(u, z) = − π

8z�
[F (u + z) − F (u − z)]. (A4)

When � � 1,

F (p) = 2p

[
1

2
+ 1 − p2

4p
ln

p + 1

p − 1

]
(A5)

and

f2(u, z) = − π

8�z
ln

1 + exp[μ/T − �(u + z)2]

1 + exp[μ/T − �(u − z)2]
. (A6)

The stopping contribution from free electrons can be written
in the form

S f = 4πZ2
b e4

mev2
p

n f Le, (A7)

with

Le = 6

πχ2

∫ vp/vF

0
u du

∫ ∞

0
z dz Im

1

ε(z, u)
, (A8)

which depends on the number density and temperature of
target nuclei as well as the velocity of protons, satisfying

Le =
(

vp

vr

)3

ln(� f ). (A9)

Here vr is the relative velocity between protons and free
electrons and vr = (v2

ave + v2
p)1/2. In the limit of low projectile

velocity, vp � vave, Eq. (A9) becomes

Le =
(

vp

vr

)3

ln(� f ) �
(

vp

vF

)3

ln(� f ) (A10)

and the stopping contribution from free electrons simplifies
to [45]

S f = 4πZ2
b e4n f

mev
3
F

vpln(� f ). (A11)

In the limit of high projectile velocity, vp � vave, Le becomes

Le =
(

vp

vr

)3

ln(� f ) � ln(� f ) (A12)

and the stopping contribution from free electrons simplifies
to [45]

S f = 4πZ2
b e4

mev2
p

n f ln(� f ). (A13)

Note that Eq. (A12) already gives a one percent accuracy for
vp > 2vave.

APPENDIX B: SIMULATION OF STOPPING
CONTRIBUTION FROM FREE ELECTRONS

WITH THE LAPINS CODE

The statistic model used in the LAPINS code [53–56] to
deal with the case that disregards degeneracy is based on the
classical Boltzmann equation,

∂ f

∂t
+ vk · ∂ f

∂r
+ qk (E + vk × B) · ∂ f

∂ pt
= ∂ f

∂t

∣∣∣∣
coll

, (B1)

where the subscript k indicates the species of particles, f =
f (r, p, t ) is the distribution function,

r is the position, p is the momentum, t is the time, v is
the velocity, E is the electric field, B is the magnetic field,
and the collision term ∂ f /∂t |coll is the Boltzmann collision
integral. On this occasion, the average energy of electrons is
only determined by thermal temperature T and the quantum
effect of electrons is completely not considered.

The model used in the LAPINS code to deal with degeneracy
is based on the first principle Boltzmann-Uhling-Uhlenbeck
(BUU) equation [57,72],

∂ f

∂t
+ vk · ∂ f

∂r
+ qk (E + vk × B) · ∂ f

∂ pt
= ∂ f

∂t

∣∣∣∣
BUU

coll

, (B2)

where the BUU collisions can ensure that evolution of degen-
erate particles is enforced by the Pauli exclusion principle.
This principle prevents degenerate particles from being scat-
tered into an energy state that is already occupied.

In order to give the visual stopping contribution from free
electrons per unit density, we do a series of simulations by
the LAPINS code. The initial energy of proton beams is set
to 1 MeV. The densities of the boron target are respectively
ρs, 10ρs, 100ρs, 103ρs, and 104ρs, where ρs is the density of
the solid boron target equal to 2.34 g/cm3. The temperatures
of the former three cases are set to be 1 eV, while the tem-
peratures of the latter two are set to be 10 eV and 100 eV,
respectively. The reason why a higher temperature is set for
the last two cases is to avoid numerical errors in the integral
due to the large degeneracy parameter �. In fact, when the
density of the boron target is over 100 ρs, such changes of
temperature will not influence the result a lot.

For each simulation, the density of the proton beam is set
low enough to make sure the influence can be regarded as per-
turbations. Duration of the beam is set long enough to ensure
that the beam is still being injected when the velocity of the
protons in the front plane is slowed down to zero. As shown in
Fig. 6(a), we can get the proton energy at any position in the
target at any time. On this occasion, as is shown in Fig. 6(b),
we can obtain the data of proton average energy Epi as a
function of distance in the deceleration process. We will then
get the stopping contribution from free electrons of protons
by δEpi/δzi. Dividing it by n, we can obtain the stopping
contribution from free electrons per unit density Se/n.
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