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Quantum coherence enables hybrid multitask and multisource regimes
in autonomous thermal machines
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Nonequilibrium effects may have a profound impact on the performance of thermal devices performing
thermodynamic tasks such as refrigeration or heat pumping. The possibility of enhancing the performance of
thermodynamic operations by means of quantum coherence is of particular interest but requires an adequate
characterization of heat and work at the quantum level. In this work, we demonstrate that the presence of even
small amounts of coherence in the thermal reservoirs powering a three-terminal machine, enables the appearance
of combined, and hybrid modes of operation, where either different resources are combined to perform a single
thermodynamic task, or more than one task is performed at the same time. We determine the performance of
such coherence-enabled modes of operation obtaining their power and efficiency. In the case of hybrid regimes,
the presence of coherence in the hot bath allows for an increase in power while maintaining high efficiencies.
On the other hand, in combined regimes, a contrasting behavior emerges whereby coherence has a detrimental
impact on power output and efficiency.
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I. INTRODUCTION

Energy management and conversion entails leveraging
temperature differences between reservoirs as a resource for
generating heat flows that allow thermal machines to func-
tion, for instance, as a heat engine, as a heat pump or as a
refrigerator [1]. The development of efficient and adaptable
thermal machines for controlling energy at the quantum scale
poses considerable difficulties, but such an endeavour may be
important for the advancement of novel quantum technologies
in the future [2].

Quantum thermal machines [3–7] represent one of the fo-
cal points of fundamental research in the field of quantum
thermodynamics [8–11], with extensive investigation con-
ducted both theoretically [12–30] and experimentally [31–37].
These setups are usually characterized by a small quantum
system acting as a working substance which is in contact
with different thermal reservoirs and eventually influenced
by external control. A significant hurdle lies in carefully de-
termining how the quantum nature of these thermal devices
affects the performance of thermodynamic tasks such as work
extraction, heating and refrigeration.

In recent years, there has been a growing recognition of
the significance of exploiting nonthermal features in nonequi-
librium reservoirs for enhancing thermodynamic operation.
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In particular, nonthermal reservoirs carrying quantum coher-
ence [38–46], squeezing [47–54], or classical and quantum
correlations [55–59] have been proposed, leading to their ex-
perimental realizations [60–63]. Nonthermal features in the
environment open up new possibilities for the optimization
of energy conversion in quantum systems and the enhance-
ment of power and efficiency. Specifically, in the context of
thermal machines, environmental quantum coherence can act
as an extra source of work [43,50,64] or free-energy [42,45],
displaying unique characteristics as compared to standard
(noncoherent) thermal reservoirs [65]. It can apparently boost
heat engines efficiency above the standard thermodynamic
Carnot bound [38,48,66], causing the appearance of novel
regimes of operation [50,51,67]. Moreover it has been found
that coherence can also help in the thermalization processes
often appearing in cyclic engines [41,44,68]. However, the
evaluation of the performance in many of these pioneering
predictions relied on a different identification of the heat
currents from the quantum reservoirs, which has been later
revisited in different contexts [42,43,53,64,69–71].

Thermal machines models are often implemented in multi-
terminal setups that may lead to additional benefits, especially
in the case of multiple conserved quantities. For instance, us-
ing a third terminal the separation of energy and charge flows
becomes possible, thereby enhancing the efficiency of ther-
moelectric devices [72–74]. Three-terminal setups are also
widely used platforms to amplify and modulate heat currents
in quantum thermal transistors [75–77]. Another advantage of
some multiterminal devices is that they can perform more than
a single thermodynamic task simultaneously. For instance,
in Ref. [78] a three-terminal device was proposed where
the invested thermal power from a bosonic bath might be

2643-1564/2024/6(1)/013310(17) 013310-1 Published by the American Physical Society

https://orcid.org/0000-0002-2471-939X
https://orcid.org/0000-0003-1359-6344
https://orcid.org/0000-0003-3265-9021
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.6.013310&domain=pdf&date_stamp=2024-03-21
https://doi.org/10.1103/PhysRevResearch.6.013310
https://creativecommons.org/licenses/by/4.0/


HAMMAM, MANZANO, AND DE CHIARA PHYSICAL REVIEW RESEARCH 6, 013310 (2024)

employed to produce electric power and to refrigerate one
electronic terminal. In Ref. [79] it has been shown that such
hybrid regimes can be implemented not only in state-of-the-
art nanoscale thermoelectric energy harvesters [32], but are
possible in generic autonomous thermal machines whenever
multiple terminals and multiple globally conserved quanti-
ties (or charges) are combined. This observation has recently
triggered the proposal of different devices leading to hybrid
operational regimes [80–82].

In this work, we explore the potential of nonthermal ef-
fects of the reservoirs as induced by a negligible amount of
quantum coherence, in performing new regimes of operation
in autonomous thermal machines, without the help of extra
charges or external sources of work. To this aim, we study a
prototypical model of a three-level autonomous machine in a
three-terminal configuration [12,14]. The three reservoirs are
made of an ensemble of independent and identical units that
interact sequentially with the three-level system representing
the working machine. By injecting some amount of coherence
in the units of one of the reservoirs, it becomes a source
of both heat and work. As a result, new types of operat-
ing regimes emerge, namely, combined multisource regimes
where two input thermodynamic resources are employed to
drive a useful task of the machine, and hybrid multitask
regimes where several thermodynamic tasks are performed
simultaneously from a single input resource. Notably, these
extra regimes would not be possible in the thermal case
without further augmenting the charges in the setup or al-
lowing external work to be performed. The performance of
the machine is addressed through the characterization of a
recently introduced multitask efficiency [79], which helps us
to accurately evaluate the beneficial or detrimental role of co-
herence in the performance associated with each regime. Our
results indicate that while coherence might constitute an extra
resource for allowing otherwise forbidden hybrid regimes,
for most parameter choices its associated power-efficiency
tradeoff leads to a lower performance as compared to the
purely thermal case. Enhancements are possible only in some
particular cases and are achieved in narrow parameter regions
near the maximum power point.

Our paper is organized as follows. Section II is dedicated
to introducing the set up of our quantum thermal machine in
a collisional framework. We derive its open quantum system
dynamics in Secs. II A, and in Sec. II B, we define all thermo-
dynamic quantities that will allow us to identify the regimes of
operation at steady state in Sec. III. Accordingly, we show the
different regimes of operation when adding some amount of
coherence in the state of the environment’s units in Sec. III B.
This is then followed by the quantification of the performance
of our three-terminal device by using the generic expression of
the efficiency in Sec. IV for the combined regimes (Sec. IV A)
and the hybrid regimes (Sec. IV B). Finally, Sec. V is devoted
to the conclusion.

II. THERMAL MACHINE MODEL

We consider a three-level system S described by a three-
dimensional Hilbert space spanned by the orthonormal basis
{|0〉, |1〉, |2〉}. It is in contact with an external environ-
ment comprising three different reservoirs whose interaction

with the system is described within a collisional framework
[83–85]. These reservoirs are represented by infinite series
of auxiliary units—for simplicity we take qubits—which
sequentially interact with the system one at a time. The in-
teraction between the system and the reservoir units lasts
for an interval τ (the collision time) and is associated to a
succession of unitary operations, U = e−iHτ (h̄ = 1), where
H = HS + ∑3

i=1(H (i)
R + H (i)

SR ) is the total Hamiltonian com-
prising the system HS , reservoir units H (i)

R , and interaction H (i)
SR

parts.
The reservoirs’ units are described by the following local

Hamiltonians:

H (i)
R = Bi

2
σ (i)

z , i = 1, 2, 3, (1)

where σ (i)
x,y,z represent the Pauli matrices for the environmental

auxiliary units and Bi is the corresponding applied magnetic
field, which we assume to be resonant with the three-level
system transitions, such that

HS = B2 |2〉 〈2| + B1 |1〉 〈1| , (2)

with the consistency condition B3 = B2 − B1.
We assume the system to interact with two-level units

coming from cold, intermediate and hot reservoirs at different
temperatures T1, T2, and T3, respectively, with T1 < T2 < T3.
Figure 1 illustrates the transitions in the system coupled with
each reservoir: (1) the transition |1〉 ↔ |0〉 with the cold bath
at T1 units; (2) the transition |2〉 ↔ |0〉 with the intermediate
temperature bath at T2 and (3) the transition |2〉 ↔ |1〉 with
the hot bath at T3.

The interaction between the system and the auxiliary units
of the baths is assumed to be weak, and the corresponding
interaction Hamiltonians are of the general form:

H (1)
SR = g1√

τ
(|0〉 〈1| σ †

1 + |1〉 〈0| σ1),

H (2)
SR = g2√

τ
(|0〉 〈2| σ †

2 + |2〉 〈0| σ2),

H (3)
SR = g3√

τ
(|1〉 〈2| σ †

3 + |2〉 〈1| σ3), (3)

where σi = 1
2 (σ (i)

x − iσ (i)
y ), and gi denotes the coupling

strength.
The auxiliary units of the reservoirs are all initialized in the

following fixed state bearing coherences in the H (i)
R eigenbasis

[43]:

ρ
(i)
R = e−βiH

(i)
R

Zi
+ λi

√
τχi, (4)

where the first term corresponds to the thermal Gibbs state at
(inverse) temperature βi = 1/Ti (we set Boltzmann’s constant
as kB = 1), such that Zi = Tr[e−βiH

(i)
R ] is the partition function,

and in the second term χi = cos φiσ
(i)
x + sin φiσ

(i)
y is a trace-

less Hermitian operator with zero diagonal elements in the
energy basis of H (i)

R . Here the angle φi is the azimuth of the
environmental unit’s Bloch vector.

Notice that the state above deviates from a thermal Gibbs
state by the inclusion of coherences whenever λi �= 0 by an
amount proportional to the square root of the collision time τ .
We note that we are interested in small amounts of coherence,
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FIG. 1. Schematic model of a three-level autonomous thermal machine interacting in a three-terminal configuration. The three reservoirs
are composed of a series of qubits which are initially identically prepared with some infinitesimal amount of coherence, see Eq. (4). They
interact sequentially and resonantly with the transitions of the three-level system.

which refers to the situation where τ approaches zero. In
this case, the magnitude of the second term of Eq. (4) is
significantly smaller compared to the first term and any choice
of χi with zero diagonal elements is permitted. On the other
hand if τ is finite, a positive semidefinite ρ

(i)
R is not guaranteed

considering any choices of χi.

A. The open quantum system dynamics

As it is costumary in collisional models [84], we assume
no initial correlations between the system and the units of the
reservoirs at the beginning of each interaction, which means

that they start in a product state ρS (t )
⊗3

i=1 ρ
(i)
R such that ρS (t )

is the state of the system at a generic time t and ρ
(i)
R are fixed.

Therefore, for a given collision between the system and the
environment, the global state of system and reservoirs changes
to

ρSR(t + τ ) = U

(
ρS (t )

3⊗
i=1

ρ
(i)
R

)
U †. (5)

A Baker-Campbell-Haussdorf series expansion of Eq. (5) in
τ is applied

ρSR(t + τ ) = ρS (t )
3⊗

i=1

ρ
(i)
R − iτ

[
H, ρS (t )

3⊗
i=1

ρ
(i)
R

]
− τ 2

2

[
H,

[
H, ρS (t )

3⊗
i=1

ρ
(i)
R

]]

= ρS (t )
3⊗

i=1

ρ
(i)
R − iτ

[
HS +

3∑
i=1

H (i)
R , ρS (t )

3⊗
i=1

ρ
(i)
R

]

− iτ

[
3∑

i=1

H (i)
SR, ρS (t )

3⊗
i=1

ρ
(i)
R

]
−

3∑
i=1

τ 2

2

[
H (i)

SR,

[
H (i)

SR, ρS (t )
3⊗

i=1

ρ
(i)
R

]]
, (6)

which after tracing out the reservoir states, leads to a discrete
map over the reduced system’s state while keeping only terms
which are linear in τ :

ρS (t + τ ) = TrR[ρSR(t + τ )]

= ρS (t ) − iτ [HS, ρS (t )] − iτ

[∑
i=1

G(i)
S , ρS (t )

]

+ τ
∑
i=1

Di[ρS (t )] + O(τ 2), (7)

where we introduced the system operators G(i)
S :=

TrR[H (i)
SRρ

(i)
R ] and the Lindblad superoperators Di(ρS ) :=

− τ
2 TrR[H (i)

SR, [H (i)
SR, ρSρ

(i)
R ]].

In the continuous limit, τ → 0, the changes in the system
density operator 	ρS := ρS (t + τ ) − ρS (t ) become smooth
by dividing each side with τ :

ρ̇S (t ) = lim
τ→0

	ρS

τ
, (8)

leading to the following Markovian master equation [43]:

ρ̇S (t ) = −i

[
HS +

∑
i=1

G(i)
S , ρS (t )

]
+

3∑
i=1

Di[ρS (t )], (9)

where we obtain three effective Hamiltonian terms induced by
the interaction with the reservoirs, given by the operators:

G(1)
S = λ1g1(eiφ1 |0〉 〈1| + e−iφ1 |1〉 〈0|),

G(2)
S = λ2g2(eiφ2 |0〉 〈2| + e−iφ2 |2〉 〈0|),

G(3)
S = λ3g3(eiφ3 |1〉 〈2| + e−iφ2 |2〉 〈1|). (10)

These extra terms provide a coherent contribution to the three-
level system dynamics which is present only whenever the
reservoir contains coherence, λi �= 0.
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Moreover, we obtain the three following Lindbladian dis-
sipative terms corresponding to each reservoir incoherent
contribution to the dynamics:

D1(ρS ) = γ −
1

( |0〉 〈1| ρS |1〉 〈0| − 1
2 {|1〉 〈1| , ρS}

)
+ γ +

1

( |1〉 〈0| ρS |0〉 〈1| − 1
2 {|0〉 〈0| , ρS}

)
, (11)

D2(ρS ) = γ −
2

( |0〉 〈2| ρS |2〉 〈0| − 1
2 {|2〉 〈2| , ρS}

)
+ γ +

2

( |2〉 〈0| ρS |0〉 〈2| − 1
2 {|0〉 〈0| , ρS}

)
, (12)

D3(ρS ) = γ −
3

( |1〉 〈2| ρS |2〉 〈1| − 1
2 {|2〉 〈2| , ρS}

)
+ γ +

3

( |2〉 〈1| ρS |1〉 〈2| − 1
2 {|1〉 〈1| , ρS}

)
, (13)

with γ +
i = |gi|2〈σ †

i σi〉 and γ −
i = |gi|2〈σiσ

†
i 〉 for i = 1, 2, 3

describing the rates at which incoherent jumps among the
three energy levels of the machine are triggered by the
reservoirs. Using the expression of the initial state of the reser-
voir units, Eq. (4), we have 〈σ †

i σi〉 = 2n̄i + 1, where n̄i :=
[exp (βiBi ) − 1]−1. These rates verify local detailed balance
γ +

i = γ −
i e−βiBi and can be rewritten in standard form, γ +

i =
γin̄i and γ −

i = γi(n̄i + 1) by setting γi = |gi|2/(2n̄i + 1).
Analogously, the evolution of the ith reservoir units as they

interact with the three-level machine can be obtained from
Eq. (5) by tracing out the degrees of freedom of the machine
and of all the reservoirs except the ith one, which we label as
Tr ī[. . . ]. The state of the reservoirs’ units after each collision,
keeping terms up to second order in τ , reads

ρ ′(i)
R = Tr ī[ρSR(t + τ )]

= ρ
(i)
R − iτ

[
G(i)

R , ρ
(i)
R

] + τ DR
(
ρ

(i)
R

) + O(τ 2), (14)

where we obtain an effective Hamiltonian correction for each
bath G(i)

R := Tr ī[H
(i)
SRρS] given by the following operators:

G(1)
R = g1(ρ1,2 |0〉 〈1| + ρ2,1 |1〉 〈0|),

G(2)
R = g2(ρ1,3 |0〉 〈2| + ρ3,1 |2〉 〈0|),

G(3)
R = g3(ρ2,3 |1〉 〈2| + ρ3,2 |2〉 〈1|), (15)

with ρi, j = 〈i| ρS (t ) | j〉 the entries of the three-level system’s
density matrix in the basis {|0〉, |1〉, |2〉}, and the corre-
sponding dissipative contribution DR

i (ρ (i)
R ) := − τ

2 Tr ī[H
(i)
SR],

[H (i)
SR, ρS

⊗3
j=1 ρ

( j)
R ].

The collision of the three-level machine with the environ-
mental units results, in the long time limit, in driving the
machine to a nonequilibrium steady state (NESS) ρNESS

S (see
Appendix A). The presence of a coherent exchange of energy
between the three-level system and the reservoirs leads to the
machine acquiring coherence in the HS basis in such limit
despite the decoherence induced by thermal contacts. This
implies that ρNESS

S depends explicitly on λi. Moreover, we
remark that whenever the NESS is reached, all forthcoming
auxiliary units from the reservoirs undergo the same identical
evolution.

B. Thermodynamic quantities

From the evolution of the machine and the reservoir units
obtained above, we are now in a position to evaluate all
relevant thermodynamic quantities of the setup. In order to
verify the autonomous character of the machine model, we
first evaluate the total energy change during a collision:

Wmec = Tr[(HS + HR)	ρSR(t )] = 0, (16)

with 	ρSR(t ) = ρSR(t + τ ) − ρS (t )
⊗3

i=1 ρ
(i)
R the change in

the global state. The quantity Wmec plays the role of the
mechanical work cost of switching on and off the interac-
tion between system and reservoirs [86–88]. Here we obtain
Wmec = 0 as follows from the strict conservation of energy
during the global unitary evolution describing the collisions,
[U, HS + HR] = 0, as enforced by the resonance condition for
the energy spacings of the three-level system and the auxiliary
units.

The energy changes in the machine and reservoir i due to a
single collision are given by:

	ES := Tr[HS 	ρSR(t )], (17)

	E (i)
R := Tr

[
H (i)

R 	ρSR(t )
]
, (18)

so that energy conservation is satisfied, 	ES + ∑3
i=1 	E (i)

R =
Wmec = 0. It is worth remarking that, since the initial states of
the units in the reservoirs are not, in general, thermal states,
we should refrain from the standard identification of all the
energy exchanged with them as heat [89], but in the following
we will split this quantity into work and heat contributions,
acknowledging the nonequilibrium character of the reservoirs.

The second law of thermodynamics in the setup can
be expressed by the non-negativity of the average entropy
production Stot = I ′(S : R) + ∑3

i=1 S(ρ ′ (i)
R ||ρ (i)

R ) � 0 due to
collisions with the three reservoirs. The mutual information
between the system and the auxiliary units after the collision
is given by I ′(S : R) = S(ρ ′

S ) + S(ρ ′
R) − S(ρ ′

SR). Since S and
R are initially uncorrelated (I (S : R) = 0), we obtain

I ′(S : R) = 	Ssys +
3∑

i=1

	S(i)
R , (19)

where 	Ssys = S[ρS (t + τ )] − S[ρS (t )] and 	S(i)
R = S(ρ ′ (i)

R ) −
S(ρ (i)

R ) are the entropy changes in the three-level system and
the auxiliary units from reservoir i, respectively. On the other
hand, the terms S(ρ ′ (i)

R ||ρ (i)
R ) stand for the displacement of

the reservoir units from their initial states during each single
collision, which are ultimately “reset” back to their original
states. Above we denoted by S(ρ) = −Trρ ln ρ the von Neu-
mann entropy of state ρ and S(ρ||σ ) = Trρ(ln ρ − ln σ ) the
relative entropy between states ρ and σ , which is positive and
becomes zero only if ρ = σ .

The expression of the entropy production, for a single
dynamical step τ , is [89–91]

Stot = 	Ssys +
3∑

i=1

(
	S(i)

R + S
(
ρ

′ (i)
R

∣∣∣∣ρ (i)
R

))
. (20)

The entropy production in Eq. (20) can be written in standard
thermodynamic form as the change in the system entropy and
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the sum of the entropy exchanged with the reservoirs:

Stot = 	Ssys −
∑

i

βiQi, (21)

by identifying the heat exchanged with the collisional reser-
voirs as

Qi := −Ti
[
	S(i)

R + S
(
ρ

′ (i)
R

∣∣∣∣ρ (i)
R

)] = TiTr
[
	ρ

(i)
R ln ρ

(i)
R

]
, (22)

with 	ρ
(i)
R = ρ

′ (i)
R − ρ

(i)
R , in analogy to Refs. [43,53]. This

identification of heat, instead of the expression Qi =
−Ti	S(i)

R , as often employed in similar situations [45,69],
responds to the fact that here we are implicitly assuming that
the reservoir units become inaccessible after colliding with the
machine, hence leading to an effective resetting to their initial
states [90,91].

Inserting the explicit expression for 	ρ
(i)
R obtained from

Eq. (14) into Eq. (22), we obtain

Qi = −	E (i)
R − Wi. (23)

The second term in Eq. (23) is a work contribution from
reservoir i due to the presence of coherence in its initial state:

Wi := −iλiβiτ
〈[

G(i)
R , H (i)

R

]〉
χi
, (24)

which arises from the unitary part of the evolution in Eq. (14).
Above we denoted by 〈. . . 〉χi = Tr{(. . . )χi} the trace over the
coherent part of the initial state of the auxiliary units.

The above identifications leads to the formulation of the
first law of thermodynamics in the setup:

	ES =
∑

i

(Qi + Wi ). (25)

It is worth remarking that not all the energy exchanged with
the environmental units can be considered as heat, but we
obtain a second term in Eq. (23) of genuine quantum coher-
ent origin, which would disappear for a thermal environment
(λi = 0). In other words, Qi above is the part of the energy
exchanged with the environment i during collisions that, ac-
cording to Eq. (21), is connected to entropy exchanges with
that reservoir, while Wi can be identified with the energy input
from the reservoir not contributing to any entropy flux from
or to the environment. When the NESS is reached, the energy
of the three-level system does not change anymore, 	ES = 0,
and the first law above becomes

∑
i(Qi + Wi ) = 0.

Moreover, as noticed in Ref. [43], when τ 	 1, the expres-
sion for the relative entropy between the final and initial states
of the auxiliary units of the reservoir appearing in Eq. (20)
becomes

S
(
ρ

′ (i)
R ||ρ (i)

R

) = 	C(i)
R + Wi � 0, (26)

where 	Ci = C(ρ ′ (i)
R ) − C(ρ (i)

R ) is the change in relative en-
tropy of coherence [92,93] in the state of the auxiliary units,
C(ρ) := S(ρ̄ ) − S(ρ) with ρ̄ is the diagonal part of state ρ

in the H (i)
R basis. This expression helps us to understand the

relation of the coherent work contribution from the reservoirs
to the actual coherence present in the auxiliary units. Indeed
by virtue of the inequality in Eq. (26), a decrease in the
coherence of the reservoir units 	C(i)

R � 0 gets linked to the
performance of work by the reservoir, Wi � 0, while work

extraction, Wi � 0, implies the generation of coherence in
the reservoir units 	C(i)

R � 0. See also Ref. [42] about the
generation of coherence by thermal resources.

Taking the limit τ → 0, we can immediately obtain the
corresponding expressions for the rate of energy change in the
system, ĖS (t ) := limτ→0 	ES/τ , heat currents to reservoir i,
Q̇i = limτ→0 Qi/τ and coherent power from reservoir i, Ẇi :=
limτ→0 Wi/τ . We report the detailed analytical expressions of
these quantities in Appendix B.

When the NESS is reached the second law inequality in
the setup is obtained from the non-negativity of the entropy
production rate Ṡtot := limτ→0 Stot/τ � 0, which imposes∑

i

βiQ̇i � 0. (27)

The above second-law inequality can be rewritten in an ap-
pealing way for the cases in which only one of the baths in the
setup contains coherence (e.g., the kth bath):

Ẇk +
∑
i �=k

(βk − βi )Q̇i � 0. (28)

This inequality suggests that when the presence of coherence
in one of the reservoirs leads to a positive coherent power
Ẇk > 0, it can be used to power heat currents to (from)
other reservoirs, Q̇i < 0 (Q̇i > 0), even against a temperature
gradient, i.e., when βk > βi (βi > βk). For example, coher-
ent power Ẇk may allow refrigeration of a cold bath with
βi > βk , extracting a heat current Q̇i > 0 from it, or allow
heat pumping into a hot bath βi < βk with Q̇i < 0. Remark-
ably the presence of coherence allows also the appearance
of hybrid regimes where more than one useful task can be
performed simultaneously, or combined regimes where dif-
ferent resources can be combined to perform a single task.
A detailed account of the possible regimes of operation of
the device under the presence of coherence is given in next
section.

In the linear response regime, we can see that the effect of
coherence within the environmental units is quadratic, such
that both incoherent heat currents and coherent work contri-
butions can be rewritten in the form of a Maclaurin series
expansion up to the first order in λ2

1:

Q̇i ≈ Q̇i|λi=0 + λ2
i

2!

∂2Q̇i

∂2
(
λ2

i

) |λi=0, (29)

Ẇi ≈ Ẇi|λi=0 + λ2
1

2!

∂2Ẇi

∂2
(
λ2

i

) |λi=0, (30)

with the first term in Eq. (29) representing the heat current that
is transferred from a thermal bath i when λi = 0. We notice
that in the case of the coherent power the first (zero-order)
term in Eq. (30) is exactly zero, Ẇi|λi=0 = 0, highlighting the
fact that such power sources are driven by the presence of
environmental coherence and vanish otherwise.

III. REGIMES OF OPERATION

The comparison of extra terms in the energetics of the
machine due to the presence of coherence in the reservoirs
implies that it can function in different regimes of opera-
tion that can significantly differ from the thermal case. In
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TABLE I. Operational regimes for a quantum thermal machine operating with three collisional baths. The first column represents the label
corresponding to each regime of operation of the machine which is given in the second column. The last column further characterizes the
regimes by showing the signs of the coherent work and the heat flows to each reservoir.

I Quantum absorption refrigerator Ẇ = 0, Q̇1 > 0, Q̇2 < 0, Q̇3 > 0
II Heat pump Ẇ = 0, Q̇1 < 0, Q̇2 > 0, Q̇3 < 0
III Power and heat driven refrigerator Ẇ > 0, Q̇1 > 0, Q̇2 < 0, Q̇3 > 0
IV Power and heat driven pump Ẇ > 0, Q̇1 < 0, Q̇2 > 0, Q̇3 < 0
V Hybrid power driven refrigerator and heat pump Ẇ > 0, Q̇1 > 0, Q̇2 < 0, Q̇3 < 0
VI Hybrid heat engine and heat pump Ẇ < 0, Q̇1 < 0, Q̇2 > 0, Q̇3 < 0
VII Dual sink accelerator Ẇ > 0, Q̇1 < 0, Q̇2 < 0, Q̇3 > 0
VIII Triple power driven pump Ẇ > 0, Q̇1 < 0, Q̇2 < 0, Q̇3 < 0

particular, the changes in coherence of the reservoir’s auxil-
iary units may lead to extra input (or output) work, enlarging
the accessible tasks that the machine can perform. We de-
note the total input work as Ẇ = ∑3

i=1 Ẇi, keeping the sign
convention that associates the consumption of work from the
reservoirs to the system with a positive sign. Analogously heat
currents Q̇i from the reservoir i are positive when flowing from
the reservoir into the system.

The possible regimes allowed in the setup are summarized
in Table I and are explained as follows.

(1) Quantum absorption refrigerator I. A heat current from
the hot bath (Q̇3 > 0) to the intermediate temperature one
(Q̇2 < 0), allows the removal of energy from the cold bath
(Q̇1 > 0) leading to refrigeration without the need of an exter-
nal driving or power (Ẇ = 0).

(2) Heat pump II. Inverting regime I, the machine is able
to pump heat into the hot reservoir (Q̇3 < 0) while absorbing
the heat current from the intermediate temperature bath (Q̇2 >

0) and dissipating a remnant amount of heat in the cold one
(Q̇1 < 0).

(3) Power and heat driven refrigerator III. The inclusion
of coherent work allows cooling of the cold bath (Q̇1 > 0) by
means of both input work (Ẇ > 0) and the heat flow from the
hot bath (Q̇3 > 0) to the intermediate temperature one (Q̇2 <

0).
(4) Power and heat driven pump IV. Input work (Ẇ > 0)

can also assist heating of the hot reservoir (Q̇3 < 0) in combi-
nation with the heat flow from the intermediate bath (Q̇2 > 0)
to the cold one (Q̇1 < 0).

(5) Hybrid power driven refrigerator and heat pump V.
Two useful thermodynamic tasks are simultaneously per-
formed using a single input: by consuming input work (Ẇ >

0) the machine is able to both extract heat from the cold
reservoir (Q̇1 > 0) transferring it to the intermediate reservoir
(power driven refrigerator) (Q̇2 < 0) while pumping heat to
the hot reservoir (heat pump) (Q̇3 < 0).

(6) Hybrid heat engine and heat pump VI. Two useful
thermodynamic tasks being carried out simultaneously, the
heating of the hot reservoir (heat pump) (Q̇3 < 0) and the
production of work (heat engine) (Ẇ < 0) powered by a heat
current from the intermediate (Q̇2 > 0) to the cold reservoirs
(Q̇1 < 0).

(7) Dual sink accelerator VII. The machine acts by ac-
celerating the heat currents from the hot source (Q̇3 > 0) to

the other terminals (Q̇2 < 0 and Q̇1 < 0), by using input work
(Ẇ > 0).

(8) Triple power driven pump VIII. The machine con-
sumes input work (Ẇ > 0) to pump heat into all three
terminals (Q̇i < 0 for all i).

The resulting regimes of operation can be divided into
the following main categories. Single task regimes, which are
characterized by the performance of only one useful thermo-
dynamic operation achieved by input energy from a single
source, as in many prototypical heat engines and refrigerators.
Single task regimes include regimes I, II, and VIII. However,
due to the nonequilibrium nature of the reservoirs, we obtain
additional regimes where a single task is performed using
multiple input resources. We refer to these as combined mul-
tisource regimes, which include regimes III and IV. Moreover
we also obtain hybrid multitask regimes which are the ones
that perform more than one useful thermodynamic task simul-
taneously, as in the case of regimes V and VI. Finally, we refer
to regime VII to as a leaky regime where no particularly useful
task is achieved. For the above characterization, we referred to
useful tasks to either cooling the cold bath (Q̇1 � 0), heating
the hot bath (Q̇3 < 0) or extracting work (Ẇi < 0).

A. Thermal collision units

After defining the possible operational regimes of our co-
herent thermal machine, we briefly summarize the behavior
of the machine for the thermal case. In this situation, no
coherence in the reservoirs is considered, λ1 = λ2 = λ3 = 0,
thus the state of each bath is described by a thermal Gibbs
state ρ

(i)
R = e−βiH

(i)
R /Zi. Due to the equilibrium nature of the

reservoirs (and the absence of extra conserved quantities or
external sources), there is no work contribution in this case,
Ẇ = 0. Therefore we recover the standard expression for the
heat flow, Q̇i = −Ė (i)

R , as follows from Eq. (22).
In the long time limit, the machine reaches a nonequilib-

rium steady state verifying ρ̇S = 0 (see Appendix A), which
is characterized by the heat currents:

Q̇1 = −B1Vss, (31)

Q̇2 = B2Vss, (32)

Q̇3 = −B3Vss, (33)
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FIG. 2. Operational diagram for the functioning of the machine in the resonance case for: (a) coherence in the cold bath, with B2 = 12;
(b) coherence in the intermediate bath with B1 = 6; and (c) coherence in the hot bath with B1 = 6. The green and blue horizontal lines, for
λi = 0, correspond to the regimes I and II, respectively. The red lines serve as boundaries that mark the shifts between the regimes, which are
made possible by the input coherence in the environmental units. The rest of the parameters are T1 = 1.0, T2 = 6.0, T3 = 10.0, γ1 = 8.7×10−3,
γ2 = 5.7×10−3, and γ3 = 7.5×10−3.

all of them proportional to the common factor:

Vss = 4(−n̄1n̄3 + n̄2(1 + n̄1 + n̄3))γ1γ2γ3

(n̄2 + n̄3 + 3n̄2n̄3)γ2γ3 + γ1((1 + 2n̄1 + 2n̄2 + 3n̄1n̄2)γ2 + (1 + 2n̄1 + n̄3 + 3n̄1n̄3)γ3)
. (34)

The equilibrium condition for which all heat fluxes become
zero and no entropy is produced, is hence verified for Vss = 0,
leading to

B1

T1
− B2

T2
+ B3

T3
= 0, (35)

where we recall that B3 = B2 − B1. The above relation pro-
vides the transition point between the two possible regimes
of operation: the machine operates as a quantum absorption
refrigerator I when B1(β1 + β3) � B2(β3 + β2) and as a heat
pump II for B1(β1 + β3) � B2(β3 + β2). These features are
actually generic under endoreversible conditions stemming
from the fact that each different transition in the system is con-
nected to only a single reservoir, see e.g. [17,18,49,94]. While
zero power is obtained when considering thermal reservoirs
units colliding with the system, the situation will radically
change when the auxiliary units of the baths are endowed with
some amount of coherence.

B. Coherent collision units

We now inject some small amount of coherence in one of
the baths while the other two are kept thermal. We consider
three separate cases: when coherence is either in the cold bath
(λ1 �= 0 and λ2 = λ3 = 0), in the intermediate temperature
bath (λ2 �= 0 and λ1 = λ3 = 0) or in the hot bath (λ3 �= 0 and
λ2 = λ1 = 0), respectively.

To evaluate the regimes, the work coming from the en-
vironmental auxiliary units of the reservoir that contains
coherence needs to be taken into account; this work term Ẇi

depends on λi, as it follows from Eq. (24). Due to the changes
in the coherence of the auxiliary units during the collisions,
new additional regimes of operation, besides the ones found

for the thermal case, appear. The coherent work and the heat
current stemming from the coherent reservoir auxiliary units
follow from Eqs. (24) and (22) and are explicitly calculated in
Appendix B, whilst heat coming from the other thermal baths
is simply given by Q̇ j = −Ė j , as it corresponds to the thermal
case.

1. Coherence in the cold reservoir

Assuming some initial coherence in the cold environmental
units, we find that our setup is able to operate in regimes III,
IV, and VII (see Table I) by modulating the parameters and
the amount of injected coherence in the reservoir.

In Fig. 2(a), we show a diagram for the functioning of
the machine in terms of the units energy spacing B1 and the
coherence strength parameter λ1. When λ1 = 0 (horizontal
axis of the plot) and while varying B1, we obtain the standard
absorption refrigerator I for β1B1 < (β2B2 − β3B3), and the
heat pump II associated with the thermal case for β1B1 >

(β2B2 − β3B3). However, as soon as λ1 takes nonzero values,
regime I is then replaced by the combined multisource regime
III which, apart from the heat current, consumes a positive
amount of coherent work for chilling the cold bath. By further
increasing λ1 the regime III transforms into the dual sink
accelerator VII, where spontaneous heat currents are accel-
erated by input power, without performing any particularly
useful thermodynamic task. When β1B1 > (β2B2 − β3B3),
the heat currents become inverted and the machine transitions
from regimes III–VII to the combined multisource regime IV
pumping heat into the hot reservoir. The analytical values of
λ1 at which this transition occurs are given in Appendix C.
We find that, in all three regimes above, the coherent work is
positive. Additionally, coherence not only enables new modes
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of operation but acts as a driving fuel for thermodynamics
processes even in situations where there is no temperature
difference (see Appendix D).

2. Coherence in the intermediate temperature reservoir

When coherence is added to the intermediate reservoir,
we find a similar situation, with the combined multisource
regimes III and IV, but instead of the dual sink accelerator
VII, the triple power driven pump VIII becomes possible, as
illustrated in Fig. 2(b).

As before, in the absence of coherence (horizontal axis),
we recover the standard absorption regimes for heat pump-
ing II when β2B2 < (β1B1 + β3B3), and refrigeration I when
β2B2 > (β1B1 + β3B3), which transform into the combined
multisource regimes IV and III respectively as long as some
initial coherence is introduced λ2 �= 0 acting as an extra
source of power Ẇ2 > 0 assisting the corresponding tasks.
We notice the mirror symmetry between Figs. 2(a) and 2(b),
where also regime III is lost when greater amounts of initial
coherence are considered. In this case, the machine switches
from either heating up only the hot reservoir, regime III, or
absorbing heat from the cold one, regime IV, to a configu-
ration pumping heat simultaneously to the three terminals,
regime VIII. Notice however, that in this case the machine still
performs a useful thermodynamic task, that is, it still pumps
heat into the hot reservoir, which is driven by input coherent
work Ẇ > 0. The values of λ2 at which the transition between
regimes occur can be found in Appendix C.

3. Coherence in the hot reservoir

As for the last case, we investigate the functioning of the
machine when coherence is injected into the hot reservoir.
In this case, we report the appearance of two other regimes
corresponding to hybrid multitask configurations, namely, V
and VI, apart from the combined multisource regimes III and
IV obtained before (see Table I).

The regimes are plotted in Fig. 2(c) as a function of B3 and
λ3. In this case, when β3B3 < (β2B2 − β1B1), leading to the
absorption heat pump II in the absence of coherence, the heat
fluxes keep the same sign, but the coherent work can become
negative. Indeed, for small energy spacing between levels |1〉
and |2〉 such that β2B3 < −β2B1 + ln[ eβ1B1 γ2(γ1−γ3 )+γ3(γ1+γ2 )

γ1(γ2+γ3 ) ],

we obtain Ẇ3 < 0 and hence the machine executes another
task besides heating up the hot reservoir: it also delivers work
at the same time. Thus, it is noteworthy that this device is
capable of carrying out more than one beneficial tasks at the
same time, highlighting the fact that incorporating coherence
may enable the execution of hybrid operations.

Moreover, for sufficiently large B3 and λ3, we find a second
hybrid regime, namely regime V, acting as a power-driven re-
frigerator and heat pump simultaneously. The change from the
multisource combined refrigeration regimes III to V may be
enabled for larger B3 when sufficient coherence is introduced
in the reservoir units, such that a certain transition point in the
values of λ3 is reached (see Appendix C).

Finally, we remark that by inclusion of coherence in the
auxiliary units of a single thermal reservoir, all the possi-
ble regimes in Table I become possible for certain regions

of parameters, including both hybrid multitask regimes and
combined multisource ones.

IV. PERFORMANCE OF THE MACHINE

Generally, the functioning of a quantum thermal machine
performing a single thermodynamic task is characterized by a
generic thermodynamic efficiency as the ratio of the device’s
useful output to the energy cost or input. For a multitask-
ing thermal device coupled to several reservoirs at different
temperatures as well as for regimes where multiple inputs
are allowed, it is crucial to define a meaningful efficiency in
a comprehensive and standardized approach. Such efficiency
cannot treat all energy fluxes on an equal footing, but it needs
to take into account the fact that, for instance, cooling a
cold reservoir is more useful, thermodynamically speaking,
than cooling another reservoir with a higher temperature. In
Ref. [79], a universal efficiency based on nonequilibrium free
energy contributions has been proposed to handle such situa-
tions:

η = −∑−
α Ẇα + ∑+

i Q̇i
( Tr

Ti
− 1

)
∑+

α Ẇα − ∑−
i Q̇i

( Tr
Ti

− 1
) , (36)

where the numerator represents the useful contributions and
processes (output) and the denominator encompasses all
wasteful energy contributions (input), and we have defined∑±

i xi = (xi ± |xi|)/2. We remark that the above formula is
slightly different than the one reported in [79] due to the fact
that here we used a different sign convention for work. In
agreement with the second law of thermodynamics, Eq. (36)
is upper bounded by unity (0 � η � 1) which means that
the machine attains reversibility at maximum efficiency while
running infinitely slow.

Importantly, Eq. (36) depends on a reference temperature
Tr , which serves as a benchmark for evaluating the practicality
of a certain thermodynamic task. Its choice is arbitrary and
highlights an intrinsic freedom in characterizing the available
resources. Different choices of Tr may lead to recover differ-
ent known expressions for the efficiency in standard devices.
For instance, when the machine operates as a heat engine
(Ẇ < 0) coupled to two reservoirs with T1 < T2, Eq. (36)
becomes, for Tr = T1,

ηE = 1

ηC

−Ẇ

Q̇2
� 1, (37)

with ηC = 1 − T1
T2

denoting the Carnot efficiency. In this case,
the choice of Tr is attributed to the typical situation in tra-
ditional steam engines, where T1 is the ambient temperature
and hence taken for granted, while a heat flux from a hotter
source T2 is a useful resource that requires burning some fuel.
However, taking Tr = T2 would lead to an equally meaningful
alternative definition for the efficiency of heat engines, η′

E =
Ẇ /( T2−T1

T1
Q̇1) remarking the fact that dissipating heat into a

low temperature sink is an equally useful resource [79].
In our scenario, we are interested in assessing the perfor-

mance of the three-level machine in contact with one coherent
reservoir and two thermal ones. This configuration can be seen
as a three-terminal device whose modes of operation have an
associated efficiency that can be evaluated by using Eq. (36).
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(a) (b) (c)

FIG. 3. Quantifying the performance of the machine in regime III via its efficiency ηIII in terms of the cooling power Q̇1 in units of T1γ1 for
when coherence is in (a) the cold bath, with B2 = 9.5; (b) the intermediate temperature bath B1 = 1.24; and (c) the hot bath with B1 = 1.24.
The rest of the parameters are T1 = 1.0, T2 = 2.0, T3 = 60.0, γ1 = 8.7×10−3, γ2 = 5.7×10−3, and γ3 = 7.5×10−3.

In the following, we will assign the reference temperature
to either the intermediate reservoir Tr = T2 or the cold one
Tr = T1 depending on the situation. By making this particular
choice, we are able to identify useful processes such as cool-
ing the cold bath and heating the hot one by using different
available resources, and recover all the standard definitions of
efficiency in the thermal case [3,16,17].

In the following, we will define the efficiency of the
regimes using combined resources to perform a single task,
i.e., regimes III and IV, in the first place, and then proceed to
discuss the hybrid multitask regimes V and VI. We remark
that while in Fig. 2 we used specific values of parameters
that help illustrate the regimes of operation of the machine,
here in order to better assess our device’s functionality, we
explored a broad range of parameters for the temperatures of
the reservoirs and energy levels of the system. This allowed
us to identify the specific parameters that enable the best
description of the regimes’ optimal performance.

A. Performance of multisource combined regimes

1. Power and heat driven refrigerator III

As commented above, in this regime cooling of the cold
reservoir (Q̇1 > 0) is powered by both input coherent work
(Ẇi > 0) and the natural heat flow from the hot reservoir
(Q̇3 > 0) to the intermediate one (Q̇2 < 0). This means that
we have two combined resources that drive the refrigerator
to function. The corresponding efficiency from Eq. (36) with
Tr = T2 hence reads

ηIII = Q̇1

εmax
AR Q̇3 + εmax

R Ẇ
, (38)

with εmax
AR := T1(T3−T2 )

T3(T2−T1 ) the Carnot coefficient of performance
(COP) of the quantum absorption refrigerator [16–18] and
εmax

R := T1
T2−T1

the Carnot COP for a standard power-driven
fridge in a two-terminal configuration [79]. The above ex-
pression highlights the different accounting of the two input
energy sources (heat and work), leading to different maximum
COP (εmax

AR and εmax
R ), when the other source is absent.

Figure 3 shows the cooling power Q̇1 versus the efficiency
ηIII for different values of λi, when coherence is present in the
cold, intermediate and hot reservoir auxiliary units, respec-
tively. Notably, the role of coherence in the performance of
the three-terminal machine can be observed from the different
curves associated to different values of λi.

For the cold reservoir, Fig. 3(a), we observe that both the
cooling power and the efficiency decrease rapidly when in-
creasing λ1 in comparison with the thermal case (blue line). In
this case, the maximum cooling power Q̇max

1 is highly reduced
together with its efficiency. It is also worth noticing that the
maximum efficiency cannot achieve the reversible point in the
presence of coherence anymore, ηmax

III < 1, and hence it no
longer leads to zero currents; in other words, endoreversibility
is lost.

In Fig. 3(b), where coherence is added to the intermediate
temperature reservoir, a slightly distinct pattern is observed.
There for low efficiencies (B3 � 10.), the values of the cooling
power remain closely similar to their thermal counterparts
when varying λ2, including the values of the maximum cool-
ing power Q̇max

1 . However, when going to higher efficiencies
(B1 < B2 � 10.), we observe again a reduction in power and
efficiency with respect to the thermal case as λ2 increases. The
maximum efficiency points for nonzero values of coherence
are clearly reduced where ηmax

III falls below 0.4 for λ2 > 0.5.
In Fig. 3(c), corresponding to coherence added into the hot

reservoir auxiliary units, the machine power and efficiency
does not significantly change with respect to the baseline
curve associated to the thermal case. However, we see that
the curves are cut for large values of the efficiency, since that
values would be forbidden within regime III.

The above results show that, even if coherence may act as
an extra resource for refrigeration in this regime, in practice
it is unable to improve the performance of the machine in any
case. That is, it does not contribute to achieve either larger
cooling powers or efficiencies as compared to the thermal
case, but just increases the wasteful dissipation of heat into
the intermediate temperature reservoir Q̇2. Moreover, when
coherence is injected in the cold reservoir it becomes espe-
cially detrimental to the function of the machine producing a
reduction of both power and efficiency.

2. Power and heat driven pump IV

In this regime, the heating of the hot bath (Q̇3 < 0) is
achieved by combining two input sources: the input coherent
work (Ẇi > 0) and input heat from the intermediate reservoir
(Q̇2 > 0) which is dissipated into the cold bath (Q̇1 < 0).
The efficiency that illustrates this concurrent operation using
Tr = T1 is provided by

ηIV = −Q̇3

ηmax
AP Q̇2 + ηmax

P Ẇ
, (39)
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(a) (b) (c)

FIG. 4. Quantifying the performance of the machine in regime IV via its efficiency ηIV in terms of the heat flow from the work bath Q̇3 in
units of T1γ1 for when coherence is in (a) the cold bath, with, B2 = 35.31; (b) the intermediate temperature bath, with B1 = 4.34; and (c) the
hot bath, with B1 = 4.34. The rest of the parameters are T1 = 1.0, T2 = 30.0, T3 = 60.0, γ1 = 8.7×10−3, γ2 = 5.7×10−3, and γ3 = 7.5×10−3.

where ηmax
AP = T3

T2

(T2−T1 )
(T3−T1 ) is the Carnot efficiency for the stan-

dard absorption heat pump [17] and ηmax
P = T3/(T3 − T1)

corresponds to the Carnot efficiency for power-driven heat
pumping in a two-terminal configuration. In analogy to the
previous multisource regime III, the analysis of the efficiency
ηIV reveals the combination of standard resources for heat
pumping, mixed with the corresponding weights.

In Fig. 4, we plot the heating power Q̇3 against the effi-
ciency ηIV for different values of λi, when coherence is in the
cold, intermediate and hot reservoir units, respectively. For
the case of the cold reservoir, Fig. 4(a), we see that when
ηIV � 0.85, incorporating coherence into the cold bath does
not affect significantly the heating power, which remarkably
achieves its maximum close to the maximum efficiency limit.
However, as the value of λ1 increases, there is a decrease in
the maximum achievable efficiency, which reduces to 0.9 for
λ1 = 0.9. Moreover there is a small decrease in the maximum
power which reduces from |Q̇max

3 | = 13.4329 for λ1 = 0, to
13.3713 for λ1 = 0.9.

On the other hand, when coherence is added to either
the intermediate temperature reservoir, see Fig. 4(b), or hot
reservoir, see Fig. 4(c), the curves remain practically unaltered
with respect to the thermal case. The values of the maximum
heating power can be however slightly increased for coher-
ence in the intermediate reservoir as highlighted in the inset
graph of Fig. 4(b). On the contrary, in the case of coherence in
the hot reservoir the maximum heating power |Q̇3,max| slightly
decreases for increasing values of λ3 as shown in the inset of
Fig. 4(c).

B. Performance of the hybrid multitask regimes

1. Hybrid power driven refrigerator and heat pump V

We now analyze the performance of the hybrid regime
performing refrigeration of the cold reservoir (Q̇1 > 0) and
heating of the hot one (Q̇3 < 0) simultaneously, while driven
by input coherent work (Ẇ > 0). As shown in Fig. 2(c), this
regime V can only occur when coherence is introduced to the
units of the hot reservoir. The efficiency of this hybrid process
for Tr = T2 is given by

ηV = Q̇1
( T2

T1
− 1

) + Q̇3
( T2

T3
− 1

)
Ẇ3

, (40)

which can be split into two contributions ηV = ηR + ηP cor-
responding to the separate operation of both tasks:

ηR = Q̇1

εmax
R Ẇ3

, ηP = −Q̇3

ηmax
P Ẇ3

, (41)

where the subscript R stands for refrigeration and P for pump.
Here ηR is the normalized efficiency of a power-driven re-
frigerator, whose maximum value corresponds to reaching
the Carnot COP εmax

R = T1/(T2 − T1). On the other side, ηP

is the normalized efficiency for a power-driven heat pump,
maximized for the corresponding Carnot efficiency ηmax

P =
T3/(T3 − T2).

The three plots in Fig. 5 show power-efficiency diagrams
for the operating regime V when coherence is present in the
hot reservoir, for different values of λ3. We plot both the dia-
grams for the two individual tasks being performed, namely,
power-driven refrigeration, Fig. 5(a), and power-driven pump-
ing of heat, Fig. 5(b), as well as a diagram for the overall
hybrid operation, Fig. 5(c), where the total output power
ẎV := Q̇1( T2

T1
− 1) + Q̇3( T2

T3
− 1) is plotted as a function of

hybrid efficiency ηV .
In Fig. 5(a), the cooling power Q̇1 is plotted against the

refrigeration COP ηR within the range of parameters leading to
regime V. In contrast to the previous combined regimes, here
we see a noticeable enhancement in both the cooling power as
the value of λ3 increases for similar efficiency values, such
that its maximum value remains close to unity. A similar
pattern is also observed in Fig. 5(b) for the heating power as
a function of the corresponding efficiency ηP: adding coher-
ence improves greatly the heating of the hot reservoir while
keeping high efficiencies. As a result, when combining the
performance of the two tasks Fig. 5(c), we see that the hybrid
machine shows similar enhancements in power in regions with
high efficiencies. In that case, when increasing coherence we
can clearly identify a peak in the hybrid power YV correspond-
ing to high efficiencies at maximum power around 0.8.

2. Hybrid heat engine and pump VI

Finally, we determine the functionality of the hybrid heat
engine and pump VI. This regime is only available when
coherence is injected in the hot reservoir and comprises the
performance of two useful thermodynamics tasks simulta-
neously, namely, heating of the hot reservoir (Q̇3 < 0) and
generating work (Ẇ3 < 0) using a heat current from the in-
termediate (Q̇2 > 0) to the cold reservoirs (Q̇1 < 0). The
corresponding efficiency for Tr = T1 is given by

ηVI = −Ẇ3 + Q̇3
( T1

T3
− 1

)
Q̇2

(
1 − T1

T2

) , (42)

which again can be split into two contributions stemming
from the two tasks being simultaneously performed, ηVI =
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(a) (b) (c)

FIG. 5. Quantifying the performance of the machine in regime V for different values of λ3 in the case of coherence in the hot bath for the
separate output operation of both thermodynamic tasks: the power-driven refrigerator (a) in terms of the cooling power Q̇1 vs its efficiency ηR;
the power-driven pump (b) in terms of the heating power Q̇3 vs its efficiency ηP; the whole hybrid process (c) in terms of the combined output
tasks ẎV which is the numerator of Eq. (40) vs the efficiency of the hybrid machine ηV , all heat fluxes and total output power are in units of
T1γ1. The parameters are T1 = 1.0, T2 = 1.1, T3 = 60.0, B1 = 4.34, γ1 = 8.7×10−3, γ2 = 5.7×10−3, and γ3 = 7.5×10−3.

ηE + ηAP with

ηE = −Ẇ3

ηCQ̇2
, ηAP = −Q̇3

ηmax
AP Q̇2

, (43)

in term of standard Carnot efficiencies for a heat engine ηC =
1 − T1/T2 and absorption pump ηmax

AP , respectively, as given
above.

Figure 6 shows three power-efficiency diagrams for operat-
ing regime VI when coherence is present in the hot reservoir,
for both individual and collective performance evaluation. The
heat engine, absorption heat pump, and the overall hybrid
machine VI performance diagrams are plotted in Figs. 6(a),
6(b), and 6(c), respectively.

The heat engine performance is shown in Fig. 6(a), where
the coherent work Ẇ3 is plotted against the engine’s standard
efficiency ηE for different values of λ3. The optimal config-
uration of the engine is reached for |Ẇ max

3 | ≈ 0.1 with its
corresponding efficiency ηE (|Ẇ max

3 |) ≈ 0.0162, which actu-
ally coincides with the maximum achievable efficiency ηmax

E .
Despite the fact that coherence enables work extraction,

this regime occurs at quite low efficiencies. Moreover, the
effect of the coherence on the functioning of the absorption
pump is not promising. By plotting Q̇3 as a function of ηAP in
Fig. 6(b), we show that coherence does not improve power or
efficiency for the absorption pump with respect to the thermal
case. The heating power is slightly reduced, as emphasized in
the inset. Moreover reaching efficiencies over 0.9 is no longer
possible when using coherence.

Finally in Fig. 6(c), the total output power ẎVI := −Ẇ3 +
Q̇3( T1

T3
− 1) of the hybrid machine is plotted with respect to

its hybrid efficiency ηVI. This reveals that the power in this
regime is slightly enhanced by the input environmental coher-
ence, as can be better appreciated in the inset of Fig. 6(c).
There, the efficiency at maximum power ηVI(|Q̇max

3 |) ≈
0.8906 remains approximately constant for all values of λ3

and efficiencies over 0.9 cannot be reached as before.

V. SUMMARY AND CONCLUSIONS

In this work, our central objective has been to explore the
impact of introducing an infinitesimal amount of coherence
into collisional reservoirs on the performance of a three-
terminal autonomous thermal machine. Our analysis revealed
the presence of new operational modes enabled by the pres-
ence of coherence, and we evaluated the performance of all
possible regimes at steady-state conditions. The amount of
coherence, the energy spacing in the different transitions of
the machine and the temperatures of the reservoirs play a
crucial role in determining the functionality of our device. In
this context, we used a broad range of parameters to highlight
the versatility of our machine.

Our results showed that the presence of quantum coherence
can lead to an extra source of work that may be combined with
heat currents from different terminals to operate both multi-
source combined regimes performing a single thermodynamic
task, and hybrid multitask regimes, for which two tasks are op-
erated in parallel. The multisource combined regimes involve
two resources of energy, namely, heat and work to perform
a single task such as cooling (regime III) or heat pumping
(regime IV). On the other hand, the hybrid regime V performs

(a) (b) (c)

FIG. 6. Quantifying the performance of the machine in regime VI for different values of λ3 in the case of coherence in the hot bath for the
separate output operation of both thermodynamic tasks: the heat engine (a) in terms of the coherent work Ẇ3 vs its efficiency ηE ; the absorption
pump (b) in terms of the heating power Q̇3 vs its efficiency ηAP; the whole hybrid process (c) in terms of the combined output tasks ẎVI which
is the numerator of Eq. (42) vs the efficiency of the hybrid machine ηVI. The coherent work, the heating power and the total output power are
all in units of T1γ1. The parameters are T1 = 1.0, T2 = 30.0, T3 = 60.0, B1 = 4.34, γ1 = 8.7×10−3, γ2 = 5.7×10−3, and γ3 = 7.5×10−3.
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both refrigeration of a cold reservoir and heat pumping into
a hot one from input coherent work, and regime VI extracts
work and pumps heat into a hot reservoir simultaneously by
using only a heat current.

Based on our findings, it becomes evident that, for the
combined multitask regime III, coherence does not provide
any significant enhancement to the overall operation. In other
words, achieving a greater cooling power and/or efficiency
is not possible in any scenario in the presence of coherence
when compared to the standard thermal case. In the case of
the multisource pump IV, the efficiency at maximum power
ηIV (|Q̇max

3 |) is close to unity for any situation of coherence
in the reservoirs unlike in regime III. Although there is no no-
ticeable improvement in the heating power due to coherence in
hot reservoirs, there is a slight increase in |Q̇max

3 | as the value
of λ2 becomes larger when coherence is in the intermediate
temperature reservoir.

As far as the hybrid regimes are concerned, we find that the
global hybrid efficiencies for regimes V and VI can be split
into separate efficiencies that describe each specific output
thermodynamic task. Increasing the amount of coherence in
the hot bath leads to the enhancement of the performance of
both regimes V and VI. For instance, the power-driven refrig-
erator and power-driven pump in regime V show improvement
in terms of the cooling and heating power, for fixed values
of their individual efficiencies and its global hybrid one. We
have also shown that the operation of regime VI is slightly
enhanced due to coherence, while its impact on the indi-
vidual thermodynamic operations yielded ambivalent results.
The engine regime manifests enhancements of both maximum
coherent work and its efficiency at maximum power, whereas
in the absorption pump regime, there is a slight decrease of
the maximum heating power.

In summary, when we compare between both types of
regimes, it becomes apparent that coherence has a more
advantageous impact on the performance of the hybrid oper-
ations of the machine in terms of power for fixed efficiency,
as opposed to the multisource combined machines. The results
reported here might be compared with previous results that did
not take into account the split of the energy exchanged with
the nonequilibrium reservoir in work and heat contributions.

Possible follow up work may also consider the combi-
nation of different coherence sources in the same setup, or
the performance of coherent reservoirs in energy-harvesting
setups with more conserved quantities such as thermoelectric
devices [95]. It would also be interesting to analyze the fluctu-
ations of heat and work currents in this setup model in relation
to the thermodynamic uncertainty relation (TUR) [96,97].
We expect that reduced fluctuations on the coherent power
may lead to TUR violations witnessing quantum-mechanical
enhancements in the performance of the machine, similarly
to what has been found in some thermoelectric devices
[80,98–100] and other thermal machine models [26,101,102]
using coherent driving sources.

The supporting data for this article are openly available
from the [103].
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APPENDIX A: STEADY STATE OF THE THERMAL UNITS
OF THE BATHS

After an infinite number of collisions, the system reaches a
nonequilibrium steady state (NESS) which satisfies ρ̇S = 0. It
can be expressed in the following form:

ρNESS
S =

⎛
⎜⎝

ρ̃1,1 ρ̃1,2 ρ̃1,3

ρ̃2,1 ρ̃2,2 ρ̃2,3

ρ̃3,1 ρ̃3,2 ρ̃3,3

⎞
⎟⎠. (A1)

The expressions corresponding to the entries of ρNESS
S de-

pend on λi and can be found analytically for each particular
case of coherence injected in one of the baths. When λi = 0
with {i = 1, 2, 3}, we find the analytical expression of the
entries of the steady state density matrix (A1) for the thermal
case:

ρ̃1,1 = 1

N
(n̄3γ2γ3(1 + n̄2)

+ γ1(1 + n̄1)[(1 + n̄2)γ2 + (1 + n̄3)γ3]),

ρ̃2,2 = 1

N
(n̄1γ1γ2(1 + n̄2) + γ3(1 + n̄3)[n̄1γ1 + n̄2γ2]),

ρ̃3,3 = 1

N
(n̄2γ1γ2(1 + n̄1) + n̄3γ3[n̄1γ1 + n̄2γ2]), (A2)

and ρ̃1,2 = ρ̃2,1 = ρ̃1,3 = ρ̃3,1 = ρ̃2,3 = ρ̃3,2 = 0. In the above
equations, we introduced the normalization factor:

N := γ1γ3(1 + 2n̄1 + n̄3 + 3n̄1n̄3) + γ2γ3(n̄2 + n̄3 + 3n̄2n̄3)

+ γ1γ2(1 + 2(n̄1 + n̄2) + 3n̄1n̄2), (A3)

such that n̄i = [exp (βiBi ) − 1]−1 models the thermal occupa-
tion of the baths.

APPENDIX B: DETAILED EXPRESSIONS FOR THE
QUANTUM THERMODYNAMIC QUANTITIES

Here, we give the detailed expressions for the average heat
currents absorbed from reservoir auxiliary units, and average
coherent power, respectively, after taking the limit τ → 0:

Q̇i = lim
τ→0

Qi

τ
, Ẇi = lim

τ→0

Wi

τ
, (B1)

From Eqs. (22) and Eq. (24) for the exchanges in a single
collision, we obtain, for the heat currents from the reservoirs,
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we obtain

Q̇1 = 2B1γ1(n̄1ρ̃1,1 − (1 + n̄1)ρ̃2,2), (B2)

Q̇2 = 2B2γ2(n̄2ρ̃1,1 − (1 + n̄2)ρ̃3,3), (B3)

Q̇3 = 2B3γ3(n̄3ρ̃2,2 − (1 + n̄3)ρ̃3,3), (B4)

and the coherent power contributions:

Ẇ1 = iB1

√
2(1 + 2n̄1)γ1λ1(eiφ1 ρ̃2,1 − e−iφ1 ρ̃1,2), (B5)

Ẇ2 = iB2

√
2(1 + 2n̄2)γ2λ2(eiφ2 ρ̃3,1 − e−iφ2 ρ̃1,3), (B6)

Ẇ3 = iB3

√
2(1 + 2n̄3)γ3λ3(eiφ3 ρ̃3,2 − e−iφ3 ρ̃2,3), (B7)

where in both sets of equations we assumed all the reser-
voirs are eventually injected with coherence, and steady-state
conditions. The explicit expressions for the heat currents and
coherent power contributions can be obtained by replacing
the expression of the steady state density matrix elements in
Eq. (A1) for the general case in the above equations.

For instance, in the following we give explicit expressions
in the case of coherence in the cold bath for the heat current
from the cold bath Q̇1 and the corresponding coherent power
Ẇ1. Similar expressions can be obtained for the remaining
heat currents Q̇2 and Q̇3, as well as for the cases in which
coherence is injected in the hot or interemediate temperature
baths:

Q̇1 = 4B1γ1

(
− A

C
− (n̄1 + 1)

(
n̄2γ2 + γ2 + γ3 + γ3n̄3 + L

M

)
γ2(n̄2 + 1) + γ3(2n̄3 + 1)

)
; Ẇ1 = X

Y + Z + �
, (B8)

with

A = n̄1
{
8γ1(2n̄1 + 1)[γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2(n̄2 + 1) + γ3(n̄3 + 1)]λ2

1 + 4
[
B2

1 + (γ1(2n̄1 + 1)

+γ2n̄2 + γ3n̄3)2
]
[γ2γ3(n̄2 + 1)n̄3 + γ1(n̄1 + 1)(γ2(n̄2 + 1) + γ3(n̄3 + 1))]

}
, (B9)

C = −8γ1(2n̄1 + 1)[γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2(3n̄2 + 2) + γ3(3n̄3 + 2)]λ2
1 − 4[−iB1 + γ1(2n̄1 + 1)

+γ2n̄2 + γ3n̄3][iB1 + γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2γ3(3n̄3n̄2 + n̄2 + n̄3) + γ1(γ2(3n̄2n̄1 + 2n̄1 + 2n̄2 + 1)

+γ3(3n̄3n̄1 + 2n̄1 + n̄3 + 1))], (B10)

L = (γ2(2n̄2 + 1) + γ3(n̄3 + 1))
{
8γ1(2n̄1 + 1)[γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2(n̄2 + 1) + γ3(n̄3 + 1)]λ2

1

+4
[
B2

1 + (γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3)2
]
[γ2γ3(n̄2 + 1)n̄3 + γ1(n̄1 + 1)(γ2(n̄2 + 1) + γ3(n̄3 + 1))]

}
, (B11)

M = −8γ1(2n̄1 + 1)[γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2(3n̄2 + 2) + γ3(3n̄3 + 2)]λ2
1

−4[−iB1 + γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][iB1 + γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2γ3(3n̄3n̄2 + n̄2 + n̄3)

+γ1(γ2(3n̄2n̄1 + 2n̄1 + 2n̄2 + 1) + γ3(3n̄3n̄1 + 2n̄1 + n̄3 + 1))], (B12)

and

X = 8B1γ1λ
2
1(2n̄1 + 1)[γ1(2n̄1 + 1) + γ2n̄2 + γ3n̄3][γ2γ3(n̄3 − n̄2) + γ1(γ2(n̄2 + 1) + γ3(n̄3 + 1))], (B13)

Y = γ2γ3[n̄3 + n̄2(3n̄3 + 1)]
[
(γ2n̄2 + γ3n̄3)2 + B2

1

] + γ 2
1 (2n̄1 + 1)

[
γ2(2n̄1 + 1)(3γ3(n̄2 + (3n̄2 + 1)n̄3) + λ2

1(6n̄2 + 4))

+2γ3(γ3n̄3(n̄3 + n̄1(3n̄3 + 2) + 1) + λ2
1(2n̄1 + 1)(3n̄3 + 2)) + 2γ 2

2 n̄2(2n̄2 + n̄1(3n̄2 + 2) + 1)
]

+γ 3
1 (2n̄1 + 1)2[γ2(2n̄2 + n̄1(3n̄2 + 2) + 1) + γ3(n̄3 + n̄1(3n̄3 + 2) + 1)], (B14)

Z = γ1
{
γ 2

2 n̄2
[
(2n̄1 + 1)

(
3γ3n̄2 + λ2

1(6n̄2 + 4)
) + γ3(11n̄2 + n̄1(21n̄2 + 8) + 4)n̄3

] + γ 3
2 n̄2

2(2n̄2 + n̄1(3n̄2 + 2) + 1)
}
, (B15)

� = γ1
{
γ2

[
n̄1

(
n̄2

(
3B2

1 + 8γ3λ
2
1

) + 8γ3n̄3
(
n̄2

(
γ3 + 3λ2

1

) + λ2
1

) + 3γ 2
3 (7n̄2 + 2)n̄2

3 + 2B2
1

) + 2n̄2
(
γ3(γ3n̄3(5n̄3 + 2)

+λ2
1(6n̄3 + 2)) + B2

1

) + γ3n̄3
(
3γ3n̄3 + 4λ2

1

) + B2
1

] + γ3
[
n̄1(3n̄3 + 2)

(
γ3n̄3

(
γ3n̄3 + 4λ2

1

) + B2
1

) + n̄3
(
γ3(γ3n̄3(n̄3 + 1)

+λ2
1(6n̄3 + 4)) + B2

1

) + B2
1

]}
. (B16)

APPENDIX C: NONEQUILIBRIUM TRANSITION POINTS

When the reservoirs are thermal, we defined in Eq. (35) the transition points where the machine changes its regime of
operation. Here we give the explicit expressions for the values of the coherence parameter λi with i = 1, 2, 3 signaling transitions
between the different combined and hybrid operation regimes appearing when coherence is present. These are obtained from the
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FIG. 7. (a) Contour plot of Q̇1 in units of T1γ1 as a function of B1 and λ1 when T1 = T2 = T3 = 6. (b) Plot of all thermodynamic quantities
in terms of λ1 for a fixed value of B1 = 2, the rest of the parameters are γ1 = 8.7×10−3, γ2 = 5.7×10−3, and γ3 = 7.5×10−3.

analytical expressions for the heat currents and coherent power (see Appendix B):

λ∗
1 =

√
(−n̄1n̄3 + n̄2[1 + n̄1 + n̄3])(B2

1 + [(1 + 2n̄1)γ1 + n̄2γ2 + n̄3γ3]2)
√

2(1 + 2n̄1)(−n̄2 + n̄3)([1 + 2n̄1]γ1 + n̄2γ2 + n̄3γ3)
, (C1)

λ∗
2 =

√
(−n̄1n̄3 + n̄2[1 + n̄1 + n̄3])(B2

2 + [n̄1γ1 + (1 + 2n̄2)γ2 + (1 + n̄3)γ3]2)
√−2(1 + 2n̄2)(1 + n̄1 + n̄3)(n̄1γ1 + (1 + 2n̄2)γ2 + [1 + n̄3]γ3)

, (C2)

λ∗
3 =

√
(−n̄1n̄3 + n̄2[1 + n̄1 + n̄3])(B2

3 + [(1 + n̄1)γ1 + (1 + n̄2)γ2 + (1 + 2n̄3)γ3]2)
√

2(n̄1 − n̄2)(1 + 2n̄3)((1 + n̄1)γ1 + (1 + n̄2)γ2 + (1 + 2n̄3)γ3)
, (C3)

λNE
1 =

√
γ2γ3([−n̄1n̄3 + n̄2(1 + n̄1 + n̄3)])(B2

1 + [(1 + 2n̄1)γ1 + n̄2γ2 + n̄3γ3]2)
√

2(−[(1 + 2n̄1)γ1((1 + 2n̄1)γ1 + n̄2γ2 + n̄3γ3)((1 + n̄2)γ2 + (1 + n̄3)γ3)])
, (C4)

λNE
2 =

√
((−n̄1n̄3 + n̄2[1 + n̄1 + n̄3])γ1γ3)(B2

2 + [n̄1γ1 + (1 + 2n̄2)γ2 + (1 + n̄3)γ3]2)
√

2((1 + 2n̄2)γ2((1 + n̄1)γ1 + n̄3γ3)(n̄1γ1 + (1 + 2n̄2)γ2 + (1 + n̄3)γ3))
, (C5)

λNE
3 =

√
((−n̄1n̄3 + n̄2[1 + n̄1 + n̄3])γ1γ2)(B2

3 + [(1 + n̄1)γ1 + (1 + n̄2)γ2 + (1 + 2n̄3)γ3]2)
√

2(−[(1 + 2n̄3)(n̄1γ1 + n̄2γ2)γ3((1 + n̄1)γ1 + (1 + n̄2)γ2 + (1 + 2n̄3)γ3)])
, (C6)

where λ∗
i and λNE

i are obtained by solving the equations for the heat fluxes Q̇ j �=i = 0 and Q̇i = 0 respectively, when coherence
is present in the ith reservoir.

The above curves are generic and provide the transition lines between regimes of operation of the coherent machine, as
illustrated in Fig. 2. There λNE

1 separates regime III from regime VII as seen in Fig. 2(a), while the line λ∗
1 corresponds the

transition from regimes III-VII to regime IV. In Fig. 2(b), when coherence is in the intermediate bath, λNE
2 separates regime IV

from regimes III-VIII. On the other hand, the curve λ∗
2 separates regime VIII from regime III. In Fig. 2(c), the boundary between

regimes IV and regime V is given by λ∗
3. Moreover, the curve in λNE

3 separates regimes III and V. The transition curve between
regimes IV and III occurs when λ∗

3 ≈ λNE
3 .

APPENDIX D: COHERENCE WITH EQUAL
BATH TEMPERATURES

The presence of coherence within the environmental units
of the baths can lead to heat currents through the system
in the NESS, even when there is no temperature gradient
between the three terminals. This point is illustrated in Fig. 7
obtained by setting equal temperatures in the three baths. In
Fig. 7(a), we plot Q̇1 as a function of B1 and λ1 for the

case of coherence in the bath 1 (notice that this bath can
no longer be considered the “cold bath” as before) where
Q̇1 takes nonzero values. Furthermore, Fig. 7(b) displays all
energetic currents for a constant value of B1. As can be
observed from the signs of the currents, in this situation
as λ1 increases the input coherent power from environmen-
tal coherence leads to a heat current from reservoir 3 to
reservoirs 2 and 1, without any temperature gradient in the
baths.
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