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Heat flow from a measurement apparatus monitoring a dissipative qubit
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We investigate the heat flow of a qubit coupled to heat baths under continuous quantum measurement. In the
steady-state limit, we show that heat always flows from the measurement apparatus into the qubit regardless
of the measured qubit state and derive lower and upper bounds for the heat current between the qubit and the
measurement apparatus. Furthermore, we study the transient dynamics of the heat current and the excess heat
during the transient regime.
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I. INTRODUCTION

Quantum measurement is a fundamental operation in quan-
tum information processing and plays a pivotal role in the
operation of quantum computers. In contrast to classical
measurements, quantum measurements alter the state of the
measured system, a phenomenon referred to as the backac-
tion of quantum measurements [1,2]. It has spurred extensive
research into phenomena unique to the backaction, such
as measurement-induced phase transitions [3–7] and non-
Hermitian dynamics [8–11].

Besides changing the state of the measured system, quan-
tum measurements can generate heat [12–15]. The unification
between quantum measurements and thermodynamics has led
to the development of the field of quantum thermodynamics
[16,17]. From this aspect, measurement-based thermal ma-
chines, e.g., Maxwell’s demon [18,19] and the Szilard engine
[20,21], have been studied theoretically [14,15,22,23] as well
as experimentally in well-controllable setups, using, e.g., su-
perconducting circuits [24–26] and cold atoms [27–29].

Among these endeavors, heat exchange between the mea-
sured system and the quantum measurement apparatus itself is
intrinsically driven by the effects of quantum measurements.
The question of how much heat can be extracted or stored
in a quantum system due to quantum measurements merits
considerable attention from the energetic aspect of quan-
tum information technology. To exchange heat between the
quantum measurement apparatus and the measured systems,
feedback control or contact with the environment is necessary,
and it has been studied for projective measurement [30,31].
Recently, novel thermal machines have been proposed based
on not only projective measurement but also continuous
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measurement [32–36]. However, fundamental questions re-
main unexplored regarding the direction of heat flow between
the measured system and the monitoring apparatus itself, i.e.,
whether the measured system is heated or cooled when the
quantum system is coupled to the environment. This issue
holds significance not only from the viewpoint of informa-
tion thermodynamics but also for managing the challenging
heating problem that may arise in practical implementations
of quantum computing.

In this paper, we focus on a qubit (two-level system) as
the measured system and investigate the heat exchange be-
tween a qubit and a measurement apparatus when the qubit
is coupled to bosonic environments, i.e., a dissipative qubit,
under continuous measurement (see Fig. 1). By performing
continuous measurements on an arbitrary pure state of the
qubit, we identify the direction of steady-state heat flow and
find lower and upper bounds on its magnitude. Additionally,
by shedding light on the transient dynamics of heat flow, we
elucidate the excess heat transported by continuous quantum
measurement. We set h̄ = 1 throughout this paper.

FIG. 1. Setup of continuous quantum measurement of a qubit
coupled to heat baths with temperatures Tr (r = 1, 2, . . . , N). Con-
tinuous quantum measurement of the dissipative qubit can induce
heat exchange between the qubit and the measurement apparatus.
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II. MODEL

A. Dissipative qubit

The Hamiltonian that describes the qubit and N bosonic
heat baths is

H = Hqb +
∑

rk

λrk

2
(σ+brk + σ−b†

rk ) +
∑

rk

ωrkb†
rkbrk . (1)

The qubit is represented by Hqb = (�/2)σz, where � is the
energy difference between two levels and σx,y,z are Pauli ma-
trices. When the qubit is weakly coupled to heat baths, the
interaction between the qubit and kth mode in heat bath r (=
1, 2, . . . , N) can be described by the Jaynes-Cummings-type
coupling with coupling strength λrk . Here, σ± = (σx ± iσy)/2
is the “spin” raising (lowering) operator of the qubit, and brk

and b†
rk are the bosonic annihilation and creation operators

of the kth mode in heat bath r, respectively. The dissipation
to heat bath r via λrk is characterized by the Ohmic spectral
density [37,38]

Ir (ω) ≡
∑

k

λ2
rkδ(ω − ωrk ) = 2κrωe−ω/ωc , (2)

where κr represents a dimensionless coupling strength to dis-
sipative bath r and ωc is the cutoff energy. The bosonic baths
are modeled as a collection of harmonic oscillators with the
kth mode′s energy ωrk .

B. Continuous quantum measurement

We consider continuous quantum measurement of an arbi-
trary pure state of the qubit,

|n〉 = cg |g〉 + ce |e〉√|cg|2 + |ce|2
, (3)

where |g〉 and |e〉 are the ground and excited states of the iso-
lated qubit, respectively, and cg,e are complex coefficients. The
projection operator onto the pure state is expressed in terms of
the identity operator I and the Pauli operators {σz, σ+, σ−} as

Pn = |n〉 〈n| = I/2 + ασz + βσ+ + β∗σ−, (4)

where the coefficients are

α = 1

2

|ce|2 − |cg|2
|ce|2 + |cg|2 , β = cec∗

g

|ce|2 + |cg|2 , (5)

and thus α2 + |β|2 = 1/4 holds. The quantum dynamics of
the density matrix 
(t ) of the global system (the qubit and the
baths) is described by the quantum master equation [1,34,39],


̇(t ) = −i[H, 
(t )] + DM[
(t )]. (6)

Here, the measurement effect is incorporated as

DM[
(t )] = γ
(
Pn
(t )Pn − 1

2 {Pn, 
(t )}), (7)

where γ is the measurement strength. Note that the density
matrix 
(t ) is ensemble averaged over the measurement out-
comes.

C. Lindblad equation

When the qubit is weakly coupled to the heat baths (κr �
1), by tracing out the degrees of freedom of the heat baths

in local thermal equilibria with temperature Tr , we assume
the Markov approximation and then obtain the Lindblad
equation for the reduced density matrix ρ(t ) = trB[
(t )] as
[40–42]

ρ̇(t ) = −i[Hqb, ρ(t )] + DB[ρ(t )] + DM[ρ(t )], (8)

where the dissipator is

DB[ρ] =
∑

r


a
r

(
σ+ρσ− − 1

2
{σ−σ+, ρ}

)

+
∑

r


e
r

(
σ−ρσ+ − 1

2
{σ+σ−, ρ}

)
. (9)

The first and second terms of the dissipator DB represent
single-photon absorption and emission processes with rates


a
r = π

2
Ir (�)nr (�), 
e

r = π

2
Ir (�)[1 + nr (�)], (10)

respectively, where nr (ε) = 1/[eε/(kBTr ) − 1] is the Bose-
Einstein distribution function of heat bath r. Note that since
the quantum measurement (7) acts only on the qubit Hilbert
space, the contributions from the heat baths and the quantum
measurement apparatus to the Lindblad equation are additive.

D. Heat current

The continuous quantum measurement changes the qubit
state, which leads to heat exchange between the qubit and the
measurement apparatus. The heat current flowing out of the
measurement apparatus into the qubit is given by [34,41]

JM(t ) = trqb{HqbDM[ρ(t )]}. (11)

Note that from the definition of heat current, a positive JM

indicates that the qubit absorbs heat from the measurement
apparatus, and a negative JM indicates the opposite. The heat
current can be rewritten as

JM(t ) = −γ�|β|2 〈σz〉t + αγ�(β 〈σ+〉t + β∗ 〈σ−〉t ), (12)

where 〈O〉t = trqb[ρ(t )O].

III. STEADY-STATE HEAT CURRENT

Let us consider the steady-state heat current, JM = JM(t →
∞), flowing out of the measurement apparatus into the qubit.
In the steady-state limit, we can solve the Lindblad equa-
tion (8) and obtain the steady-state heat current as (see the
appendices for the details of the derivations)

JM = |β|2�γ
−[4�2 + 
+(
+ + γ )]

4�2(
+ + 2|β|2γ ) + 
+(
+ + γ )(
+ + γ − 2|β|2γ)
,

(13)

where 
− = ∑
r (
e

r − 
a
r ) and 
+ = ∑

r (
e
r + 
a

r ). Since
0 � |β|2 � 1/4, the steady-state heat current is bounded by

0 � JM � �γ
−
4
+ + 2γ

= Jmax
M . (14)

This indicates that the qubit always absorbs heat from the
measurement apparatus regardless of the measured state.

The steady-state heat current (13) depends only on |β|2,
i.e., |cg| and |ce|, not on the relative phase difference between
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FIG. 2. (a) Bloch sphere. (b) Steady-state heat current as a func-
tion of θ for 
+/� = 0.01 and γ /� = 0.001, 0.01, 0.05.

cg and ce. In the Bloch sphere representation [see Fig. 2(a)],
the heat current depends on the latitude. In Fig. 2(b), we
show the dependence of the steady-state heat current on the
zenith angle θ . The steady-state heat current vanishes at the
north pole (θ = 0) and the south pole (θ = π ) and reaches a
maximum at the equator (θ = π/2).

A. Lower bound (θ = 0, π)

Now, let us focus on the lower and upper bounds of the
steady-state heat current. When the measurement apparatus
monitors an eigenstate, |n〉 = |g〉 or |e〉 (β = 0), the heat cur-
rent goes to 0, which is the lower bound. In this case, the
measurement effect (7) reads

DM[ρ] = γ

4
(σzρσz − ρ), (15)

which is pure dephasing [35,43]. Since the pure dephasing
acts only on the off-diagonal elements of the reduced density
matrix on the eigenenergy basis, it does not contribute to the
heat current. Moreover, we can verify that no heat flows from
the measurement apparatus not only in the case of a single
qubit but also in the case of a general quantum system by
monitoring an eigenstate of the isolated quantum system.

B. Upper bound (θ = π/2)

The steady-state heat current reaches the upper bound Jmax
M

when the measured state is a superposition state of the ground
and excited states with the same probabilities, i.e., |n〉 =
(|g〉 + eiφ |e〉)/

√
2 (|β| = 1/2). In this measurement, DM[ρ]

is composed of two parts, DM[ρ] = D(1)
M [ρ] + D(2)

M [ρ], where

D(1)
M [ρ] = γ

4
(−ρ + σ+ρσ− + σ−ρσ+), (16a)

D(2)
M [ρ] = γ

4
(e−2iφσ+ρσ+ + e2iφσ−ρσ−). (16b)

Since the diagonal elements of D(2)
M [ρ(t )] are zero, it does

not contribute to the heat current. The remaining contribution
D(1)

M [ρ] is of the same form as the dissipator DB[ρ] due to the
heat baths with the absorption and emission rates,


a
M = γ

4
, 
e

M = γ

4
, (17)

respectively. The same absorption and emission rates (
a
M =


e
M) indicate a heat bath with infinite temperature. Note that

for θ �= π/2 the measurement effect to the quantum dynamics

FIG. 3. Elastic thermal photon processes. In the absorption pro-
cess (left), a thermal photon with energy � travels from the
measurement apparatus to the qubit and then to one of the heat baths.
In the emission process (right), the opposite occurs.

(7) is not the same form of the dissipator of the infinite-
temperature bath. We can understand the upper bound of the
steady-state heat current Jmax

M by considering elastic travel-
ing of a thermal photon with the energy � (see Fig. 3).
This picture is justified in that the coherence vanishes in the
steady-state limit, and then only the diagonal elements of
the reduced density matrix on the eigenenergy basis remain.
The rate of the absorption (emission) process in which the
thermal photon travels from (into) the measurement apparatus
into (from) one of the heat baths via the qubit is given by
γ

∑
r 
e(a)

r /(4
+ + 2γ ). Therefore, the net heat current flow-
ing out of the measurement apparatus reproduces the upper
bound of the heat current.

Here, let us examine the case of the general quantum
system under continuous quantum measurement onto a su-
perposition state of two eigenstates, |n〉 = (|i〉 + eiφ | j〉)/

√
2,

where |i〉 and | j〉 are nondegenerate energy eigenstates of
an isolated quantum system, HS |i〉 = Ei |i〉. The heat current
flowing out of the measurement apparatus is given as

JM(t ) =
∑

k

Ek 〈k|DM[ρ(t )] |k〉 . (18)

This expression indicates that only the diagonal elements of
DM[ρ] contribute to the heat current, as we mentioned above.
We thus obtain

JM(t ) = −γ

4

(
Ei − Ej

)
[ρii(t ) − ρ j j (t )], (19)

where ρi j (t ) = 〈i| ρ(t ) | j〉. This expression suggests a non-
trivial result. The heat current is still positive unless the
population inversion occurs between measured states [44–46].
However, in the case of the population inversion, such as the
� model [47–49], we can find a negative JM (<0) even in
the steady-state limit, which never happens in the single-qubit
case (see the appendices for the details of the � model as an
example of the population inversion). We stress that the in-
terplay between the environment and quantum measurements
results in the heat backflow. The negative heat current indi-
cates quantum measurement cools down the quantum system,
whereas the qubit experiences heating up by measurement.
This cooling characteristic is useful for implementing a re-
frigerator. For the qubit case, Ei( j) = ∓�/2 and ρii( j j) = (1 ∓
〈σz〉)/2. Since 〈σz〉 = −
−/(
+ + γ /2) in the steady-state
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FIG. 4. Dynamics of the heat current for 
+ = 0.02�, 
− =
γ = 0.01�, φ = 0, and θ = 0 (blue), π/6 (light blue), π/4 (green),
π/3 (orange), π/2 (red). The initial state is prepared with (a) 〈σx〉0 =
1, 〈σy〉0 = 〈σz〉0 = 0 and (b) 〈σx〉0 = 〈σx〉ss = 0, 〈σy〉0 = 〈σy〉ss = 0,
〈σz〉0 = 〈σz〉ss = −
−/
+.

limit, the heat current is consistent with the upper bound Jmax
M ,

and it is always positive.

IV. TRANSIENT DYNAMICS

In this section, we consider how the heat current in the
transient regime reaches the steady state after switching on
the measurement to a dissipative qubit. The Lindblad equa-
tion (8) can be analytically solved for two cases: β = 0 and
|β| = 1/2, which provide lower and upper bounds for the
steady-state heat current, respectively. For β = 0, the qubit
does not exchange heat with the measurement apparatus, even
in the transient regime, regardless of the preparation of the
qubit. For |β| = 1/2, the heat current is given by (see the
appendices for the details of the derivation)

JM(t ) = γ�

4

[

−

̃+

−
(

〈σz〉0 + 
−

̃+

)
e−
̃+t

]
, (20)

where 
̃+ = 
+ + γ /2. The heat current exponentially
changes at a rate 
̃+ and reaches the steady-state value. Note
that we observe the negative heat current in the transient
regime due to the measurement effect on quantum coherence,
which never happens in the steady-state limit, as shown in
Fig. 4. Particularly, for |β| = 1/2, the transient heat current
is larger than the maximum steady-state heat current when
〈σz〉0 < −
−/(
+ + γ /2).

The heat current oscillates with time in the transient regime
except for the analytically solvable points (θ = 0 and π/2)
and then reaches the steady-state value, as shown in Fig. 4.
The oscillation comes from the coherence, 〈σx〉t and 〈σy〉t , and
its period is approximately 2π/� because the qubit is weakly
coupled to the heat baths and the measurement apparatus.

When a continuous quantum measurement is made on the
qubit in the steady state, the heat exchange between the mea-
surement apparatus and the qubit begins, and then the qubit
enters a new steady state in the presence of the quantum mea-
surement, as shown in Fig. 4(b). The excess heat flowing from
the measurement apparatus to the qubit during the transient
process, starting from the steady state in the absence of the
measurement, is given by

Qex =
∫ ∞

0
dt[JM(t ) − JM]. (21)

Figure 5 shows the dependence of the excess heat on θ .
Here, the excess heat is non-negative regardless of the

FIG. 5. Excess heat flowing from the measurement apparatus
into the qubit as a function of θ for 
+ = 0.02�, 
− = 0.01�, and
φ = 0.

measured state. In the steady-state limit in the absence of a
continuous quantum measurement, the coherence vanishes,
and the population remains 〈σz〉 = −
−/
+. Therefore, just
after switching on the measurement, the heat current is JM(t =
0) = γ�|β|2
−/
+, and it is larger than JM for any β (the
measured state), which results in Qex � 0. The excess heat
vanishes at θ = 0 and π and reaches a maximum value at
θ = π/2. The maximum excess heat at θ = π/2 is

Qmax
ex = �γ
−


−1
+ − 
̃−1

+
4
̃+

. (22)

This can be understood as follows: Once the continuous quan-
tum measurement is switched on, the energy stored in the
qubit increases from −�
−/(2
+) to −�
−/(2
̃+). The
sources for supplying the energy to the qubit are the heat
baths and the measurement apparatus, and the rate from the
measurement apparatus is γ /(2
̃+).

V. EXPERIMENTAL FEASIBILITY

We note that our theoretical setup is feasible using a plat-
form of superconducting circuits. The recent technological
development allows experimentalists to detect the heat current
through the superconducting elements, including a supercon-
ducting transmon qubit, between the heat baths, made of
copper resistors, using the standard thermometric technique
in the low-temperature range T � h̄�/kB ≈ 50 mK [50–52].
The advantage of our setup is the ability to access the heat
current JM by measuring the heat currents in each heat bath,
thanks to energy conservation. Moreover, continuous quantum
measurement has already been experimentally demonstrated
in a superconducting transmon qubit by performing a se-
quence of weak quantum measurements [53–55].

VI. SUMMARY

We studied the heat flow between the measurement appa-
ratus and a dissipative qubit under continuous measurement
by using the Lindblad equation. In the steady-state limit, we
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found that the heat current always flows out of the mea-
surement apparatus into the qubit regardless of the measured
qubit state; i.e., the measurement apparatus works as a heater
of the qubit. We identified lower and upper bounds for the
steady-state heat current when the measured qubit state is
respectively at the north or south poles (θ = 0 or π ) and on the
equator (θ = π/2) of the Bloch sphere and clarified the heat
transfer process at the two bounds. For the system with popu-
lation inversion, we found that the heat current can flow in the
opposite direction to the qubit even at the steady-state limit.
Furthermore, we considered the transient dynamics of the heat
current, and by tracking the dynamics, we could calculate the
excess heat induced by a continuous quantum measurement
and found it to be positive; that is, the measurement apparatus
supplies heat to the qubit.

This study helps our understanding of quantum thermo-
dynamics in dissipative quantum systems by shedding light
on the heat flow between the measurement apparatus and the
measured quantum system. Although we dealt with a qubit
as the measured quantum system in this work, it remains a
problem to identify the direction of heat flow in the general
quantum case.
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APPENDIX A: EXACT SOLUTIONS
OF THE LINDBLAD EQUATION

Here, we provide exact solutions of the Lindblad equa-
tion (8) in the main text.

When expressing the density matrix in terms of the Bloch
vectors as

ρ(t ) = 1
2 (I + 〈σx〉t σx + 〈σy〉t σy + 〈σz〉t σz ), (A1)

the Lindblad equation turns into three differential equations,

〈σ̇z〉t = −
− − (
+ + 2|β|2γ ) 〈σz〉t

+ 2αβ ′γ 〈σx〉t − 2αβ ′′γ 〈σy〉t , (A2)

〈σ̇x〉t = −
(


+ + γ

2
− 2β ′2γ

)
〈σx〉t

− (� − 2β ′β ′′γ ) 〈σy〉t + 2αβ ′γ 〈σz〉t , (A3)

〈σ̇y〉t = −
(


+ + γ

2
+ 2β ′2γ

)
〈σy〉t

+ (� − 2β ′β ′′γ ) 〈σx〉t − 2αβ ′′γ 〈σz〉t , (A4)

where β = β ′ + iβ ′′. We note that each component decays
at a rate equal to or greater than that in the absence of
measurement (γ = 0) because of |β|2 � 0 and 0 � β ′2 �
1/4. This fact allows us to interpret continuous quantum mea-
surement to a dissipative qubit as the anti-Zeno effect [56].

1. A steady-state solution

In the steady-state limit, 〈σ̇i〉t→∞ = 0, we obtain

〈σz〉 = −
−[4�2 + (
+ + γ )(
+ + γ − 4|β|2γ )]

4�2(
+ + 2|β|2γ ) + 
+(
+ + γ )(
+ + γ − 2|β|2γ)
,

(A5)

〈σx〉 = −4αγ
−[2�β ′′ + (
+ + γ )β ′]
4�2(
+ + 2|β|2γ ) + 
+(
+ + γ )(
+ + γ − 2|β|2γ)

,

(A6)

〈σy〉 = −4αγ
−[2�β ′ + (
+ + γ )β ′′]
4�2(
+ + 2|β|2γ ) + 
+(
+ + γ )(
+ + γ − 2|β|2γ)

.

(A7)

Note that the coherences remain due to the continuous quan-
tum measurement, even in the steady-state limit. From the
expression of the heat current (12), the steady-state heat cur-
rent can be rewritten as

JM = − γ�|β|2 〈σz〉 + αγ�(β ′ 〈σx〉 − β ′′ 〈σy〉), (A8)

and, by substituting the steady-state solution (A5)–(A7), we
obtain Eq. (13) in the main text.

2. Transient dynamics

In general, the three differential equations in which all
components are mixed cannot be analytically solved. How-
ever, since two of the three differential equations are closed,
we can exactly solve the Lindblad equation for two cases: (i)
α = 1/2, β = 0 and (ii) α = 0, |β| = 1/2.

(i) Case of α = 1/2, β = 0. This case corresponds to a
continuous quantum measurement on an eigenstate of the
qubit. The Lindblad equation reduces to

〈σ̇z〉t = − 
− − 
+ 〈σz〉t , (A9)

〈σ̇x〉t = − 
+ + γ

2
〈σx〉t − � 〈σy〉t , (A10)

〈σ̇y〉t = − 
+ + γ

2
〈σy〉t + � 〈σx〉t . (A11)

We can solve it easily:

〈σz〉t = − 
−

+

+
(

〈σz〉0 + 
−

+

)
e−
+t , (A12)

〈σx〉t = e−(
++γ )t/2[〈σx〉0 cos(�t ) − 〈σy〉0 sin(�t )],
(A13)

〈σy〉t = e−(
++γ )t/2[〈σx〉0 sin(�t ) + 〈σy〉0 cos(�t )].
(A14)

(ii) Case of α = 0, |β| = 1/2. In this case, the measure-
ment apparatus monitors the superposition state of the qubit.
Without loss of generality, β can be written as β = eiφ/2. The
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Lindblad equation reads

〈σ̇z〉t = − 
− −
(

+ + γ

2

)
〈σz〉t , (A15)

〈σ̇x〉t = − 2
+ + γ − γ cos 2φ

4
〈σx〉t

−
(
� − γ

4
sin 2φ

)
〈σy〉t , (A16)

〈σ̇y〉t = − 2
+ + 3γ + γ cos 2φ

4
〈σy〉t

+
(
� − γ

4
sin 2φ

)
〈σx〉t , (A17)

and its solution is given as

〈σz〉t = − 
−

+ + γ /2

+
(

〈σz〉0 + 
−

+ + γ /2

)
e−(
++γ /2)t ,

(A18)

〈σx〉t = e−(
++γ )t/2

2δ

[
(δ cos δt + γ cos2 φ sin δt ) 〈σx〉0

− 2

(
� − γ

4
sin 2φ

)
sin δt 〈σy〉0

]
, (A19)

〈σy〉t = e−(
++γ )t/2

2δ

[
(δ cos δt − γ cos2 φ sin δt ) 〈σy〉0

− 2

(
� − γ

4
sin 2φ

)
sin δt 〈σx〉0

]
, (A20)

where δ =
√

[� − (γ /4) sin 2φ]2 − (γ /2)2 cos4 φ is real be-
cause of � � γ .

APPENDIX B: EXAMPLE OF POPULATION INVERSION:
THE � MODEL

Here, we show that the steady-state heat current can be
negative for the � model in which a population inversion can
occur. The � model is a three-level system coupled to two
bosonic heat baths, as shown in Fig. 6(a). Its Hamiltonian is
given by

H = HS +
∑
r=h,c

HB,r +
∑
r=h,c

Hint,r . (B1)

The three-level system is described by

HS =
∑

i=0,1,2

εi |i〉 〈i| , (B2)

where εi are eigenenergies of the isolated three-level system,
ε0 = 0, ε1 = � − δ, and ε2 = � with ε0 < ε1 < ε2. The hot
and cold baths HB,h(c) are bosonic heat baths, of the same form
as in the qubit case in the main text with Th > Tc. The hot bath
is coupled to |0〉 and |2〉 of the three-level system, while the
cold bath is coupled to |1〉 and |2〉,

Hint,h =
∑

k

λh,k

2
(|2〉 〈0| bh,k + |0〉 〈2| b†

h,k ), (B3)

Hint,c =
∑

k

λc,k

2
(|2〉 〈1| bc,k + |1〉 〈2| b†

c,k ), (B4)

where λr,k is the coupling strength. Similar to the qubit case
in the main text, we introduce the Ohmic spectral density (2).

FIG. 6. (a) Schematic diagram of the � model with energy dif-
ferences � and δ (< �). The three-level system is coupled to the
two bosonic heat baths (Th > Tc). The hot bath allows transitions
between |0〉 and |2〉, while the cold bath allows them between |1〉
and |2〉. (b) The steady-state heat current JM as a function of γ under
the measurement on (|0〉 + |1〉)/

√
2 for δ/� = 0.5, kBTh/� = 5,

kBTc/� = 2, and κh = κc = 0.01.

The quantum dynamics of the reduced density matrix ρ(t )
can be described by the Lindblad equation,

ρ̇(t ) = −i[HS, ρ(t )] + DB[ρ(t )] + DM[ρ(t )], (B5)

where the continuous quantum measurement contribution
DM[ρ(t )] takes the same form as Eq. (4). Here, the dissipation
due to the heat baths is represented by

DB[ρ(t )] = 
e
h

[ |0〉 〈2| ρ(t ) |2〉 〈0| − 1
2 {|2〉 〈2| , ρ(t )}]

+ 
a
h

[ |2〉 〈0| ρ(t ) |0〉 〈2| − 1
2 {|0〉 〈0| , ρ(t )}]

+ 
e
c

[ |1〉 〈2| ρ(t ) |2〉 〈1| − 1
2 {|2〉 〈2| , ρ(t )}]

+ 
a
c

[ |2〉 〈1| ρ(t ) |1〉 〈2| − 1
2 {|1〉 〈1| , ρ(t )}],

(B6)

where the emission and absorption rates of the hot and cold
baths are


e
h = π

2
Ih(�)[1 + nh(�)], 
a

h = π

2
Ih(�)nh(�),


e
c = π

2
Ic(δ)[1 + nc(δ)], 
a

c = π

2
Ic(δ)nc(δ), (B7)

respectively. The rate imbalance induces a population inver-
sion between |0〉 and |1〉 when �/Th < δ/Tc in the absence
of a continuous quantum measurement [46]. If the population
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inversion still occurs when performing the continuous quan-
tum measurement on the superposition state of |0〉 and |1〉, i.e.,
(|0〉 + eiφ |1〉)/

√
2, the general expression of the heat current

(19) suggests JM < 0.
Figure 6(b) shows the γ dependence of the steady-state

heat current flowing from the measurement apparatus into the

three-level system under continuous quantum measurement of
(|0〉 + |1〉)/

√
2. We interestingly find that the heat current is

negative in the steady-state limit regardless of γ , as a result
of the population inversion between the measured states. Note
that we find that the steady-state heat current is independent
of φ similarly to the qubit case.
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