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Van der Waals interactions are ubiquitous and they play an important role for the stability of materials. Current
understanding of this type of coupling is based on linear response theory, while optical nonlinearities are rarely
considered in this context. Many materials, however, exhibit strong optical nonlinear response, which prompts
further evaluation of dispersive forces beyond linear response. Here we present a discrete coupled nonlinear
dipole approach that takes into account linear and nonlinear properties of all dipolar nanoparticles in a given
system. This method is based on a Hamiltonian for nonlinear dipoles, which we apply in different systems
uncovering a complex interplay of distance, anisotropy, polarizabilities, and hyperpolarizabilities in the vdW
energy. This investigation broadens our basic understanding of dispersive interactions, especially in the context

of nonlinear materials.

DOLI: 10.1103/PhysRevResearch.6.013289

I. INTRODUCTION

Van der Waals (vdW) interactions play an essential role
for the stability of materials with chemically inert compo-
nents [1,2]. The vdW interaction is important for the stacking
patterns of layered materials [3,4], and it can even lead to
significant changes in the electronic structure as is the case
for the direct-to-indirect band-gap transition when comparing
a monolayer MoS; and its bulk counterpart [5]. Several first-
principles methods for calculating vdW interactions within
linear response theory have also been developed [6,7] with
implementations in codes, such as VASP [8,9] and Quantum
Espresso [10].

Recently, several noncentrosymmetric transition-metal
dichalcogenides [11-14] or Weyl semimetals [15-18] have
been found to have much enhanced second-order nonlinear
hyperpolarizability, which is important in novel applications
for the coherent control of spin- and valley-polarized currents.
Many of these materials can also exhibit large third-order
optical nonlinearities, which is beneficial for ultrafast optics
and plasmonics [19,20]. Given that optical properties play an
essential role in the collective nature of vdW interactions, one
expects that hyperpolarizabilities will also affect the coupling
between materials. Indeed, recent electrodynamical studies
have shown that even at large separations the interaction
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between macroscopic bodies experiences magnitude and/or
scaling law modulations depending on their nonlinear proper-
ties [21-23]. VAW quadrupolar contributions have also been
examined based on the random phase approximation show-
ing that these beyond-dipolar effects cannot be neglected in
molecular systems [24].

Main-stream computational schemes currently do not take
into account optical nonlinearities [8—10], which may be a
hurdle for more accurate calculations of electronic structure
properties and phenomena directly related to vdW interac-
tions. It is known that even within linear response theory, the
vdW coupling energy can have vastly different magnitude,
scaling law, and/or sign than the typical attractive two-body
London-type 1/R® behavior [25-27]. A striking example are
carbon materials, where the vdW force can be quite different
for carbon nanotubes, graphene layers, or graphene nanorib-
bons [28-30]. This is a consequence of the complex interplay
between many factors: separation, atomic distributions, opti-
cal response, and many-body effects.

Here we present the discrete coupled nonlinear dipole
method as a generalized framework for computing disper-
sive interactions between nanoparticles. In this many-body
approach the linear and nonlinear optical properties for
all interacting nanoparticles are taken into account explic-
itly. For this purpose, we obtain the quantum mechanical
Hamiltonian H for interacting nonlinear dipoles fluctuating
around their equilibrium positions, which was previously
unavailable. Our scheme relies on a diagonalization pro-
cedure coupled with perturbation theory to obtain the
eigenmodes of H whose sum is the vdW interaction energy.
The method allows a microscopic dissection of dispersive
coupling in terms of anisotropy, tensorial nature of the
optical response, and distance separations for interacting
materials.
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II. THEORETICAL MODEL

We consider a system composed of N nanoparticles with
no external fields applied. Each nanoparticle i has a dipolar
moment p' (i =1,2,...,N) generated by the induced elec-
tric field from the other nanoparticles. The Hamiltonian of
this system is A = YN A — %Zyjzl p'Tp/, where the

1 3RYRV—(RY)’1
Imeg (RT)
the separation vector RV = R/ — R/,

Since previously the quantum mechanical Hamiltonian for
an individual nanoparticle H' is available only from linear
response, we begin with the derivation of A’ for a single
nonlinear dipole. The starting point is a classical dipole for

J

displacement matrix TV = is determined by

particle i in an electric field E, such that p' = o'E + 8'EE +
Y'EEE + - - -, where o' is the polarizability tensor of rank 2
from linear response, while ,Bi s yi, ... are second-order, third-
order, ... hyperpolarizabilities (rank 3, 4, ... tensors) [31-33].
From the classical Hamilton and the equations of motion for p’
and its canonical momentum 7’ taken under equilibrium con-
ditions, a self-consistent nonlinear equation for p’ is found.
Further, assuming small dipole moments oscillating with a
characteristic frequency «°, the solutions to the Hamilton
equations combined with a standard quantization procedure
are used to transform the classical Hamiltonian into its quan-
tum mechanical equivalent:

ﬁ = %]anﬁmﬁn + %Amnﬁmﬁn + %anqﬁmpnpq + %Gmnqpﬁmﬁnﬁqﬁpy (1)
. mi2 | |2
Fpn =[(w0)2“]8L%JL%Jv Ay = o wq%ﬂ%] — Tt ;thJ(l _8\_%][%2”’ 2
Bug =—lo"' @ BR & @a 13 nany 02, 3)
Gungp =207'®p0e ' @a'®BRae '®e '~ '®yRa ' ®a'® a"]&tm%z“n%z“#“#y 4)
[
where m,n,q, p=1,2,...,3N denote the degrees of free- zero-point modes which give the Oth order ground state energy

dom associated with x, y, z directional property components
of the N nanoparticles. A similar index notation is implied
for the tensors o with components «,,,, 8 with components
Bunp» and y with components y,,pq. Also, L'"T”J being the
integer part of ’”T” tracks the nanoparticle and its mth dipolar

component. A generalized Kronecker delta notation §,pcq.. =
{l whena=b=c=d=--
0 otherwise

also used in Egs. (1)—(4). A detailed derivation of Hiand A
is given in Appendix A. The first term in Eq. (1) contains the
kinetic energy of the dipoles described by a 1 x 3N column
matrix for the canonical momenta IT with components IT,,.
The second term corresponds to the linear response proper-
ties of the fluctuating dipolar moments arranged in a 1 x 3N
column matrix P with components P, [34,35]. The third term
contains only second order nonlinearities, while the last term
includes both second and third order nonlinearities.

The Hamiltonian in Eq. (1) sets the stage for the vdW
energy calculations that takes into account the linear and non-
linear response of each nanoparticle. The schematic flowchart
in Fig. 1 gives the main steps of the method discussed in
what follows. After identifying the optical properties of each
nanoparticle, we represent P, = Po.m + Qm, where the equi-

" and the Einstein summation rule are

librium position Fy ,, is found from % =0 and Qm is the
fluctuation of each dipole around Po,m.m This enables trans-
forming the Hamiltonian into H= Ey +H, —l—Hanh where
Eo=H (Po.m) is the minimum free energy at equilibrium,
H, contains [1,,I1, and Qan terms, while H,,, consists of
QanQq and QanQqu terms [36]. From the diagonaliza-
tion of Hj, we find a system of coupled equations for the
dipolar fluctuations

[Amn + ZanqPO,q + 3GmnquO,qP0,p]IFnlul = wzula (5)

where the eigenvectors u; satisfy the normalization condition
Fointmgttnp = 84p. The eigenvalues from Eq. (5) constitute the

Eg(g) = ZZﬁl %hwn Further, considering that linear response
is always stronger than the optical nonlinearities, Hy,, is

treated perturbatively:
Eg, ~ Ey+ES) + AESY, + AES)), (©6)

where AEZ(,%‘)] is the second-order correction coming from
0,00, terms in Hyyp, (the first order correction is zero) and
AE()) is the first-order correction from 0,0,,0,0, terms in
H,un (details in Appendix B).

The approach in Fig. 1 constitutes the discrete coupled
nonlinear dipole method, which can now be applied to any
system composed of discrete nonlinear dipoles. Note that

Input parameters @, 8,y — F,A,B,G
Minimize 22 (Po,m) =0 = Po,m, Eo = H(Po,m)

H=EO+Hh+Hanh
¥
Solve Discrete Coupled Dipole equation
[Amn aF 2]Brnnq-PO,q T 3Gmnqu0,qP0,p] IE‘lnlul = UJ211[
]anumqunp - 5qp
' N
Eigenvalues wp, Eigenvectors u,

E® =3 lhw, | |M=F[u us...uzy]
{

Evaluate AEéi)d, AEéBl
with perturbation theory

—
Ey.s = Eo + E)
+AED?, + AESY,

FIG. 1. Schematic flowchart of the discrete coupled nonlinear
dipole method.
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FIG. 2. VAW energy rescaled by /iw® vs nanoparticle separation rescaled by Ry = (a/2me€p)"/? is shown in all panels. Two isotropic
nanoparticles with (a) g, = 0.1; (b) g, = —0.1; (¢) g, = —0.15 with numerical (num), second relation in Eq. (7) (approx.), and London
formula U, = —(3/16)/iw’(Ry/R)® results. Two anisotropic nanoparticles with € = 0.3, gg = 0.3, and g, = 0, £0.1 with a relative angle
between their optical axis (d) ¥ = 0 (solid), ¥ = 7 (dashed) and separation along x axis; (e) ¥ = 0 (solid), ¥ = & (dashed) and separation
along y axis; (f) ¥ = 7 with separation along x axis (solid) and ¥ = 7 with separation along z axis (dashed). Two azulenes (C;oHs) with (g)
¥ =0 (blue) and ¥ = 7 (red) and separation along x axis; (h) ¥ = 0 (blue) and ¥ = 7 (red) and separation along y axis; (i) ¥ = 7 (blue)
and ¥ = —7 (red) and separation along y axis. Two 4-dimethylamino-4'-nitrostilbenes (C;sH;sN>O) with (j) ¥ = 0 (blue) and ¥ = 7 (red)
and separation along x axis; (k) ¥ = 0 (blue) and ¥ = 7 (red) and separation along y axis; (1) = % (blue) and ¥y = —7 (red) and separation
along y axis. Numerical calculations with all molecular linear and nonlinear properties (full lines), neglecting all nonlinear properties (harmonic
€ # 0), neglecting only second hyperpolarizability (anharmonic 8 = 0) are shown. Here, g, = yfo°/a? and g5 = B(ho®)'/?/(a(1 — €))*/2.

Corresponding vdW forces are also given in Fig. 6 in Appendix C.

when B,,,; = Gugp = 0, we recover the linear discrete cou-
pled dipole method obtaining the results for vdW energies of
carbon nanostructures and finite nanoparticle chains reported
in Refs. [37-39]. Note that the discrete dipole representation
within linear response has been successfully used in first-
principles vdW many-body schemes [40—-43]. The generalized
method described here provides means to account explicitly
for linear and nonlinear properties in many-body vdW inter-
actions.

III. ISOTROPIC PARTICLES

The method is now applied to two identical isotropic
nanoparticles placed at (0,0,0) and (R,0,0) [insert in
Fig. 2(a)] whose linear polarizabilities are «), =, =
ad,,. For the sake of simplicity, we further take that
y;w = V;%vkp = %((SWS,V, + 8,3.80p + 8,58,:). In this case
B! = B? =0 due to the presence of inversion symmetry in
isotropic materials [33]. Results from the numerical calcu-
lations for distances larger than the size of the dipole Ry =

3, o
2meg

“measures” the relative nonlinear-to-linear response strength
(for materials, |g, | < 1 [33]). The numerical calculations can
also be put in the perspective of the obtained analytical ex-
pressions at the R — Rar and R > R( asymptotic limits

_ yho
8y = &2

are shown in Figs. 2(a)-2(c), where

R/R +
8y e UL(R), R — R;
Usaw(R) ~ 17170 )
(1+ 5¢,)UL(R), R > Ry
where Ur (R) = —%hwoﬁ—g is the standard London result for

two atoms [44] (details in Appendix C). In the case of y >
0, there is a stronger attraction [Fig. 2(a)] for all R when
compared to Uy. For y < 0, however, the energy is repulsive
for R — RS’ . On the other hand, the long-ranged U,gw is

attractive for g, > —2/15 and repulsive otherwise. In the first
case, the energy acquires a shallow bound state [Fig. 2(b)],
while in the second case, the interaction is repulsive in the
entire distance regime [Fig. 2(c)]. Thus, even though U,qw
at R > Ry has a rescaled 1 /R6 London-like behavior, the
interplay between the sign and magnitude of the nonlinearity
and the short-range energy behavior can have profound effects
on the vdW energy.

IV. ANISOTROPIC PARTICLES

We also consider anisotropic nanoparticles taken to have
two distinct optical axes with oy, = o, = o) = @ and o, =
a) = a(l —€) where 0 < € < 1. Many anisotropic materi-
als, such as noncentrosymmetric transition-metal dichalco-
genides, polar metals, and Weyl semimetals [11-18], have
broken inversion symmetry and they exhibit strong second-
and third-order nonlinear response. Although much interest
has been generated due to their potential applications for opti-
cal rectification and second-harmonic generation applications,
for example, here we show that the effect of nonlinear-
ity is “felt” at a fundamental level concerning dispersive
interactions.

To illustrate these nonlinear effects in the vdW energy, we
first focus on two identical nanoparticles with B, = 8 (all
other B components are zero) and Vyyy = Vizzz = 3V = ¥
(all other y components are zero). In addition to Ry and g,,

we introduce gg = % The vdW dependence on the
optical axis relative orientation is tracked by the angle ¥
[inserts in Figs. 2(d)-2(f), also see Fig. 4]. The results in
Figs. 2(d)-2(f) show that the energy depends collectively on
the anisotropy (parameter €), the optical nonlinearities (gg and
g, parameters), and the optical axis orientation (angle ). For

particles separated along the x axis, the nonlinear response
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leads to a reduced attraction as compared to the London for-
mula. This reduction is strongest for gg and g, with opposite
signs [Fig. 2(d)]. For particles separated along the y axis and
¥ = 7, gp and g, lead to stronger vdW attraction, while par-
ticles on the z axis and ¥ = 7 experience reduced attraction
when compared with Uj, [Fig. 2(f)]. It is also possible to obtain
a repulsive vdW energy when the particles are on the y axis
but their optical axis have a relative angle ¢ = m [Fig. 2(e)].
The complexity of the vdW interaction for two anisotropic
nanoparticles can be assessed by considering the asymptotic
R > Ry limit (see Appendix C for detailed derivations and
comparisons):

Uyaw(R)
Q¢ 6533 (1—2€)
(1- 2502 420, - S5
2w R3
S X, R=Re,y =0(—),n(+)

653%(1726)

(1 - 22 +5¢, - 2N 0®

L] R R=Re v =0(H).7(0), ()
(1 B %e N (775;)@ _ 51532;,?9(21—e))UL(R)
R=Re., vy =%
(1 —$+(5—eg — %)Udm
R=Re, ¢y =12

One finds that the London-like term Up(R) is rescaled by
factors that depend nontrivially on €, gg, g,, and v for the
various orientations. However, the vdW energy acquires a
term entirely due to the second-order nonlinearity, which has a
much longer outreach range due to its 1/R? dependence. This
term can be positive or negative (dictated mainly by 1) and
it can be a decisive factor for the energy behavior especially
at larger R. Equation (8) further shows that by tailoring the
properties of the nanoparticles, the London contribution can
be suppressed, in which case the interaction is dominated
by the long-ranged 1/R? dependence as determined by the
second order nonlinearity.

The discrete coupled nonlinear dipole model is also
applied to realistic systems taking azulene (C;oHs) and 4-
dimethylamino-4’-nitrostilbene (C;gH,N,0,) as representa-
tives for nonlinear dipolar nanoparticles [Figs. 2(g)-2(1)]. The
molecular anisotropy is accompanied by hyperpolarizabilities
with various tensor components as given in Refs. [45,46].
Our numerical results show that the interaction has similar
features as in the simplified model used earlier. The optical
nonlinearity strengthens the vdW attraction in most cases,
although repulsion is possible for two azulenes providing they
are on the x axis with an opposite direction of their optical axis
[Fig. 2(g)].

In addition to the importance of the different optical
properties, the vdW interaction is also a many-body phe-
nomenon. The collective nature of dispersive interaction has
been examined by several computational methods based on
the discrete dipole model at the linear response level [6,7],
however within our approach one can also account for the
effect of optical nonlinearities. Using the scheme from Fig. 1,

(@a=150R,
10 -1

9,0-00-0-0 J
—

R a

—  anharmonic p =0
4 —  harmonic 4
l a1

id)a=:1.7:5R'0'

Uyaw / 10 he’ (x 107)

s
R/Ry

FIG. 3. VAW energy rescaled by /io° vs nanoparticle separation
rescaled by Ry = (a/2me)'/? is shown in all panels. Two chains
where each one has 10 isotropic molecules along x axis and separated
by (a) a = 1.5Ry; (b) a = 1.75R, for g, = 0 (black), g, = 0.1 (red),
and g, = —0.1 (blue). Two chains where each one has 10 azulenes
along x axis and separated by (c) a = 1.5Ry; (d) a = 1.75R, with
Y =0 (red) and ¢ = 0 (blue). Results for gg = g, = 0 (black) and
gs =0, g, # 0 (green) are also shown.

we calculate the vdW energy between two chains each with
10 nanoparticles separated by a distance a along the x axis.
In the case of isotropic nanoparticles, Figs. 3(a) and 3(b)
show that U,qw is attractive but g, < 0 reduces its strength,
while g, > 0 enhances it. In the case of azulene chains whose
relative angles are ¢ = 0 and 7, the results given in Figs. 3(d)
and 3(e) show that the interaction is repulsive. This effect is
dominated by the second-order nonlinearity, since neglecting
gp in the simulations turns Uyqw into attraction. Note that this
is unlike the two-particle interaction [Fig. 2(g)] for which the
Uyaw was found to always be attractive.

V. CONCLUSION

The discrete coupled nonlinear dipole method presented
here establishes a computational framework of vdW inter-
actions that takes into account linear and nonlinear optical
properties from a microscopic perspective. This approach re-
lies on a newly derived quantum mechanical Hamiltonian of a
nonlinear dipole combined with a perturbation theory treating
linear properties as dominant when compared to second- and
third-order optical nonlinearities. Given that vdW interactions
are truly collective phenomena, many factors need to be con-
sidered for calculating interaction energies in a given system,
as shown by advanced computational methods based entirely
on linear response theory. The systems studied here helped
us uncover that optical nonlinearities can rescale the Lon-
don attraction and their signs can even cause vdW repulsion.
The 1/R? distance behavior due to second order hyperpo-
larizability indicates a much longer-ranged outreach when
compared to the typical 1/R® distance dependence. Nonlinear-
ities are also expected to matter for vdW interactions in other
nanoparticle systems, including alkali-halide clusters whose
giant polarizabilities result in Ry being 3 — 4 times bigger
than the physical size of the cluster [47]. For such materials,
considering the optical nonlinearities may be crucial for the
overall stability of the interacting system.

The discrete coupled nonlinear dipole method can also
accommodate the application of external fields, which can
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result in significant modifications of dispersive interactions
[48,49]. For example, magnetoelectric hyperpolarizabilities of
individual nanoparticles a'(Bg), B/ (By), and y'(Bg) [50,51]
can be used to study the effects of a static magnetic field
Bo. Adding aterm Hy = — Y | Eo - p' [52,53] to the Hamil-
tonian takes into account a static electric field Eqy, which
ultimately affects the equilibrium dipole moments Py, but not
the overall computational scheme.

The impact of the discrete coupled nonlinear dipole model
can be even broader when considering future developments
of first-principles methods for vdW calculations. The discrete
dipole model within linear response is currently employed
in many-body dispersion energy calculations with several
options available in state of the art codes. Such schemes
have been applied successfully to calculate vdW energies in
a variety of materials [6,7,41,42]. In light of this study, the
vdW interaction and its effects on stacking patterns, interlayer
distances, bond lengths, etc., however, must be re-examined

J

for a more accurate description. Our theoretical framework
can serve as a stepping stone for future design of mainstream
computational schemes for more accurate simulations, which
might be necessary for nonlinear materials with chemically
inert components.
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APPENDIX A: HAMILTONIAN OF NONLINEAR DIPOLE SYSTEMS

1. Hamiltonian for a single nonlinear dipole

Our objective here is to derive the quantum mechanical Hamiltonian for a single nonlinear dipole responding to an electric
field. We begin with the classical Hamiltonian H written in the following form [31,32]:

H = 1Fmum, + A pupy + 3BuapubvPi + 1T uwiapPuboPale + -+

(AD

where p,, is the dipolar moment and 7, is its corresponding canonical momentum. To determine the tensors with components
Ay, By, and Ty, 5, we examine the dipolar response due to an electric field E

Pu = a,quv + ﬂuvAEvEA + V,uw\pEvEAEp +-,

where «,, are the components of the polarizability tensor of rank 2 from linear response, while B,,x, Vuvip:---

(A2)

are the

components of the second-order, third-order,... hyperpolarizabilities (rank 3, 4,... tensors). Considering the static free energy
H =H — p,E,, one can write the Hamilton’s equations of motion,

dby _ 0H dpy

dt — 9wy, dt :Fuvnv
dm, M dm, .
a = “op, = —Awby

dm,

For a stationary dipole = 0, thus we find that E,, = A, pv + Buupops + Tappopabp + -

yields

- B;Luxpvpk - Fuv)\ppvpkpp -t

. (A3)
+ Eu,

whose substitution in Eq. (A2)

P = a;w(Aw\pA) + Olp.v(varpppr) + ,BuuA(Avppp)(Aktpt) + auv(rvarépaprpé)
+ IBMUA(AVGPJ)(BMEprpé) + ,B,uv)L(Burgprpé)(Axapa) + Yuvap (Auapa)(Akrpr)(ApépE) + -
= a;wAvAPA + [ap.vapr + ﬁuvAAvakr]pppr + [auvrvoré + ,B;z.vavaBAré + IB,uv)LBvréA/\a

+ y/,Ll))\pAvoA)\TAps]pgprpé 4+ ...
From here, we obtain
Ap = (Dl);“l

B = (@) Bore ()7 (@),

Fpvip = —(@)7 Voren (@7 (@5 @)} + @7 oy @7 (@) Borests (@) A (@)

(A4)

(A5)

+ (@)y0, Borrit (@), b, (@) Boymat (@) (@)

.. . dm,
Additionally, since —*

fluctuations under no external fields
d? DPu

dt?

= _F}wAv)»p)» + O(Pz),

= 0, we find the following second-order differential equation from Eq. (A3) assuming now small

(A6)
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where only terms linear in p,, are retained. Further, taking into consideration that the fluctuating dipole is essentially a harmonic
oscillator with frequency ", this differential equation is solved:

dzpu
dt?

Now, replacing the classical dipole and canonical momenta with their quantum mechanical operator equivalents p — p and
m — # and taking into account that [p,,, ,] = ihd,,, one arrives at the quantized Hamiltonian for single dipolar nanoparticle

= — (")’ pu = FuAy = (@°V 8 = Fu = (@°)(A),, = (@°)ayu,. (A7)

1 =H(#, p) = 5"V oufufty + 30, puby + $BuiPubobo + 3T uipPubobrbp + - - (A8)

2. Hamiltonian for a system of N nonlinear dipoles
The dipole-dipole interaction between two nanoparticles (labeled as i, j) separated by RV =R’ —R/ is UV =
U@p,p/,RY) = — ;w(RU )ﬁ’ﬂ ﬁ{,, where 7,,,(R) = w is the usual displacement tensor [54]. Thus, the Hamiltonian
for a system of N dipolar nanoparticles includes the Hamlltoman for each nanoparticle from Eq. (A8) and their dipole-dipole

coupling

N N
N . . 1 A A 1 A A 1 N oA A 1 A A A A
— L LV — — — —
A = ;H +;}§1U = 3Bl 4 S APy + SBungPualy + 5 GomapPuPuPy Py,
Fon = (@*/)a),8;j,  wherem =3i+pu,n=3j+v, (A9)
Apn = (@) 08, — T1(1 = 8;;),  wherem =3i+p,n=3j+v, (A10)
Bung =B, wherem =3i+pu.n=3j+v,q=3k+2, (Al1)
Gungp =T7,;,8  Wherem=3i+pu,n=3j+v,q=3k+xrp=31+p. (A12)

Note that in the above P = [p', p2, ... p¥1" =[P, P>, ..., Psy]” and T = [#', #2, ... &"]" = [[1}, I1,, ..., [13y]". Einstein
notation for repeating indices is also 1mp11ed in the final expression for H.
Using a tensor product notation for B, and I';,,;, in Eq. (AS), we find

B=-a'®80¢ ' @a’

r=20"'9@a'®@a'®@BQa'Qa'—a'Q®yQa ' a ' @a!. (A13)

Taking advantage of a generalized § — function defined as Sgpeq.. = {(1) ztl]:i':vf‘; b=c=d=""Egs. (A9)~(A12) can be repre-
sented as

H = 1FuIL 00, 4 SA0mPuPy + 3BrngPuloBy + 1GogpBu BB, Py, (A14)

L L e [“_I]SL%JL%J SRR (S Py} (Al5)

Bung =o' @ B@ e @0 18wz w2y 02, (A16)

1 j—

Gmnqp = [2(x_] ®ﬂ®of1 ®(¥_1 ®ﬁ®a_l Qo d_l ® J/®ot_] ®(¥_l ®a_l]5|.m%r2“"%2“#“#y (A17)

which is Eq. (1) in the main text.
For dipoles fluctuating around an equilibrium Py, one can further express P, = Py, + O, with O, being the fluctuation
operator. The Py = [Py.1, P2, . .., Posn]” is found from

Ry
aP,

The above equation shows that in general Py ,, # 0. Such an effect is a consequence of the B and G terms and it does not occur
for linear dipoles. At equilibrium, the free energy of the system becomes Ey = H (P ), which also contains information about
the nonlinear dipolar properties. Consequently, the Hamiltonian for the fluctuating dipoles transforms into

(POm)—0iAmnPOn+anqP0nP0q+Gmnqu0nP0qP0p—O (A]S)

H = Ey + Hy + Hun, (A19)

Eo = 3 AunPomPon + 1BungPo.mPo.nPo.g + §GungpPo.mPo.nPo.qPo.p, (A20)
IF I TL, + A + 2BoingPo.g + 3GonngpPo.gPo.p) OO, (A21)

ﬁanh = $[Bung + 3GmngpPo.p)On0nQy + 3G ingpOn 010y Op- (A22)
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APPENDIX B: EIGENMODES AND VDW ENERGY OF NONLINEAR DIPOLES

The Hamiltonian in Eq. (A19) sets the stage for a many-body nonlinear vdW energy dispersion based on zero-point eigenmode
summation supplemented by a perturbation theory for H,,,, which was conveniently separated from the linear effects in H,,
assumed to be dominant.

We first consider Hj, by applying an orthogonal transformation U, such that

I:jh = %ﬁmﬁm + %Amnémém (Bl)
0=MO=F"U), M=F"U=m")1, (B2)

Amn = (UT]F ]/2)mk [Aw + 2]BquPO,q + 3lequ0,qP0,p] (IF ]/2U)ln

= (F~'2U), {lAk + 2BugPo.g + 3GiigpPo.gPoplFij}(F /2 U) . (B3)
w% 0 cee 0
x X Ll)z . . . .
The transformation for which A is diagonal A = 7 ' is associated with the secular equation
0 . . ng
[Amn + 2IB%manO,q + 3GmnquO,qP0,p]Fnlul = wzulv (B4’)

where w” are the eigenvalues and u; are the corresponding eigenvectors. The Hamiltonian in Eq. (B1) can further be written in

terms of creation and annihilation operators &, &,, such that 0, = \/52(a} + a,), I, = /(@) — a,),

ﬁh = %ﬁnﬁn + %wiQnQn = hwn(&zan + %) (BS)
Thus the ground-state energy is composed of the zero-point modes Eég) =(000...0|H,|000...0) = Ziﬁl %hwn The diago-
nalization procedure we have described above constitutes the discrete coupled dipole method utilized in many-body dispersion
schemes for ab initio simulations [40-43]. Here, however, the dipolar nonlinearitites are also taken into account in the
eigenmodes and eigenstates of the secular equation Eq. (B4).
The contributions from Q, Qqu terms in Eq. (A22) and denoted as ﬂ;gﬁ are now treated within perturbation theory. Using
the creation and annihilation operators, we write

o LB R
Y =~ —
anh 3\ 20, 2wy, 2w,

Brumg (&} + an)(@}, + &)@} + ag),

Bnmq = [anq + 3GmnquO.p]Mn’an’qu’q~ (Bé)

Given that the first-order correction to the ground-state energy is zero, the second-order perturbation yields

q 2
o _ [{k1, k2, ..., kan|H2,4|000. .. 0)]
AEy, = > 7O _ O
(k1 k2. kan )#(0,0,...,0) g.s ki k... kan
2
3N .2 3N 2
1 h - 9/ . [w, ~ 9w -
= —— — | B,..)*+ =B, haciy _ 7% @2
36 ; a)ﬁ ( nnn) + ) nnn + 17&2’1 W nnl + ; (2(1);1 + CU[)U)[( nnl)
3N =
_ i Z hz (Bnmq)2 (B7)
7 - il Oy (O + O + 0y)’
pairwqiseq different
where the excited state is |ky, ko, ..., ksy) = m(rﬂ)k‘ (a;)k2 .. (a;N)k‘N [000...0). Calculations for matrix elements in

creation-annihilation can be found in textbooks such as Ref. [55].
The contributions from Q,0,,0,0, terms in Eq. (A22) and denoted as Ha(‘?})l are also written in terms of creation and
annihilation operators

AG =L [ BB R @+ 8@, + 0@ +2,)@) + ay)
anh 4 an ZCl)m zwq pr nmgp\*n n m m q q p ph

Gnmqp = Gn/m/q’p’Mn’an’qu’qu/p~ (B8)
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From first-order perturbation theory, we find

3 3N hz 3 3N hz w
a _ 4 _ 2 ~ A O D
AEy) = (000...0[H54/000....0) = o nél oy G = ; 2 G + ; G | (B9)
Thus, the total ground-state energy becomes
Eys ~Eo+ES) + AE), + AE) + -
2
3N 3N .9 3N 2
1 1 h - 9( ~ Wy ~ 9w -
= _hwn - 57 ~— Bnnn 2 + - Bnnn + _ann + < Bnn 2
;2 36;603 ( ) 2 ; w; : ;(an—i-wl)a)g( 2
3N 2 2 3N .2
1 h (Bnmq) 3 h = wy ~
-y o 5 Gnnnn _Gnn . B10
72 nn%jzl W Wq (O + O + ) i nz—; ; " ; o T B10

pairwise different

APPENDIX C: VDW ENERGY AND FORCE OF IDENTICAL NANOPARTICLES
1. vdW energy of two identical isotropic nanoparticles with a third-order nonlinearity

Here we give the detailed application of the discrete coupled nonlinear dipole method to two identical isotropic nanoparticles
placed at (0,0,0) and (R, 0, 0). The response properties are taken as oz:w = (x/zw = ad,, and yﬂlw = y/%vkp = %(6/”8,\/) +

8,u26vp + 8,,0,2). One notes that B = 0 due to the presence of inversion symmetry in isotropic materials. By defining Ry = ¥ 5=

2meg

i1 0
and g, = 27, we find

Fun = (2£0R3) (") 81m, (Cl)

(C2)

G . {_W#R.g)(suvakp + 8[4)\81},0 + 8up8vk) when (nv m,q, P) =3k + (M, v, )\'7 ;0)
nmqp .

0 otherwise

The equilibrium conditions from Egs. (A18), (A20) are obtained as

3(2meR}) (iw)
PO,I = P0’4 = —gS(R), P0,2 = P073 = PO,S = P0,6 = 0’ (C3)
oy
E " _e®) (C4)
0= - N ,
4(_gy )
R3
S(R) = 21 WhenR<R0andg},<0. ©5)
otherwise
The explicit matrix representation of the discrete coupled nonlinear dipole method Eq. (B4) is found as
1 4 3s(R) 0 0 —& 0 0
R} Ui Ui
0 14 5(R) 0 0 b 2 "y Y
(3?3 0 1+ s(R) 0 0 5K MS’I. _ i i u3”, ’ C6)
- 03 0 1 + 3s(R) 0 0 Ug i (0)? | Uai
R Us,i Us, i
0 K5 1?3 0 1+ s(R) 0 e s e s
0 0 7 0 0 1+ s(R)

whose eigenvalues are

R3 R3 R3
W = 1——0+3S(R), a)2=a)0 1——0+s(R), wgza)o 1——0+s(R),
R3 2R3 ) 2R3
R3 R3 R3
w3 =% 14+ =2 +5R), ws=0"]1+—L45R), ws=0c"/1+-=43sR). (C7)
2R3 2R3 R3
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From Egs. (B7) and (B9), the vdW energy is obtained as

UvdW(R) = Eg..v(R) - Eg.x("'oo)

1 15 1
= zﬁwo{(fo(R) —6)—g <f1 R) — ?> + ESZ(R) + gyS(R)fz(R)}, (C8)
¥
where E, ; is the ground-state energy in Eq. (B10) and we have defined the following dimensionless functions
R} R} R} R}
Jo(R) = ]—F+3S(R)+ 1+ﬁ+3S(R)+2 23+s(R)—i—2 1+F+S(R) (C9)
2 2
A® 1 1 n 3 1 1
1 = 3 3 Q 3 3
\/1—2’%+s(1e) J+ B vsw) 8 \/1—%+3s(1e) \/1+%+3s(1e)
! (C10)
\/1 sp5 +s(R) \/1 + 2R* + s(R) \/1 + 3s(R) \/1 + 7 + 35(R)
R3 k3 1<(3) R(3)
4 +3s(R) +3s(R) 7—+33(R) 6144 1= 20 +5(R)
3
R — 1 - 17$+s(R) ol 5 1 s(R) +35(R) 170 435(R)
HLR) = p. 7| B+ —— t 37 =
8(1 -2+ 3s(R)) 1— 25 +5(R) n 1+2,T°3+s(R) n 1439 $13s(R) 1-28 +5(R) 142 1— 28 +5(R)
T I NS VT RS 183w -8 3w
6(1+4 —“m 27(1+4 ﬂ
B H3s®) — 3 3s@®)
" T B v [1+ R ! 1458 43k v 35(R b
( +;§3+s()> <1+2 ;R3+s()> <+Z§+s( )) <1+2 R+s( ))
,R—3+3S(R) 0 +3s(R) 7R—3+35(R) - 0 435(R)
For large distances R > Ry, s(R) = 0, the vdW energy becomes
3hw RS 15 15
Uyaw (R) ~ 16 Re 1+ S8 )= 1+ 58 UL(R), (C12)
where Uy is London’s result [44]. On the other hand, if R — R, s(R) = 0 and the vdW energy becomes
3g,hw 1
Uvaw (R) ~ — fé e (C13)
-3

2. vdW energy of two identical anisotropic nanoparticles

We also consider the application of the discrete coupled nonlinear dipole method to two identical anisotropic nanoparticles
placed at (0,0,0) and (R,, R}, R;). The linear response is taken as ayy = a;; = oy = o and o,y =] = a(l —€) where 0 < € <
1 while their nonlinearity is captured by B... = B (all other 8 components are zero) and yyyyy = Vzzzz = 3y = v (all other y

ﬂ(ha)())l/z

ai—oy - We examine three

components are zero). In addition to Ry and g, , another dimensionless constant is also used: gg =
different geometrical cases as given in Fig. 4.

For the particle at R whose optical axis are rotated by an angle i with respect to the particle in the origin, we find that

2R§ — R§ — R? 3R.R, 3R\R,
T?(R) = 3R,R, 2R —R? —R? 3R,R, , (C14)
47T80R5 ) 2 2 2
3R.R, 3RZRy 2RZ —R; — Ry
and
5mnql when 1 g n,m, g 3
Bng = — 8 - (Z: (V) n-3) 1(Z: (Y D=3y 1(Z(V))q-3y1 Whend <n,m,qg <6, (CI5)
\/(1 —€)’ (hwo)(Z”SORS) 0 otherwise
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FIG. 4. Schematics of two identical uniaxial anisotropic particles. The x axis of second nanoparticle is specified by the relative angle
¥, while the position of this molecule is defined by (R, Ry, R.). The considered geometrical cases are (a) R = (R, 0, 0), (b) R = (0, R, 0),
(©)R=(0,0,R).

Gnm‘ﬂ’ = Gfmqp + Gr}{mqp

e Sumap! when 1 <n,m, q, p<3
hmap = heobie(2 ; 3\2(1 — )2 X N (Z:()m—3) | (Z(V ) 0—3) | (Z(¥ ) g—3) | (Z(¥))p-3)1  Whend <n,m,q, p<6
(haV)big( nsoRo) (I—¢) 0 otherwise

Clpgp =~ 3 5 3 S Gusbed + Bucdha + daadpe) X

3(1a®) (2 £0R])” uD2 3 pmn 3 cm2 3 d=n 3

(Snasmbéqcapd when 1 <n,m, q,p < 3
X 3 (Z: (U ))n=3) (B (Y ) n=3) b(F (V) g=3) (Z:(¥))(p—3ya Whend < n,m,q,p <6. (C16)
0 otherwise
where the rotation matrix is
cosyy —siny O
X,(Y) = | siny cosyy 0]. (C17)

0 0 1

R O™

g3=0.3,g,=-0.1 num

2=0.3, g,= 0.0 num

=03, g=0.1 num

g3 =0.3, g, =-0.1 approx

3= 0.3, g, = 0.0 approx

2= 03 &'—0 1 approx
t

'(b)
RO

|
.
T

0.5

Usaw/ 7 ©° (x 107)
(.01 x) @ y /M

R/R, R/R, R/R,

FIG. 5. VAW energy rescaled by /iw® vs nanoparticle separation rescaled by Ry = (a/2m€)"/? is shown in all panels. Two anisotropic
nanoparticles with € = 0.3, gg = 0.3, g, = 0, £0.1 with relative angle between their optical axes (a),(c) ¥ =0, (b),(d) ¥ =, and (e),(f)
¥ = 7 and separation along (a),(b),(e) x axis, (c),(d) y axis or (f) z axis. Discrete data corresponds to numerical calculations, while the
solid lines are from the asymptotic expressions in Eq. (8). Note that 8., = B and yyy,y, = Vzzzz = 33,2z = ¥, and all other hyperpolarizability

components are zero.
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Foaw / ho" Ry (x 107?)
=

F
n =

" (@)g,=010" @e=03" ' S0 ' e e A= 0
____________ 13 —~ harmonice#0 L7 o Y ton.
----- [€4] -..... anharmonic =0 {/ harmonic & # 0
num 4 F o 1 0 N F ... anharmonic p =0 1-200
b=R" ——-  approx g =-0.1—= - — O——=€n | O e
; 7z X e Londorr] s R o~ I} i o TT o 1400
" (b) g =-0.10" ‘ ] ‘ : —o =
o & E * /|<D( }Qj'()( g
B4 — IR T [® {2005
— |R
_____ = — hum ® o 7 CigHigN202 yor o rotog =
eyt s === approx 0 L k1S aVres >
3 London{ EN (k) ):Q/‘/\Qﬁ( —7400_)_(_
: ‘ : t : : - =
. (U
Y Y
} o] o]
= 120 — — — 3 1-2
---------------- — num 20 =50 — |R R A0
""""" ——- approx 1 -75 *
ep 1-40 ; Co rOYOr K
\ . 7 London -100f 7, . L : ‘ 07Ot YOTO< Jam
1.1 1.3 1.5 1.7 1.9 1.3 1.5 1.7 1.9 1.1 13 L5 1.7 1.1 1.3 1.5 1.7 1.9
R/R, R/R, R/R, R/R,

FIG. 6. VAW force rescaled by /'R, ! vs nanoparticle separation rescaled by Ry = (a/2m€)"/? is shown in all panels. Two isotropic
—0.1; (¢) g, = —0.15 with numerical (num), Eq. (C12) (approx.), and London formula U, =
—(3/16)hw° (Ry/R)® results. Two anisotropic nanoparticles with € = 0.3, gg = 0.3, and g, = 0, £0.1 with a relative angle between their
optical axis (d) ¥ = 0 (solid), ¥ = m (dashed) and separation along x axis; (e) ¢ = 0 (solid), 1 = 7 (dashed) and separation along y axis;

nanoparticles with (a) g, =0.1; (b) g,

® v

T
2

2

with separation along x axis (solid) and ¥ = Z with separation along z axis (dashed). Two azulenes (C;oHg) with (g) ¥ = 0 (blue)

and Y = 7 (red) and separation along x axis; (h) ¥ = 0 (blue) and ¥ = 7 (red) and separation along y axis; (i) ¥ = 7 (blue) and y = -3
(red) and separation along y axis. Two 4-dimethylamino-4'-nitrostilbenes (C;sHsN,0O,) with (j) ¥ = 0 (blue) and ¢ = 7 (red) and separation
along x axis; (k) ¥ = 0 (blue) and Y = 7 (red) and separation along y axis; (I) ¥ = 7 (blue) and » = —7 (red) and separation along y axis.
Numerical calculations with all molecular linear and nonlinear properties (full lines), neglecting all nonlinear properties (harmonic € # 0),
neglecting only second hyperpolarizability (anharmonic 8 = 0) are shown. Here, g, = yfio/a? and gg = B(iw®)!/? /(a(1 — €))*>.

The diagonalization procedure of Hj, in Eq. (B4) followed by Taylor expansions up to the second order of € yields
w1, wy, w3, w4, Ws, wg. For the considered positions given in Fig. 4, we obtain

R = (R, 0,0) = Re,

1R}
0 0
14+ -0
w4 =W 2R
1R} 4+
w5 = a)o\/l + ER_;) <1 — —6( 2 €) sin’ I/f)

R} 4 —
61)3,6:6()0\/1:!:1?2(1—6-{-—6( g €) sin21p>,

R = (0, R, 0) = Re,

R = (0,0, R) = Re,

1R} 4 —
w1,4=w0\/11517‘;<1—e+6(T€)sm2¢>

1 R} €ed+e) .
w5 = a)o\/l + 5R—g<1 — Tsm2 1//)

R3
w36 = a)o‘[ 1 + R—g
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Also, using Egs. (B7), (B9), we arrive at

Uww(R, ¥) = Eg (R, ¥) — Eg (400, ¥),

where the ground-state energy Eq. (B10) is given as

7 0
Eo(R )~ = {foR. ) = 8, AR V) + LR ).

(C27)

(C28)

The explicit forms of fy(R, ), fi(R, ¥), and f>(R, ¥) can be obtained numerically, but are not given here due their extremely
long expressions. For the asymptotic limit R >> Ry with small €, g,,, gg < 1, we obtain the expressions in Eq. (8).

Results for the interaction energies of two anisotropic particles with relative separations along the x, y, and z-axis (Fig. 4)
are given in Fig. 5. The shown computations for the chosen parameters depict numerical and asymptotic calculations for a
complementary comparison with the case of isotropic particles in Figs. 2(a)-2(f).

3. Nonlinear effects in the vdW force

In order to analyze the attractive and repulsive features of vdW interaction, we also calculate vdW force from obtained vdW
energy for our examples given in main text. For fixed orientation of nanoparticles/molecules, the radial vdW force is defined as

the radial gradient of vdW potential energy

d
Faw(R) = _ﬁUvdW(R)-

(C29)

In Fig. 6 results for the calculated force for all cases in Fig. 2 in the main text are given.
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