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Nonlinear effects in manybody van der Waals interactions
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Van der Waals interactions are ubiquitous and they play an important role for the stability of materials. Current
understanding of this type of coupling is based on linear response theory, while optical nonlinearities are rarely
considered in this context. Many materials, however, exhibit strong optical nonlinear response, which prompts
further evaluation of dispersive forces beyond linear response. Here we present a discrete coupled nonlinear
dipole approach that takes into account linear and nonlinear properties of all dipolar nanoparticles in a given
system. This method is based on a Hamiltonian for nonlinear dipoles, which we apply in different systems
uncovering a complex interplay of distance, anisotropy, polarizabilities, and hyperpolarizabilities in the vdW
energy. This investigation broadens our basic understanding of dispersive interactions, especially in the context
of nonlinear materials.
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I. INTRODUCTION

Van der Waals (vdW) interactions play an essential role
for the stability of materials with chemically inert compo-
nents [1,2]. The vdW interaction is important for the stacking
patterns of layered materials [3,4], and it can even lead to
significant changes in the electronic structure as is the case
for the direct-to-indirect band-gap transition when comparing
a monolayer MoS2 and its bulk counterpart [5]. Several first-
principles methods for calculating vdW interactions within
linear response theory have also been developed [6,7] with
implementations in codes, such as VASP [8,9] and Quantum
Espresso [10].

Recently, several noncentrosymmetric transition-metal
dichalcogenides [11–14] or Weyl semimetals [15–18] have
been found to have much enhanced second-order nonlinear
hyperpolarizability, which is important in novel applications
for the coherent control of spin- and valley-polarized currents.
Many of these materials can also exhibit large third-order
optical nonlinearities, which is beneficial for ultrafast optics
and plasmonics [19,20]. Given that optical properties play an
essential role in the collective nature of vdW interactions, one
expects that hyperpolarizabilities will also affect the coupling
between materials. Indeed, recent electrodynamical studies
have shown that even at large separations the interaction
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between macroscopic bodies experiences magnitude and/or
scaling law modulations depending on their nonlinear proper-
ties [21–23]. VdW quadrupolar contributions have also been
examined based on the random phase approximation show-
ing that these beyond-dipolar effects cannot be neglected in
molecular systems [24].

Main-stream computational schemes currently do not take
into account optical nonlinearities [8–10], which may be a
hurdle for more accurate calculations of electronic structure
properties and phenomena directly related to vdW interac-
tions. It is known that even within linear response theory, the
vdW coupling energy can have vastly different magnitude,
scaling law, and/or sign than the typical attractive two-body
London-type 1/R6 behavior [25–27]. A striking example are
carbon materials, where the vdW force can be quite different
for carbon nanotubes, graphene layers, or graphene nanorib-
bons [28–30]. This is a consequence of the complex interplay
between many factors: separation, atomic distributions, opti-
cal response, and many-body effects.

Here we present the discrete coupled nonlinear dipole
method as a generalized framework for computing disper-
sive interactions between nanoparticles. In this many-body
approach the linear and nonlinear optical properties for
all interacting nanoparticles are taken into account explic-
itly. For this purpose, we obtain the quantum mechanical
Hamiltonian Ĥ for interacting nonlinear dipoles fluctuating
around their equilibrium positions, which was previously
unavailable. Our scheme relies on a diagonalization pro-
cedure coupled with perturbation theory to obtain the
eigenmodes of Ĥ whose sum is the vdW interaction energy.
The method allows a microscopic dissection of dispersive
coupling in terms of anisotropy, tensorial nature of the
optical response, and distance separations for interacting
materials.
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II. THEORETICAL MODEL

We consider a system composed of N nanoparticles with
no external fields applied. Each nanoparticle i has a dipolar
moment p̂i (i = 1, 2, . . . , N) generated by the induced elec-
tric field from the other nanoparticles. The Hamiltonian of
this system is Ĥ = ∑N

i=1 Ĥ i − 1
2

∑N
i, j=1 p̂iTi j p̂ j , where the

displacement matrix Ti j = 1
4πε0

3Ri j Ri j−(Ri j )21
(Ri j )5 is determined by

the separation vector Ri j = Ri − R j .
Since previously the quantum mechanical Hamiltonian for

an individual nanoparticle Ĥ i is available only from linear
response, we begin with the derivation of Ĥ i for a single
nonlinear dipole. The starting point is a classical dipole for

particle i in an electric field E, such that pi = αiE + β iEE +
γ iEEE + · · · , where αi is the polarizability tensor of rank 2
from linear response, while β i, γ i, . . . are second-order, third-
order, … hyperpolarizabilities (rank 3, 4, … tensors) [31–33].
From the classical Hamilton and the equations of motion for pi

and its canonical momentum πi taken under equilibrium con-
ditions, a self-consistent nonlinear equation for pi is found.
Further, assuming small dipole moments oscillating with a
characteristic frequency ω0, the solutions to the Hamilton
equations combined with a standard quantization procedure
are used to transform the classical Hamiltonian into its quan-
tum mechanical equivalent:

Ĥ = 1
2Fmn�̂m�̂n + 1

2AmnP̂mP̂n + 1
3BmnqP̂mP̂nP̂q + 1

4GmnqpP̂mP̂nP̂qP̂p, (1)

Fmn = [(ω0)2α]δ� m+2
3 �� n+2

3 �, Amn = [α−1]δ� m+2
3 �� n+2

3 � − T� m+2
3 � � n+2

3 �(1 − δ� m+2
3 �� n+2

3 �
)
, (2)

Bmnq = −[α−1 ⊗ β ⊗ α−1 ⊗ α−1]δ� m+2
3 �� n+2

3 �� q+2
3 �, (3)

Gmnqp = [2α−1 ⊗ β ⊗ α−1 ⊗ α−1 ⊗ β ⊗ α−1 ⊗ α−1 − α−1 ⊗ γ ⊗ α−1 ⊗ α−1 ⊗ α−1]δ� m+2
3 �� n+2

3 �� q+2
3 �� p+2

3 �, (4)

where m, n, q, p = 1, 2, . . . , 3N denote the degrees of free-
dom associated with x, y, z directional property components
of the N nanoparticles. A similar index notation is implied
for the tensors α with components αmn, β with components
βmnp, and γ with components γmnpq. Also, �m+2

3 � being the
integer part of m+2

3 tracks the nanoparticle and its mth dipolar
component. A generalized Kronecker delta notation δabcd... =
{1 when a = b = c = d = · · ·

0 otherwise and the Einstein summation rule are

also used in Eqs. (1)–(4). A detailed derivation of Ĥ i and Ĥ
is given in Appendix A. The first term in Eq. (1) contains the
kinetic energy of the dipoles described by a 1 × 3N column
matrix for the canonical momenta �̂ with components �̂m.
The second term corresponds to the linear response proper-
ties of the fluctuating dipolar moments arranged in a 1 × 3N
column matrix P̂ with components P̂m [34,35]. The third term
contains only second order nonlinearities, while the last term
includes both second and third order nonlinearities.

The Hamiltonian in Eq. (1) sets the stage for the vdW
energy calculations that takes into account the linear and non-
linear response of each nanoparticle. The schematic flowchart
in Fig. 1 gives the main steps of the method discussed in
what follows. After identifying the optical properties of each
nanoparticle, we represent P̂m = P0,m + Q̂m, where the equi-
librium position P0,m is found from ∂Ĥ

∂P̂m
= 0 and Q̂m is the

fluctuation of each dipole around P0,m. This enables trans-
forming the Hamiltonian into Ĥ = E0 + Ĥh + Ĥanh where
E0 = Ĥ (P0,m) is the minimum free energy at equilibrium,
Ĥh contains �̂m�̂n and Q̂mQ̂n terms, while Ĥanh consists of
Q̂nQ̂mQ̂q and Q̂nQ̂mQ̂qQ̂p terms [36]. From the diagonaliza-
tion of Ĥh, we find a system of coupled equations for the
dipolar fluctuations

[Amn + 2BmnqP0,q + 3GmnqpP0,qP0,p]Fnlul = ω2ul , (5)

where the eigenvectors ul satisfy the normalization condition
Fmnumqunp = δqp. The eigenvalues from Eq. (5) constitute the

zero-point modes which give the 0th order ground state energy
E (0)

g.s = ∑3N
n=1

1
2 h̄ωn. Further, considering that linear response

is always stronger than the optical nonlinearities, Ĥanh is
treated perturbatively:

Eg.s ≈ E0 + E (0)
g.s + �E (2)

2nd + �E (1)
3rd , (6)

where �E (2)
2nd is the second-order correction coming from

Q̂nQ̂mQ̂q terms in Ĥanh (the first order correction is zero) and
�E (1)

3rd is the first-order correction from Q̂nQ̂mQ̂qQ̂p terms in
Ĥanh (details in Appendix B).

The approach in Fig. 1 constitutes the discrete coupled
nonlinear dipole method, which can now be applied to any
system composed of discrete nonlinear dipoles. Note that

FIG. 1. Schematic flowchart of the discrete coupled nonlinear
dipole method.
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FIG. 2. VdW energy rescaled by h̄ω0 vs nanoparticle separation rescaled by R0 = (α/2πε0)1/3 is shown in all panels. Two isotropic
nanoparticles with (a) gγ = 0.1; (b) gγ = −0.1; (c) gγ = −0.15 with numerical (num), second relation in Eq. (7) (approx.), and London
formula UL = −(3/16)h̄ω0(R0/R)6 results. Two anisotropic nanoparticles with ε = 0.3, gβ = 0.3, and gγ = 0, ±0.1 with a relative angle
between their optical axis (d) ψ = 0 (solid), ψ = π (dashed) and separation along x axis; (e) ψ = 0 (solid), ψ = π (dashed) and separation
along y axis; (f) ψ = π

2 with separation along x axis (solid) and ψ = π

2 with separation along z axis (dashed). Two azulenes (C10H8) with (g)
ψ = 0 (blue) and ψ = π (red) and separation along x axis; (h) ψ = 0 (blue) and ψ = π (red) and separation along y axis; (i) ψ = π

2 (blue)
and ψ = − π

2 (red) and separation along y axis. Two 4-dimethylamino-4′-nitrostilbenes (C16H16N2O2) with (j) ψ = 0 (blue) and ψ = π (red)
and separation along x axis; (k) ψ = 0 (blue) and ψ = π (red) and separation along y axis; (l) ψ = π

2 (blue) and ψ = − π

2 (red) and separation
along y axis. Numerical calculations with all molecular linear and nonlinear properties (full lines), neglecting all nonlinear properties (harmonic
ε �= 0), neglecting only second hyperpolarizability (anharmonic β = 0) are shown. Here, gγ = γ h̄ω0/α2 and gβ = β(h̄ω0)1/2/(α(1 − ε))3/2.
Corresponding vdW forces are also given in Fig. 6 in Appendix C.

when Bmnq = Gmnqp = 0, we recover the linear discrete cou-
pled dipole method obtaining the results for vdW energies of
carbon nanostructures and finite nanoparticle chains reported
in Refs. [37–39]. Note that the discrete dipole representation
within linear response has been successfully used in first-
principles vdW many-body schemes [40–43]. The generalized
method described here provides means to account explicitly
for linear and nonlinear properties in many-body vdW inter-
actions.

III. ISOTROPIC PARTICLES

The method is now applied to two identical isotropic
nanoparticles placed at (0,0,0) and (R, 0, 0) [insert in
Fig. 2(a)] whose linear polarizabilities are α1

μν = α2
μν =

αδμν . For the sake of simplicity, we further take that
γ 1

μνλρ = γ 2
μνλρ = γ

3 (δμνδλρ + δμλδνρ + δμρδνλ). In this case
β1 = β2 = 0 due to the presence of inversion symmetry in
isotropic materials [33]. Results from the numerical calcu-
lations for distances larger than the size of the dipole R0 =

3

√
α

2πε0
are shown in Figs. 2(a)–2(c), where gγ = γ h̄ω0

α2

“measures” the relative nonlinear-to-linear response strength
(for materials, |gγ | < 1 [33]). The numerical calculations can
also be put in the perspective of the obtained analytical ex-
pressions at the R → R+

0 and R 	 R0 asymptotic limits

UvdW(R) ≈
⎧⎨
⎩gγ

R6
0/R6

1−R3
0/R3 UL(R), R → R+

0(
1 + 15

2 gγ

)
UL(R), R 	 R0

. (7)

where UL(R) = − 3
16 h̄ω0 R6

0
R6 is the standard London result for

two atoms [44] (details in Appendix C). In the case of γ >

0, there is a stronger attraction [Fig. 2(a)] for all R when
compared to UL. For γ < 0, however, the energy is repulsive
for R → R+

0 . On the other hand, the long-ranged UvdW is

attractive for gγ > −2/15 and repulsive otherwise. In the first
case, the energy acquires a shallow bound state [Fig. 2(b)],
while in the second case, the interaction is repulsive in the
entire distance regime [Fig. 2(c)]. Thus, even though UvdW

at R 	 R0 has a rescaled 1/R6 London-like behavior, the
interplay between the sign and magnitude of the nonlinearity
and the short-range energy behavior can have profound effects
on the vdW energy.

IV. ANISOTROPIC PARTICLES

We also consider anisotropic nanoparticles taken to have
two distinct optical axes with αyy = αzz = α‖ = α and αxx =
α⊥ = α(1 − ε) where 0 � ε � 1. Many anisotropic materi-
als, such as noncentrosymmetric transition-metal dichalco-
genides, polar metals, and Weyl semimetals [11–18], have
broken inversion symmetry and they exhibit strong second-
and third-order nonlinear response. Although much interest
has been generated due to their potential applications for opti-
cal rectification and second-harmonic generation applications,
for example, here we show that the effect of nonlinear-
ity is “felt” at a fundamental level concerning dispersive
interactions.

To illustrate these nonlinear effects in the vdW energy, we
first focus on two identical nanoparticles with βxxx = β (all
other β components are zero) and γyyyy = γzzzz = 3γyyzz = γ

(all other γ components are zero). In addition to R0 and gγ ,

we introduce gβ = β(h̄ω0 )1/2

(α(1−ε))3/2 . The vdW dependence on the
optical axis relative orientation is tracked by the angle ψ

[inserts in Figs. 2(d)–2(f), also see Fig. 4]. The results in
Figs. 2(d)–2(f) show that the energy depends collectively on
the anisotropy (parameter ε), the optical nonlinearities (gβ and
gγ parameters), and the optical axis orientation (angle ψ). For
particles separated along the x axis, the nonlinear response
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leads to a reduced attraction as compared to the London for-
mula. This reduction is strongest for gβ and gγ with opposite
signs [Fig. 2(d)]. For particles separated along the y axis and
ψ = π

2 , gβ and gγ lead to stronger vdW attraction, while par-
ticles on the z axis and ψ = π

2 experience reduced attraction
when compared with UL [Fig. 2(f)]. It is also possible to obtain
a repulsive vdW energy when the particles are on the y axis
but their optical axis have a relative angle ψ = π [Fig. 2(e)].
The complexity of the vdW interaction for two anisotropic
nanoparticles can be assessed by considering the asymptotic
R 	 R0 limit (see Appendix C for detailed derivations and
comparisons):

UvdW(R)

≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1 − 2ε(2−ε)

3 + 2gγ − 653g2
β (1−2ε)

162

)
UL(R)

∓ g2
β h̄ω0

16
R3

0
R3 , R = Rex, ψ = 0(−), π (+)(

1 − ε(2−ε)
6 + 5gγ − 653g2

β (1−2ε)

648

)
UL(R)

± g2
β h̄ω0

32
R3

0
R3 , R = Rey, ψ = 0(+), π (−)(

1 − 5ε
6 + (7−5ε)gγ

2 − 5153g2
β (1−ε)

2592

)
UL(R)

R = Rex, ψ = π
2(

1 − ε
3 + (5 − ε)gγ − 653g2

β (1−ε)

648

)
UL(R)

R = Rey, ψ = π
2

. (8)

One finds that the London-like term UL(R) is rescaled by
factors that depend nontrivially on ε, gβ , gγ , and ψ for the
various orientations. However, the vdW energy acquires a
term entirely due to the second-order nonlinearity, which has a
much longer outreach range due to its 1/R3 dependence. This
term can be positive or negative (dictated mainly by ψ) and
it can be a decisive factor for the energy behavior especially
at larger R. Equation (8) further shows that by tailoring the
properties of the nanoparticles, the London contribution can
be suppressed, in which case the interaction is dominated
by the long-ranged 1/R3 dependence as determined by the
second order nonlinearity.

The discrete coupled nonlinear dipole model is also
applied to realistic systems taking azulene (C10H8) and 4-
dimethylamino-4′-nitrostilbene (C16H16N2O2) as representa-
tives for nonlinear dipolar nanoparticles [Figs. 2(g)–2(l)]. The
molecular anisotropy is accompanied by hyperpolarizabilities
with various tensor components as given in Refs. [45,46].
Our numerical results show that the interaction has similar
features as in the simplified model used earlier. The optical
nonlinearity strengthens the vdW attraction in most cases,
although repulsion is possible for two azulenes providing they
are on the x axis with an opposite direction of their optical axis
[Fig. 2(g)].

In addition to the importance of the different optical
properties, the vdW interaction is also a many-body phe-
nomenon. The collective nature of dispersive interaction has
been examined by several computational methods based on
the discrete dipole model at the linear response level [6,7],
however within our approach one can also account for the
effect of optical nonlinearities. Using the scheme from Fig. 1,

FIG. 3. VdW energy rescaled by h̄ω0 vs nanoparticle separation
rescaled by R0 = (α/2πε0)1/3 is shown in all panels. Two chains
where each one has 10 isotropic molecules along x axis and separated
by (a) a = 1.5R0; (b) a = 1.75R0 for gγ = 0 (black), gγ = 0.1 (red),
and gγ = −0.1 (blue). Two chains where each one has 10 azulenes
along x axis and separated by (c) a = 1.5R0; (d) a = 1.75R0 with
ψ = 0 (red) and ψ = 0 (blue). Results for gβ = gγ = 0 (black) and
gβ = 0, gγ �= 0 (green) are also shown.

we calculate the vdW energy between two chains each with
10 nanoparticles separated by a distance a along the x axis.
In the case of isotropic nanoparticles, Figs. 3(a) and 3(b)
show that UvdW is attractive but gγ < 0 reduces its strength,
while gγ > 0 enhances it. In the case of azulene chains whose
relative angles are ψ = 0 and π , the results given in Figs. 3(d)
and 3(e) show that the interaction is repulsive. This effect is
dominated by the second-order nonlinearity, since neglecting
gβ in the simulations turns UvdW into attraction. Note that this
is unlike the two-particle interaction [Fig. 2(g)] for which the
UvdW was found to always be attractive.

V. CONCLUSION

The discrete coupled nonlinear dipole method presented
here establishes a computational framework of vdW inter-
actions that takes into account linear and nonlinear optical
properties from a microscopic perspective. This approach re-
lies on a newly derived quantum mechanical Hamiltonian of a
nonlinear dipole combined with a perturbation theory treating
linear properties as dominant when compared to second- and
third-order optical nonlinearities. Given that vdW interactions
are truly collective phenomena, many factors need to be con-
sidered for calculating interaction energies in a given system,
as shown by advanced computational methods based entirely
on linear response theory. The systems studied here helped
us uncover that optical nonlinearities can rescale the Lon-
don attraction and their signs can even cause vdW repulsion.
The 1/R3 distance behavior due to second order hyperpo-
larizability indicates a much longer-ranged outreach when
compared to the typical 1/R6 distance dependence. Nonlinear-
ities are also expected to matter for vdW interactions in other
nanoparticle systems, including alkali-halide clusters whose
giant polarizabilities result in R0 being 3 − 4 times bigger
than the physical size of the cluster [47]. For such materials,
considering the optical nonlinearities may be crucial for the
overall stability of the interacting system.

The discrete coupled nonlinear dipole method can also
accommodate the application of external fields, which can
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result in significant modifications of dispersive interactions
[48,49]. For example, magnetoelectric hyperpolarizabilities of
individual nanoparticles αi(B0), β i(B0), and γ i(B0) [50,51]
can be used to study the effects of a static magnetic field
B0. Adding a term Ĥ0 = −∑N

i=1 E0 · p̂i [52,53] to the Hamil-
tonian takes into account a static electric field E0, which
ultimately affects the equilibrium dipole moments P0, but not
the overall computational scheme.

The impact of the discrete coupled nonlinear dipole model
can be even broader when considering future developments
of first-principles methods for vdW calculations. The discrete
dipole model within linear response is currently employed
in many-body dispersion energy calculations with several
options available in state of the art codes. Such schemes
have been applied successfully to calculate vdW energies in
a variety of materials [6,7,41,42]. In light of this study, the
vdW interaction and its effects on stacking patterns, interlayer
distances, bond lengths, etc., however, must be re-examined

for a more accurate description. Our theoretical framework
can serve as a stepping stone for future design of mainstream
computational schemes for more accurate simulations, which
might be necessary for nonlinear materials with chemically
inert components.
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APPENDIX A: HAMILTONIAN OF NONLINEAR DIPOLE SYSTEMS

1. Hamiltonian for a single nonlinear dipole

Our objective here is to derive the quantum mechanical Hamiltonian for a single nonlinear dipole responding to an electric
field. We begin with the classical Hamiltonian H written in the following form [31,32]:

H = 1
2 Fμνπμπν + 1

2 Aμν pμ pν + 1
3 Bμνλ pμ pν pλ + 1

4�μνλρ pμ pν pλ pρ + · · · , (A1)

where pμ is the dipolar moment and πμ is its corresponding canonical momentum. To determine the tensors with components
Aμν , Bμνλ, and �μνλρ , we examine the dipolar response due to an electric field E

pμ = αμνEν + βμνλEνEλ + γμνλρEνEλEρ + · · · , (A2)

where αμν are the components of the polarizability tensor of rank 2 from linear response, while βμνλ, γμνλρ , … are the
components of the second-order, third-order,... hyperpolarizabilities (rank 3, 4,... tensors). Considering the static free energy
H = H − pμEμ, one can write the Hamilton’s equations of motion,⎧⎨

⎩
d pμ

dt = ∂H
∂πμ

dπμ

dt = − ∂H
∂ pμ

⇒
{ d pμ

dt = Fμνπν

dπμ

dt = −Aμν pν − Bμνλ pν pλ − �μνλρ pν pλ pρ − · · · + Eμ

. (A3)

For a stationary dipole dπμ

dt = 0, thus we find that Eμ = Aμν pν + Bμνλ pν pλ + �μνλρ pν pλ pρ + · · · whose substitution in Eq. (A2)
yields

pμ = αμν (Aνλ pλ) + αμν (Bνρτ pρ pτ ) + βμνλ(Aνρ pρ )(Aλτ pτ ) + αμν (�νστξ pσ pτ pξ )

+βμνλ(Aνσ pσ )(Bλτξ pτ pξ ) + βμνλ(Bντξ pτ pξ )(Aλσ pσ ) + γμνλρ (Aνσ pσ )(Aλτ pτ )(Aρξ pξ ) + · · ·
= αμνAνλ pλ + [αμνBνρτ + βμνλAνρAλτ ]pρ pτ + [αμν�νστξ + βμνλAνσ Bλτξ + βμνλBντξ Aλσ

+ γμνλρAνσ Aλτ Aρξ ]pσ pτ pξ + · · · . (A4)

From here, we obtain

⇒

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

Aμν = (α)−1
μν

Bμνλ = −(α)−1
μσβστξ (α)−1

τν (α)−1
ξλ

�μνλρ = −(α)−1
μσ γστξη(α)−1

τν (α)−1
ξλ (α)−1

ηρ + (α)−1
μσ1

βσ1τ1ξ1 (α)−1
τ1ν

(α)−1
ξ1σ2

βσ2τ2ξ2 (α)−1
τ2λ

(α)−1
ξ2ρ

+ (α)−1
μσ1

βσ1τ1ξ1 (α)−1
τ1σ2

(α)−1
ξ1ν

βσ2τ2ξ2 (α)−1
τ2λ

(α)−1
ξ2ρ

. (A5)

Additionally, since dπμ

dt = 0, we find the following second-order differential equation from Eq. (A3) assuming now small
fluctuations under no external fields

d2 pμ

dt2
= −FμνAνλ pλ + O(p2), (A6)
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where only terms linear in pμ are retained. Further, taking into consideration that the fluctuating dipole is essentially a harmonic
oscillator with frequency ω0, this differential equation is solved:

d2 pμ

dt2
= −(ω0)2 pμ ⇒ FμνAνλ = (ω0)2δμλ ⇒ Fμν = (ω0)2(A)−1

μν = (ω0)2αμν. (A7)

Now, replacing the classical dipole and canonical momenta with their quantum mechanical operator equivalents p → p̂ and
π → π̂ and taking into account that [ p̂μ, π̂ν] = ih̄δμν , one arrives at the quantized Hamiltonian for single dipolar nanoparticle

Ĥ = H (π̂, p̂) = 1
2 (ω0)2αμνπ̂μπ̂ν + 1

2α−1
μν p̂μ p̂ν + 1

3 Bμνλ p̂μ p̂ν p̂λ + 1
4�μνλρ p̂μ p̂ν p̂λ p̂ρ + · · · . (A8)

2. Hamiltonian for a system of N nonlinear dipoles

The dipole-dipole interaction between two nanoparticles (labeled as i, j) separated by Ri j = Ri − R j is Û i j =
U (p̂i, p̂ j, Ri j ) = −Tμν (Ri j ) p̂i

μ p̂ j
ν , where Tμν (R) = 1

4πε0

3RμRν−R2δμν

R5 is the usual displacement tensor [54]. Thus, the Hamiltonian
for a system of N dipolar nanoparticles includes the Hamiltonian for each nanoparticle from Eq. (A8) and their dipole-dipole
coupling

Ĥ =
N∑

i=1

Ĥ i +
N∑

i=1

N∑
j=i+1

Û i j = 1

2
Fmn�̂m�̂n + 1

2
AmnP̂mP̂n + 1

3
BmnqP̂mP̂nP̂q + 1

4
GmnqpP̂mP̂nP̂qP̂p,

Fmn = (ω0, j )2α j
μνδi j, where m = 3i + μ, n = 3 j + ν, (A9)

Amn = (α j )−1
μν δi j − T i j

μν (1 − δi j ), where m = 3i + μ, n = 3 j + ν, (A10)

Bmnq = B j
μνλδi jk where m = 3i + μ, n = 3 j + ν, q = 3k + λ, (A11)

Gmnqp = �
j
μνλρδi jkl where m = 3i + μ, n = 3 j + ν, q = 3k + λ, p = 3l + ρ. (A12)

Note that in the above P̂ = [p̂1, p̂2, . . . p̂N ]T = [P̂1, P̂2, . . . , P̂3N ]T and �̂ = [π̂1, π̂2, . . . π̂N ]T = [�̂1, �̂2, . . . , �̂3N ]T . Einstein
notation for repeating indices is also implied in the final expression for Ĥ .

Using a tensor product notation for Bμνλ and �μνλρ in Eq. (A5), we find

B = −α−1 ⊗ β ⊗ α−1 ⊗ α−1

� = 2α−1 ⊗ β ⊗ α−1 ⊗ α−1 ⊗ β ⊗ α−1 ⊗ α−1 − α−1 ⊗ γ ⊗ α−1 ⊗ α−1 ⊗ α−1. (A13)

Taking advantage of a generalized δ − function defined as δabcd... = {1 when a = b = c = d = · · ·
0 otherwise , Eqs. (A9)–(A12) can be repre-

sented as

Ĥ = 1
2Fmn�̂m�̂n + 1

2AmnP̂mP̂n + 1
3BmnqP̂mP̂nP̂q + 1

4GmnqpP̂mP̂nP̂qP̂p, (A14)

Fmn = [(ω0)2α]δ� m+2
3 �� n+2

3 �, Amn = [α−1]δ� m+2
3 �� n+2

3 � − T� m+2
3 � � n+2

3 �(1 − δ� m+2
3 �� n+2

3 �
)
, (A15)

Bmnq = −[α−1 ⊗ β ⊗ α−1 ⊗ α−1]δ� m+2
3 �� n+2

3 �� q+2
3 �, (A16)

Gmnqp = [2α−1 ⊗ β ⊗ α−1 ⊗ α−1 ⊗ β ⊗ α−1 ⊗ α−1 − α−1 ⊗ γ ⊗ α−1 ⊗ α−1 ⊗ α−1]δ� m+2
3 �� n+2

3 �� q+2
3 �� p+2

3 �, (A17)

which is Eq. (1) in the main text.
For dipoles fluctuating around an equilibrium P0, one can further express P̂m = P0,m + Q̂m with Q̂m being the fluctuation

operator. The P0 = [P0,1, P0,2, . . . , P0,3N ]T is found from

∂Ĥ

∂P̂m
(P0,m) = 0 ⇒ AmnP0,n + BmnqP0,nP0,q + GmnqpP0,nP0,qP0,p = 0. (A18)

The above equation shows that in general P0,m �= 0. Such an effect is a consequence of the B and G terms and it does not occur
for linear dipoles. At equilibrium, the free energy of the system becomes E0 = Ĥ (P0,m), which also contains information about
the nonlinear dipolar properties. Consequently, the Hamiltonian for the fluctuating dipoles transforms into

Ĥ = E0 + Ĥh + Ĥanh, (A19)

E0 = 1
2AmnP0,mP0,n + 1

3BmnqP0,mP0,nP0,q + 1
4GmnqpP0,mP0,nP0,qP0,p, (A20)

Ĥh = 1
2Fmn�̂m�̂n + 1

2 [Amn + 2BmnqP0,q + 3GmnqpP0,qP0,p]Q̂mQ̂n, (A21)

Ĥanh = 1
3 [Bmnq + 3GmnqpP0,p]Q̂mQ̂nQ̂q + 1

4GmnqpQ̂mQ̂nQ̂qQ̂p. (A22)
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APPENDIX B: EIGENMODES AND VDW ENERGY OF NONLINEAR DIPOLES

The Hamiltonian in Eq. (A19) sets the stage for a many-body nonlinear vdW energy dispersion based on zero-point eigenmode
summation supplemented by a perturbation theory for Ĥanh, which was conveniently separated from the linear effects in Ĥh

assumed to be dominant.
We first consider Ĥh by applying an orthogonal transformation U , such that

Ĥh = 1
2

ˆ̃�m
ˆ̃�m + 1

2 Ãmn
ˆ̃Qm

ˆ̃Qn, (B1)

Q̂ = M ˆ̃Q = F1/2U ˆ̃Q, �̂ = F−1/2U ˆ̃� = (M−1)T ˆ̃�, (B2)

Ãmn = (UTF1/2)mk[Akl + 2BklqP0,q + 3GklqpP0,qP0,p](F1/2U )ln

= (F−1/2U )−1
mk {[Akl + 2BklqP0,q + 3GklqpP0,qP0,p]Fl j}(F−1/2U ) jn. (B3)

The transformation for which Ã is diagonal Ã =
⎡
⎣ω2

1 0 · · · 0
0 ω2

2 · · · 0
...

...
. . .

...

0 · · · · · · ω2
3N

⎤
⎦ is associated with the secular equation

[Amn + 2BmnqP0,q + 3GmnqpP0,qP0,p]Fnlul = ω2ul , (B4)

where ω2 are the eigenvalues and ul are the corresponding eigenvectors. The Hamiltonian in Eq. (B1) can further be written in

terms of creation and annihilation operators â†
n, ân, such that ˆ̃Qn =

√
h̄

2ωn
(â†

n + ân), ˆ̃�n =
√

h̄ωn
2 (â†

n − ân),

Ĥh = 1
2

ˆ̃�n
ˆ̃�n + 1

2ω2
n

ˆ̃Qn
ˆ̃Qn = h̄ωn

(
â†

nân + 1
2

)
. (B5)

Thus the ground-state energy is composed of the zero-point modes E (0)
g.s = 〈000 . . . 0|Ĥh|000 . . . 0〉 = ∑3N

n=1
1
2 h̄ωn. The diago-

nalization procedure we have described above constitutes the discrete coupled dipole method utilized in many-body dispersion
schemes for ab initio simulations [40–43]. Here, however, the dipolar nonlinearitites are also taken into account in the
eigenmodes and eigenstates of the secular equation Eq. (B4).

The contributions from Q̂nQ̂mQ̂q terms in Eq. (A22) and denoted as Ĥ (2)
anh are now treated within perturbation theory. Using

the creation and annihilation operators, we write

Ĥ (2)
anh = 1

3

√
h̄

2ωn

h̄

2ωm

h̄

2ωq
B̃nmq(â†

n + ân)(â†
m + âm)(â†

q + âq),

B̃nmq = [Bmnq + 3GmnqpP0,p]Mn′nMm′mMq′q. (B6)

Given that the first-order correction to the ground-state energy is zero, the second-order perturbation yields

�E (2)
2nd =

∑
(k1,k2,...,k3N )�=(0,0,...,0)

|〈k1, k2, . . . , k3N |Ĥ2nd |000 . . . 0〉|2
E (0)

g.s − E (0)
k1,k2,...,k3N

= − 1

36

3N∑
n=1

h̄2

ω4
n

⎡
⎢⎣(B̃nnn)2 + 9

2

⎛
⎝B̃nnn +

∑
l �=n

√
ωn

ωl
B̃nnl

⎞
⎠

2

+
3N∑
l �=n

9ω2
n

(2ωn + ωl )ωl
(B̃nnl )

2

⎤
⎥⎦

− 1

72

3N∑
n,m,q=1

pairwise different

h̄2(B̃nmq)2

ωnωmωq(ωn + ωm + ωq)
, (B7)

where the excited state is |k1, k2, . . . , k3N 〉 = 1√
k1!k2!...k3N !

(a†
1)k1 (a†

2)k2 . . . (a†
3N )k3N |000 . . . 0〉. Calculations for matrix elements in

creation-annihilation can be found in textbooks such as Ref. [55].
The contributions from Q̂nQ̂mQ̂qQ̂p terms in Eq. (A22) and denoted as Ĥ (3)

anh are also written in terms of creation and
annihilation operators

Ĥ (3)
anh = 1

4

√
h̄

2ωn

h̄

2ωm

h̄

2ωq

h̄

2ωp
G̃nmqp(â†

n + ân)(â†
m + âm)(â†

q + âq )(â†
p + âp),

G̃nmqp = Gn′m′q′ p′Mn′nMm′mMq′qMp′ p. (B8)
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From first-order perturbation theory, we find

�E (1)
3rd = 〈000 . . . 0|Ĥ3rd |000 . . . 0〉 = 3

8

3N∑
n,m=1

h̄2

ωnωm
G̃nnmm = 3

8

3N∑
n=1

h̄2

ω2
n

⎡
⎣G̃nnnn +

∑
l �=n

ωn

ωl
G̃nnll

⎤
⎦. (B9)

Thus, the total ground-state energy becomes

Eg.s ≈ E0 + E (0)
g.s + �E (2)

2nd + �E (1)
3rd + · · ·

=
3N∑

n=1

1

2
h̄ωn − 1

36

3N∑
n=1

h̄2

ω4
n

⎡
⎢⎣(B̃nnn)2 + 9

2

⎛
⎝B̃nnn +

∑
l �=n

√
ωn

ωl
B̃nnl

⎞
⎠

2

+
3N∑
l �=n

9ω2
n

(2ωn + ωl )ωl
(B̃nnl )

2

⎤
⎥⎦

− 1

72

3N∑
n,m,q=1

pairwise different

h̄2(B̃nmq)2

ωnωmωq(ωn + ωm + ωq)
+ 3

8

3N∑
n=1

h̄2

ω2
n

⎡
⎣G̃nnnn +

∑
l �=n

ωn

ωl
G̃nnll

⎤
⎦+ · · · . (B10)

APPENDIX C: VDW ENERGY AND FORCE OF IDENTICAL NANOPARTICLES

1. vdW energy of two identical isotropic nanoparticles with a third-order nonlinearity

Here we give the detailed application of the discrete coupled nonlinear dipole method to two identical isotropic nanoparticles
placed at (0,0,0) and (R, 0, 0). The response properties are taken as α1

μν = α2
μν = αδμν and γ 1

μνλρ = γ 2
μνλρ = γ

3 (δμνδλρ +
δμλδνρ + δμρδνλ). One notes that β = 0 due to the presence of inversion symmetry in isotropic materials. By defining R0 = 3

√
α

2πε0

and gγ = γ h̄ω0

α2 , we find

Fnm = (
2πε0R3

0

)
(ω0)2δnm, (C1)

Gnmqp =
{− gγ

3(h̄ω)(4π2ε2
0R6

0 ) (δμνδλρ + δμλδνρ + δμρδνλ) when (n, m, q, p) = 3k + (μ, ν, λ, ρ)

0 otherwise
. (C2)

The equilibrium conditions from Eqs. (A18), (A20) are obtained as

P0,1 = P0,4 =
√

3
(
2πεR3

0

)
(h̄ω)

−gγ

s(R), P0,2 = P0,3 = P0,5 = P0,6 = 0, (C3)

E0 = − h̄ω

4(−gγ )
s2(R), (C4)

s(R) =
{

R3
0

R3 − 1 when R < R0 and gγ < 0

0 otherwise
. (C5)

The explicit matrix representation of the discrete coupled nonlinear dipole method Eq. (B4) is found as⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + 3s(R) 0 0 −R3
0

R3 0 0

0 1 + s(R) 0 0 R3
0

2R3 0

0 0 1 + s(R) 0 0 R3
0

2R3

−R3
0

R3 0 0 1 + 3s(R) 0 0

0 R3
0

2R3 0 0 1 + s(R) 0

0 0 R3
0

2R3 0 0 1 + s(R)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎣

u1,i

u2,i

u3,i

u4,i

u5,i

u6,i

⎤
⎥⎥⎥⎥⎥⎥⎦

= ω2
i

(ω0)2

⎡
⎢⎢⎢⎢⎢⎢⎣

u1,i

u2,i

u3,i

u4,i

u5,i

u6,i

⎤
⎥⎥⎥⎥⎥⎥⎦

, (C6)

whose eigenvalues are

ω1 = ω0

√
1 − R3

0

R3
+ 3s(R), ω2 = ω0

√
1 − R3

0

2R3
+ s(R), ω3 = ω0

√
1 − R3

0

2R3
+ s(R),

ω4 = ω0

√
1 + R3

0

2R3
+ s(R), ω5 = ω0

√
1 + R3

0

2R3
+ s(R), ω6 = ω0

√
1 + R3

0

R3
+ 3s(R). (C7)
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From Eqs. (B7) and (B9), the vdW energy is obtained as

UvdW(R) = Eg.s(R) − Eg.s(+∞)

= 1

2
h̄ω0

{
( f0(R) − 6) − gγ

(
f1(R) − 15

2

)
+ 1

2gγ

s2(R) + gγ s(R) f2(R)

}
, (C8)

where Eg.s is the ground-state energy in Eq. (B10) and we have defined the following dimensionless functions

f0(R) =
√

1 − R3
0

R3
+ 3s(R) +

√
1 + R3

0

R3
+ 3s(R) + 2

√
1 − R3

0

2R3
+ s(R) + 2

√
1 + R3

0

2R3
+ s(R), (C9)

f1(R) =

⎛
⎜⎝ 1√

1 − R3
0

2R3 + s(R)
+ 1√

1 + R3
0

2R3 + s(R)

⎞
⎟⎠

2

+ 3

8

⎛
⎜⎝ 1√

1 − R3
0

R3 + 3s(R)
+ 1√

1 + R3
0

R3 + 3s(R)

⎞
⎟⎠

2

+1

2

⎛
⎜⎝ 1√

1 − R3
0

2R3 + s(R)
+ 1√

1 + R3
0

2R3 + s(R)

⎞
⎟⎠
⎛
⎜⎝ 1√

1 − R3
0

R3 + 3s(R)
+ 1√

1 + R3
0

R3 + 3s(R)

⎞
⎟⎠, (C10)

f2(R) = 1

8
(

1 − R3
0

R3 + 3s(R)
)2

⎡
⎢⎢⎢⎢⎢⎣33 +

4

√
1− R3

0
R3 +3s(R)

1− R3
0

2R3 +s(R)

√
1− R3

0
R3 +3s(R)

1+ R3
0

2R3 +s(R)

√
1− R3

0
R3 +3s(R)

1+ R3
0

R3 +3s(R)√
1− R3

0
2R3 +s(R)

1− R3
0

R3 +3s(R)
+
√

1+ R3
0

2R3 +s(R)

1− R3
0

R3 +3s(R)
+
√

1+ R3
0

R3 +3s(R)

1− R3
0

R3 +3s(R)

+
6

(
1 + 4

√
1− R3

0
2R3 +s(R)

1− R3
0

R3 +3s(R)

)
(

1− R3
0

2R3 +s(R)

1− R3
0

R3 +3s(R)

)3/2(
1 + 2

√
1− R3

0
2R3 +s(R)

1− R3
0

R3 +3s(R)

)

+
6

(
1 + 4

√
1+ R3

0
2R3 +s(R)

1− R3
0

R3 +3s(R)

)
(

1+ R3
0

2R3 +s(R)

1− R3
0

R3 +3s(R)

)3/2(
1 + 2

√
1+ R3

0
2R3 +s(R)

1− R3
0

R3 +3s(R)

) +
27

(
1 + 4

√
1+ R3

0
R3 +3s(R)

1− R3
0

R3 +3s(R)

)
(

1+ R3
0

R3 +3s(R)

1− R3
0

R3 +3s(R)

)3/2(
1 + 2

√
1+ R3

0
R3 +3s(R)

1− R3
0

R3 +3s(R)

)
⎤
⎥⎥⎥⎥⎥⎦. (C11)

For large distances R 	 R0, s(R) = 0, the vdW energy becomes

UvdW(R) ≈ −3h̄ω

16

R6
0

R6

(
1 + 15

2
gγ

)
=
(

1 + 15

2
gγ

)
UL(R), (C12)

where UL is London’s result [44]. On the other hand, if R → R+
0 , s(R) = 0 and the vdW energy becomes

UvdW(R) ≈ −3gγ h̄ω

16

1

1 − R3
0

R3

. (C13)

2. vdW energy of two identical anisotropic nanoparticles

We also consider the application of the discrete coupled nonlinear dipole method to two identical anisotropic nanoparticles
placed at (0,0,0) and (Rx, Ry, Rz ). The linear response is taken as αyy = αzz = α‖ = α and αxx = α⊥ = α(1 − ε) where 0 � ε �
1 while their nonlinearity is captured by βxxx = β (all other β components are zero) and γyyyy = γzzzz = 3γyyzz = γ (all other γ

components are zero). In addition to R0 and gγ , another dimensionless constant is also used: gβ = β(h̄ω0 )1/2

(α(1−ε))3/2 . We examine three
different geometrical cases as given in Fig. 4.

For the particle at R whose optical axis are rotated by an angle ψ with respect to the particle in the origin, we find that

T12(R) = 1

4πε0R5

⎡
⎣2R2

x − R2
y − R2

z 3RxRy 3RxRz

3RyRx 2R2
y − R2

x − R2
z 3RyRz

3RzRx 3RzRy 2R2
z − R2

x − R2
y

⎤
⎦, (C14)

and

Bnmq = − gβ√
(1 − ε)3(h̄ω0)

(
2πε0R3

0

)3

⎧⎪⎨
⎪⎩

δmnq1 when 1 � n, m, q � 3

(Rz(ψ ))(m−3) 1(Rz(ψ ))(n−3) 1(Rz(ψ ))(q−3) 1 when 4 � n, m, q � 6

0 otherwise

, (C15)
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FIG. 4. Schematics of two identical uniaxial anisotropic particles. The x axis of second nanoparticle is specified by the relative angle
ψ , while the position of this molecule is defined by (Rx, Ry, Rz ). The considered geometrical cases are (a) R = (R, 0, 0), (b) R = (0, R, 0),
(c) R = (0, 0, R).

Gnmqp = Gβ
nmqp + Gγ

nmqp

Gβ
nmqp = 2g2

β

(h̄ω0)big(2πε0R3
0

)2
(1 − ε)2

×

⎧⎪⎨
⎪⎩

δnmqp1 when 1 � n, m, q, p� 3

(Rz(ψ ))(m−3) 1(Rz(ψ ))(n−3) 1(Rz(ψ ))(q−3) 1(Rz(ψ ))(p−3) 1 when 4 � n, m, q, p� 6

0 otherwise

Gγ
nmqp = − gγ

3(h̄ω0)
(
2πε0R3

0

)2

∑
a=2,3

∑
b=2,3

∑
c=2,3

∑
d=2,3

(δabδcd + δacδbd + δadδbc) ×

×

⎧⎪⎨
⎪⎩

δnaδmbδqcδpd when 1 � n, m, q, p � 3

(Rz(ψ ))(m−3) a(Rz(ψ ))(n−3) b(Rz(ψ ))(q−3) c(Rz(ψ ))(p−3) d when 4 � n, m, q, p � 6

0 otherwise

. (C16)

where the rotation matrix is

Rz(ψ ) =

⎡
⎢⎣

cos ψ − sin ψ 0

sin ψ cos ψ 0

0 0 1

⎤
⎥⎦. (C17)

FIG. 5. VdW energy rescaled by h̄ω0 vs nanoparticle separation rescaled by R0 = (α/2πε0)1/3 is shown in all panels. Two anisotropic
nanoparticles with ε = 0.3, gβ = 0.3, gγ = 0, ±0.1 with relative angle between their optical axes (a),(c) ψ = 0, (b),(d) ψ = π , and (e),(f)
ψ = π

2 and separation along (a),(b),(e) x axis, (c),(d) y axis or (f) z axis. Discrete data corresponds to numerical calculations, while the
solid lines are from the asymptotic expressions in Eq. (8). Note that βxxx = β and γyyyy = γzzzz = 3γyyzz = γ , and all other hyperpolarizability
components are zero.
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FIG. 6. VdW force rescaled by h̄ω0R−1
0 vs nanoparticle separation rescaled by R0 = (α/2πε0)1/3 is shown in all panels. Two isotropic

nanoparticles with (a) gγ = 0.1; (b) gγ = −0.1; (c) gγ = −0.15 with numerical (num), Eq. (C12) (approx.), and London formula UL =
−(3/16)h̄ω0(R0/R)6 results. Two anisotropic nanoparticles with ε = 0.3, gβ = 0.3, and gγ = 0, ±0.1 with a relative angle between their
optical axis (d) ψ = 0 (solid), ψ = π (dashed) and separation along x axis; (e) ψ = 0 (solid), ψ = π (dashed) and separation along y axis;
(f) ψ = π

2 with separation along x axis (solid) and ψ = π

2 with separation along z axis (dashed). Two azulenes (C10H8) with (g) ψ = 0 (blue)
and ψ = π (red) and separation along x axis; (h) ψ = 0 (blue) and ψ = π (red) and separation along y axis; (i) ψ = π

2 (blue) and ψ = − π

2
(red) and separation along y axis. Two 4-dimethylamino-4′-nitrostilbenes (C16H16N2O2) with (j) ψ = 0 (blue) and ψ = π (red) and separation
along x axis; (k) ψ = 0 (blue) and ψ = π (red) and separation along y axis; (l) ψ = π

2 (blue) and ψ = − π

2 (red) and separation along y axis.
Numerical calculations with all molecular linear and nonlinear properties (full lines), neglecting all nonlinear properties (harmonic ε �= 0),
neglecting only second hyperpolarizability (anharmonic β = 0) are shown. Here, gγ = γ h̄ω0/α2 and gβ = β(h̄ω0)1/2/(α(1 − ε))3/2.

The diagonalization procedure of Ĥh in Eq. (B4) followed by Taylor expansions up to the second order of ε yields
ω1, ω2, ω3, ω4, ω5, ω6. For the considered positions given in Fig. 4, we obtain

R = (R, 0, 0) = Rex

ω1,4 = ω0

√
1 ± 1

2

R3
0

R3
(C18)

ω2,5 = ω0

√
1 ± 1

2

R3
0

R3

(
1 − ε(4 + ε)

8
sin2 ψ

)
(C19)

ω3,6 = ω0

√
1 ∓ R3

0

R3

(
1 − ε + ε(4 − ε)

8
sin2 ψ

)
, (C20)

R = (0, R, 0) = Rey

ω1,4 = ω0

√
1 ± 1

2

R3
0

R3
(C21)

ω2,5 = ω0

√
1 ± 1

2

R3
0

R3

(
1 − ε + ε(4 − ε)

8
sin2 ψ

)
(C22)

ω3,6 = ω0

√
1 ∓ R3

0

R3

(
1 − ε(4 + ε)

8
sin2 ψ

)
, (C23)

R = (0, 0, R) = Rez

ω1,4 = ω0

√
1 ± 1

2

R3
0

R3

(
1 − ε + ε(4 − ε)

8
sin2 ψ

)
(C24)

ω2,5 = ω0

√
1 ± 1

2

R3
0

R3

(
1 − ε(4 + ε)

8
sin2 ψ

)
(C25)

ω3,6 = ω0

√
1 ∓ R3

0

R3
. (C26)
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Also, using Eqs. (B7), (B9), we arrive at

UvdW(R, ψ ) = Eg.s(R, ψ ) − Eg.s(+∞, ψ ), (C27)

where the ground-state energy Eq. (B10) is given as

Eg.s(R, ψ ) ≈ h̄ω0

2

{
f0(R, ψ ) − gγ f1(R, ψ ) + g2

β f2(R, ψ )
}
. (C28)

The explicit forms of f0(R, ψ ), f1(R, ψ ), and f2(R, ψ ) can be obtained numerically, but are not given here due their extremely
long expressions. For the asymptotic limit R 	 R0 with small ε, gγ , gβ � 1, we obtain the expressions in Eq. (8).

Results for the interaction energies of two anisotropic particles with relative separations along the x, y, and z-axis (Fig. 4)
are given in Fig. 5. The shown computations for the chosen parameters depict numerical and asymptotic calculations for a
complementary comparison with the case of isotropic particles in Figs. 2(a)–2(f).

3. Nonlinear effects in the vdW force

In order to analyze the attractive and repulsive features of vdW interaction, we also calculate vdW force from obtained vdW
energy for our examples given in main text. For fixed orientation of nanoparticles/molecules, the radial vdW force is defined as
the radial gradient of vdW potential energy

FvdW(R) = − d

dR
UvdW(R). (C29)

In Fig. 6 results for the calculated force for all cases in Fig. 2 in the main text are given.
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