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The electronic-structure evolutions of few-layer black phosphorus (BP) under pressure shows a wealth of
phenomena, such as the nonmonotonic change of direct gap at the � point, the layer-number dependence,
and the distinct responses to normal and hydrostatic pressures. A full and unified understanding to these rich
phenomena remains lacking. Here, we provide a unified understanding from the competition between interlayer
quasibonding (QB) interactions and intralayer chemical bonding interactions. The former decreases while the
latter increases the band gap under pressure and the origin can be correlated to different combinations of inter-
and intralayer antibonding or bonding interactions at the band edges. More interestingly, the interlayer QB
interactions are a coexistence of two categories of interactions, namely, the coexistence of interactions between
bands of the same occupancy (occupied-occupied and empty-empty interactions) and of different occupancies
(occupied-empty interaction); and, the overall effect is a four-level interaction, which explains the anomalous
interlayer-antibonding feature of the conduction band edge of bilayer BP. Our current study lays the foundation
for the electronic-structure tuning of two-dimensional (2D) BP, and, our analysis method for multi-energy-level
interactions can be applied to other 2D semiconductor homo- and heterostructures that have occupied-empty
interlayer interactions.
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I. INTRODUCTION

Two-dimensional (2D) black phosphorus (BP) has at-
tracted widespread attention for its unique properties and
potential applications [1–5]. In monolayer BP, each phospho-
rus atom is covalently bonded to the three nearest neighboring
atoms, and the periodic structure forms puckered hexagons.
The monolayers are binding together to form a few layer
or bulk under the competition of interlayer van der Waals
attraction (namely, the London dispersion force) and the
quasi-chemical bonding (QB) repulsion [6]. BP shows sig-
nificant in-plane anisotropy [7–9] and has direct gaps at the
� point ranging from 1.7 to 0.35 eV from monolayer to
bulk [10,11] with high carrier mobility [1]. These make BP
promising for electronic and optoelectronic devices [12–16].
The band gap of few-layer BP can be modulated by external
means such as doping [17–19], electric field [20–24], strain
[10,21,25–28], and pressure [29–34]. Pressure changes the
interlayer separations and intralayer bond lengths of phospho-
rus atoms, and the electronic structures are modified. The BP
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band structures have distinct responses to normal compressive
strain and hydrostatic pressure [35,36]. Normal strain leads
to a direct-indirect band gap transition, and the indirect band
gap closes (semiconductor to metal transition) with increasing
strain but the change in the direct gap is very small and may
even increase a bit [35,36]. Under hydrostatic pressure, a
monotonic decrease of band gap is reported [29,30].

At the interlayer region of 2D materials, in addition to
the dispersion attraction between layers, there also exist inter-
layer QB interactions, namely, interlayer orbital hybridization
and the resulted energy-level splitting [37–40]. QB can cause
energy-level splitting on the order of 1 eV [37]. Interlayer
interactions can be classified into two main categories based
on the occupancy of the involved energy bands close to
Fermi energy: (1) interactions between bands of the same oc-
cupancy (occupied-occupied and empty-empty interactions)
and (2) interactions between bands of different occupancies
(occupied-empty interaction) [6]. The former reduces the
band gap, as occupied-occupied interaction raises the valence
band maximum (VBM) and empty-empty interaction low-
ers the conduction band minimum (CBM); while the latter
increases the band gap, as occupied-empty interaction lowers
VBM and raises CBM [6,41]. In few-layer BP, these two
categories of interlayer interactions may coexist due to the
similar orbital character and the small energy-level separation
between valence band (VB) and conduction band (CB), which
is not identified to the best of our knowledge.

Under pressure, BP shows a complicated band gap evolu-
tion. For example, for the direct gap, experimental studies on
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BP have found that the direct gap for monolayer BP increases
monotonically under normal compressive strain while for bulk
BP it decreases monotonically under hydrostatic pressure;
and for few-layer BP the direct gap exhibits nonmonotonic
behavior (decreasing first and then increasing) [36]. In the
so-called “hydrostatic pressure” experiment in Ref. [36], the
pressure on bulk BP is close to hydrostatic pressure; however,
for monolayer and few-layer BP, due to the confinement of
the substrate, the pressure that BP experiences is more like
a normal strain with a fixed in-plane lattice constant. For the
various electronic-structure evolutions of BP under pressure in
experiment (including under normal strain, the nonmonotonic
variation of the direct gap and the direct-indirect band gap
transition of few-layer BP, and the monotonic decrease of the
band gap under hydrostatic pressure), a unified understanding
is still lacking.

In the current work, we develop a unified understanding
to the different band gap variations in BP under normal and
hydrostatic pressures through density-functional theory cal-
culations and projected crystal orbital Hamilton population
(pCOHP) analysis [42]. We find that the following: (1) For the
valence and conduction band edges evolution in bilayer (and
few-layer) BP, the interlayer interactions are not simply a two-
level interaction but involves four energy levels because of the
coexistence of the above-mentioned two main categories of
interlayer interaction. The four-level interaction can explain
the abnormal interlayer-antibonding feature of the conduction
band edge of the bilayer. (2) The overall effect of interlayer
QB interactions leads to band gap reduction. In contrast,
intralayer chemical bonding interactions lead to an increase
in the band gap. Both are concluded by analyzing the inter-
and intralayer antibonding or bonding interactions at band
edges. Under normal strain, the competition between them in
few-layer BP results in a nonmonotonic variation of the direct
gap; while for the indirect band gap evolution, the interlayer
QB interactions dominate. (3) Under hydrostatic pressure,
interlayer QB interactions lead to a monotonic decrease in
the band gap of BP. (4) With increasing layer number, the
contribution of interlayer interactions increases and this re-
sults in the layer-dependent band gap evolution under strain.
Our analysis method of multilevel interactions not only lays
the foundation for tuning the electronic structure of few-layer
BP but also can be applied to other 2D semiconductor homo-
and heterostructures involving occupied-empty interlayer in-
teractions [6,41]. The coexistence of two main categories of
interlayer interactions could also occur for other systems with
a similar orbital character in valence and conduction band
edges.

II. CALCULATION METHODS

Density-functional theory (DFT) [43] calculations were
performed using the Vienna Ab initio Simulation Package
(VASP) [44,45]. The projector augmented-wave (PAW) poten-
tials were adopted to describe the core electrons [46,47]. The
valence electrons were described by plane-wave basis with
an energy cutoff of 500 eV. The interlayer van der Waals
interactions were included by the DFT-D3 method of Grimme
et al. [48]. The 3D and 2D Brillouin zones were sampled
by 10×8×3 and 10×8 k-point mesh (or k-point density of

2π×0.03 Å−1), respectively. For the simulations of few layer,
a vacuum of at least 15 Å along the z axis was used to
avoid interaction between periodic images of the slab model.
The atomic positions were relaxed until the force on each
atom was less than 0.02 eV/Å and the convergence criteria
for energy were set to 10−5 eV. Electronic-structure calcula-
tions adopted the hybrid functional of Heyd, Scuseria, and
Ernzerhof (HSE06) [49]. Since the spin-orbital coupling
(SOC) effect does not significantly change the electronic
structure of BP, SOC was not included in calculations [50].
For bonding analysis of intralayer chemical bonds and inter-
layer QB interactions, the LOBSTER package [42,51] was used,
which gives the crystal orbital Hamilton population (COHP)
[52] via weighting the density of states by the corresponding
Hamiltonian matrix elements. For details of COHP calcula-
tions see Note S1 in the Supplemental Material [53]. The
structures of monolayer and few-layer BP were extracted from
the bulk BP under pressure [29]. This extraction method al-
lows the obtained structure of monolayer and few-layer BP to
include the pressure effect from other parts of the overall sys-
tem, which approximates the effect of pressure from an inert
pressure-transmitting medium, and the validity of this method
has been demonstrated [29]. The simulation of normal strain
was achieved by adjusting the interlayer spacing, the same as
done in literature [35]. The VASPKIT program was used for the
postprocessing of the electronic-structure data [56].

III. RESULTS AND DISCUSSION

Figures 1(a) and 1(b) show the crystal structure of bulk
BP, which also serves as the structural parents for few layers
under pressure. The structural parameters without pressure are
a = 3.31 Å, b = 4.43 Å, and interlayer spacing d = 3.19 Å,
which agrees well with the optimized structure of bilayer
BP [35]. Under a pressure larger than ∼ 4.2 GPa, bulk BP
undergoes a structural phase transition [57–60]. Here we only
need to consider a pressure range of less than 2.5 GPa to
probe the unified mechanism for various electronic-structure
evolution. In this small range, one can estimate the normal
strain by P = (E − E0)/[(L − L0)A] [35], where E and E0

represent the energy of the system with and without applied
strain, respectively, L and L0 the effective thickness of BP
with and without applied strain, and A the cell area in the
lateral directions. In Fig. 1(a), L represents the thickness of the
bulk BP in one repeat unit; and for monolayer and few layer
(N = 1,2,3), the effective thicknesses (LN ) is defined similar
to that in bulk, namely, the maximum atomic height difference
plus the interlayer spacing d . For bulk systems, the hydrostatic
pressure can be calculated directly in DFT simulation.

A. Analysis for nonmonotonic direct-gap evolution

BP has a direct gap at the � point. Under normal strain,
the direct gap shows layer-dependent evolutions, as shown
in Fig. 1(c). The calculated data points under normal strain
are fitted using the same formula as in the literature [36],
namely, use

�EN (P) = aP − γ0
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FIG. 1. Structure and direct-gap evolution under pressure. (a)
Side and (b) top views of bulk BP, which also serves as the structural
parents for few layers. In (a), d and L are the interlayer spacing and
the cell length (or thickness of the bulk BP in one repeat unit) in the z
direction, respectively. In (a) and (b), the different P-P atom distances
are labeled, including the interlayer P2-P3 across the vdW gap (R0),
the intralayer P2-P1 along mainly the vertical direction (R1), and
the intralayer P1-P4 along the horizontal direction (R2). θ1 and θ2

are the intralayer P-P-P bond angles. (c) Evolution of the direct
gap under normal strain from monolayer to bulk. The line “bulk-h”
means bulk BP under hydrostatic pressure. (d) The 2D Brillouin zone
corresponding to the gray box in (b).

for the fitting, where N represents the number of layers, �EN

represents the direct gap of N-layer BP; a is the rate of change,
P is the pressure, γ0 is the difference between the overlapping
integral of the conduction band and the valence band at 0
GPa; and Pcoh is known as cohesive pressure representing the
threshold pressure that the BP layer needs to overcome during
mechanical peeling. Using Eq. (1), the calculated results of
different layers of BP were reproduced, as shown in Fig. 1(c).
The overall trend of the fitted curves is in good agreement with
the calculated data and that in experiment [36].

Under normal strain, we considered two possible condi-
tions for the in-plane lattice constant: (1) fix the in-plane
lattice constant as indicated in Ref. [36] and (2) optimize the
in-plane lattice constant. The comparison of the two cases
is shown in Fig. S1 in the Supplemental Material [53]. The
variation of direct gap in Fig. S1 for monolayer and few-layer
BP under the condition of a fixed in-plane lattice constant
is more consistent with the experimental results (Fig. 4 of
Ref. [36]), and hence Fig. 1(c) displays the results from the
fixed in-plane lattice constant. For monolayer and few-layer
BP, the pressure experiments are close to the condition of the
fixed in-plane lattice constant (as discussed in the Introduc-
tion). From Fig. 1(c), it can be seen that the direct gap of the
monolayer increases linearly under normal strain, while that
of few-layer and bulk BP shows nonmonotonic variation, i.e.,
decreasing first and then increasing. More details about the
comparison between experiment and theory can be found in
Note S2 in the Supplemental Material [53].

TABLE I. Decreases in interlayer P2-P3 distance (R0), intralayer
P2-P1 bond length (R1 mainly along the vertical direction), and
intralayer P1-P4 bond length (R2) of bilayer BP under normal strain.
Refer to Figs. 1(a) and 1(b) for R0, R1, R2 and P1, P2, P3, P4.

P (GPa) R0 (Å) (P2-P3) R1 (Å) (P2-P1) R2 (Å) (P1-P4)

0.00 3.67 2.26 2.22
0.07 3.62 2.26 2.22
0.21 3.58 2.26 2.22
0.29 3.54 2.25 2.22
0.39 3.50 2.25 2.22
0.53 3.46 2.25 2.22
0.61 3.42 2.25 2.22
0.74 3.38 2.24 2.22
0.90 3.34 2.24 2.22
1.03 3.30 2.24 2.22

In order to analyze the factors (interlayer and intralayer
interactions) that govern the nonmonotonic change of direct
gap under normal strain, we discuss them from geometric and
electronic aspects.

1. Geometric aspect

We analyze the structural change of BP from intralayer
P-P bonds and interlayer P-P distances via the labeled Rn’s
(n = 0 − 2) in Figs. 1(a) and 1(b). R0 denotes the interlayer
P2-P3 nearest neighbor distance across the van der Waals
(vdW) gap, R1 denotes the intralayer P2-P1 bond length
mainly along the vertical direction, and R2 denotes the in-
tralayer P1-P4 bond length. θ1 and θ2 are the intralayer P-P-P
bond angles (will be used later).

We take bilayer BP as the example to probe the origin of
the nonmonotonic variation of direct gap under normal strain.
Table I summarizes the changes in interlayer P2-P3 distance
(R0), the intralayer P2-P1 bond length (R1 mainly along the
vertical direction), and the intralayer P1-P4 bond length (R2)
for bilayer BP under normal strain. As mentioned above, for
the normal strain calculations, the in-plane lattice constant
is fixed. The results reveal that the distance between atoms
in the in-plane direction (R2) remains essentially unchanged
and the discussion can be simplified to the vertical direction.
The R0 and R1 decreases in the out-of-plane direction with
increasing normal strain. Table I shows that, under small
strain (less than 0.21 GPa), only the interlayer R0 decreases
while the intralayer R1 remains largely unchanged. Under
the normal strain of 1.03 GPa, the interlayer P2-P3 distance
(intralayer P2-P1 bond length) decreases by 0.37 Å or 10%
(0.02 Å or 1%).

In the following we show that the nonmonotonic change
of the direct gap of BP under normal strain can be under-
stood from the combination of the changes in interlayer R0

(intralayer R1) and the corresponding bonding or antibond-
ing characters in interlayer and intralayer along the vertical
direction.

2. Electronic aspect

The VB and CB at the � point (VB@� and CB@�) of
bilayer BP are mainly composed of out-of-plane pz orbitals
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FIG. 2. Inter- and intralayer antibonding interactions of VB and
CB edges for bilayer BP. (a) Band structure projected to atomic or-
bitals. The circle sizes are proportional to the weight of the projected
orbitals. There is a color mixing for the s + py orbirals as labeled at
the upper left of (a). (b) The CB and VB wave functions at � point.
The two colors of wave functions denote the opposite signs; red
(black) dashed lines indicate the interlayer (intralayer) interactions
between the P2-P3 (P2-P1) atoms; for the P2-P3 atoms across the
vdW gap in CB@�, the labeled numbers (1, 2, and 2′) denote the
coexistence of bonding (1) and antibonding (2 and 2′) interlayer
interactions.

and a small amount of in-plane (s, py) orbitals, as shown
in Fig. 2(a) and Fig. S2 in the Supplemental Material [53].
Figure S2 also shows the corresponding band structure of
monolayer BP as a reference for electronic-structure analysis.
From monolayer to bilayer, due to the interlayer QB interac-
tion [37], the monolayer VB (CB) at the � point splits into
VB and VB1 (CB and CB1) as labeled in Fig. 2(a). In the
following, we focus on the band edges (VB@� and CB@�)
of bilayer BP.

Figure 2(b) shows the real-space wave functions of
VB@� and CB@� of bilayer BP (also refer to Figs. S3
and S4 for the monolayer BP wave functions as a refer-
ence in the Supplemental Material [53]). For the interlayer
(P2-P3) QB interactions of bilayer BP, the VB@� exhibits an
apparent interlayer-antibonding feature. However, for CB@�,
the interlayer P2-P3 interactions involve three pairs of inter-
actions as labeled by 1 (bonding), and 2 and 2′ (antibonding).
Since bilayer BP [space group Pbcm (No. 57)] has an in-
version symmetry with the inversion center located at the
midpoint of the line denoted by 1 in Fig. 2(b), the inter-
layer orbital-pair interactions of 2 and 2′ are equivalent and
doubled with the inversion symmetry. The overall effect of
interlayer interactions labeled by 1, 2, and 2′ is a weak
antibonding (will be explained more in Table II). For the
intralayer (P2-P1) chemical bonding interactions, the CB@�

exhibits an apparent intralayer-antibonding feature. To de-
termine the intralayer P2-P1 chemical bonding character for
VB@� (and the above-mentioned interlayer P2-P3 QB char-
acter for CB@�), we adopt the COHP [52,61] analysis by the
LOBSTER package, in which the PAW wave functions of vasp
are reconstructed to local-orbital basis [42,51]. The COHP
partitions the band-structure energy into the contributions of
orbital-pair interactions, and the size of the COHP indicates
the strength of interlayer QB or intralayer chemical-bond

TABLE II. The COHP analysis for the interlayer P2-P3 and
intralayer P2-P1 interactions at the � and K1 points of bilayer BP. A
positive (negative) number means bonding (antibonding) and the size
of numbers indicates the strength of interlayer QB (and intralayer
chemical bonding) interactions. The numbers listed here are a sum of
the orbital-pair interactions in Tables SI, SII, and the table included in
Fig. S6 in the Supplemental Material [53]. At the � point, the overall
(summed) features of all interactions are antibonding.

−COHP Interlayer (P2-P3) Intralayer (P2-P1)

CB@� −0.023 −0.615
VB@� −0.134 −0.015
CB@K1 0.023 −0.016

interactions. (For more details, see Note S1 in the Sup-
plemental Material [53].) Table II lists the COHP for the
interlayer (P2-P3) and intralayer (P2-P1) atom-pair interac-
tions of CB@�, VB@�, and CB@K1. The COHP in Table II
is a sum of the orbital-pair interactions in Tables SI, SII, and
the table included in Fig. S6 in the Supplemental Material
[53]. The orbital-pair pCOHP in Table SI shows that, for
the interlayer interaction of CB@�, the interactions between
pz−(s, py) orbitals are also important apart from the pz−pz

interaction; and the same conclusion holds in Table SII for the
intralayer interaction of VB@�. In Fig. 2(b), for the interlayer
interaction of CB@�, the bonding interaction (labeled by 1)
is the pz−pz interaction, and antibonding interactions (labeled
with 2 and 2′) are the pz−(s, py) interactions.

For the minus COHP (−COHP) numbers in Table II, a
positive (negative) number means bonding (antibonding) and
the modulus indicates the strength of interlayer QB (and in-
tralayer chemical bond) interactions. Table II shows that the
interlayer interaction of CB@� and the intralayer interaction
of VB@� are both (relative weak) antibonding. For mono-
layer BP, the intralayer P2-P1 interaction of VB@� is also
weak antibonding (Fig. S4). The antibonding character of
these interactions is not obvious from the wave-function plots
in Fig. 2(b) due to the multiorbital character of each level
(mainly the pz, s, and py orbitals in Tables SI and SII), and
hence the COHP analysis is a powerful tool to determine the
bonding (antibonding) character and the relative strength of
interactions for energy levels with multiple atomic orbitals.

For the CB@� of bilayer BP in Fig. 2(a), usually one
thought it was a bonding level from the interlayer interaction
from monolayer to bilayer (Fig. S2). However, the above
COHP analysis shows that the overall (summed) character is
weak interlayer antibonding. The overall antibonding char-
acteristic is anomalous, which indicates that the nature of
interlayer QB interactions in BP is not simply the interaction
between energy levels of the same occupancy [as sketched in
Fig. 3(a)]: namely, a multilevel orbital hybridization should
be considered because of the coexistence of two main cate-
gories of interlayer interactions owing to the similar orbital
character and the small energy-level separation between the
VB and the CB. Figure 3 indicates that, in addition to the
two-level interaction between occupied-occupied and empty-
empty interactions in Fig. 3(a), there is an occupied-empty
interaction as indicated in Fig. 3(b). The exact meaning of the
occupied-empty interaction is shown in Fig. S5 in the
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FIG. 3. Schematic diagram for the four-level interaction from
monolayer (1L) to bilayer (2L) BP. In addition to the two-level
interactions of occupied-occupied and empty-empty levels in (a),
there is occupied-empty interaction [62] in (b) since they have similar
orbital characters (pz, py, and s orbitals); and the overall effect is
the four-level interaction in (c). For the bilayer energy levels, VB(2)

2L

and CB(2)
2L denote the band edges from the (imagined) two-level

interactions, and VB(4)
2L and CB(4)

2L indicate the final band edges from
the four-level interaction. Panel (c) is a simplified description of the
four-level interaction, namely, at least the indicated interactions are
needed for understanding the antibonding feature of CB(4)

2L . (d) The
2L CB wave function in real space with major contribution from 1L
CB wave function (for the outer part and the interlayer region of 2L)
and minor contribution from 1L VB (mainly for the interlayer region
of 2L).

Supplemental Material [53]. The overall effect is a four-level
interaction in Fig. 3(c), which could lead to the weak anti-
bonding character of the CB in bilayer.

For the bilayer (2L) energy levels in Fig. 3, VB(2)
2L and

CB(2)
2L denote the band edges from the (imagined) two-level

interactions, and VB(4)
2L and CB(4)

2L indicate that from the four-
level interaction. In Fig. 3(a), the antibonding state of the
occupied-occupied interaction raises VB(2)

2L in bilayer rela-
tive to that in monolayer (1L) BP, and the bonding state
of the empty-empty interaction lowers CB(2)

2L , making VB(2)
2L

and CB(2)
2L close in energy. In addition, the VB and CB have

similar orbital characters at the � point [refer to Fig. 2(a)].
So, the occupied VB and empty CB can interact due to sim-
ilar orbital character and are close in energy. In Fig. 3(b),
the interaction of VB and CB leads to the lowered VB(4)

2L

and raised CB(4)
2L . Namely, the additional occupied-empty

FIG. 4. Variation of the direct gap for BP under normal strain.
For (a) bilayer, (c) trilayer, and (d) bulk BP, the overall gap change
(the blue line) is decomposed into the effects of interlayer P2-P3
QB interactions (the red line) and intralayer P2-P1 chemical bonding
interactions (the black line); both of them are from auxiliary calcu-
lations (see text for details). (b) The effects of inter- and intralayer
interactions under strain on the evolution of band edges, which de-
termines the variation of the direct gap in (a), and also (c) and (d).

interaction raises the CB and lowers the VB. So, the energy
shift from the occupied-empty interaction in Fig. 3(b) is op-
posite to that in Fig. 3(a); and, the final energy shift in Fig. 3(c)
is a combination of the effects from Figs. 3(a) and 3(b)—that
both the VB and the CB are raised in bilayer relative to that in
monolayer. In addition, the four-level interaction also helps
explain the CB wave-function evolution in real space from
1L to 2L [Fig. 3(d)]: in 1L the two surfaces have the same
real-space distributions of wave function while in 2L the inner
surface and the outer surface are different because the 1L VB
mixes into the 2L CB in the interlayer region. Until now,
the four-level interaction picture explained the anomalous
interlayer-antibonding character of a CB in bilayer.

3. Effects of interlayer and intralayer interactions

From Tables I and II, one can analyze the effect of inter-
and intralayer interactions on band-edge (VB@�, CB@�)
evolutions under strain [Fig. 4(b)], and then understand the
direct-gap evolution under strain [Figs. 4(a) and 1(c)]. Under
strain, the interlayer R0 and intralayer R1 decrease (Table I),
indicating that the inter- and intralayer antibonding interac-
tions (of P2-P3 and P2-P1) are enhanced. Table II shows
that, for bilayer BP the inter- and intralayer interactions of
VB@� and CB@� all exhibit (overall) antibonding features
but with different strength. For the intralayer (P2-P1) in-
teractions, CB@� has significant antibonding while VB@�

shows weak antibonding (Table II), which indicate the effect
of intralayer interactions under strain is to increase the direct
gap since the CB@� energy upshift is larger than VB@�,
as indicated in Fig. 4(b). Similarly, the effect of interlayer
interactions under strain is to decrease the direct gap because
the energy upshift of VB@� is larger than CB@� since the
VB@� has significant antibonding while CB@� shows weak
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TABLE III. Changes in the direct and indirect band gap sizes
(�E ) under normal strain (from 0 to 1.03 GPa) for bilayer BP.

2L BP 0 GPa 1.03 GPa �E

Direct gap 0.891 eV 0.940 eV +49 meV
Indirect gap 1.107 eV 0.556 eV −551 meV

antibonding [Table II and Fig. 4(b)]. Under normal strain,
both interlayer R0 and intralayer R1 have changed. In our
calculations, it is possible to modify only R0 (R1) while keep-
ing R1 (R0) fixed, thereby allowing for separately analyzing
the influence of interlayer (intralayer) interactions on band
evolution under strain. In Fig. 4(a), the variation of the direct
gap (the blue line) is decomposed into the effects of interlayer
(P2-P3) QB interactions (the red line) and intralayer (P2-P1)
chemical bonding interactions (the black line). As discussed
above for Table I, under small strain only the interlayer R0

decreases while the intralayer R1 remains unchanged. This
results in the unchanged direct gap under small strain for the
intralayer contribution [the black line in Fig. 4(a)]. As the
strain increases, both the interlayer P2-P3 distance R0 and
the intralayer P2-P1 bond length R1 decrease, resulting in the
decrease in the direct gap from the interlayer interactions [red
line in Fig. 4(a)] and the increase in the direct gap from the
intralayer interactions [black line in Fig. 4(a)]. The overall
effect [the blue line in Fig. 4(a)] is a nonmonotonic variation
of the direct gap, namely, decreases first and then increases.

Similar phenomena of the nonmonotonic direct-gap vari-
ation are observed in trilayer and bulk BP, as shown in
Figs. 4(c) and 4(d). For monolayer BP, since there is only
intralayer interactions, the direct gap increases monotonically
[Fig. 1(c)]. Under normal strain, the change of the direct
gap of BP exhibits a pronounced layer-number dependence
[Figs. 4(a), 4(c), 4(d), and 1(c)]. The layer-dependent effects
can be attributed to the changes in the proportions of interlayer
and intralayer contributions, namely, from bilayer to trilayer
to bulk, the ratio of layer number (intralayer interaction) and
number of vdW gaps (interlayer interaction) changes from 2:1
to 3:2 to 1:1.

B. Apply to direct-indirect gap transition

Under normal strain, in addition to the nonmonotonic
change of the direct gap at the � point, a direct-to-indirect
band gap transition occurs in the entire Brillouin zone of
few-layer BP, as shown in Table III and Figs. 5(a) and 5(b)
using bilayer BP as an example. This is consistent with the
literature reported results [35]. Here we demonstrate that our
above analysis method can also be applied to this.

Under normal strain, apart from the meV-level variations
in the direct gap [Fig. 1(c) and Table III], there is a more
significant change in the CBM at the K1 point (denoted as
CB@K1) [refer to Figs. 5(a) and 5(b)].

Figures 5(a) and 5(b) show that CB@K1 decreases sig-
nificantly under strain and becomes lower than CB@� in
Fig. 5(b). Based on the analysis method in the above section,
we know that under normal strain, the decreases in inter-
layer R0 and intralayer R1 influence CB@K1. Through QB
and bonding analysis for CB@K1 (Table II and Fig. S6 in

FIG. 5. Direct-indirect band gap transition of CBM from the �

point to the K1 point under normal strain. (a) and (b) show the
band-structure change of bilayer BP from 0 to 1.03 GPa. (c),(d)
Decompose the band-structure change to interlayer QB interactions
(c) and intralayer chemical bonding interactions (d) at 1.03 GPa.

the Supplemental Material [53]), we find that CB@K1 shows
interlayer (P2-P3) bonding features and intralayer (P2-P1)
antibonding features, and the latter is relatively weak. In
Figs. 5(c) and 5(d), by decomposing the structural change to
the interlayer QB interactions and intralayer chemical bond-
ing interactions (as done before in Fig. 4), it can be seen
that the interlayer QB interactions mainly affect CB@K1. As
shown in Table II, and Figs. S6 and S7 in the Supplemental
Material [53], the CB@K1 exhibits interlayer (P2-P3) bonding
character. The main contribution at the K1 point comes from
the in-plane p orbitals and the s orbital, as shown in Fig.
S2. The change in CB@K1 can be understood as the result
of the interlayer bonding interaction formed by the two-level
(empty-empty) interaction of in-plane orbitals, similar to that
shown in Fig. 3(a). Under normal strain, due to the interlayer
bonding interactions, the CB@K1 is lowered and the indirect
band gap decreases in Table III.

In summary, the interlayer distance R0 and intralayer bond
length R1 decrease under normal compressive strain and hence
the inter- and intralayer antibonding or bonding interactions
(of P2-P3 and P2-P1) are enhanced. At the K1 point, the
traditional two-level interaction lowers the CB edge at K1

under normal strain [63]. At the � point, however, due to
the competition between inter- and intralayer interactions, the
direct gap shows a nonmonotonic evolution and the change
in the direct gap size is small for bilayer and trilayer BP
[Table III and Fig. 1(c)]. More interestingly, at the � point
the interlayer interaction is a four-level interaction [Fig. 3(c)],
which explains the abnormal interlayer (P2-P3) antibonding
character of CB@� [Table II and Fig. 2(b)]. In the following,
we show that our analysis method also applies to the mono-
tonic gap decrease under hydrostatic pressure.

C. Apply to monotonic gap decrease

The above is about normal strain; now we move to hy-
drostatic pressure. For bulk BP (thickness of ∼ 1 µm in the
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FIG. 6. Band gap change under hydrostatic pressure. (a) Evolu-
tion of the band gap under hydrostatic pressure from few layer to
bulk. (b) The effects of interlayer interactions under pressure on the
evolution of band edges, which finally determines the evolution of
band gap in (a).

pressure experiment [36]), the pressure on the side surfaces
can be large enough to loosen the contact with the diamond
surface, resulting in a true hydrostatic pressure effect [36]. As
the hydrostatic pressure increases, the band gap of bulk BP
decreases monotonically, as shown in the above Fig. 1(c) with
the line labeled by “bulk-h.”

Under hydrostatic pressure, BP maintains its direct gap at
the � point (before gap closing), and the band gap decreases
monotonically [29,30]. Under hydrostatic pressure, both few-
layer and bulk BP exhibit a monotonically decreasing band
gap, as shown in Fig. 6(a), and is consistent with previous
theoretical calculations [29,30]. The analysis method for the
pressure effect on band gap evolution with hydrostatic pres-
sure can be the same as in the above case of normal strain,
namely, study the effect of inter- and intralayer interactions
on VB@� and CB@� evolutions under pressure.

Here, we also take bilayer BP as an example to inves-
tigate the origin of the monotonic reduction of band gap
under hydrostatic pressure. Table IV summarizes the crystal
structure changes in interlayer and intralayer for bilayer BP
under hydrostatic pressure. In the normal direction across
the vdW gap, the interlayer P2-P3 distance R0 decreases (by
0.21 Å or 6%) under hydrostatic pressure of 2 GPa (Table IV),
while the intralayer R1 has remained essentially unchanged.
The bond angle θ2 [refer to Fig. 1(a)] is decreased by 1.85°
or 2% under hydrostatic pressure of 2 GPa, which leads to
significant changes in lattice constant b in Table IV. The

lattice constant a has remained essentially unchanged. So,
for structural changes related to the band gap decrease under
hydrostatic pressure, we only need to focus on the interlayer
R0 (P2-P3) in Table IV, since the bond angle change is
less important for electronic-structure change than for bond
length change.

Under pressure, the interlayer interactions enhanced due
to interlayer R0 decrease (Table IV). From the previous
analysis in the Sec. III A for interlayer R0 (P2-P3 inter-
action), we know that the effect of interlayer interactions
under pressure is to decrease the band gap because the en-
ergy upshift of VB@� is larger than CB@� since VB@�

has significant antibonding while CB@� shows weak an-
tibonding [Table II and Fig. 6(b)]. As hydrostatic pressure
increases, the interlayer P2-P3 distance R0 decreases, result-
ing in the monotonic decrease in the band gap of few-layer
and bulk BP from the interlayer interaction, as shown in
Fig. 6(a).

IV. CONCLUSION

In summary, we have provided a unified understanding
of the various changes in the band structure of BP under
pressure based on the changes in interlayer R0 (intralayer R1)
and the corresponding bonding or antibonding characteristics
in interlayer and intralayer along the vertical direction. We
have elucidated the effects of interlayer QB interactions and
intralayer chemical bonding interactions on the band gap of
few-layer BP under pressure. The former decreases the band
gap, while the latter increases the band gap under pressure.
For the interlayer QB interactions, two main categories of
interactions coexist, namely, interactions between bands of
the same occupancy and bands of different occupancies. The
overall effect is a four-level interaction, which explains the
abnormal interlayer-antibonding feature of CB@� in the bi-
layer. Under normal strain and hydrostatic pressure, the direct
gap is dominated by out-of-plane pz orbitals and a small
amount of in-plane (s, py) orbitals, while the CB@K1 is dom-
inated by in-plane orbitals under normal strain. Under normal
strain, the competition between interlayer QB interactions and
intralayer chemical bonding interactions leads to a nonmono-
tonic variation in the direct gap at the � point of few-layer
BP, while for the indirect band gap (related to CB@K1) the
interlayer QB interactions dominate and cause the decrease
of the indirect band gap. The variation of BP band gap un-
der hydrostatic pressure is dominated by a single factor—the

TABLE IV. Changes in interlayer P2-P3 distance (R0), intralayer P2-P1 bond length (R1 mainly along the vertical direction), and other
structural parameters of bilayer BP under hydrostatic pressure. Refer to Figs. 1(a) and 1(b) for the meaning of the structural parameters. The
meaning of c in the last column is the effective thickness of bilayer BP.

P (GPa) R0 (Å) (P2-P3) R1 (Å) (P2-P1) θ1 (deg)/θ2 (deg) a (Å) b (Å) c (Å)

0.00 3.67 2.26 96.22/102.46 3.31 4.43 10.65
0.30 3.65 2.26 96.11/102.15 3.30 4.39 10.63
0.50 3.61 2.26 96.30/101.84 3.31 4.35 10.57
1.00 3.55 2.26 96.33/101.28 3.31 4.28 10.45
1.50 3.50 2.26 96.39/100.92 3.31 4.24 10.36
2.00 3.46 2.25 96.45/100.61 3.31 4.20 10.27
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interlayer interaction—which leads to the decrease of band
gap, and hence BP shows a monotonic decrease in the band
gap under hydrostatic pressure. Under strain, the change of
the direct gap of BP exhibits a pronounced layer-dependent
effect due to the increase in the proportion of interlayer
contribution. A multilevel and multiorbital analysis method
is developed, which provides a unified explanation for the
various electronic-structure evolutions under pressure. More-
over, this analysis method of interlayer-multilevel-interaction
can also be applied to other 2D layered materials that has
interlayer-interactions between occupied and empty states
[64], and the coexistence of different categories of inter-
layer interactions that could occur also for other systems
with a similar orbital character in valence and conduction
band edges.

ACKNOWLEDGMENTS

This work was supported by the National Natural Sci-
ence Foundation of China (Grants No. 12274111 and No.
12104124), the Central Guidance on Local Science and
Technology Development Fund Project of Hebei Province
(236Z0601G), the Natural Science Foundation of Hebei
Province of China (Grants No. A2021201001 and No.
A2021201008), the Scientific Research and Innovation Team
of Hebei University (Grant No. IT2023B03), the Advanced
Talents Incubation Program of the Hebei University (Grants
No. 521000981390, No. 521000981394, No. 521000981395,
No. 521000981423, and No. 521100221055), and the high-
performance computing center of Hebei University.

Y.-M. Gao and Y.-J. Zhang contributed equally to this
work.

[1] L. Li, Y. Yu, G. J. Ye, Q. Ge, X. Ou, H. Wu, D. Feng, X. H.
Chen, and Y. Zhang, Black phosphorus field-effect transistors,
Nat. Nanotechnol. 9, 372 (2014).

[2] X. Ling, H. Wang, S. Huang, F. Xia, and M. S. Dresselhaus, The
renaissance of black phosphorus, Proc. Natl. Acad. Sci. USA
112, 4523 (2015).

[3] A. Castellanos-Gomez, Black phosphorus: Narrow gap, wide
applications, J. Phys. Chem. Lett. 6, 4280 (2015).

[4] P. K. Srivastava, Y. Hassan, D. J. P. de Sousa, Y. Gebredingle,
M. Joe, F. Ali, Y. Zheng, W. J. Yoo, S. Ghosh, J. T. Teherani
et al., Resonant tunnelling diodes based on twisted black phos-
phorus homostructures, Nat. Electron. 4, 269 (2021).

[5] H. Doh and H. Joon Choi, Dirac-semimetal phase diagram
of two-dimensional black phosphorus, 2D Mater. 4, 025071
(2017).

[6] Y.-T. Chen, P.-L. Gong, Y.-T. Ren, L. Hu, H. Zhang, J.-L. Wang,
L. Huang, and X.-Q. Shi, Interlayer quasi-bonding interactions
in 2D layered materials: A classification according to the occu-
pancy of involved energy bands, J. Phys. Chem. Lett. 12, 11998
(2021).

[7] V. Tran, R. Soklaski, Y. Liang, and L. Yang, Layer-controlled
band gap and anisotropic excitons in few-layer black phospho-
rus, Phys. Rev. B 89, 235319 (2014).

[8] A. S. Rodin, A. Carvalho, and A. H. Castro Neto, Strain-
induced gap modification in black phosphorus, Phys. Rev. Lett.
112, 176801 (2014).

[9] F. Xia, H. Wang, and Y. Jia, Rediscovering black phosphorus
as an anisotropic layered material for optoelectronics and elec-
tronics, Nat. Commun. 5, 4458 (2014).

[10] G. Zhang, S. Huang, A. Chaves, C. Song, V. O. Ozcelik, T. Low,
and H. Yan, Infrared fingerprints of few-layer black phosphorus,
Nat. Commun. 8, 14071 (2017).

[11] L. Li, J. Kim, C. Jin, G. J. Ye, D. Y. Qiu, F. H. da Jornada,
Z. Shi, L. Chen, Z. Zhang, F. Yang et al., Direct observa-
tion of the layer-dependent electronic structure in phosphorene,
Nat. Nanotechnol. 12, 21 (2017).

[12] L. Viti, A. Politano, and M. S. Vitiello, Black phosphorus
nanodevices at terahertz frequencies: Photodetectors and future
challenges, APL Mater. 5, 035602 (2017).

[13] Z. Sun, A. Martinez, and F. Wang, Optical modulators with 2D
layered materials, Nat. Photon. 10, 227 (2016).

[14] M. Engel, M. Steiner, and P. Avouris, Black phospho-
rus photodetector for multispectral, high-resolution imaging,
Nano Lett. 14, 6414 (2014).

[15] H. Du, X. Lin, Z. Xu, and D. Chu, Recent developments
in black phosphorus transistors, J. Mater. Chem. C 3, 8760
(2015).

[16] P. C. Debnath, K. Park, and Y.-W. Song, Recent advances in
black-phosphorus-based photonics and optoelectronics devices,
Small Methods 2, 1700315 (2018).

[17] S.-W. Kim, H. Jung, H.-J. Kim, J.-H. Choi, S.-H. Wei, and
J.-H. Cho, Microscopic mechanism of the tunable band gap in
potassium-doped few-layer black phosphorus, Phys. Rev. B 96,
075416 (2017).

[18] W. P. Xu and H. Xu, Role of surface adsorption in tuning the
properties of black phosphorus, Phys. Chem. Chem. Phys. 20,
112 (2018).

[19] J. Kim, S. S. Baik, S. H. Ryu, Y. Sohn, S. Park, B.-G. Park,
J. Denlinger, Y. Yi, H. J. Choi, and K. S. Kim, Observation of
tunable band gap and anisotropic Dirac semimetal state in black
phosphorus, Science 349, 723 (2015).

[20] J. Dai and X. C. Zeng, Bilayer phosphorene: Effect of stacking
order on bandgap and its potential applications in thin-film solar
cells, J. Phys. Chem. Lett. 5, 1289 (2014).

[21] Y. Li, S. Yang, and J. Li, Modulation of the electronic properties
of ultrathin black phosphorus by strain and electrical field,
J. Phys. Chem. C 118, 23970 (2014).

[22] H. Guo, N. Lu, J. Dai, X. Wu, and X. C. Zeng, Phosphorene
nanoribbons, phosphorus nanotubes and van der Waals multi-
layers, J. Phys. Chem. C 118, 14051 (2014).

[23] B. Deng, V. Tran, Y. Xie, H. Jiang, C. Li, Q. Guo, X. Wang, H.
Tian, S. J. Koester, H. Wang et al., Efficient electrical control of
thin-film black phosphorus bandgap, Nat. Commun. 8, 14474
(2017).

[24] Q. Liu, X. Zhang, L. B. Abdalla, A. Fazzio, and A. Zunger,
Switching a normal insulator into a topological insulator via
electric field with application to phosphorene, Nano Lett. 15,
1222 (2015).

[25] X. Peng, Q. Wei, and A. Copple, Strain-engineered
direct-indirect band gap transition and its mechanism in
two-dimensional phosphorene, Phys. Rev. B 90, 085402
(2014).

013267-8

https://doi.org/10.1038/nnano.2014.35
https://doi.org/10.1073/pnas.1416581112
https://doi.org/10.1021/acs.jpclett.5b01686
https://doi.org/10.1038/s41928-021-00549-1
https://doi.org/10.1088/2053-1583/aa6835
https://doi.org/10.1021/acs.jpclett.1c03332
https://doi.org/10.1103/PhysRevB.89.235319
https://doi.org/10.1103/PhysRevLett.112.176801
https://doi.org/10.1038/ncomms5458
https://doi.org/10.1038/ncomms14071
https://doi.org/10.1038/nnano.2016.171
https://doi.org/10.1063/1.4979090
https://doi.org/10.1038/nphoton.2016.15
https://doi.org/10.1021/nl502928y
https://doi.org/10.1039/C5TC01484K
https://doi.org/10.1002/smtd.201700315
https://doi.org/10.1103/PhysRevB.96.075416
https://doi.org/10.1039/C7CP06576K
https://doi.org/10.1126/science.aaa6486
https://doi.org/10.1021/jz500409m
https://doi.org/10.1021/jp506881v
https://doi.org/10.1021/jp505257g
https://doi.org/10.1038/ncomms14474
https://doi.org/10.1021/nl5043769
https://doi.org/10.1103/PhysRevB.90.085402


UNIFIED UNDERSTANDING TO THE RICH … PHYSICAL REVIEW RESEARCH 6, 013267 (2024)

[26] D. Çakır, H. Sahin, and F. M. Peeters, Tuning of the elec-
tronic and optical properties of single-layer black phosphorus
by strain, Phys. Rev. B 90, 205421 (2014).

[27] M. Elahi, K. Khaliji, S. M. Tabatabaei, M. Pourfath, and R.
Asgari, Modulation of electronic and mechanical properties of
phosphorene through strain, Phys. Rev. B 91, 115412 (2015).

[28] Y. Lu, D. Zhou, G. Chang, S. Guan, W. Chen, Y. Jiang, J. Jiang,
X.-s. Wang, S. A. Yang, Y. P. Feng et al., Multiple unpinned
Dirac points in group-Va single-layers with phosphorene struc-
ture, npj Comput. Mater. 2, 16011 (2016).

[29] P.-L. Gong, B. Deng, L.-F. Huang, L. Hu, W.-C. Wang,
D.-Y. Liu, X.-Q. Shi, Z. Zeng, and L.-J. Zou, Robust and
pristine topological Dirac semimetal phase in pressured two-
dimensional black phosphorus, J. Phys. Chem. C 121, 20931
(2017).

[30] P.-L. Gong, D.-Y. Liu, K.-S. Yang, Z.-J. Xiang, X.-H. Chen,
Z. Zeng, S.-Q. Shen, and L.-J. Zou, Hydrostatic pressure in-
duced three-dimensional Dirac semimetal in black phosphorus,
Phys. Rev. B 93, 195434 (2016).

[31] Y. Lv, Q. Huang, S. Chang, H. Wang, and J. He, Highly sen-
sitive bilayer phosphorene nanoribbon pressure sensor based
on the energy gap modulation mechanism: A theoretical study,
IEEE Electron Device Lett. 38, 1313 (2017).

[32] T. Fujii, Y. Nakai, Y. Akahama, K. Ueda, and T. Mito, Pressure-
induced evolution of band structure in black phosphorus studied
by 31P NMR, Phys. Rev. B 101, 161408 (R) (2020).

[33] L. Seixas, A. S. Rodin, A. Carvalho, and A. H. Castro Neto, Ex-
citon binding energies and luminescence of phosphorene under
pressure, Phys. Rev. B 91, 115437 (2015).

[34] C.-H. Li, Y.-J. Long, L.-X. Zhao, L. Shan, Z.-A. Ren, J.-Z.
Zhao, H.-M. Weng, X. Dai, Z. Fang, C. Ren et al., Pressure-
induced topological phase transitions and strongly anisotropic
magnetoresistance in bulk black phosphorus, Phys. Rev. B 95,
125417 (2017).

[35] A. Manjanath, A. Samanta, T. Pandey, and A. K. Singh, Semi-
conductor to metal transition in bilayer phosphorene under
normal compressive strain, Nanotechnology 26, 075701 (2015).

[36] S. Huang, Y. Lu, F. Wang, Y. Lei, C. Song, J. Zhang, Q. Xing,
C. Wang, Y. Xie, L. Mu et al., Layer-dependent pressure effect
on the electronic structure of 2D black phosphorus, Phys. Rev.
Lett. 127, 186401 (2021).

[37] Y. Zhao, J. Qiao, P. Yu, Z. Hu, Z. Lin, S. P. Lau, Z. Liu, W. Ji,
and Y. Chai, Extraordinarily strong interlayer interaction in 2D
layered PtS2, Adv. Mater. 28, 2399 (2016).

[38] H. Kasai, K. Tolborg, M. Sist, J. Zhang, V. R. Hathwar, M.
O. Filso, S. Cenedese, K. Sugimoto, J. Overgaard, E. Nishibori
et al., X-ray electron density investigation of chemical bonding
in van der Waals materials, Nat. Mater. 17, 249 (2018).

[39] Z. X. Hu, X. Kong, J. Qiao, B. Normand, and W. Ji, Inter-
layer electronic hybridization leads to exceptional thickness-
dependent vibrational properties in few-layer black phosphorus,
Nanoscale 8, 2740 (2016).

[40] F. H. Davies, C. J. Price, N. T. Taylor, S. G. Davies, and S.
P. Hepplestone, Band alignment of transition metal dichalco-
genide heterostructures, Phys. Rev. B 103, 045417 (2021).

[41] D.-D. Wang, X.-G. Gong, and J.-H. Yang, Unusual interlayer
coupling in layered Cu-based ternary chalcogenides CuMCh2

(M = Sb, Bi; Ch = S, Se), Nanoscale 13, 14621 (2021).
[42] R. Nelson, C. Ertural, J. George, V. L. Deringer, G. Hautier,

and R. Dronskowski, LOBSTER: Local orbital projections,

atomic charges, and chemical-bonding analysis from projector-
augmented-wave-based density-functional theory, J. Comput.
Chem. 41, 1931 (2020).

[43] R. O. Jones, Density functional theory: Its origins, rise to promi-
nence, and future, Rev. Mod. Phys. 87, 897 (2015).

[44] G. Kresse and J. Furthmüller, Efficient iterative schemes for
ab initio total-energy calculations using a plane-wave basis set,
Phys. Rev. B 54, 11169 (1996).

[45] J. Hafner, Ab-initio simulations of materials using VASP:
Density-functional theory and beyond, J. Comput. Chem. 29,
2044 (2008).

[46] G. Kresse and D. Joubert, From ultrasoft pseudopotentials to
the projector augmented-wave method, Phys. Rev. B 59, 1758
(1999).

[47] P. E. Blöchl, Projector augmented-wave method, Phys. Rev. B
50, 17953 (1994).

[48] S. Grimme, J. Antony, S. Ehrlich, and H. Krieg, A consistent
and accurate ab initio parametrization of density functional
dispersion correction (DFT-D) for the 94 elements H-Pu,
J. Chem. Phys. 132, 154104 (2010).

[49] J. A. Paier, M. Marsman, K. Hummer, G. Kresse, I. C. Gerber,
and J. G. Ángyán, Screened hybrid density functionals applied
to solids, J. Chem. Phys. 124, 154709 (2006).

[50] J. Qiao, X. Kong, Z.-X. Hu, F. Yang, and W. Ji,
High-mobility transport anisotropy and linear dichroism
in few-layer black phosphorus, Nat. Commun. 5, 4475
(2014).

[51] S. Maintz, V. L. Deringer, A. L. Tchougréeff, and R.
Dronskowski, LOBSTER: A tool to extract chemical bond-
ing from plane-wave based DFT, J. Comput. Chem. 37, 1030
(2016).

[52] R. Dronskowski and P. E. Bloechl, Crystal orbital Hamilton
populations (COHP): Energy-resolved visualization of chemi-
cal bonding in solids based on density-functional calculations,
J. Phys. Chem. 97, 8617 (1993).

[53] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevResearch.6.013267 for Notes S1 and S2,
Tables SI and SII, and Figs. S1–S7, and which includes Refs.
[54,55].

[54] S. Maintz, V. L. Deringer, A. L. Tchougréeff, and R.
Dronskowski, Analytic projection from plane-wave and PAW
wavefunctions and application to chemical-bonding analysis in
solids, J. Comput. Chem. 34, 2557 (2013).

[55] X. Sun, X. Li, J. Yang, J. Xi, R. Nelson, C. Ertural,
R. Dronskowski, W. Liu, G. J. Snyder, D. J. Singh
et al., Achieving band convergence by tuning the bond-
ing ionicity in n-type Mg3Sb2, J. Comput. Chem. 40, 1693
(2019).

[56] V. Wang, N. Xu, J.-C. Liu, G. Tang, and W.-T. Geng, VASPKIT:
A user-friendly interface facilitating high-throughput comput-
ing and analysis using VASP code, Comput. Phys. Commun.
267, 108033 (2021).

[57] T. Sasaki, K. Kondo, Y. Akahama, S. Nakano, and T. Taniguchi,
Raman spectroscopy of two-dimensional material under high
pressure: Black phosphorus ultrathin film, phosphorene, Jpn. J.
Appl. Phys. 56, 05FB06 (2017).

[58] A. Kundu, D. Tristant, N. Sheremetyeva, A. Yoshimura, A.
Torres Dias, K. S. Hazra, V. Meunier, and P. Puech, Reversible
pressure-induced partial phase transition in few-layer black
phosphorus, Nano Lett. 20, 5929 (2020).

013267-9

https://doi.org/10.1103/PhysRevB.90.205421
https://doi.org/10.1103/PhysRevB.91.115412
https://doi.org/10.1038/npjcompumats.2016.11
https://doi.org/10.1021/acs.jpcc.7b08926
https://doi.org/10.1103/PhysRevB.93.195434
https://doi.org/10.1109/LED.2017.2734909
https://doi.org/10.1103/PhysRevB.101.161408
https://doi.org/10.1103/PhysRevB.91.115437
https://doi.org/10.1103/PhysRevB.95.125417
https://doi.org/10.1088/0957-4484/26/7/075701
https://doi.org/10.1103/PhysRevLett.127.186401
https://doi.org/10.1002/adma.201504572
https://doi.org/10.1038/s41563-017-0012-2
https://doi.org/10.1039/C5NR06293D
https://doi.org/10.1103/PhysRevB.103.045417
https://doi.org/10.1039/D1NR04045F
https://doi.org/10.1002/jcc.26353
https://doi.org/10.1103/RevModPhys.87.897
https://doi.org/10.1103/PhysRevB.54.11169
https://doi.org/10.1002/jcc.21057
https://doi.org/10.1103/PhysRevB.59.1758
https://doi.org/10.1103/PhysRevB.50.17953
https://doi.org/10.1063/1.3382344
https://doi.org/10.1063/1.2187006
https://doi.org/10.1038/ncomms5475
https://doi.org/10.1002/jcc.24300
https://doi.org/10.1021/j100135a014
http://link.aps.org/supplemental/10.1103/PhysRevResearch.6.013267
https://doi.org/10.1002/jcc.23424
https://doi.org/10.1002/jcc.25822
https://doi.org/10.1016/j.cpc.2021.108033
https://doi.org/10.7567/JJAP.56.05FB06
https://doi.org/10.1021/acs.nanolett.0c01784


YU-MENG GAO et al. PHYSICAL REVIEW RESEARCH 6, 013267 (2024)

[59] D. Scelta, A. Baldassarre, M. Serrano-Ruiz, K. Dziubek, A.
B. Cairns, M. Peruzzini, R. Bini, and M. Ceppatelli, Inter-
layer bond formation in black phosphorus at high pressure,
Angew. Chem. Int. Ed. 56, 14135 (2017).

[60] X. Li, J. Sun, P. Shahi, M. Gao, A. H. MacDonald, Y. Uwatoko,
T. Xiang, J. B. Goodenough, J. Cheng, and J. Zhou, Pressure-
induced phase transitions and superconductivity in a black
phosphorus single crystal, Proc. Natl. Acad. Sci. USA 115,
9935 (2018).

[61] V. L. Deringer, A. L. Tchougreeff, and R. Dronskowski, Crystal
orbital Hamilton population (COHP) analysis as projected from
plane-wave basis sets, J. Phys. Chem. A 115, 5461 (2011).

[62] D. W. Smith, Molecular orbital theory in inorganic chemistry,
in Inorganic Substances: A Prelude to the Study of Descriptive
Inorganic Chemistry, (Cambridge University Press, Cambridge,
1990), Chap. 7, p. 219.

[63] H. Zhong, W. Xiong, P. Lv, J. Yu, and S. Yuan, Strain-induced
semiconductor to metal transition in MA2Z4 bilayers (M =
Ti, Cr, Mo; A = Si; Z = N, P), Phys. Rev. B 103, 085124
(2021).

[64] G. Yu, Y. Wang, M. I. Katsnelson, and S. Yuan, Origin of the
magic angle in twisted bilayer graphene from hybridization
of valence and conduction bands, Phys. Rev. B 108, 045138
(2023).

013267-10

https://doi.org/10.1002/anie.201708368
https://doi.org/10.1073/pnas.1810726115
https://doi.org/10.1021/jp202489s
https://doi.org/10.1103/PhysRevB.103.085124
https://doi.org/10.1103/PhysRevB.108.045138

