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Strongly interacting photonic quantum walk using single atom beamsplitters
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Photonics provide an efficient way to implement quantum walks, the quantum analog of classical random
walks, which demonstrate rich physics with potential applications. However, most photonic quantum walks do
not involve photon interactions, which limits their potential to explore strongly correlated many-body physics
of light. We propose a strongly interacting discrete-time photonic quantum walk using a network of single atom
beamsplitters. We calculate output statistics of the quantum walk for the case of two photons, which reveals
the strongly correlated transport of photons. Particularly, the walk can exhibit either bosonlike or fermionlike
statistics which is tunable by postselecting the two-photon detection time interval. Also, the walk can sort
different types of two-photon bound states into distinct pairs of output ports under certain conditions. These
unique phenomena show that our quantum walk is an intriguing platform to explore strongly correlated quantum
many-body states of light. Finally, we propose an experimental realization based on time-multiplexed synthetic
dimensions.
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Photonics provides an efficient way to implement quantum
walks [1–7], the quantum analog of classical random walks.
Photonic quantum walks are essentially a family of transport
phenomena of one or few photons in a given structure, and
have been used to demonstrate rich physics and to simulate
Hamiltonian evolutions. Photonic quantum walks have been
proposed and implemented in discrete time via platforms
such as beamsplitter arrays [8–11] or in continuous time via
platforms such as coupled waveguides [12,13]. However, the
majority of these examples utilize linear optical elements and
cannot induce photon-photon interactions during the walk. In
contrast, quantum walks with strong multiparticle interactions
enable the study of strongly correlated many-body physics
and have attracted significant interest [14,15].

In continuous time, circuit QED enables a strongly inter-
acting quantum walk of microwave photons [14]. Even for
two microwave photons, the walk has given rise to many
quantum many-body transport effects, such as the variation
of statistics with respect to interaction strength, or fermion-
ization [14,15]. In discrete time, however, photonic quantum
walks are mostly proposed and implemented using linear
beamsplitters, which cannot induce photon-photon interac-
tion. A natural nonlinear substitute of the linear beamsplitter
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is the single atom beamsplitter, consisting of an atom strongly
coupled to a one-dimensional (1D) waveguide [16,17]. Al-
though this system acts like a linear beamsplitter for a single
quasimonochromatic input photon [16], it can induce strong
photon-photon interactions during the multiphoton scattering
process [17–19] and generate strongly correlated multiphoton
output states such as photon bound states. Recently, it was
shown that this nonlinearity can induce strongly correlated
multiphoton transport in simpler structures such as a 1D chiral
chain [19–25]. However, leveraging this beamsplitter in a
discrete-time photonic quantum walk is largely unexplored
and poorly understood due to its complexity.

Here we propose and study a strongly interacting discrete-
time photonic quantum walk using single atom beamsplitters.
We study the dynamics of the walk for the case of two
photons, and obtain the complete two-photon statistics at the
output. We show that the walk can exhibit either bosonlike
or fermionlike statistics which is tunable by postselecting
the two-photon detection time interval. This feature is an
interesting analog to the continuous-time walk with strong in-
teraction, whose statistics is tuned by the interaction strength
U [14,15]. Moreover, the walk can sort different types of
two-photon bound states into distinct pairs of output chan-
nels under certain conditions. These fundamental quantum
effects show the clear signature of a strongly interacting pho-
tonic quantum walk and provide the discrete-time analog to
the continuous-time model [14,15]. Finally, we propose a
practical implementation of the discrete-time random walk
based on time-multiplexed synthetic dimensions [9,11,26,27],
which provides a viable pathway towards experimental
realization.
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FIG. 1. (a) A three-step linear quantum walk. At each step n � 1,
the linear beamsplitters partition each walker to the left or right.
The square brackets represent photon counters that detect the final
positions and directions of the output photons. (b) The nonlinear
Galton board consists of an array of single atom beamsplitters. We
use the same source at step 0 to generate the initial state of the
walk. (c) A single atom beamsplitter composed of a two-level system
coupled to a waveguide. (d) An alternative implementation using an
atom-cavity system in the fast cavity regime [28,29] in place of the
two-level system in (c)

Our nonlinear random walk is based on the architecture of
the discerete-time linear quantum walk shown in Fig. 1(a).
This architecture consists of an array of linear beamsplit-
ters interconnected by feed-forward waveguides, forming a
quantum Galton board. At step 0, we initialize the walk by
injecting a few-photon state towards a tunable initialization
beamsplitter, which is described by a 2×2 unitary transform
matrix acting on the two input modes and produces the desired
output state that propagates to step 1. The spatial separation
between adjacent steps is denoted L0, which is taken to be
much larger than the pulse width of the injected light. At
each step n � 1, the identical beamsplitters implement a lo-
cal, unitary transformation to the incoming input state and
generate the outgoing output state propagating to the next
step. Finally, photodetectors located after the final step (N ) are
used to measure the output states, yielding the output statistics
of the walk. We label each detector with a pair of indices
(x, d ), where x denotes the horizontal location and d ∈ L, R
is the direction of output. The linear walk has been used to
demonstrate a variety of multiphoton interference phenomena
for different few-photon initial states [8], but the linear beam-
splitters cannot induce photon-photon interactions.

To introduce a random walk with strong interactions,
we replace the linear beamsplitter in Fig. 1(a) with single
atom beamsplitters as illustrated in Fig. 1(b). Each sin-
gle atom beamsplitter consists of a two-level atom coupled
to the left(right)-propagating waveguide modes, with two
inputs and two outputs [Fig. 1(c)]. An alternative imple-
mentation uses an atom-cavity system where the cavity is
in the fast cavity regime [Fig. 1(d)]. The atom has reso-
nant frequency � and an effective decay rate γ into the
waveguide, while the group velocity of waveguide photon is

set to vg = 1. Each atom interacts with waveguide photons
via a local, Hermitian Hamiltonian Hint ∝ [b+(y = nL0)a†

n,x +
b−(y = nL0)a†

n,x + H.c.], where an,x is the atomic operator
at step n and location x, and b+(−)(y = nL0) annihilates a
right(left)-propagating photon at y = nL0, which is where
atom (n, x) is coupled to the waveguide. Hence, any photon
state injected towards the single atom beamsplitter undergoes
a local unitary evolution at the proximity of the atom before it
fully leaves the beamsplitter. We may derive an input-output
relation for each beamsplitter based on the interacting Hamil-
tonian (see Appendix A 2):

bn,x;R(L),out (t ) = bn,x;L(R),in(t ) − i
√

γ an,x(t ) (1)

Here bn,x;L(R),in(out)(t ) is the input (output) operator on the
left (right). The dynamics of the atomic operator is given by
[18,30]

dan,x

dt
= −i

√
γ [an,x, a†

n,x](bn,x;L,in + bn,x;R,in )

− i[an,x, Hatom − iγ a†
n,xan,x]. (2)

Similarly to the linear beamsplitter, the single atom beam-
splitter is equipped with a scattering matrix Ŝ, which can be
found directly by solving Eq. (1) or the Hamiltonian [16,17].
For a quasimonochromatic left-incoming single-photon state
|k, L〉 with frequency k, the Ŝ-matrix elements are given by
〈p, L| Ŝ |k, L〉 = rkδ(k − p) and 〈p, R| Ŝ |k, L〉 = tkδ(k − p).
For such an input state, the single atom beamsplitter therefore
acts as a linear beamsplitter with transmission and reflection
coefficients given by tk = k−�

iγ+(k−�) and rk = −iγ
iγ+(k−�) [16].

However, for a two-photon input state, the Ŝ-matrix elements
are significantly more complex. For example, for LL → LL
scattering [17,18,30,31],

〈p1, p2; L, L| Ŝ |k1, k2; L, L〉
= rk1 rk2 [δ(k1 − p1)δ(k2 − p2) + δ(k1 − p2)δ(k2 − p1)]

+ B(k1, k2, p1, p2)δ(k1 + k2 − p1 − p2). (3)

The first two terms are noninteracting terms identical to a
dispersive linear beamsplitter Ŝ matrix for two photons, but
the third term is the nonlinear interacting term that implies
strong photon-photon interactions [17,30,31].

To initialize the walk, at T = 0 we inject a two-photon
pulse |init〉 = 1√

2

∫
dy1dy2ψ (y1, y2)b†(y1)b†(y2) |vac〉 from

the left towards the initialization beamsplitter at step 0
as shown in Fig. 1(b). The input-output relation for the
initialization beamsplitter is chosen to be b0,0;L,out (t ) =
[b0,0;L,in(t ) − b0,0;R,in(t )]/

√
2 and b0,0;R,out (t ) = [b0,0;L,in(t ) +

b0,0;R,in(t )]/
√

2. The initialization beamsplitter therefore out-
puts a pair of indistinguiable photons, where each photon has
50 : 50 probability of heading in the L or R direction. Al-
though we can numerically solve the walk for any ψ (y1, y2),
we consider specifically an exponential pulse

ψ (y1, y2) ∝
{

e(iω+κ )(y1+y2 ), y1, y2 < 0,

0 otherwise.
(4)

This allows us to solve for the output analytically with an
efficient algorithm (see Appendix B). We therefore focus on
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this special case. Furthermore, we can freely control the pa-
rameter κ , which determines the bandwidth of each photon
and the parameter ω which determines each photon’s detuning
δ = ω − � with respect to the atom’s resonant frequency.

We perform our calculations for an initial state satisfying
κ � γ and 1

κ
� L0. The first condition states that the injected

photons have a narrow spectral bandwidth compared to the
atomic transition, hence the noninteracting term in the single
atom beamsplitter Ŝ matrix can be approximated by that of
a linear beamsplitter with reflection(transmission) coefficient
rω and tω. We can therefore extract the effect of interacting
term by comparing our results with a linear walk consisting of
those beamsplitters. The second condition guarantees that the
photon’s pulse width is much less than the traveling distance
between adjacent steps, and hence the photons are synchro-
nized within the same step. They therefore both arrive at step
n at time nL0, undergo the unitary scattering process at that
step, before fully leaving step n and arriving at step (n + 1) at
time (n + 1)L0.

After an N-step walk, we measure the output state of the
walk with 2N + 2 photodetectors [Fig. 1(b)] and obtain a
time-ordered two-photon statistics. The full statistics is given
by

�x2,d2;x1,d1 (t, τ ) = 〈b†
N,x1;d1,out (t + NL0)

× b†
N,x2;d2,out (t + τ + NL0)

× bN,x2;d2,out (t + τ + NL0)

× bN,x1;d1,out (t + NL0)〉 (5)

Physically, the quantity represents the time-ordered proba-
bility density of detecting the first photon at time t + NL0
in detector (x1, d1) and the second at time t + τ + NL0 in
detector (x2, d2). To observe the effect of nonlinearity, we
follow the approach in most previous works and compute the
second-order correlations, given by

Gx1,d1;x2,d2 (τ ) =
∫ ∞

0
dt[�x1,d1;x2,d2 (t, τ ) + �x2,d2;x1,d1 (t, τ )].

(6)
The second-order correlation functions represent the proba-
bility density of detecting two photons separated by a delay
τ in detectors (x1, d1) and (x2, d2). We denote the matrix
Gx1,d1;x2,d2 (τ = τ0), with two indices (xi, di ) running over all
(2N + 2) detectors at step N , as the statistical pattern obtained
by postselecting all two-photon detections with a certain time
interval τ0. We will show that τ0 plays an essential role in
modifying the statistical pattern, analogous to the interaction
strength U in continuous-time walks [14]. The complete de-
tails for solving these correlations are given in Appendix B.

We first analyze the case where γ = δ = 1 and κ = 0.002.
In this case, the noninteracting term in the Ŝ matrix can be
approximated by that of a linear beamsplitter with r = −i

1+i

and t = 1
1+i . Figure 2(a) shows the statistical pattern of the

nonlinear Galton board after nine steps after postselecting
τ = 0. Here we have a bosonlike statistical pattern where the
photons are more likely to be found by the same detector. In
comparison, Fig. 2(b) shows the result for the linear Galton
board for τ = 0. Here the two walkers independently partition
themselves to the left and right, showing no statistical corre-
lations. Interestingly, for a slightly larger τ = 0.7 [Fig. 2(c)],
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FIG. 2. Results for κ � δ = γ . (a)The statistical pattern ma-
trix for the nonlinear Galton board for τ = 0, showing correlated
statistics. (b) The statistical pattern for τ = 0 for the linear Galton
board. (c)–(d) The statistical pattern for the nonlinear Galton board
for τ = 0.7, 5.0, showing anticorrelated and uncorrelated statistics.
(e) G−5,L;+5,R(τ ) and G+5,R;−5,L (−τ ), plotted for all 0 � τ � 10. (f)
G−5,L;−5,L (|τ |) for all 0 � τ � 10.

the statistical pattern for the interacting quantum walk flows
from bosonlike to fermionlike where the photons are more
likely to be found by detectors on opposite sides of the Galton
board. Namely, the postselected detection interval τ serves as
a tuning knob that tunes the output statistical pattern, similar
to the interaction strength U in continuous time walks [14,15].
Notably, in contrast to the τ -dependent statistical pattern for
the nonlinear Galton board, the statistical pattern for the linear
Galton board remains the same for any τ (see Appendix D),
which is identical to Fig. 2(b). Finally, Fig. 2(d) shows the
case for τ = 5.0. Here, the postselected photon detection
events are sufficiently separated in time (i.e., τ 
 1/γ ) and
the interaction is effectively turned off. We therefore have no
discrepancy between the statistical pattern of the linear and
nonlinear walk.

To attain a better understanding of the varying statisti-
cal pattern, we select two representative pairs of detectors,
{−5, L; +5, R} and {−5, L; −5, L}, as indicated in Fig. 2(a),
and plot Gx2,d2;x1,d1 (τ ) against all τ . For the pair of detector on
opposite sides of the Galton board {−5, L; +5, R}, we observe
an oscillation in G(τ ) that gradually dies out for τ > 6, as
shown in Fig. 2(e). For {−5, L; −5, L}, we observe a narrow
peak around τ = 0 followed by a valley with minimal value at
τ = 0.7 [Fig. 2(f)]. In comparison, the correlation functions
G(τ ) for the linear Galton board are two identical smooth
curves shown in black [Figs. 2(e) and 2(f)], indicating no
photon-photon interaction.
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FIG. 3. Results for δ = 0, κ � γ . (a) The statistical pattern ma-
trix for the nonlinear Galton board for τ = 0, showing anticorrelated
statistics excluding the center. (b) The statistical pattern for τ = 0
for the linear Galton board. (c)–(d) The statistical pattern for the
nonlinear Galton board for τ = 1.5, 5.0, converging to the pattern in
(b) as τ increases. (e) G−5,L;+5,R(τ ) and G+5,R;−5,L (−τ ), plotted for all
0 � τ � 10. (f) G−1,R;+1,L (τ ) and G+1,L;−1,R(−τ ) for all 0 � τ � 10.

The nonlinear Galton board can also generate quantum
walks with unequal splitting ratios by simply changing in-
jected photon’s detuning δ with respect to the atom’s resonant
frequency �. As an illustrative example, we may choose
δ ≡ 0, corresponding to on-resonant input photons. We there-
fore compare our results with that of a linear quantum walk
with 100 : 0 splitting ratio(i.e. r = 1). Figure 3(a) shows the
statistical pattern for τ = 0, while Fig. 3(b) shows the re-
sult for the linear Galton board. For the linear Galton board,
the photons are trapped at the center since they reflect back
and forth repeatedly between adjacent beamsplitters around
(x = 0). Surprisingly, the nonlinear Galton board exhibits a
drastically different statistical pattern that predominantly ex-
cludes the center [Fig. 3(a)]. Instead, local maxima appear
at {−x, L; +x, R} for x = 1, 3, 5, showing higher probability
of detecting the two photons in these pairs of detectors. At
τ = 1.5 [Fig. 3(c)] this statistical pattern gradually shrinks to-
wards the center, while at τ = 5.0 it becomes almost identical
to the linear case [Fig. 3(d)].

To understand these pattern, we investigate G(τ ) for
{−x, L; +x, R}. For example, the correlation function G(τ )
measured by detector pair {−5, L; +5, R} exhibits a high peak
around τ = 0, as shown in Fig. 3(e), which is a typical signa-
ture for two-photon bound states. For (x = 1, 3), we observe
similar correlations, with slightly different G(τ ) curves (see
Appendix D). The Galton board is therefore sorting two-
photon bound states out of these distinct pairs of outputs on

FIG. 4. (a) Implementing a quantum walk with linear 50 : 50
beamsplitters using time-multiplexed synthetic dimensions. (b) A
nonlinear quantum walk implemented with a single atom beamsplit-
ter. The single atom beamsplitter consists of a two-level atom chirally
coupled to the b̂r mode of a ring resonator (orange). In the “fast cavity
regime” [28], the setup is equivalent to an atom coupled chirally to
the two feedback loop modes, b̂up and b̂down.

the opposite sides of the Galton board. In contrast, for detector
pair {+1, L; −1, R} at the center [Fig. 3(f)], the photon corre-
lation function exhibits a deep valley with minimum 0 around
τ = 0. Again, the G(τ ) for the linear Galton board are smooth
curves showing no sign of photon-photon interactions.

Having analyzed the properties of the nonlinear Galton
board, we next consider potential experimental realizations.
We propose an implementation using time-multiplexed syn-
thetic dimensions [9,11,26,27] to avoid the need to fabricate
large arrays of single atom beamsplitters. Figure 4 shows an
implementation of the linear Galton board using this method,
which requires only one beamsplitter coupled to two feedback
loops with different time delays, T0 + Tx and T0 − Tx. Photons
are injected into the system via the two input ports, and
photon counters at the output ports detect the photons. The
same beamsplitter at different time delays nT0 + xTx acts as
different beamsplitters in the Galton board, provided that the
pulse width d of the photons satisfies d � vgTx and Tx � T0

[9]. All the photon counters in Fig. 1(a) are represented by the
two photon counters in Fig. 4(a) at different time delays [9].

Taking advantage of this idea, we propose the system
shown in Fig. 4(b) to implement the nonlinear Galton board.
The beamsplitter consists of an atom chirally coupled to the
ring resonator mode b̂r [19,32–34]. The mode b̂r is then
directionally coupled to the upper loop mode b̂up and lower
loop mode b̂down. In the “fast cavity regime” [28,29], one
can adiabatically eliminate b̂r and hence the atom is chirally
coupled to b̂up and b̂down with some effective decay rate [28].
The use of synthetic dimensions then enables us to build the
nonlinear Galton board with this single device.

In summary, we have proposed and studied a strongly
interacting photonic quantum walk using single atom beam-
splitters. By postselecting photon detection events with
certain time intervals, we can tune the output statistics of
a two-photon walk. Our quantum walk model can be easily
generalized to more complicated quantum walks in higher
dimensions or with nontrivial topology or synthetic gauge
fields [10,35–39]. We may also extend this work by choosing
other types of few-photon input states, such as the coherent
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FIG. 5. A two-step walk using five single atom beamsplitters.

state, squeezed states, and entangled states of light. Moreover,
our formalism can be applied to a general family of light prop-
agation problems consisting of feed-forward networks with
nonlinear input-output nodes, such as the quantum neural net
[40]. Ultimately, our work can be extended in many ways and
opens the door of a whole class of models to study strongly
correlated many-body states of light.

The authors would like to acknowledge financial sup-
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OMA1936314, No. OMA2120757, and No. ECCS1933546),
the Air Force Office of Scientific Research (Grants No.
UWSC12985 and No. FA23862014072), and the Army Re-
search Laboratory (Grant No. W911NF1920181).

APPENDIX A: DETAILED DERIVATION

In this section, we write down the complete input-output
relations for the entire quantum walk following [18,41]. As
an illustrative example, a walk with total step number N = 2
is shown in Fig. 5.

The system is described by a set of unidirectional waveg-
uides and atoms. Each atom is labeled by the time step n
as well as its (discrete) horizontal location x. Each string of
blue arrows represents a (unidirectional) waveguide, and a
waveguide intersecting step 0 at x = m and sending photon
in the left (right) direction is labeled (m,−(+)).

As shown below in Fig. 6(a), each waveguide is coupled
to a string of atoms. Note that we are only plotting one
waveguide and all the atoms coupled to it in Fig. 6(a) for sim-
plicity. We define y ∈ R as the continuous spatial coordinate

FIG. 6. (a) A waveguide labeled (m = x0 − n, ν = +), and is
coupled to a string of atoms. Here we only plot three atoms, labeled
(n, x0 ), (n + 1, x0 + 1) and (n + 2, x0 + 2). They are coupled to the
waveguide at y = nL0, y = (n + 1)L0 and y = (n + 2)L0. (b) An
atom coupled to two waveguides, forming an atom-waveguide junc-
ture called a single atom beamsplitter.

for each waveguide, and the spatial separation between two
adjacently coupled atoms is L0, which is just the distance
between adjacent steps of the walk. An atom at step n is there-
fore coupled to the waveguide at spatial location y = nL0. As
shown in Fig. 6(b), each atom is coupled to two waveguides.
The atom-waveguide juncture, with an atom coupled to two
unidirectional waveguides is called a single atom beamsplitter.

For example, the waveguide labeled (2,−) is coupled to
the single atom beamsplitter at (step = 1, x = 1) and (step =
2, x = 0) in Fig. 5.

For the bosonic field in each waveguide, we define
bm,ν (y, t ) for y ∈ R as the field operator. This is just the photon
annihilation operator annihilating a photon at spatial location
y in waveguide labeled (m, ν). Since we are choosing the
Heisenberg picture, these operators depend on time t . We also
note that y = 0 corresponds to step 0 for each waveguide, and
y = nL corresponds to step n. The input-output operator in the
paper is defined as

bn,x;L,in(t ) = bx−n,+(nL − ε, t ),

bn,x;R,out (t ) = bx−n,+(nL + ε, t ),

bn,x;R,in(t ) = bx+n,−(nL − ε, t ),

bn,x;L,out (t ) = bx+n,−(nL + ε, t ), (A1)

where ε is an infinitesimal positive number.

1. Hamiltonian for the system

First, the Hamiltonian for the waveguide photons is

Hph =
∑
m,ν

∫
dk kb̃m,ν (k)†b̃m,ν (k). (A2)

Here b̃m,ν (k) is the Fourier transform of the operator bm,ν (y),
given by bm,ν (y, t ) = 1√

2π

∫
dk b̃m,ν (k, t )eiky. Second, an atom

located at step n position x has its own system Hamiltonian
Hatom,n,x.

Finally, the interaction term between the waveguide mode
and an atom located at (n, x) is given by

Hint,n,x = V
∫

dk(e−inkLb̃†
x−n,+(k)an,x

+ e−inkLb̃†
x+n,−(k)an,x + H.c.). (A3)

Using the relation between bm,ν (y) and b̃m,ν (k), one easily
verify that

Hint,n,x =
√

2πV {b†
x−n,+(y = nL0)an,x

+ b†
x+n,−(y = nL0)an,x + H.c.}. (A4)

The full Hamiltonian is thus the sum of all terms
above. Namely, Htotal = Hph + ∑

n,x Hatom,n,x + ∑
n,x Hint,n,x.

Note that the interaction term Hint,n,x is local and Hermitian
for any atom (n, x). Namely, the atom-photon interaction only
happens at y = nL0, which is where the atom is coupled to the
waveguides. Therefore, as we choose L0 to be much greater
than the pulse width of photon traveling in the waveguide-
atomic network, a few photon states injected towards a single
atom beamsplitter (n, x) will undergo a local unitary evolution
in proximity of the atom before it fully leaves the beamsplitter
and heads towards step (n + 1).
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2. Deriving input-output relations from the Hamiltonian

First, let us consider the bosonic field operator b̃m,+(k).
Directly commuting it with the system Hamiltonian gives

i
d

dt ′ b̃m,+(k, t ′) = kb̃m,+(k, t ′)

+
∑

n

Van,n+m(t ′)e−inkL. (A5)

Multiplying both sides with eikt ′
and integrate in the interval

(t0, t ) gives

b̃m,+(k, t )eikt − b̃m,+(k, t0)eikt0

= −iV
∑

n

∫ t

t0

an,n+m(t ′)e−inkLeikt ′
. (A6)

Now we use the relations bm,ν (y, t ) =
1√
2π

∫
dk b̃m,ν (k, t )eiky. Multiplying the above equations with

1√
2π

eiky and integrating over all k gives

bm,+(y + t, t ) − bm,+(y + t0, t0)

= −i
√

2πV
∑

n

∫ t

t0

an,n+m(t ′)δ(t ′ − nL + y). (A7)

Note that we may choose any time interval (t0, t ) and y that
we want. For example, we may have

bm,+(nL + ε, t∗ + ε) − bm,+(nL − ε, t∗ − ε)

= −i
√

γ an,n+m(t∗) (A8)

by choosing
√

γ = √
2πV 2, which is the input-output relation

in the main paper. Also note that we have bm,+(nL − ε, t ) =
bm,+((n − 1)L + ε, t − L). Generally, we have Eqs. (A12)
and (A13).

For the atomic operators an,x(t ), directly commuting with
the Hamiltonian gives

dan,x (t )

dt
= −i

√
γ [an,x(t ), a†

n,x (t )][bx−n,+(nL, t )

+ bx+n,−(nL, t )] − i[an,x(t ), Hatom,n,x(t )]. (A9)

But we should always keep in mind that bm,+(nL, t ) =
1
2 [bm,+(nL + ε, t ) + bm,+(nL − ε, t )], that is, the atom inter-
acts with the average field before and in front of it. Thus,
plugging in, we have

dan,x (t )

dt
= −i

√
γ [an,x(t ), a†

n,x (t )][bx−n,+(nL − ε, t )

+ bx+n,−(nL − ε, t )] − i
√

γ [an,x(t ), a†
n,x (t )]

× (−i
√

γ an,x ) − i[an,x(t ), Hatom,n,x(t )].
(A10)

Plugging in the formula for the input and output operators for
each atom, we obtain

dan,x (t )

dt
= −i

√
γ [an,x(t ), a†

n,x (t )][bn,x;L,in(t ) + bn,x;R,in(t )

− i
√

γ an,x] − i[an,x(t ), Hatom,n,x(t )] (A11)

as shown in the main paper.

3. Summary of input-output relations

Similarly to [18,41], we have the following formula for
m �= 0:

bm,+(y > 0, t ) = bm,+(−ε, t − y)

− i
√

γ
∑

n

θ (y − nL)an,m+n[t − (y − nL)]

bm,−(y > 0, t ) = bm,−(−ε, t − y)

− i
√

γ
∑

n

θ (y − nL)an,m−n[t − (y − nL)].

(A12)

For m = 0,

b0,+(y > 0, t ) = 1√
2

[b0,+(−ε, t − y) + b0,−(−ε, t − y)]

− i
√

γ
∑

n

θ (y − nL)an,n[t − (y − nL)]

b0,−(y > 0, t ) = 1√
2

[b0,+(−ε, t − y) − b0,−(−ε, t − y)]

− i
√

γ
∑

n

θ (y − nL)an,−n[t − (y − nL)].

(A13)

In the above equation, θ (y) is the Heaviside function. The
reason why b0,± is a bit more complicated is simply because
we have placed a “source” 50 : 50 linear beamsplitter at step
0, x = 0.

As for the dynamics of an atom, located at (n, x), we have

dan,x(t )

dt
= −i

√
γ [an,x(t ), a†

n,x (t )][bn,x;L,in(t ) + bn,x;R,in(t )]

− i[an,x(t ), Hatom,n,x (t ) − iγ a†
n,x(t )an,x (t )]

(A14)

Canonically, one should choose the atomic operator a to
be the lowering operator σ−. But, to simplify the presentation
of the resulting equations, we can alternatively choose a to
be bosonic, as in [41], while introducing a “penalty term”
(U0/2)a†a(a†a − 1), so that the Hamiltonian for each atom
becomes Hatom = �a†a + (U0/2)a†a(a†a − 1). The two-level
nature is captured by taking the limit U0 → ∞ at the end of
calculations for observable quantities.

The explicit formula for the dynamics of atomic operator a
for each (n, x) are given by

ȧn,x = −i�an,x(t ) − iU0a†
n,x(t )an,x(t )an,x(t )

− γ
∑
n′�n

|n−n′ |=|x−x′|

an′,x′ (t − |n − n′|L)

− i
√

γ [bx−n,+(−ε, t − nL) + bx+n,−(−ε, t − nL)]

(A15)

for |x| �= n.
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For |x| = n, we obtain

ȧn,n = −i�an,n(t ) − iU0a†
n,n(t )an,n(t )an,n(t )

− γ
∑
n′�n

an′,n′ (t − |n − n′|L)

− i
√

γ

(
1√
2

[b0,+(−ε, t − nL) + b0,−(−ε, t − nL)]

)

− i
√

γ [b2n,−(−ε, t − nL)] (A16)

and

ȧn,−n = −i�an,−n(t ) − iU0a†
n,n(t )an,n(t )an,n(t )

− γ
∑
n′�n

an′,n′ (t − |n − n′|L)

− i
√

γ

(
1√
2

[b0,+(−ε, t − nL) − b0,−(−ε, t − nL)]

)

− i
√

γ [b−2n,+(−ε, t − nL)]. (A17)

As shown in the main paper, we are injecting a two-
photon pulse towards the source beamsplitter from the left. We
can therefore write the state as |init2〉 = |init1〉 ⊗ |init1〉 for
|init1〉 = ∫ 0

−∞ dy
√

2κb0,+(y, 0)e(κ+iω)y |vac〉 [18]. This repre-
sents the state at time T = 0. At time T � NL, the photo
detectors located at y = NL + ε will detect photons. For
a two-photon initial state shown above, we are interested
in the quantities 〈vac| bN,x1;d1,out (t + τ + NL)bN,x2;d2,out (t +
NL) |init2〉. This is because we have

|| 〈vac| bN,x1;d1,out (t + τ + NL)bN,x2;d2,out (t + NL) |init2〉 ||2

= 〈init2| b†
N,x2;d2,out (t + NL)b†

N,x1;d1,out (t + τ + NL)

× bN,x1;d1,out (t + τ + NL)bN,x2;d2,out (t + NL) |init2〉 .

(A18)

Therefore, we should compute the quantities
〈vac| bm2,ν2 (NL + ε, t +τ + NL)bm1,ν1 (NL+ε, t +NL) |init2〉
for t + τ � t � 0. for all possible m ∈ 2Z and ν = ±.

From Eqs. (A12) and (A13), these correlations can
be decomposed into correlations of the following four
types: 〈vac| bm,ν (−ε, t + τ )bm,ν (−ε, t ) |init2〉, 〈vac| an,x(t +
τ + nL)bm,ν (−ε, t ) |init2〉, 〈vac| bm,ν (−ε, t + τ )an,x(t +
nL) |init2〉, and 〈vac| an′,x′ (t + τ + n′L)an,x(t + nL) |init2〉.
Here m is an even integer labeling the waveguides and ν ∈ ±
is the pointing direction of the waveguide.

APPENDIX B: SOLVING CORRELATIONS FOR L = 0

Here we would compute the special case of L → 0. There-
fore, time retardation can be neglected. However, as shown
in [42] as well as the next section, for arbitrary L, the output
photon correlations measured at the end of the network do
not depend on the spatial separation L. Namely, the final
output state can always be obtained by iteratively applying the
unitary transformation implemented by each step of the walk
to the initial input state.

1. Single-photon correlations

As a warmup, we start with computing single photon cor-
relations. Namely, we shall compute 〈vac| bm,ν (+ε, t ) |init1〉.
According to Eqs. (A12) and (A13), this quantity can be de-
composed into linear combinations of 〈vac| − ian,x(t ) |init1〉
as well as 〈vac| bm,ν (−ε, t ) |init1〉. Therefore, we only need to
compute these correlations.

First, note that the correlation 〈vac| bm,ν (−ε, t ) |init1〉 =
〈vac| bm,ν (−t, 0) |init1〉. Hence, we have 〈vac| b0,+(−ε, t )
|init1〉 = √

2κe−(κ+iω)t and 0 otherwise. Furthermore, by
using Eqs. (A15)–(A17) we can write down the differential
equation for 〈vac| − ian,x(t )|init1〉 as

d

dt
〈vac| − ian,x(t ) |init1〉
= −(γ + i�) 〈vac| − ian,x(t ) |init1〉

− γ
∑
n′<n
|n−n′ |

=|x−x′|

〈vac| − ian′,x′ (t ) |init1〉 (B1)

for |x| �= n. For |x| = n, we have

d

dt
〈vac| − ian,n(t ) |init1〉
= −(γ + i�) 〈vac| − ian,n(t ) |init1〉

− γ
∑
n′<n

〈vac| − ian′,n′ (t ) |init1〉 − √
κγ e−(κ+iω)t .

(B2)

We can therefore use an Ansatz 〈vac| − ian,x(t ) |init1〉 =
[p1(t )e−γ t + p2(t )e−(κ+iδ)t ]e−i�t , where pi(t ) are (n, x)-
dependent polynomials of t and δ ≡ ω − �. We then recur-
sively find the correlation functions, starting from (n, x) =
(1, 1) and (n, x) = (1,−1) In fact, these Ansätze apply to
broader set of correlations: 〈vac| an′,x′ (t )a†

n,x(0) |vac〉. One
should note that this quantity is only nonzero for (n′, x′) in
the light cone of (n, x), namely n′ � n and |x − x′| � |n − n′|.
The differential equations for 〈vac| an′,x′ (t )a†

n,x(0) |vac〉 are
similarly given by

d

dt
〈vac| an′,x′ (t )a†

n,x(0) |vac〉

= −γ
∑
n′′<n′
|n′′−n′ |

=|x′′−x′|

〈vac| an′′,x′′ (t )a†
n,x(0) |vac〉

− (γ + i�) 〈vac| an′,x′ (t )a†
n,x (0) |vac〉. (B3)

Note that we have ignored terms such as 〈vac| bm,ν

(−ε, t )a†
n,x (0) |vac〉 since they are zero from causality.

Also, one can easily verify that 〈vac| an,x(t )a†
n,x(0) |vac〉 =

e−(γ+i�)t . Then we can apply the Ansatz 〈vac| an′,x′ (t )
a†

n,x(0) |vac〉 = (p3(t )e−γ t )e−i�t and find 〈vac| an′,x′ (t )a†
n,x(0)

|vac〉 recursively, starting from (n′, x′) = (n + 1, x − 1) and
(n′, x′) = (n + 1, x + 1).
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2. Two-photon correlations

Now we would compute two-photon correlations. To begin
with, we shall first focus on three types of simpler correla-
tions:

〈vac| bm′,ν ′ (y < 0, t )bm,ν (−ε, t ) |init2〉, (B4)

〈vac| [−ian,x(t )]bm,ν (y < 0, t ) |init2〉, (B5)

and

〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉. (B6)

We now consider them separately.

a. Case 1

Again, we start from the simplest case

〈vac| bm′,ν ′ (y < 0, t )bm,ν (−ε, t ) |init2〉
= 〈vac| bm′,ν ′ (−ε, t )bm,ν (−ε, t ) |init2〉 e(κ+iω)y

= 2
√

2κe−2(κ+iω)t e(κ+iω)y (B7)

if and only if (m, ν) = (m′, ν ′) = (0,+). As a special case, we
have 〈vac| b0,+(−ε, t )b0,+(−ε, t ) |init2〉 = 2

√
2κe−2(κ+iω)t =

2
√

2κe−2(κ+iδ)t e−2i�t .

b. Case 2

For the case of 〈vac| [−ian,x(t )]bm,ν (y < 0, t ) |init2〉, we
derive them in a similar fashion.

First note that, only for (m, ν) = (0,+),

〈vac| [−ian,x(t )]bm,ν (y < 0, t ) |init2〉
= 〈vac| [−ian,x(t )] |init1〉

√
2
√

2κe(κ+iω)(y−t )

= 〈vac| [−ian,x(t )]bm,ν (−ε, t ) |init2〉 e(κ+iω)y (B8)

But we have already derived 〈vac| (−i)an,x(t ) |init1〉
in the previous section. We therefore know that
〈vac| (−i)an,x(t )bm,ν (−ε, t ) |init2〉 has the form of
(q1(t )e−2(κ+iδ)t + q2(t )e−(κ+iδ+γ )t )e−i2�t .

c. Case 3

Finally, we need to deal with 〈vac| an′,x′ (t )an,x(t ) |init2〉.
From Eqs. (A15)–(A17), we know that, for (n′, x′) �= (n, x)
satisfying |x| �= n and |x′| �= n′,

d

dt
〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉
= −(2i� + 2γ ) 〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉

− γ
∑
n′′<n

|n−n′′ |=|x−x′′|

〈vac| [−ian′,x′ (t )][−ian′′,x′′ (t )] |init2〉

− γ
∑

n′′′<n′
|n−n′′′ |=|x−x′′′|

〈vac| [−ian′′′,x′′′ (t )][−ian,x(t )] |init2〉

(B9)

after throwing away terms such as −√
γ 〈vac| [−i

an′,x′ (t )][bx−n,+(−ε, t ) + bx+n,−(−ε, t )] |init2〉 because they

are 0 for |x| �= n. For x = n, we have

d

dt
〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉
= −(2i� + 2γ ) 〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉

− γ
∑
n′′<n

|n−n′′ |=|x−x′′|

〈vac| [−ian′,x′ (t )][−ian′′,x′′ (t )] |init2〉

− γ
∑

n′′′<n′
|n−n′′′ |=|x−x′′′|

〈vac| [−ian′′′,x′′′ (t )][−ian,x(t )] |init2〉

− √
γ 〈vac| [−ian′,x′ (t )]

(
1√
2

b0,+(−ε, t

)
|init2〉 .

(B10)

But we have already obtained all the terms on the last
line from Case 2. We can therefore use the Ansatz 〈vac|
an′,x′ (t )an,x(t ) |init2〉 = [q1(t )e−2(κ+iδ)t + q2(t )e−(κ+iδ+γ )t + q3

(t )e−2γ t ]e−2i�t and recursively find the (n, x), (n′, x′)
dependent polynomials q1(t ), q2(t ), q3(t ).

We also claim that 〈vac| an,x (t )an,x(t ) |init2〉 → 0. Again,
from Eqs. (A15)–(A17),

d

dt
〈vac| [−ian,x(t )][−ian,x(t )] |init2〉
= 〈vac| [−ian,x(t )][−U0a†

n,x (t )an,x(t )an,x(t )] |init2〉 + (· · · )

= iU0 〈vac| [an,x(t )an,x(t )] |init2〉 + (· · · ). (B11)

Therefore, we have

eiU0t 〈vac| [an,x(t )][an,x(t )] |init2〉 =
∫ t

0
F (t )eiU0t dt . (B12)

As U0 → ∞, the integral on the right-hand side converges to
0 since F (t ) is a bounded continuous function.

3. Final result

In this part, we show that all the correlations that
we want to compute are just the sum of products of
single-photon correlations and two-photon correlations
as computed above. The final correlations is just a linear
combination of the following four types of correlations:
〈vac| bm′,ν ′ (0, t + τ )bm,ν (0, t ) |init2〉, 〈vac| [−ian,x(t +
τ )]bm,ν (0, t ) |init2〉, 〈vac| bm,ν (0, t + τ )[−ian,x(t )] |init2〉,
〈vac| [−ian′,x′ (t + τ )][−ian,x(t )] |init2〉. We also note that
we can insert the single photon projector between the two
operators, defined by

� =
∑
m,ν

∫ ∞

−∞
dy b†

m,ν (y, t ) |vac〉 〈vac| bm,ν (y, t )

+
∑
n,x

a†
n,x(t ) |vac〉 〈vac| an,x(t ) = �1 + �2. (B13)

We note that 〈vac| [−ian,x(t + τ )]bm,ν (−ε, t ) |init2〉 =
〈vac| [−ian,x(t + τ )]�bm,ν (−ε, t ) |init2〉 and similarly for
all other correlations.

We therefore consider these cases separately.
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a. Case 1: �1

In this section we would focus on correlations such
as 〈vac| [O2(t + τ )]�1[O1(t )] |init2〉. For example, consider
〈vac| (−ian,x(t + τ ))bm,ν (−ε, t ) |init2〉, we have:

〈vac| (−ian,x(t + τ ))�1bm,ν (−ε, t ) |init2〉

= 〈vac| (−ian,x(t + τ ))
∑
m′,ν ′

∫ ∞

−∞
dyb†

m′,ν ′ (y, t ) |vac〉

× 〈vac| bm′,ν ′ (y, t )bm,ν (−ε, t ) |init2〉

=
∑
m′,ν ′

〈vac| (−ian,x(t + τ ))
∫ 0

−∞
dye(κ+iω)yb†

m′,ν ′ (y, t ) |vac〉

× 〈vac| bm′,ν ′ (−ε, t )bm,ν (−ε, t ) |init2〉 (B14)

Note that we are only integrating over y ∈ (−∞, 0) since
〈vac| (−ian,x(t + τ ))b†

m′,ν ′ (y, t ) |vac〉 is non-zero only for y <

0 due to causality. Namely, any excitation at y > 0 at time
t cannot excite the atoms since the atoms at located around
y = 0 and the waveguides are unidirectional.

But now 〈vac| bm′,ν ′ (−ε, t )bm,ν (−ε, t ) |init2〉 is only non-
zero for (m, ν) = (m′, ν ′) = (0,+) and has been computed in
the previous section. Therefore, we only need to compute

〈vac| [−ian,x(t + τ )]
∫ 0

−∞
dy e(κ+iω)yb†

0,+(y, t ) |vac〉

×
√

2κe−2(κ+iω)t

=
√

2 〈vac| [−ian,x(τ )] |init1〉
√

2κe−2(κ+iω)t . (B15)

Where the last line is due the fact that the Hamiltonian is
time independent and the correlations are time-translational
invariant. But we have computed 〈vac| [−ian,x(τ )] |init1〉 in
the previous section as single-photon correlations. For other
correlations such as 〈vac| [−ian′,x′ (t + τ )][−ian,x(t )] |init2〉,
we repeat the procedure as above. Also, note that
we have obtained 〈vac| bm′,ν ′ (−ε, t + τ )bm,ν (−ε, t ) |init2〉
for free, given by 〈vac| bm′,ν ′ (−ε, t + τ )bm,ν (−ε, t ) |init2〉 =√

2(2κ )e−2(κ+iω)t−(κ+iω)τ only for (m, ν) = (m′, ν ′) = (0,+).

b. Case 2: �2

In this case, we focus on 〈vac| [O2(t +
τ )]�2[O1(t )] |init2〉. We note that the only nonzero
terms are 〈vac| [−ian,x(t + τ )]�2bm,ν (−ε, t ) |init2〉 and
〈vac| [−ian′,x′ (t + τ )]�2[−ian,x(t )] |init2〉. Plugging in �2 =∑

n,x a†
n,x (t ) |vac〉 〈vac| an,x(t ), we see that

〈vac| [−ian,x(t + τ )]�2bm,ν (−ε, t ) |init2〉
=

∑
n′,x′

〈vac| [−ian,x(t + τ )]a†
n′,x′ (t ) |vac〉

× 〈vac| an′,x′ (t )bm,ν (−ε, t ) |init2〉 . (B16)

But each term in the sum is a product of single-photon
correlations and two-photon correlations we have just

computed in the previous section. Similarly, we can compute
〈vac| [−ian′,x′ (t + τ )]�2[−ian,x(t )] |init2〉 as a sum of product
of single and two-photon correlations.

APPENDIX C: GENERALIZING TO ARBITRARY
STEP SEPARATION L

Here we use some tricks to show that L does not affect
the final correlations measured by the detectors. Note that this
is actually a standard result as derived in [42]. But we shall
rederive the same argument on our own.

Before we begin, we use the notation ãn,x(t + nL)
to denote the operators in the general model with step
separation L. We still use an,x(t ) to denote the operators in
the special model of L → 0. Note that the initial states
|init1〉 and |init2〉 are defined in the same way. From
Eqs. (A12) and (A13), our fundamental building blocks are
〈vac| bm′,ν ′ (−ε, t + τ )bm,ν (−ε, t ) |init2〉 , 〈vac| [−iãn,x(t + τ

+ nL)]bm,ν (−ε, t ) |init2〉 , 〈vac| bm,ν (−ε, t + τ )[−iãn,x(t +
nL)] |init2〉 , 〈vac| [−iãn′,x′ (t + τ + n′L)][−iãn,x(t + nL)]
|init2〉.

Our goal is to show that 〈vac| [−iãn′,x′ (t + τ +
n′L)][−iãn,x(t + nL)] |init2〉 = 〈vac| [−ian′,x′ (t + τ )][−ian,x

(t )] |init2〉 and similarly for other correlation functions.

1. Single-photon correlations

We will again start with the simple case of
〈vac| [−iãn,x(t + nL)] |init1〉 as well as 〈vac| bm,ν (−ε, t )
|init1〉. We have

d

dt
〈vac| − iãn,x(t + nL) |init1〉

= −γ
∑
n′�n

|n−n′|=|x−x′|

〈vac| − iãn′,x′ (t + n′L) |init1〉

− √
γ 〈vac| [bx−n,+(−ε, t ) + bx+n,−(−ε, t )] |init1〉 .

(C1)

Also, note that the initial condition is 〈vac|
[−iãn,x(nL)] |init1〉 = 0. Therefore, we can recursively show
that 〈vac| [−iãn,x(t + nL)] |init1〉 = 〈vac| [−ian,x(t )] |init1〉
for all n. To be precise, we can write down the
differential equations for (〈vac| [−iãn,x(t + nL)] |init1〉 −
〈vac| [−ian,x(t )] |init1〉) and show that they are 0,
starting from (n, x) = (1,−1). In a similar way,
one can show that 〈vac| ãn′,x′ (t + n′L)ã†

n,x(nL) |vac〉 =
〈vac| an′,x′ (t )a†

n,x(0) |vac〉.

2. Two-photon correlations

Unlike the L → 0 case, now we need to take care of
the ordering issue. Namely, we do not necessarily have
ãn′,x′ (t + n′L)ãn,x(t + nL) = ãn,x(t + nL)ãn′,x′ (t + n′L), but
we would show that we still have 〈vac| ãn′,x′ (t + n′L)ãn,x(t +
nL) |init2〉 = 〈vac| ãn,x(t + nL)ãn′,x′ (t + n′L) |init2〉 = 〈vac|
an′,x′ (t )an,x(t ) |init2〉. We proceed in two steps.
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a. Step 1

First, we show that 〈vac| ãn,x(t + nL)bm,ν (y < 0, t )
|init2〉 = 〈vac| an,x(t )bm,ν (y < 0, t ) |init2〉. Again, this is
obvious since

〈vac| [−iãn,x(t + nL)]bm,ν (y < 0, t ) |init2〉
= 〈vac| [−iãn,x(t + nL)] |init1〉

√
2
√

2κe(κ+iω)(y−t )

= 〈vac| [−iãn,x(t + nL)]bm,ν (y < 0, t ) |init2〉 e(κ+iω)y

(C2)

only for (m, ν) = (0,+). But again, from single-photon
correlation computations in the previous section, we see
that 〈vac| [−iãn,x(t + nL)] |init1〉 = 〈vac| [−ian,x(t )] |init1〉.
Therefore, we have 〈vac| ãn,x(t + nL)bm,ν (y < 0, t ) |init2〉 =
〈vac| an,x (t )bm,ν (y < 0, t ) |init2〉.

Now we shall prove that 〈vac| bm,ν (y < 0, t )ãn,x (t +
nL) |init2〉 = 〈vac| an,x (t )bm,ν (y < 0, t ) |init2〉, which is less
obvious. First, note that 〈vac| bm,ν (y < 0, t )ãn,x (nL) |init2〉 =
0. This is again because |init2〉 takes at least T = nL to prop-
agate to step n. Now consider 〈vac| bm,ν (y < 0, t )ãn,x (t ′ +
nL) |init2〉 for t ′ < t .

We now have (for |x| �= n)

∂

∂t ′ 〈vac| bm,ν (y < 0, t )[−iãn,x (nL + t ′)] |init2〉

= 〈vac| bm,ν (y < 0, t )[−U0ã†
n,x(nL + t ′)]

× ãn,x (nL + t ′)ãn,x(nL + t ′) |init2〉
− γ

∑
n′<n
|n−n′|

=|x−x′|

〈vac| bm,ν (y < 0, t )[−iãn′,x′ (t ′ + n′L)] |init2〉

− (γ + iω) 〈vac| bm,ν (y < 0, t )[−iãn,x (t ′ + nL)] |init2〉.
(C3)

We claim that the first term is 0 for all t ′ < t . This is because
it is proportional to

(〈vac| ãn,x(nL + t ′)b†
m,ν (y < 0, t ) |vac〉)†

× 〈vac| ãn,x(nL + t ′)ãn,x(nL + t ′) |init2〉 . (C4)

But the term 〈vac| ãn,x (nL + t ′)b†
m,ν (y < 0, t ) |vac〉 = 0

because t ′ < t . This is simply because it takes a time interval
|y| + nL for any excitation to propagate from y < 0 to an atom
at nL, but the time interval for the above correlation function
(nL + t ′ − t ) < nL. Therefore, we have

∂

∂t ′ 〈vac| bm,ν (y < 0, t )[−iãn,x (nL + t ′)] |init2〉
= −(γ + i�) 〈vac| bm,ν (y < 0, t )[−iãn,x (nL + t ′)] |init2〉

− γ
∑
n′<n
|n−n′ |

=|x−x′|

〈vac| bm,ν (y < 0, t )[−iãn′,x′ (t ′ + n′L)] |init2〉 .

(C5)

For |x| = n, the equation is similar. It is given by

∂

∂t ′ 〈vac| bm,ν (y < 0, t )[−iãn,n(nL + t ′)] |init2〉
= −(γ + i�) 〈vac| bm,ν (y < 0, t )[−iãn,n(nL + t ′)] |init2〉

− γ
∑
n′<n

〈vac| bm,ν (y < 0, t )[−iãn′,n′ (t ′ + n′L)] |init2〉

− √
γ 〈vac| bm,ν (y < 0, t )

(
1√
2

b0,+(−ε, t ′)
)

|init2〉 .

(C6)

Now consider the family of functions 〈vac| bm,ν (y < 0, t )
[−iãn,x(nL+t ′)] |init2〉− 〈vac| bm,ν (y<0, t )[−ian,x(t ′)] |init2〉.

We have, for |x| �= n,

∂

∂t ′ (〈vac| bm,ν (y < 0, t )[−iãn,x (nL + t ′)] |init2〉
− 〈vac| bm,ν (y < 0, t )[−ian,x (t ′)] |init2〉)

= −γ
∑
n′<n
|n−n′|

=|x−x′|

(〈vac| bm,ν (y < 0, t )[−iãn′,x′ (t ′ + n′L)] |init2〉

− 〈vac| bm,ν (y < 0, t )[−ian′,x′ (t ′)] |init2〉)

− (γ + i�)(〈vac| bm,ν (y < 0, t )[−iãn,x (nL + t ′)] |init2〉
− 〈vac| bm,ν (y < 0, t )[−ian,x (t ′)] |init2〉) (C7)

And we can use the fact that 〈vac| bm,ν (y < 0, t )
[−iãn,x(nL)] |init2〉 − 〈vac| bm,ν (y < 0, t )[−ian,x(0)] |init2〉 =
0 to show that the functions defined above are all 0 recursively,
starting from (n, x) = (1,−1).

Finally, we take t ′ → t and we get 〈vac| bm,ν (y <

0, t )ãn,x (t + nL) |init2〉 = 〈vac| an,x(t )bm,ν (y < 0, t ) |init2〉 as
desired.

b. Step 2

Now we can prove that

〈vac| [−iãn′,x′ (t + n′L)][−iãn,x(t + nL)] |init2〉
− 〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉 = 0. (C8)

We can simply take the derivative of these functions with
respect to t according to Eqs. (A15)–(A17) and show that they
are 0 recursively, starting with n′ = n = 1. The initial con-
dition is given by 〈vac| [−iãn′,x′ (n′L)][−iãn,x(nL)] |init2〉 −
〈vac| [−ian′,x′ (0)][−ian,x(0)] |init2〉 = 0.

The whole idea behind this is that the family of cor-
relations 〈vac| [−iãn′,x′ (t + n′L)][−iãn,x(t + nL)] |init2〉 and
〈vac| [−ian′,x′ (t )][−ian,x(t )] |init2〉 = 0 satisfy the exact same
differential equations and have the same initial condition,
therefore they have to be equal.

3. Final results

Now we can finally prove that 〈vac| [−iãn′,x′ (t + τ +
n′L)][−iãn,x(t + nL)] |init2〉 = 〈vac| (−ian′,x′ [t + τ )]
[−ian,x(t )] |init2〉 and similarly for other correlations. We

013245-10



STRONGLY INTERACTING PHOTONIC QUANTUM WALK … PHYSICAL REVIEW RESEARCH 6, 013245 (2024)

-7,L -3,R +3,L +7,R

-7,L

-3,R

+3,L

+7,R

linear,τ = 0.0

0

1

2

3

4×10−3

-7,L -3,R +3,L +7,R

-7,L

-3,R

+3,L

+7,R

linear,τ = 1.5

0

1

2

3

×10−3

-7,L -3,R +3,L +7,R

-7,L

-3,R

+3,L

+7,R

linear,τ = 5.0

0

1

2

3

×10−3

-7,L -3,R +3,L +7,R

-7,L

-3,R

+3,L

+7,R

linear,τ = 5.0

0

2

4

6

×10−4

-7,L -3,R +3,L +7,R

-7,L

-3,R

+3,L

+7,R

linear,τ = 0.0

0

2

4

6

8
×10−4

-7,L -3,R +3,L +7,R

-7,L

-3,R

+3,L

+7,R

linear,τ = 0.7

0

2

4

6

8
×10−4(a) (b) (c)

(d) (e) (f )

−10 −5 0 5 10
γτ

0

4

8

G
(τ

)

×10−3

(-1,L;+1,R) (+1,R;-1,L)

atom

linear

−10 −5 0 5 10
γτ

0

4

8

G
(τ

)

×10−4

(-3,L;+3,R) (+3,R;-3,L)

atom

linear

(g) (h)

FIG. 7. τ -invariant statistical pattern of the linear quantum walk, for δ = γ . Panels (a)–(c) show results for κ � γ = δ = ω − �, (d)–(f)
show results for δ = 0, and (g)–(h) plot the interval-time correlation function G(τ ) for the output channel pairs (−3, L; +3, R); (+3, R; −3, L)
and (−1, L; +1, R); (+1, R; −1, L).

shall take 〈vac| [−iãn′,x′ (t + τ + n′L)][−iãn,x(t + nL)] |init2〉
as an example. Consider the functions 〈vac| [−iãn′,x′ (t + τ +
n′L)][−iãn,x(t+nL)] |init2〉− 〈vac| [−ian′,x′ (t+τ )][−ian,x(t )]
|init2〉.

We now have the initial condition 〈vac| [−i
ãn′,x′ (t + n′L)][−iãn,x(t + nL)] |init2〉 − 〈vac| [−ian′,x′ (t )][−i
an,x (t )] |init2〉 = 0, as shown in the previous section in two
steps. Hence, we can take the partial derivative with respect
to τ for the function 〈vac| [−iãn′,x′ (t + τ + n′L)][−iãn,x(t +
nL)] |init2〉 − 〈vac| [−ian′,x′ (t + τ )][−ian,x(t )] |init2〉 =0 for
some fixed t , starting from n = n′ = 1. From these
equation we can show, recursively, that these functions are
all 0.

APPENDIX D: ADDITIONAL NUMERICAL RESULTS

For this section, we present the numerical results men-
tioned in the paper.

1. Case 1: γ = δ

Here we present further results for κ � γ = δ = ω − �.
In particular, we present the statistical patterns for the refer-
ence model (i.e., the noninteracting quantum walk with linear
beamsplitters). Indeed, as shown in Figs. 7(a)–7(c), the statis-
tical pattern is τ invariant.

2. Case 2: δ = 0

For the resonant case (δ = 0), we see once again
that the statistical pattern for the linear beamsplitter
quantum walk is τ invariant [Figs. 7(d)–7(f)]. Further-
more, we pick two extra pairs of channels on the
anticorrelated diagonal (−3, L; +3, R); (+3, R; −3, L) and
(−1, L; +1, R); (+1, R; −1, L) and compare the interval-time
correlation function G(τ ) for all τ for both the linear and
nonlinear quantum walks [Figs. 7(g) and 7(h)]. These two
pairs of channels exhibit correlation functions similar to that
of the channel pair (−5, L; +5, R); (+5, R; −5, L).
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