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The interplay between non-Hermitian effects and topological insulators has become a frontier of research in
non-Hermitian physics. However, the existence of a non-Hermitian skin effect for topological-protected edge
states remains controversial. In this paper, we discover a new type of the non-Hermitian skin effect called
the non-Hermitian chiral skin effect. Non-Hermitian chiral skin effect is induced by inhomogeneous edge
dissipation under closed boundary conditions. In particular, the chiral modes of the non-Hermitian chiral skin
effect localize around “topological defects” characterized by global dissipation rather than being confined to the
system boundaries. We show its detailed physical properties by taking the non-Hermitian Haldane model as an
example. As a result, the intrinsic mechanism of the hybrid skin-topological effect in Chern insulators is fully
understood via the non-Hermitian chiral skin effect. Therefore this work will be helpful for the research on both
non-Hermitian physics and topological quantum states.
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I. INTRODUCTION

The non-Hermitian quantum systems have attracted in-
tensive attention due to their effectiveness in describing
nonequilibrium and open systems, as well as their rich
underlying physics distinguishing them from Hermitian coun-
terparts [1–8]. There are many intriguing phenomena in
non-Hermitian quantum systems, such as exceptional de-
generacies [9–11], unidirectional transmission [12,13], and
non-Hermitian skin effect [2,14–38]. Non-Hermitian skin
effect is widely observed in non-Hermitian systems, highlight-
ing the sensitivity of these systems to the boundary conditions.
This sensitivity leads to the difference of wave functions
and spectra under periodic boundary conditions (PBC) and
open boundary conditions (OBC). To be more precise, the
open boundary spectra may collapse compared to the periodic
boundary spectra, along with the emergence of non-Hermitian
skin modes [39,40].

The studies of the interplay between the non-Hermitian
skin effect and topological insulators have uncovered many
novel physical phenomena [31]. Over the past five years, the
interaction between one-dimensional (1D) boundary states
and the non-Hermitian skin effect has been widely stud-
ied [18–21,39–49]. However, in recent years, non-Hermitian
skin effect in two-dimensional (2D) topological systems has
brought about various new effects, such as non-Hermitian
Chern bands [50–55], defect-induced non-Hermitian skin ef-
fect [56–58], geometry-dependent-skin effect [59,60], and
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hybrid skin-topological effect [61–64]. The hybrid skin-
topological effect is a type of second-order non-Hermitian
skin effect of topological edge states that are more accessi-
ble to experiments. Recently, considerable progress has been
made on the gain/loss induced non-Hermitian skin effect of
topological edge states in 2D Chern insulators [63–69]. Ini-
tial studies have focused on the staggered gain/loss Haldane
model [63,64]. Subsequent research has further expanded our
knowledge, revealing that even when sublattice symmetry
is disrupted by dissipation, the skin effects of topological
edge states can also be observed [67–69]. In such cases, the
symmetry of dissipation often imposes specific constraints,
causing the skin behavior to rely on the geometry of the open
boundary. However, the exact mechanism for topological skin
hybridization in different systems is not unified, and there are
contradictions in different interpretations.

In our study, we will propose a new mechanism for topo-
logical skin hybridization in different systems. To reveal the
mechanism of topological skin hybridization, we are naturally
led to the following questions: (i) Is the non-Hermitian skin
effect that appears in topological edge states of a Chern in-
sulator a new type of non-Hermitian skin effect? How does
it relate to the 1D traditional non-Hermitian skin effect?
(ii) How can one determine the occurrence of non-Hermitian
skin effect in topological edge states, and how can it be
characterized? (iii) How do we systematically understand the
non-Hermitian skin effect that appears in topological edge
states under different types of dissipation in 2D Chern insula-
tors? After answering all the above three questions, we found
that the key point is the so-called non-Hermitian chiral skin
effect, of which topological edge states in a novel system are
predicted to be localized around domain walls of dissipation.

This work is organized as follows. In Sec. II, we provide
the analysis of boundary conditions of topological edge states,
which is essential for understanding the non-Hermitian chiral
skin effect. In Sec. III, we establish the non-Hermitian chiral
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skin effect theory using a low-energy effective model of chiral
edge states. In Sec. IV, we list three non-Hermitian Hal-
dane models, providing detailed descriptions of corresponding
Hamiltonian. Secs. V–VII explore the physical properties of
three non-Hermitian Haldane models, respectively. Moreover,
in Sec. VIII, we introduce a circuit design capable of imple-
menting the non-Hermitian chiral skin effect in the Haldane
model. Finally, we conclude our work in Sec. IX.

II. THEORETICAL ANALYSIS OF BOUNDARY
CONDITIONS OF TOPOLOGICAL EDGE STATES

Firstly, we review the physical properties of traditional
non-Hermitian skin effects. For traditional non-Hermitian
skin effects, the bulk states exhibit extended under PBC,
while they become exponentially localized at certain system
boundaries under OBC. Therefore there exists a PBC-OBC
correspondence, i.e.,

extended states under PBC

⇔ localized states under OBC.

Consider a 1D traditional non-Hermitian skin effect with a
nonreciprocal model. The energy spectra exhibit loops under
PBC and linear structures under OBC. A generalized Brillouin
Zone is required to describe the spectra and wave functions
under OBC, distinct from PBC. The non-Hermitian skin effect
is identified by a corresponding “winding number”, linked to
point-gap topology, guaranteeing its existence [39,40].

Let us turn to the issue of non-Hermitian skin effect in
topological edge states. We take topological edge states in 2D
Chern insulators as an example.

In 2D Chern insulators, topological edge states exhibit
specific chirality, meaning that they can only propagate along
the boundary or interface of the system in one direction. Due
to the influence of topological properties, electrons in these
systems can only move in one direction and cannot propagate
backward. For convenience in the subsequent discussions, we
define the coordinate of any point on the irregular system’s
external boundary as x. The properties of chiral edge states on
the boundary, such as their energy and effective dissipation,
can be represented using a 1D coordinate system with x as
the coordinate. In general, to characterize the physical prop-
erties of the topological edge states, we project the original
Hamiltonian of the 2D Chern insulator Ĥ2D to that of edge
states, hedge(x) = P̂xĤ2DP̂x. Here, P̂x is a projection operator
that projects the original 2D Hamiltonian to a 1D Hamiltonian
of topological edge states by reducing the Hilbert space.

In particular, traditional PBC and OBC have significant
limitations on characterizing chiral edge states because chiral
edge states do not have open boundaries, and the boundaries
are always closed. We introduce closed boundary conditions
(CBC) to describe the boundary conditions for topological
edge states. Under CBC, the wave function of topological
edge states ψedge satisfies ψedge(0) = eiφψedge(L), where φ is
the effective flux and L is the length of the edge. To define
CBC, we use the following equation:

|ψedge(0)| = |ψedge(L)|. (1)

FIG. 1. (a) The illustration of a system with homogeneous dissi-
pation under CBC. (b) The illustration of type A and type B domain
walls under CBC in the system with inhomogeneous dissipation.

If we consider the dissipation, the effective Hamiltonian of
topological edge states hedge(x) may become non-Hermitian,
i.e., hedge(x) �= h†

edge(x). In general, we have Im(hedge(x)) =
γ (x). Under CBC, for the case of homogeneous dissipation,
we have a uniform dissipation for topological edge states,
i.e., γ (x) ≡ constant or dγ (x)

dx ≡ 0; under CBC, for the case
of inhomogeneous dissipation, we have a spatial-dependent
dissipation for topological edge states, dγ (x)

dx �= 0. Under CBC,
the skin effect of topological edge states only arises in the
presence of inhomogeneous dissipation. Moreover, the local-
ized position is not at the system’s “corner” but rather at
the domain walls of dissipation on the closed boundary. The
case of homogeneous dissipation is equivalent to PBC for
traditional non-Hermitian skin effect, and the case of inhomo-
geneous dissipation with domain walls is similar to the case
of OBC for traditional non-Hermitian skin effect.

Considering previous research and the work presented in
this paper, we classify the domain walls into two types: type
A and type B domain walls, based on CBC and dissipation
distributions. This classification is essential for understanding
the skin effect of topological edge states. For a visual repre-
sentation, refer to the illustration in Fig. 1.

(1) Type A domain wall is defined as a system that adheres
to traditional OBC, meaning it possesses lattice structures
identical to those under PBC but is truncated into various
geometric shapes with finite size. In this scenario, specific
constraints arise due to the system’s symmetry. As shown in
Fig. 1(b), in the system with a rectangular boundary shape,
under central symmetry, the effective dissipation of chiral
edge states exhibits a staggered pattern under closed boundary
conditions.

(2) Type B domain wall is defined as a system that deviates
from traditional OBC. It involves interface problems between
two distinct lattice models with different gain/loss or dissi-
pation characteristics. As shown in Fig. 1(b), this system is
created by splicing two 2D Chern insulators with different
gain/loss. In this scenario, the effective dissipation of chiral
edge states under closed boundary in real space is half gain
and half loss.

To rigorously classify the two types of domain walls, we
provide their mathematical definitions.
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Definition 1. If a system can be divided into two regions
with translationally invariant 2D Hamiltonian Ĥ I

2D and Ĥ II
2D

by a dividing line, this line is defined as a domain wall.
The domain wall separates two fragments of topological edge
states described by effective Hamiltonian hI

edge = P̂x Ĥ I
2DP̂x

and hII
edge = P̂x Ĥ II

2DP̂x. In the case where hI
edge = hII

edge, it
belongs to type A domain walls, signifying the system’s trans-
lational invariance; Conversely, for hI

edge �= hII
edge, it belongs to

type B domain walls, indicating the system lacks translational
invariance.

As a result, the case of type A domain wall is just an issue
of a projected 2D Chern insulator with OBC. While the type
B domain wall under CBC of inhomogeneous dissipation does
not belong to a usual boundary condition (not PBC or OBC)
for topological edge states.

In the following parts, we will study the non-Hermitian
skin effect of topological edge states using CBC, categorizing
them as type A and type B domain walls. By establish-
ing a low-energy continuum effective model of 1D chiral
edge states with inhomogeneous, perturbative dissipation,
we reveal the mechanism of topological skin effect: chiral
edge states under CBC exhibit skin effects in the presence
of inhomogeneous effective dissipation. Therefore for non-
Hermitian skin effect of topological edge states, there exists
a homogeneous-inhomogeneous correspondence, i.e.,

extended topological edge states

under CBC of homogeneous dissipation

⇔ localized topological edge states

under CBC of inhomogeneous dissipation

(type A or type B domain walls).

III. NON-HERMITIAN CHIRAL SKIN EFFECT

In this section, we first show the key properties of the
non-Hermitian chiral skin effect for chiral modes with inho-
mogeneous dissipation. We emphasize that the non-Hermitian
chiral skin effect is a unique type of non-Hermitian skin effect
under CBC.

In the continuous limit, the effective single-body Hamilto-
nian for chiral modes in low-energy physics becomes

hchiral = vk, (2)

where v is the velocity of edge states, and k is the wave vector
of the chiral modes. There are two types of chiral modes, one
with positive velocity v > 0, the other with negative velocity
v < 0. Then, we consider the effect of dissipation, of which
the effective strength is γ (Imγ ≡ 0), and the effective Hamil-
tonian of chiral modes turns into

hchiral = vk + iγ = v(k − ik0), (3)

where k0 = −γ /v. There is a notable aspect of chiral
modes that dissipation plays the role of an imaginary wave
vector [47].

In general, chiral modes are realized as topologically
protected edge states on the boundaries of a 2D Chern in-
sulator. Therefore topological edge states are chiral modes
under CBC.

FIG. 2. The illustration of non-Hermitian chiral skin effect for
chiral modes with inhomogeneous dissipation in the continuous
limit. The red regions represent γglobal(x) > 0, and the blue regions
represent γglobal(x) < 0. The red arrow and blue arrow represent the
direction of Fermi velocity vx < 0 and vx > 0, respectively. The
chiral edge states (vx < 0) localized at the class-I global dissipation’s
domain walls x+

0 (red dots), and the chiral edge states (vx > 0)
localized at the class-II global dissipation’s domain walls x−

0 (blue
dots).

To answer the above questions, we consider a non-
Hermitian Hamiltonian for chiral states with inhomogeneous,
perturbative dissipation γ (x) (x ∈ [0, L], |γ (x)| � 1). Addi-
tionally, we establish CBC as ψ (0) = eiφψ (L). The wave
function in x ∈ [0, L] is expressed as

ψk (x) = 1

N eikxe
1
v

∫ x
0 [γ (x′ )−γ̄ ]dx′

, (4)

where N is a normalized coefficient, k is the given wave
number satisfying k = (2πn + φ)/L (n ∈ Z), and γ̄ is the
average value of the integral of inhomogeneous dissipation in
real space, given by

γ̄ = 1

L

∫ L

0
γ (x)dx. (5)

The energy levels for chiral modes become

Echiral = vk + iγ̄ . (6)

Equations (4) and (6) are derived in Appendix A. Before
discussing the non-Hermitian chiral skin effect, we introduce
global dissipation and its topological defects—global dissipa-
tion’s domain wall.

Definition 2. Global dissipation: Global dissipation is de-
fined as γglobal(x) = γ (x) − γ̄ , where γ̄ is the average value
of inhomogeneous dissipation γ̄ = 1

L

∫ L
0 γ (x)dx. The integral

path is a closed loop along the boundary of the chiral edge
state.

Definition 3. Global dissipation’s domain walls: (1) If there
exists x+

0 that satisfies γglobal(x+
0 + 0−) < 0 and γglobal(x+

0 +
0+) > 0, we denote x+

0 as class-I global dissipation’s domain
wall. (2) If there exists x−

0 that satisfies γglobal(x−
0 + 0−) > 0

and γglobal(x−
0 + 0+) < 0, we denote x−

0 as class-II global
dissipation’s domain wall.

As shown in Fig. 2, the class-I global dissipation’s domain
walls represent red dots, and class-II global dissipation’s do-
main walls represent blue dots. To determine the positions x±

0
according to Definitions 1 and 2, it is necessary to integrate
the inhomogeneous dissipation over the closed loop along
the boundary of the chiral edge state to obtain γ̄ . This is
why we refer to it as the “global ” dissipation’s domain wall.
Furthermore, this highlights that the non-Hermitian chiral skin
effect is a type of non-Hermitian skin effect specifically under
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CBC. Subsequently, we present the critical properties of the
non-Hermitian chiral skin effect.

Definition 4. The wave function is defined as localized
at x±

0 within the interval [a, b], if the squared modulus of
the wave function is monotonically increasing in the interval
[a, x±

0 ) and monotonically decreasing in the interval (x±
0 , b].

Theorem. If γglobal(x) is a continuous function, then a chiral
mode with the negative speed is localized at x+

0 (within a
certain interval) if and only if there exists a class-I global dis-
sipation’s domain wall at x+

0 . Furthermore, a chiral mode with
the positive speed is localized at x−

0 (within a certain interval)
if and only if there exists a class-II global dissipation’s domain
wall at x−

0 .
We show detailed proofs and examples in Appendixes B

and C.
This result gives rise to an interesting effect, the non-

Hermitian chiral skin effect, signifying the existence of the
non-Hermitian skin effect for chiral modes under CBC.
Global dissipation in real space plays the role of an “or-
der parameter” characterizing the non-Hermitian chiral skin
effect. The inhomogeneous effective dissipation under CBC
indicates the presence of a non-Hermitian chiral skin effect.
The zero points of inhomogeneous effective dissipation are
called global dissipation’s domain walls, where chiral edge
states become localized.

In the following parts, the non-Hermitian chiral skin effect
for homogeneous-inhomogeneous correspondence is applied
to the topologically protected edge states in 2D Chern insula-
tors with inhomogeneous dissipation. With the help of this toy
lattice model, an additional property of non-Hermitian chiral
skin effect—“anomaly” will be demonstrated.

IV. MODEL

In this section, we consider chiral modes on the boundary
of the non-Hermitian Haldane model with inhomogeneous,
perturbative dissipation to describe the properties of the non-
Hermitian chiral skin effect. The Haldane model is a typical
model of a 2D Chern insulator on a honeycomb lattice [70,71],
of which the Hamiltonian is

Ĥhaldane = t1
∑
〈i j〉

c†
i c j + t2

∑
〈〈i j〉〉

eiφi j c†
i c j, (7)

where c†
i and ci are creation and annihilation operators for a

particle at the i-th site. 〈i, j〉 and 〈〈i, j〉〉 denote the nearest-
neighbor hopping and the next-nearest-neighbor hopping, and
t1 and t2 are the strength of nearest-neighbor hopping and
next-nearest-neighbor hopping, respectively. eiφi j is the com-
plex phase of the next-nearest-neighbor hopping, and we set
the direction of the positive phase as clockwise (|φi j | = π

2 ).
In this paper, we set t1 to be a unit, and t2 to be constant, i.e.,
t2 ≡ 0.2t1.

The topological characterization of the Haldane model is
captured by the Chern number Q. Due to the existence of
nonzero Chern number Q = 1, topological edge states are
propagating along the system’s edges, as shown in Fig. 3.
For a system with PBC along x direction, and an OBC along
y direction with zigzag edges, the effective Hamiltonian of
topological edge states on one edge becomes

hedge(kx ) = veff sin kx, (8)

FIG. 3. (a) The energy dispersion in Hermitian Haldane model
with zigzag edges. (b) The topological edge states in the Hermitian
Haldane model.

where kx ∈ [π − k0, π + k0] and veff represents the Fermi
velocity. For the case of t2 = 0.2t1, we have k0 = 0.56π ,
the details of k0 can be found in Appendix D. Near Fermi
surface with almost linear energy dispersion, the low-energy
continuum Hamiltonian can be reduced to hedge(kx ) = veffkx,
the topological edge states of such a Chern insulator are chiral
modes.

To illustrate the non-Hermitian chiral skin effect, we con-
sider a non-Hermitian Haldane model with inhomogeneous,
perturbative dissipation. The Hamiltonian becomes

Ĥtotal = Ĥhaldane + δĤD, (9)

where δĤD represents the term associated with dissipation. As
shown in Fig. 4, in the subsequent sections, we investigate
the non-Hermitian chiral skin effect for three cases of δĤD:
(a) staggered on-site gain/loss (Sec. V), (b) bulk dissipation
(Sec. VI), and (c) dissipation on a single outermost zigzag
edge (Sec. VII).

Considering the definition of domain walls presented in
Sec. II with the non-Hermitian Haldane model depicted in
Fig. 4, for inhomogeneous systems with translational sym-
metry where Ĥ I

2D = Ĥ II
2D, OBC in case (a) correspond to the

CBC of type A domain walls. Moreover, for inhomogeneous
systems without translational symmetry where Ĥ I

2D �= Ĥ II
2D,

FIG. 4. Three different distributions of dissipation in the non-
Hermitian Haldane models. (a) Staggered on-site gain/loss (Sec. V),
(b) bulk dissipation (Sec. VI), and (c) dissipation on a single outer-
most zigzag edge (Sec. VII).
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FIG. 5. [(a) and (b)] The complex spectra of the non-Hermitian
Haldane model with (a) zigzag edges and (b) armchair edges. The
orange boxes represent regions of effective gain, the green boxes
represent regions of effective loss, and the magenta boxes represent
regions without dissipation. (c) The complex spectrum of the non-
Hermitian Haldane model under OBC with rectangular borders. It
is equivalent to CBC of type A domain walls for topological edge
states. (d) Spatial distribution of particles of the topological edge
states in (c). The strength of gain/loss is |γ | = 0.3t1.

cases (b) and (c) are associated with CBC of type B domain
walls.

V. APPLICATION: MECHANISM OF HYBRID
SKIN-TOPOLOGICAL EFFECT IN CHERN INSULATORS

In this section, we explain the mechanism of the gain/loss-
induced hybrid skin-topological effect and demonstrate that
it can be understood by multiple global dissipation’s do-
main walls for topological edge states in the theory of
non-Hermitian chiral skin effect. Firstly, we focus on the non-
Hermitian Haldane model, and the staggered on-site gain/loss
can be expressed as [63]

δĤD = iγ
∑

i

c†
A,icA,i − iγ

∑
i

c†
B,icB,i, (10)

where A/B are the two sublattice sites in each subcell, and γ

denotes the strength of dissipation.
In our study, the non-Hermitian chiral skin effect is the

origin of the hybrid skin-topological effect, which arises from
the presence of global effective dissipation at the boundaries.
Next, we will demonstrate that staggered on-site gain/loss
throughout the entire system can be equivalently regarded as
effective dissipation at the boundaries for topological edge
states.

To obtain the effective dissipation at each boundary, we
consider two scenarios of the semi-infinite Haldane model
under staggered dissipation: zigzag boundaries and armchair
boundaries, as depicted in Figs. 5(a) and 5(b). The two sce-
narios are equivalent to CBC with effective homogeneous
dissipation on the edge for topological edge states. The effec-

FIG. 6. (a) Schematic diagram illustrating multiglobal dissipa-
tion’s domain walls, equivalent to non-Hermitian Haldane model
with rectangular borders. The dotted arrows indicate the direction
of the chiral edge states. (b) Variation of effective edge dissipation
on the zigzag and armchair edges for varying strengths of γ .

tive edge dissipation with zigzag edges for topological edge
states is given by

γ
zigzag
eff = Im〈ψedge(kx )|

(
iγ

∑
i

c†
A,icA,i

−iγ
∑

i

c†
B,icB,i

)
|ψedge (kx )〉, (11)

and the effective edge dissipation with armchair edges for
topological edge states is given by

γ armchair
eff = Im〈ψedge(ky)|

(
iγ

∑
i

c†
A,icA,i

−iγ
∑

i

c†
B,icB,i

)
|ψedge (ky)〉, (12)

where ψedge denote topological edge states. In the simplest
case, when both the system and dissipation exhibit sublattice
symmetry, the effective edge dissipation of topological edge
states can be inferred from the imaginary parts of energy
eigenvalues with zero real parts in the complex spectra, as
indicated by the red stars in Figs. 5(a) and 5(b).

Moreover, when the system has a rectangular boundary
under OBC with two zigzag-shaped and two armchair-shaped
edges, it corresponds to type A domain walls under CBC. The
energy spectrum and the wave functions of the topological
edge states, in this case, are illustrated in Figs. 5(c) and 5(d),
respectively.

As previously discussed, chiral edge states are determined
by the effective dissipation on the system’s geometric bound-
aries. To explain the mechanism of the hybrid skin-topological
effect, we map the system under OBC with the rectangu-
lar boundary to the multiglobal dissipation’s domain walls
in the framework of the non-Hermitian chiral skin effect.
As shown in Fig. 6(a), the system with rectangular borders
can be transformed into the multiglobal dissipation’s domain
walls. And the effective dissipation along the four edges
can be obtained as shown in Fig. 6(b), corresponding to
−γ

zigzag
eff , 0, γ

zigzag
eff , and 0. By analyzing the multiglobal

dissipation’s domain walls, we explain the wave function of
topological edge states in Fig. 5(d). In Fig. 6(a), the direction
of chiral current is positive (v > 0), based on Eq. (4) and
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continuity condition at each global dissipation’s domain wall,
the wave function increases along the x-axis in the region
where γeff − γ̄ > 0, decreases in the region where γeff−γ̄ <0,
and extended in the region where γeff − γ̄ = 0. As a result,
Fig. 5(d) shows the extension of chiral edge states at the
armchair boundary, where the effective dissipation is zero.
Conversely, at the zigzag boundary, the chiral edge states
exhibit localization in a specific direction, indicative of the
skin effect. Further detailed derivations for the solutions of the
multiglobal dissipation’s domain walls model can be found in
Appendix E.

In summary, we conclude that the non-Hermitian chiral
skin effect is the mechanism behind the hybrid skin-
topological effect in Chern insulators, distinguishing it from
the non-Hermitian skin effect in 1D model or higher-order
non-Hermitian skin effect. Our findings demonstrate that the
hybrid skin-topological effect can be understood by intro-
ducing inhomogeneous effective dissipation at the system
boundaries.

VI. NON-HERMITIAN CHIRAL SKIN EFFECT FOR BULK
DISSIPATION DOMAIN WALLS

Now, we consider bulk dissipation on the Haldane
model, i.e.,

δĤD = i
∑
bulk

γic
†
i ci, (13)

where γi represents the strength of dissipation at the i-th lattice
site among all lattice sites. Firstly, we discuss the Haldane
model with uniform bulk dissipation, γi = γ . When γ �= 0,
the imaginary parts of energy levels E (kx, y) in the complex
spectrum have a global, uniform, shift,

ImE (kx, y) = 0 → ImE (kx, y) ≡ γ . (14)

The dispersion relation of one edge mode is given by

hedge(kx ) = veff sin kx + iγ . (15)

In continuous limit, near kx = π , hedge(kx ) is reduced into
Eq. (3), i.e.,

hedge(kx ) � veff (�k + i(γ /veff )), (16)

where �k = kx − π . Therefore this homogeneous case looks
trivial.

Next, to verify the existence of the non-Hermitian chiral
skin effect, we discuss the Haldane model in the cylinder ge-
ometry (xPBC/yOBC) with inhomogeneous bulk dissipation
by considering a pair of global dissipation’s domain walls
in bulk, which is equivalent to CBC of type B domain wall
for topological edge states. As shown in Figs. 7(a) and 7(b),
the cases where there is a difference in the bulk’s dissipation
between the left and right regions are investigated. In both
models, we show the existence of a non-Hermitian chiral skin
effect—the energy levels of topological edge states become
a line in the complex energy spectra [Figs. 7(a) and 7(b)]
and the topological edge states accumulate around the global
dissipation’s domain walls [Fig. 7(c)]. In addition, the numer-
ical results match our analytical prediction based on Eq. (15)

FIG. 7. Non-Hermitian Haldane model in the cylinder geome-
try (xPBC/yOBC) with global dissipation’s domain walls in bulk,
equivalent to CBC of type B domain wall for topological edge states.
[(a) and (b)] The complex spectra with global dissipation’s domain
walls (a) γ1 = −0.1t1, γ2 = 0.1t1 and (b) γ1 = −0.2t1, γ2 = 0. The
blue and red dots represent the energy levels of bulk and topological
edge states, respectively. (c) Particle distribution of the topological
edge states. The dissipation is set as γ2(0 < x < 8) = 0.2t1, γ1(−4 <

x < 0, 8 < x < 12) = −0.2t1. (d) Comparison between numerical
results (blue stars) and theoretical predictions (red line) of the par-
ticle distribution of a topological edge state at the edge (y = 0). The
inset displays the localization length ξ for varying strengths of γ .
The numerical results are obtained from the non-Hermitian Haldane
model, while the theoretical results are derived from Eq. (17). Both
wave functions are normalized along the x direction.

[Fig. 7(d)]. The localization length ξ becomes

ξ = veff

γ
, (17)

and the specific derivations can be found in Appendix C.
In summary, such non-Hermitian chiral skin effect can

never be characterized by certain pointlike topology config-
urations in the complex spectrum or corresponding “winding
number”! Instead, it is global dissipation γglobal that can char-
acterize the strength of the non-Hermitian chiral skin effect.

VII. NON-HERMITIAN CHIRAL SKIN EFFECT FOR EDGE
DISSIPATION DOMAIN WALLS

We then consider the effect of inhomogeneous dissipation
on the single outermost zigzag edge, i.e.,

δĤD = i
∑

lower−edge

γic
†
i ci. (18)

A. Effective model for topological edge states:
fractional Hatano-Nelson model

First, we point out that the effective model for topological
edge states in this condition is a fractional Hatano-Nelson
model that could exactly characterize non-Hermitian chiral
skin effect. The effective Hamiltonian for the topological edge

013213-6



NON-HERMITIAN CHIRAL SKIN EFFECT PHYSICAL REVIEW RESEARCH 6, 013213 (2024)

states on the lower edge is given by

hedge(kx ) = veff sin kx + iγeff , (19)

where kx = π + �k. And γeff represents the effective dissipa-
tion, defined as

γeff = Im〈ψedge|Ĥtotal|ψedge〉. (20)

where ψedge denotes the wave functions of the chiral modes.
To accurately characterize the non-Hermitian chiral skin

effect, we obtain the effective Hamiltonian for topological
edge states by data fitting the effective dissipation for a uni-
form case γi = γ . Now, we have

γeff (kx ) =
∑

n

an cos nkx. (21)

For example, in the case of γ = 0.1t1, we have a1 � 0.12t1,
a2 � 0.023t1. As a result, the effective Hamiltonian for chiral
edge states hedge(kx ) with uniform edge dissipation becomes a
1D Hatano-Nelson model described by

hedge(kx ) = hfractional-HN(kx ) � veff sin kx + iγeff (kx ),

kx ∈ (π − k0, π + k0], (22)

where γeff (kx ) = a1 cos kx + a2 cos 2kx. For clarity, we map
Eq. (22) to the usual 1D generalized Hatano-Nelson model,
we have

ĤHN =
∑

i

(tLc†
i ci+1 + tRc†

i+1ci )

=
∑

kx∈(−π,π )

a†
kx

(veff sin kx + iζ cos kx )akx , (23)

where tL = (veff − ζ )/2 and tR = (veff + ζ )/2. According to
the 1D Hatano-Nelson model, the localization length in non-
Hermitian Haldane model is described by

ξ = c

2 ln veff +ζ

veff −ζ

, (24)

where c = √
3a and a is lattice constant of Haldane model.

In particular, due to k0 �= π, the 1D Hatano-Nelson model
is fractionalized. To characterize the fractional Hatano-Nelson
model hfractional-HN(kx ), we use the fraction ν = k0

π
to denote

the “anomaly” of the non-Hermitian chiral skin effect of
topological edge states. For example, for the case of t2 =
0.2t1, we have the fraction of anomaly ν = k0

π
= 0.56, and

the details regarding the derivation of ν can be found in
Appendix D. Now, we have a 1D fractional-Hatano-Nelson
model hfractional-HN(kx ).

The characteristics of the complex spectra under edge dis-
sipation are discussed. The numerical results given by the
non-Hermitian Haldane model match the fractional Hatano-
Nelson model hfractional-HN(kx ). As shown in Fig. 8(a), the red
line represents the numerical energy levels of the topological
edge states under PBC and the cobalt blue stars represent
the numerical energy levels of the 1D Hatano-Nelson model.
By comparing the energy levels, it is found that the effective
model of chiral modes at y = 0 is a fractional Hatano-Nelson
model hfractional-HN(kx ), which is the negative imaginary parts
of the energy levels of the 1D Hatano-Nelson model. More-
over, as shown in Fig. 8(d), the numerical results of the
particle distribution of topological edge states match our an-
alytical prediction based on Eq. (22). The inset in Fig. 8(d)

FIG. 8. Non-Hermitian Haldane model in the cylinder geome-
try (xPBC/yOBC) with dissipation on a single outermost zigzag
edge (y = 0), which is is equivalent to CBC of type B domain
wall for topological edge states. [(a) and (b)] Complex spectra with
(a) uniform dissipation γ1 = −0.1t1 and (b) global dissipation’s
domain wall (γ1 = −0.1t1, γ2 = 0.1t1). Blue dots, red dots, and
cobalt blue stars represent energy levels of bulk states, topological
edge states in the non-Hermitian Haldane model, and energy levels
of the effective 1D Hatano-Nelson model [Eq. (22)], respectively.
(c) Particle distribution of topological edge states. The global dissipa-
tion’s domain wall is set as γ2(x > 0) = 0.2t1, γ1(x < 0) = −0.2t1.
(d) Comparison between numerical and theoretical results for the
particle distribution of topological edge states at y = 0. The inset
shows the localization length ξ for varying dissipation strengths γ .
Blue stars, red lines, and green dash lines represent numerical results
for the non-Hermitian Haldane model, theoretical results for the half
Hatano-Nelson model [Eq. (24)], and continuous limits [Eq. (17)].
Both wave functions are normalized along the x direction.

illustrates that the numerical results for the localization length
ξ presented in Eq. (24) correspond to the localization length
of the fractional Hatano-Nelson model hfractional-HN(kx ).

The localization behavior of topological edge states un-
der edge dissipation is investigated using the non-Hermitian
chiral skin effect. Firstly, we introduce uniform dissipation
on the outermost edge at y = 0 with γi = −0.1t1, as shown
in Fig. 8(a). The complex spectrum reveals that the chiral
edge states on the dissipative edge exhibit nonzero effective
dissipation. Next, we consider an asymmetric dissipation con-
figuration on the outermost edge (y = 0), where one-half of
the system has dissipation γ1(x < 0) = −0.1t1. The other half
has dissipation γ2(x > 0) = 0.1t1, as depicted in Fig. 8(b). By
utilizing the theory of non-Hermitian chiral skin effect, we
predict the emergence of class-I global dissipation’s domain
walls on the dissipative edge at x = 0, which are associated
with the direction of chiral current vx < 0 at the edge y = 0.
The numerical results of the particle distribution, as depicted
in Fig. 8(c), confirm the localization of chiral edge states at
the class-I global dissipation’s domain walls, thus validating
the theoretical predictions.

Therefore non-Hermitian chiral skin effect can be con-
sidered as “anomaly” non-Hermitian skin effect and only is
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FIG. 9. The nonlocal effect of non-Hermitian chiral skin effect.
The nanoribbons of the Haldane model with a pair of global dissipa-
tion’s domain wall on a single outermost zigzag edge (y = 0) (γ2(x >

0) = 0.5t1, γ1(x < 0) = −0.5t1). (a) The topological edge states on
edge (y = 0) are localized on the global dissipation’s domain wall,
and the other on edge (y = Ly) are extended on its corresponding
edge. (b) The topological edge states on both edges (y = 0, y = Ly)
are localized on the global dissipation’s domain wall.

realized on the global dissipation’s domain walls of a 2D
Chern insulator.

B. Nonlocal effect of non-Hermitian chiral skin effect

Second, we discuss the interplay between the topological
edge states on both edges (the edge with dissipation and that
without) and show the nonlocal effect of non-Hermitian chiral
skin effect. We consider a non-Hermitian Haldane model on
a strip with zigzag edges, of which one edge has dissipation
(y = 0) and the other has not (y = Ly). The distance between
two edges is set to be Ly, as shown in Fig. 9(a).

We consider the global dissipation’s domain walls on the
edge (y = 0). In the limit of Ly → ∞ (for example, Ly = 40),
the results look trivial—due to non-Hermitian chiral skin
effect, the topological edge states on the edge with global
dissipation’s domain walls become localized on global dissi-
pation’s domain walls; the topological edge states on the edge
without dissipation are extended, as shown in Fig. 9(a). In the
scenario where Ly has a small value (for example, Ly = 16),
an unusual occurrence takes place whereby the topological
edge states on the edge with dissipation as well as the ones
on the edge without it both become localized on the same
global dissipation’s domain walls. To emphasize the results,
we call it nonlocal non-Hermitian chiral skin effect, as shown
in Fig. 9(b). In the future, we will study the mechanism for
nonlocal non-Hermitian chiral skin effect and try to give a
reasonable answer.

VIII. REALIZATION OF AN ELECTRIC
CIRCUIT IN HALDANE MODEL WITH GLOBAL

DISSIPATION DOMAIN WALL

In this section, we present a circuit design that implements
the non-Hermitian Haldane model with global dissipation’s
domain walls.

FIG. 10. The schematic of the designed electric circuit. (a) Illus-
tration of non-Hermitian Haldane model. The brown box indicates
the global dissipation’s domain wall shown in (b), the black box
indicates the nearest neighbor hopping shown in (c), and the or-
ange box indicates the next-nearest-neighbor hoping shown in (d).
(b) The circuit implementation of the global dissipation’s domain
wall. (c) Schematic of the circuit implementation of the nearest-
neighbor hopping. (d) Schematic of the circuit implementation of the
next-nearest-neighbor hopping.

Our experimental platform utilizes an LC circuit com-
bined with resistors (R−) and negative resistors (INIC) (R+)
to observe the non-Hermitian chiral skin effect in the non-
Hermitian Haldane model with global dissipation’s domain
wall. To map the Haldane model with global dissipation’s
domain wall onto the electric circuit, we introduce various
types of couplings [72,73] and on-site gain/loss [74]. Three
charts in Fig. 10 illustrate the circuit implementations of
nearest-neighbor hopping [Fig. 10(c)], next-nearest-neighbor
hopping [Fig. 10(d)], and global dissipation’s domain walls
[Fig. 10(b)]. In Figs. 10(c) and 10(d), the gray dotted box
represents a lattice site in a tight-binding model containing
two inductors (X, Y). The voltages between the inductors
denoted as UX and UY , are used to define the variables
U↑,↓ = UX ± iUY . By applying Kirchhoff’s law and utilizing
this notation, we derive the eigenequation for the spin-up and
spin-down states

E

[
U A

k,↑
U B

k,↑

]
=

[
pk (ϕ) + iγA Tk

T ∗
k pk (−ϕ) + iγB

][
U A

k,↑
U B

k,↑

]
, (25)

where the eigenfrequency of circuit is ω0 = 1/
√

LC, the

energy is characterized by E = 3t1 + 6t2 + 1 − 2w2
0

w2 , the
next-nearest-neighbor hopping is characterized by pk(ϕ) =
2t2[cos(k · v1 + ϕ) + cos(k · v2 + ϕ) + cos(k · v3 + ϕ)], the
nearest-neighbor hopping is characterized by Tk = t1(eike1 +
eike2 + eike3 ). Notably, the non-Hermitian term is described as

iγA(B) = i

Rg,A(B)

√
L

C
. (26)
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FIG. 11. Band structure of the circuit lattice (xPBC/yOBC) with
dissipation on a single outermost zigzag edge. The circuit parameters
are L = 3.3 mH, C1 = 3300 pF, C2 = 660 pF, and R = 2 k.

It is noted that Rg,A(B) can be negative using INIC. We show
more details in Appendix F. For convenience, the ground-
ing capacitance is set as Cg = C, and capacitors representing
coupling are set as C1 = t1C and C2 = t2C. The specific
derivations can be found in Appendix F.

Equation (25) is the eigefunction of the non-Hermitian
Haldane model. Consider E = ε(k) is the Hamiltonian’s
eigenvalues, and the frequency satisfy

fk = 1

2π

√
2

LC(3t1 + 6t2 + 1 − ε(k))
, (27)

where Fig. 11 shows the calculated band spectrum of the semi-
infinite circuit lattice, with the vertical axis being frequency
fk . It agrees with the system in Fig. 8(a), which is a Chern
insulator with homogeneous dissipation on a single zigzag
edge.

Let us now consider the electric circuit that has PBC
along the x direction, and an OBC along the y direction with
zigzag edges, the nearest-neighbor and next-nearest-neighbor
coupling is grounded at y = 0 and y = L. We utilize two
approaches to achieve a pair of global dissipation’s domain
walls. In the first approach, we place half of the resistors with
a value of R1 and half of the resistors with a value of R2 at
the corresponding grid points on the boundary. Alternatively,
in the second approach, we position half of the resistors with
a value of R1 and an equal number of the same type of
INIC at the corresponding grid points on the boundary. These
strategies enable us to create the global dissipation’s domain
wall and facilitate the desired dissipation distribution. In semi-
infinite case, the voltage distribution at the eigenfrequency
ω0 is measured to obtain the corresponding eigenvalue E and
the eigenstate [U A

k,↑,U B
k,↑]T . These simulation experiments are

convenient for observing the non-Hermitian chiral skin effect.

IX. CONCLUSION

In summary, we conclude that

chiral modes under CBC + inhomogeneous dissipation

→ non-Hermitian chiral skin effect.

In the end, we answer the three questions at the beginning.
In response to the question (i), the non-Hermitian chi-

ral skin effect represents a novel non-Hermitian skin effect.
Firstly, there exists an anomaly in chiral edge states and

TABLE I. The features of non-Hermitian chiral skin effect.

Properties Non-Hermitian chiral skin effect

Boundary condition Closed boundary condition
Anomalous phenomenon Cannot be observed in a 1D model
“Order parameter” Global dissipation γglobal(x)
Localized position Global dissipation’s domain walls

it cannot be observed in a 1D lattice model. In our
study, we introduce the concept of CBC to characterize
the boundary conditions of chiral edge states. We define
the localized positions of chiral edge states as general-
ized domain walls, classifying domain walls into types A
and B. While type A domain walls have been extensively
studied in previous research, and type B domain walls,
being more controllable, become the central focus of our
investigation.

Secondly, an anomaly emerges in the energy spectrum
of chiral edge states in both type A and type B domain
walls. Notably, we emphasize the distinctive nature of type
B domain walls. Under homogeneous dissipation, type B
domain walls form a line structure in the complex energy
spectrum. However, under inhomogeneous dissipation, it still
retains its line structure while exhibiting skin effects. The
phenomenon where homogeneous and inhomogeneous energy
spectra both form line structures challenges the conventional
bulk-boundary correspondence.

In response to the question (ii), we reveal the mechanism
of the non-Hermitian chiral skin effect by establishing a low-
energy continuous effective model of 1D chiral edge states
under CBC with inhomogeneous and perturbative dissipation.
Under CBC, chiral edge states exhibit non-Hermitian skin ef-
fects in the presence of inhomogeneous effective dissipation.
We use two key concepts to describe this phenomenon: γ global

and global dissipation’s domain wall. γ global is used to de-
scribe the inhomogeneous dissipation in the system. We define
the integral value of the dissipation on the closed boundary
as a base value γ̄ , and γ global is the difference between the
dissipation on the closed boundary γ (x) and the base value
γ̄ . The zero points of γ global define the position of the global
dissipation’s domain wall, which is the localization position of
the chiral edge states. A comprehensive overview is presented
in Table I.

In response to the question (iii), we verify the theory of
non-Hermitian chiral skin effect using three non-Hermitian
Haldane models with type A and type B domain walls.
Our theory successfully explains the gain/loss-induced hy-
brid skin-topological effect and the newly discovered non-
Hermitian chiral skin effect.

In the future, we will try to understand the interplay of
systematically non-Hermitian physics and topological quan-
tum states by studying the non-Hermitian chiral skin effect
for topological edge states in other types of topological quan-
tum states, such as higher-order Chern insulators, topological
superconductors, and topological semimetals.

Note added. Recently, we noticed three related studies,
including two theoretical studies [68,75] and an experimental
study [69].
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APPENDIX A: THE WAVE FUNCTIONS OF CHIRAL EDGE
STATES WITH DISSIPATION γ (x)

The effective edge model of the topological edge states is
given by the Hamiltonian

Ĥ = vk + iγ (x) (A1)

or

Ĥ = −iv
d

dx
+ iγ (x), (A2)

where x ∈ [0, L], v is the velocity of the edge states, k is the
wave number, and γ (x) represents the dissipation as a function
of position x.

To obtain the wave function of the topological edge states,
we consider the stationary Schrödinger equation[

−iv
d

dx
+ iγ (x)

]
ψ (x) = Eψ (x), (A3)

where E is the energy of the system. Solving this equation, we
obtain the wave function

ψ (x) = 1

N ei E
v

xe
1
v

∫
γ (x)dx, (A4)

where N is the normalization factor. Here, E can be any
complex number.

To determine the energy E , we impose CBC ψ (0) =
eiφψ (L), which yield

i
E

v
L + 1

v

∫ L

0
γ (x)dx = i2πn + iφ, (A5)

where n ∈ Z. This equation gives us the energy of the edge
states, which can be expressed as

E = vk + iγ̄ , (A6)

where k = 2πn+φ

L and γ̄ = 1
L

∫ L
0 γ (x)dx. Substituting this ex-

pression for E into the wave function, we obtain

ψk (x) = 1

N eikxe
1
v

∫ x
0 [γ (x)−γ̄ ]dx. (A7)

This equation describes the wave function of the edge states
for a given wave number k. We define global dissipation as
γglobal(x) = γ (x) − γ̄ , where γ̄ is the average value of inho-
mogeneous dissipation γ̄ = 1

L

∫ L
0 γ (x)dx.

APPENDIX B: PROOF OF THE RELATIONSHIP BETWEEN
WAVE FUNCTION LOCALIZATION AND THE EXISTENCE

OF GLOBAL DISSIPATION’S DOMAIN WALLS

Definition 2. x0 is called the class-I global dissipation’s
domain wall on the interval [a, b]. We always make a and b
belong to [0, L] by changing the initial point, if there exist
three positive real numbers, a < x0 < b, such that for any xL

satisfying a < xL < x0, γglobal(xL ) < 0, and for any xR satisfy-
ing x0 < xR < b, γglobal(xR) > 0.

Definition 3. x0 is called a class-II global dissipation’s
domain wall on the interval [a, b]. We always make a and b
belong to [0, L] by changing the initial point, if there exist
three positive real numbers, a < x0 < b, such that for any xL

satisfying a < xL < x0, γglobal(xL ) > 0, and for any xR satisfy-
ing x0 < xR < b, γglobal(xR) < 0.

Definition 4. The wave function is said to be localized at x0

within the interval [a, b] if the squared modulus of the wave
function is monotonically increasing in the interval [a, x0)
and monotonically decreasing in the interval (x0, b] when
a < x0 < b.

Theorem. If γglobal(x) is a continuous function, then a chiral
mode with a negative speed is localized at x0 (within a certain
interval) if and only if there exists a class-I global dissipation’s
domain wall at x0. Furthermore, a chiral mode with a positive
speed is localized at x0 (within a certain interval) if and
only if there exists the class-II global dissipation’s domain
wall at x0.

Proof.
Sufficiency: We first prove that the existence of the

class-I global dissipation’s domain wall or a class-II global
dissipation’s domain wall implies the localization of the cor-
responding chiral mode.

Assume we have a class-I global dissipation’s domain wall
at x0. According to Definition 2, for any xL satisfying a <

xL < x0, we have γglobal(xL ) < 0, and for any xR satisfying
x0 < xR < b, we have γglobal(xR) > 0. The squared modulus
of the wave function is

|ψk (x)|2 = 1

N 2
e

2
v

∫ x
0 γglobal (x′ )dx′

> 0. (B1)

We now find the derivative of the squared modulus for x.
Based on Eq. (B1), due to γglobal(x) is a continuous function,
we obtain

d|ψk (x)|2
dx

= 2

v
|ψk (x)|2γglobal(x). (B2)

Since γglobal(xL ) < 0 and γglobal(xR) > 0, according to
Eq. (B2), we deduce that

sign(v)
d|ψk (xL )|2

dx
< 0, in the interval [a, x0),

sign(v)
d|ψk (xR)|2

dx
> 0, in the interval (x0, b]. (B3)

This means that for the chiral mode with a negative speed,
the squared modulus is monotonically increasing in the in-
terval [a, x0) and monotonically decreasing in the interval
(x0, b]. Thus, the chiral mode with negative speed will be
localized at x0.
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Similarly, assume we have a class-II global dissipation’s
domain wall at x0. According to Definition 3, for any xL

satisfying a < xL < x0, we have γglobal(xL ) > 0, and for any
xR satisfying x0 < xR < b, we have γglobal(xR) < 0. Using
the same arguments as before with the derivative of the
squared modulus in Eq. (B2), we can conclude that the
squared modulus is monotonically increasing in the interval
[a, x0) and monotonically decreasing in the interval (x0, b].
Consequently, the chiral mode with positive speed will be
localized at x0 provided we have a class-II global dissipation’s
domain wall.

Necessity: Now, we prove that the localization of chiral
modes can only occur if there is a class-I or class-II global
dissipation’s domain wall.

Assume a chiral mode with negative speed is localized at
x0. Based on Definition 4, the squared modulus of the wave
function should be monotonically increasing in the interval
[a, x0] and monotonically decreasing in the interval [x0, b]
when a < x0 < b. Thus, we know that for x in the interval
[a, x0):

d|ψk (x)|2
dx

> 0. (B4)

Equation (B4) implies sign(v)γglobal(x) > 0 for all x in the
interval [a, x0). Similarly, for x in the interval (x0, b]:

d|ψk (x)|2
dx

< 0. (B5)

This constraint implies sign(v)γglobal(x) < 0 for all x in the
interval (x0, b]. Combining these results, we conclude that a
class-I global dissipation’s domain wall must exist if the chiral
mode with negative speed is localized.

Likewise, if a chiral mode with negative speed is localized
at x0, by following the same logic, we can conclude that
a class-II global dissipation’s domain wall must exist for a
localized chiral mode with positive speed.

APPENDIX C: NON-HERMITIAN CHIRAL SKIN
EFFECT WITH A PAIR OF UNIFORM GLOBAL

DISSIPATION’S DOMAIN WALLS

We consider a pair of global dissipation’s domain walls that
separate the regions with different strengths of dissipation in
the left or right region. The uniform global dissipation’s do-
main walls are set as γ (0 < x < L1) = γ1, γ (L1 < x < L) =
γ2, respectively. Then we have

γ̄ = 1

L

∫ L

0
γ (x)dx = γ1 · L1 + γ2 · (L − L1)

L
. (C1)

According to Eq. (A7), in the left region x ∈ [0, L1], we
have

ψ (1)(x) = 1

N1
eikxe

1
v

∫ x
0 [γ (x)−γ̄ ]dx = 1

N1
eikxeα1x, (C2)

where α1 = (γ1−γ2 )·(L−L1 )
vL . In the right region x ∈ [L1, L], we

have

ψ (2)(x) = 1

N2
eikxe

1
v

∫ x
L1

[γ (x)−γ̄ ]dx

= 1

N2
eikxeα2(x−L), (C3)

where α2 = (γ2−γ1 )·L1

vL .Applying the boundary conditions
ψ (1)(0) = ψ (2)(L), ψ (1)(L1) = ψ (2)(L1), we set N1 =
eα1·L1 ,N2 = 1. Finally, we have

ψ (1)(x) = 1

eα1·L1
eikxe

(γ1−γ2 )·(L−L1 )
vL x,

ψ (2)(x) = eikxe
(γ2−γ1 )·L1

vL (x−L). (C4)

For the case 1 of L1 = L/2, γ (0 < x < L/2) =
γ1; γ (L/2 < x < L) = γ2, we have α1 = γ1−γ2

2v
and

α2 = γ2−γ1

2v
. The wave function of the edge states for a

given wave number k in the presence of the domain the wall
is given by

ψ (1)(x) = 1

e
(γ1−γ2 )·L

4v

eikxe
γ1−γ2

2v
x,

ψ (2)(x) = eikxe
γ2−γ1

2v
(x−L), (C5)

where ξ is the localization length, which is given by

ξ = 2v

|γ2 − γ1| . (C6)

The following is a discussion of the specific physical im-
plications of this example.

Example 1. The effective model corresponds to Figs. 2(a)
and 3(b) in the main text. The parameters are set as L1 = L/2,
γ (0 < x < L/2) = −γ and γ (L/2 < x < L) = γ .

In this case, α1 = − γ

v
and α2 = γ

v
. The wave function of

the edge states for a given wave number k in the presence of
the domain wall is given by

ψ (1)(x) = 1

e
γ L
2v

eikxe− γ

v
x,

ψ (2)(x) = eikxe
γ

v
(x−L), (C7)

where ξ is the localization length, which is given by

ξ = v

γ
. (C8)

Example 2. The effective model corresponds to Fig. 2(b) in
the main text. The parameters are set as L1 = L/2, γ (0 < x <

L/2) = −γ , and γ (L/2 < x < L) = 0.
In this case, α1 = − γ

2v
and α2 = γ

2v
. The wave function of

the edge states for a given wave number k in the presence of
the domain wall is given by

ψ (1)(x) = 1

e
γ L
2v

eikxe− γ

2v
x,

ψ (2)(x) = eikxe
γ

2v
(x−L), (C9)

where ξ is the localization length, which is given by

ξ = 2v

γ
. (C10)

APPENDIX D: CALCULATE THE MOMENTUM
CUTOFF IN THE HALDANE MODEL

We calculate the momentum cutoff in the Haldane model
by using the transfer matrix approach.
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For the Haldane model with zigzag edges, The standard
transfer-matrix form can be written as(

ϕn

ϕn−1

)
=

(
t −1
1 0

)(
ϕn−1

ϕn−2

)
= T̃ (ε)

(
ϕn−1

ϕn−2

)
, (D1)

where t = b+
√

b2+4(2+d )
2 . If the Haldane model has an on-site

term M = 0 and the flux φ = π/2, the parameter can be
expressed as

b = 1

g+g−

[
2(g+ + g−)ε + 2g0

(
t1 − t2

2

t1

)

+ 4t2
2 cos

3
√

3

2
kx

]
, (D2)

d = 1

g+g−

[
2
(
t2
1 − ε2

) − f+ f−
] − 2, (D3)

f± = 2t2 cos(
√

3kx ± π/2), (D4)

g± = 2t2 cos

(√
3

2
kx ± π/2

)
, (D5)

g0 = 72t1 cos

√
3

2
kx. (D6)

We set ϕ0 and ϕLy as the wave function at the edge, then
reduced the transfer matrix as follows(

ϕLy+1

ϕLy

)
= T (ε)

(
ϕ1

ϕ0

)
, (D7)

T (ε) = [T̃ (ε)]Ly =
(

T11(ε) T12(ε)

T21(ε) T22(ε)

)
. (D8)

By using Furstenberg’s theorem and the open boundary con-
dition ϕ0 = ϕLy+1 = 0, we can get the state localized at the
edges satisfying |T11(ε)| � 1 localized at the lower edge
(y=1), and |T11(ε)| � 1 localized at the upper edge (y = Ly).
Note that this ansatz was already obtained in Ref. [76].

We consider the topological edge states localized at the
lower edge (y = 1) as an example, it satisfy |T11(ε)| � 1,
which equivalent to t (ε) � 1. We set t1 = 1, t2 = 0.2. Ac-
cording to Ref. [77], the ε(k) satisfy

ε(k) = 6t1t2√
t2
1 + 8t2

2 (1 − cos kx )
sin kx. (D9)

By using the above parameters, we get the numerical
momentum cutoff. As shown in Fig. 12, the numerical mo-
mentum cutoff is about kx ∈ [−0.56π, 0.56π ], k0 = 0.56π .

APPENDIX E: NON-HERMITIAN CHIRAL SKIN EFFECT
WITH MULTIPLE GLOBAL DISSIPATION’S

DOMAIN WALLS

In this part, we consider multiple uniform global dissi-
pation’s domain walls that divide into n regions based on
different strengths of dissipation. System total length is L,
with a dissipation of γ1 over a length of L1, a dissipation of
γ2 over a length of L2, and a dissipation of γn over a length
of Ln. The uniform global dissipation’s domain walls are set
as γ (0 < x < L1) = γ1, γ (L1 < x < L2 + L1) = γ2, . . ., and

FIG. 12. The momentum cutoff in the Haldane model with
t2 = 0.2t1.

γ (L − Ln < x < L) = γn, where �nLn = L. Then we have

γ̄ = 1

L

∫ L

0
γ (x)dx

= γ1 · L1 + γ2 · L2 + γ3 · L3 + · · · + γn · Ln

L
, (E1)

where

α1 = −γ1 · (L1 − L) + γ2 · L2 + γ3 · L3 + · · · + γn · Ln

vL
,

α2 = −γ1 · L1 + γ2 · (L2 − L) + γ3 · L3 + · · · + γn · Ln

vL
,

αn = −γ1 · L1 + γ2 · L2 + γ3 · L3 + · · · + γn · (Ln − L)

vL
,

(E2)

According to Eq. (A7), the wave function is given

ψ (1)(x) = 1

N1
eikxeα1x,

ψ (2)(x) = 1

N2
eikxeα2(x−L1 ), (E3)

ψ (n)(x) = 1

Nn
eikxeαn(x−Ln−1 ).

According to continuous condition, ψ (1)(0) =
ψ (n)(L), ψ (1)(L1) = ψ (2)(L1), ψ (2)(L2) = ψ (3)(L2),
. . . , ψ (n−1)(Ln−1) = ψ (n)(Ln−1). Finally, we can get

Nn = e−�i=n−1,i∈N+ [αi·(Li−Li−1 )], (E4)

where N1 = 1, and L0 = 0.
The following is a discussion of the specific multiglobal

dissipation’s domain walls in Fig. 6(a). The parameters are set
as Li = L/4 (i ∈ {1, 2, 3, 4}), γ1(0 < x < L/4) = γ

zigzag
eff =

−γ , γ2(L/4 < x < L/2) = γ armchair
eff = 0, γ3(L/2 < x <

3L/4) = γ
zigzag
eff = γ , and γ4(3L/4 < x < L) = γ armchair

eff = 0.
In this case, α1 = − 3γ

4v
, α3 = 3γ

4v
, and α2 = α4 = 0. The

wave function of the edge states for a given wave number k in
the presence of the domain wall is given by

ψ (1)(x) = eikxe− 3γ

4v
x,

ψ (2)(x) = ψ (4)(x) = eikx, (E5)

ψ (3)(x) = e− 3γ L
16v eikxe

3γ

4v
(x−L/2),
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FIG. 13. (a) Schematic of the non-Hermitian Haldane model
with uniform dissipation in bulk in the designed circuit. (b) The
schematic diagram of an electrical circuit for realizing the negative
resistance.

where ξ is the localization length on zigzag edges, which is
given by

ξ = 4v

3γ
. (E6)

APPENDIX F: THEORETICAL MODEL OF
THE DESIGNED ELECTRIC CIRCUIT

In this part, we theoretically demonstrate the corre-
spondence between the non-Hermitian Haldane model with
uniform dissipation in bulk and our designed electric circuit,
as show in Fig. 13. Based on Kirchhoff’s law, the relationship

between current and voltage at node m is described by

Im =
[∑

n

iwCmn(Vm − Vn) +
∑

n

1

iwLmn
(Vm − Vn)

+ iwCgVm + Vm

Rm

]
, (F1)

where Im and Vm are the net current and voltage of node m with
angular frequency being ω. Lmn is the inductance between
node m and node n. Cmn is the capacitance between node m
and node n. The summation is taken over all nodes, which
are connected to node m through an inductor or a capacitor.
Cg is the grounding capacitor at node m. Rm is the resistor or
negative resistor at node m.

In PBC with loss in bulk, each lattice site possesses
four nodes (X +, X −,Y +,Y −). In this case, the voltage
and current at the site i should be written as: Vi =
[Vi,X + ,Vi,X − ,Vi,Y + ,Vi,Y − ]T and Ii = [Ii,X + , Ii,X − , Ii,Y + , Ii,Y −]T .
Additionally, each site (grounded through Cg) is connected
with other sites through two kinds of coupling: (three)
nearest-neighbor couplings (C1), (six) next-nearest-neighbor
couplings (C2). Also, the next-nearest-neighbor couplings are
directional-dependent, and the coupling pattern determines
the sign of the geometric phase ϕ = π/2.

In this case, the Kirchhoff equation on node X +(m, n, A)
can be expressed as

IA
m,n,X + =

(
iωCg + 1

Rg,A

)
V A

m,n,X + + 1

iwL

(
V A

m,n,X + − V A
m,n,X −

)
+ iwC1

[(
V A

m,n,X + − V B
m,n,X +

) + (
V A

m,n,X + − V B
m,n−1,X +

) + (
V A

m,n,X + − V B
m+1,n−1,X +

)]
+ iwC2

[(
V A

m,n,X + − V A
m+1,n−1,Y −

) + (
V A

m,n,X + − V A
m,n−1,Y +

) + (
V A

m,n,X + − V A
m,n+1,Y −

)
+ (

V A
m,n,X + − V A

m+1,n,Y +
) + (

V A
m,n,X + − V A

m−1,n,Y −
) + (

V A
m,n,X + − V A

m−1,n+1,Y +
)]

. (F2)

The Kirchhoff equation on node X − can be expressed as

IA
m,n,X − =

(
iwCg + 1

Rg,A

)
V A

m,n,X − + 1

iwL

(
V A

m,n,X − − V A
m,n,X +

)
+ iwC1

[(
V A

m,n,X − − V B
m,n,X −

) + (
V A

m,n,X − − V B
m,n−1,X −

) + (
V A

m,n,X − − V B
m+1,n−1,X −

)]
+ iwC2

[(
V A

m,n,X − − V A
m+1,n−1,Y +

) + (
V A

m,n,X − − V A
m,n−1,Y −

) + (
V A

m,n,X − − V A
m,n+1,Y +

)
+ (

V A
m,n,X − − V A

m+1,n,Y −
) + (

V A
m,n,X − − V A

m−1,n,Y +
) + (

V A
m,n,X − − V A

m−1,n+1,Y −
)]

. (F3)

We assume that there are no external sources so that the current flows out of each node is zero (Ii = [Ii,X + , Ii,X − , Ii,Y + , Ii,Y −]T = 0).
In this case, Eqs. (F2) and (F3) become

0 =
(

iwCg + 1

Rg,A
+ 3iwC1 + 6iwC2

)
V A

m,n,X + + 1

iwL

(
V A

m,n,X + − V A
m,n,X −

) − iwC1
(
V B

m,n,X + + V B
m,n−1,X + + V B

m+1,n−1,X +
)

− iwC2
(
V A

m+1,n,Y + + V A
m−1,n,Y − + V A

m−1,n+1,Y + + V A
m+1,n−1,Y − + V A

m,n−1,Y + + V A
m,n+1,Y −

)
(F4)

and

0 =
(

iwCg + 1

Rg,A
+ 3iwC1 + 6iwC2

)
V A

m,n,X − + 1

iwL

(
V A

m,n,X − − V A
m,n,X +

)
− iwC1

(
V B

m,n,X − + V B
m,n−1,X − + V B

m+1,n−1,X −
)

− iwC2
(
V A

m+1,n,Y − + V A
m−1,n,Y + + V A

m−1,n+1,Y − + V A
m+1,n−1,Y + + V A

m,n−1,Y − + V A
m,n+1,Y +

)
. (F5)

013213-13



MA, CAO, WANG, WEI, DU, AND KOU PHYSICAL REVIEW RESEARCH 6, 013213 (2024)

For convenience, the capacitance is set as Cg = C, C1 = t1C, and C2 = t2C, where C acts as a reference capacitance. And
we set MA(B) = 1

iwCRg,A(B)
. Each pair of the LC circuit has the same resonance frequency w0 = 1/

√
LC. We simply Eqs. (F4) and

(F5) as

V A
m,n,X + − V A

m,n,X − = − w2

w2
0

[ − (MA + 1 + 3t1 + 6t2)V A
m,n,X + + t1

(
V B

m,n,X + + V B
m,n−1,X + + V B

m+1,n−1,X +
)

+ t2
(
V A

m+1,n,Y + + V A
m−1,n,Y − + V A

m−1,n+1,Y + + V A
m+1,n−1,Y − + V A

m,n−1,Y + + V A
m,n+1,Y −

)]
(F6)

and

V A
m,n,X − − V A

m,n,X + = − w2

w2
0

[ − (MA + 1 + 3t1 + 6t2)V A
m,n,X − + t1

(
V B

m,n,X − + V B
m,n−1,X − + V B

m+1,n−1,X −
)

+ t2
(
V A

m+1,n,Y − + V A
m−1,n,Y + + V A

m−1,n+1,Y − + V A
m+1,n−1,Y + + V A

m,n−1,Y − + V A
m,n+1,Y +

)]
. (F7)

The voltages across the inductors are set UX = VX + − VX − , and UY = VY + − VY − . The difference between Eqs. (F6) and (F7)
yields

U A
m,n,X = − w2

2w2
0

[ − (MA + 1 + 3t1 + 6t2)U A
m,n,X + t1

(
U B

m,n,X + U B
m,n−1,X + U B

m+1,n−1,X

)
+ t2

(
U A

m+1,n,Y − U A
m−1,n,Y + U A

m−1,n+1,Y − U A
m+1,n−1,Y + U A

m,n−1,Y − U A
m,n+1,Y

)]
. (F8)

We can also derive the equations for inductor Y at site A, as well as for site B following the same route:

U A
m,n,Y = − w2

2w2
0

[ − (MA + 1 + 3t1 + 6t2)U A
m,n,Y + t1

(
U B

m,n,Y + U B
m,n−1,Y + U B

m+1,n−1,Y

)
+ t2

( − U A
m+1,n,X + U A

m−1,n,X − U A
m−1,n+1,X + U A

m+1,n−1,X − U A
m,n−1,X + U A

m,n+1,X

)]
, (F9)

U B
m,n,X = − w2

2w2
0

[ − (MB + 1 + 3t1 + 6t2)U B
m,n,X + t1

(
U A

m,n,X + U A
m,n+1,X + U A

m−1,n+1,X

)
+ t2

( − U B
m+1,n,Y + U B

m−1,n,Y − U B
m−1,n+1,Y + U B

m+1,n−1,Y − U B
m,n−1,Y + U B

m,n+1,Y

)]
, (F10)

U B
m,n,Y = − w2

2w2
0

[ − (MB + 1 + 3t1 + 6t2)U B
m,n,Y + t1

(
U A

m,n,Y + U A
m,n+1,Y + U A

m−1,n+1,Y

)
+ t2

(
U B

m+1,n,X − U B
m−1,n,X + U B

m−1,n+1,X − U B
m+1,n−1,X + U B

m,n−1,X − U B
m,n+1,X

)]
. (F11)

Defining U↑,↓ = UX ± iUY , we obtain(
3t1 + 6t2 + 1 − 2w2

0

w2

)
U A

m,n,↑ = −MAU A
m,n,↑ + t1

(
U B

m,n,↑ + U B
m,n−1,↑ + U B

m+1,n−1,↑
) + t2

(
e−iϕU A

m+1,n,↑ + eiϕU A
m−1,n,↑

+e−iϕU A
m−1,n+1,↑ + eiϕU A

m+1,n−1,↑ + e−iϕU A
m,n−1,↑ + eiϕU A

m,n+1,↑
)

(F12)

and (
3t1 + 6t2 + 1 − 2w2

0

w2

)
U B

m,n,↑ = −MBU B
m,n,↑ + t1

(
U A

m,n,↑ + U A
m,n+1,↑ + U A

m−1,n+1,↑
) + t2

(
eiϕU B

m+1,n,↑ + e−iϕU B
m−1,n,↑

+eiϕU B
m−1,n+1,↑ + e−iϕU B

m+1,n−1,↑ + eiϕU B
m,n−1,↑ + e−iϕU B

m,n+1,↑
)
, (F13)

where the geometric phase ϕ = π/2.
Consider nearest-neighbor coupling U B

m,n = eike1U A
m,n, U B

m+1,n−1 = eike2U A
m,n, U B

m,n−1 = eike3U A
m,n, and next-nearest-neighbor

coupling U A
m−1,n = eikv1U A

m,n, U A
m,n+1 = eikv2U A

m,n, U A
m+1,n−1 = eikv3U A

m,n, we can get the independent equation for U↑ as

E

[
U A

k,↑
U B

k,↑

]
=

[
pk (ϕ) − MA Tk

T ∗
k pk (−ϕ) − MB

][
U A

k,↑
U B

k,↑

]
, (F14)

where E = 3t1 + 6t2 + 1 − 2w2
0

w2 , pk (ϕ) = 2t2[cos(k · v1 + ϕ) + cos(k · v2 + ϕ) + cos(k · v3 + ϕ)], Tk = t1(eike1 + eike2 +
eike3 ), and MA(B) = − i

wCRg,A(B)
.

As a result, in eigenfrequency ω0 = 1/
√

LC, the corresponding dissipation is iγA(B) = −MA(B) = i
Rg,A(B)

√
L
C . It’s to be noted

that Rg,A(B) can be negative by using INIC, which corresponded to gain in the non-Hermitian Haldane model.
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Equations (9) and (F14) share the same noninteracting
Hamiltonian and nearly all physical quantities are defined
based on the Hamiltonian should be the same. The corre-
sponding eigenvalue is E , and the eigenstate is [U A

k,↑,U B
k,↑]T ,

which can be regarded as the wave function of the Haldane
model with dissipation. Based on the consistency of the math-
ematical formula, it is straightforward to infer that we can
implement the Haldane model by using designed electric cir-
cuits in Fig. 13.

To realize a non-Hermitian Haldane model with uniform
dissipation in bulk, the schematic of the designed electric
circuit is shown in Fig. 13(a). Electric circuits include circuit
components such as capacitors, inductors, resistors, and
negative impedance converters with current inversion (INIC).
As shown in Fig. 13(b), INIC can cause the current to flow in
the opposite direction to the voltage, so it can be regarded as
a negative resistor [74].
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