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Revisiting electromagnetic response of superconductors in mean-field approximation
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In the standard mean-field treatment of superconductors, the electron-electron interactions are assumed
to be written in terms of local density operators. However, more general interactions, such as pair-hopping
interactions, may exist or may be generated in a low-energy effective Hamiltonian. In this work, we study
the effect of correlated hopping interactions toward the electromagnetic response of superconductors. When

only the Hamiltonian after the mean-field approximation is provided, one cannot unambiguously determine its
electromagnetic response whenever such interactions are allowed. This work demonstrates that such interactions
induce additional terms in the current operator, leading to modifications in the Meissner weight and optical
conductivities that deviate from conventional expectations. These results underscore the need for caution when
incorporating gauge fields into the Bogoliubov—de Gennes Hamiltonian.

DOI: 10.1103/PhysRevResearch.6.013058

Introduction. One of the most remarkable features of su-
perconductors is the Meissner effect, which is the expulsion
of an applied magnetic field from the bulk of the sample [1].
The Bardeen-Cooper-Schrieffer (BCS) theory successfully
explained the mechanism based on the mean-field approxima-
tion [1]. Although this treatment apparently breaks the U(1)
symmetry, the vertex correction restores the gauge invariance
of the response kernel [2].

In the study of superconductors at the mean-field level, one
often starts with the Bogoliubov—de Gennes (BdG) Hamilto-
nian without specifying the Hamiltonian before the mean-field
approximation. The BAG Hamiltonian is not invariant under
U(1) phase rotation and thus its coupling to the gauge field
is not uniquely determined. This results in ambiguities in the
electromagnetic response of superconductors described by the
BdG Hamiltonian.

To see the problems in detail, let us revisit the mean-
field approximation from the microscopic perspective. The
mean-field approximation is a common technique to handle
many-body interactions. However, when employing the mean-
field approximation, certain ambiguities arise, as shown in
Fig. 1. One source of ambiguity pertains to how we define
the order parameters. Depending on the specific choice of
order parameters, different mean-field Hamiltonians can be
derived, even when applied to the same microscopic model
[Fig. 1(a)]. In this paper, our primary focus is on the su-
perconducting order parameter, so this particular issue is not
the central concern of our study. Another form of ambiguity
arises when we only know a mean-field Hamiltonian be-
cause many microscopic models can end up with the same
mean-field Hamiltonian [Fig. 1(b)]. This, in turn, leads to
ambiguity in the physical observables such as electromag-
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netic responses. Furthermore, in the superconductive case,
there is an additional ambiguity introduced when dealing with
the incorporation of gauge fields [Fig. 1(c)]. Let us consider
superconductors described by the BdG Hamiltonian ABIC =

T

a Y, W HES Y, + C with

ppio — (M B (1)
: L)
Ak _H—k

Here, H; describes band dispersions for the normal phase,
Ay is the gap function that satisfies A_; = —f AT and C is
a constant. The parameters «, 8 and the Nambu spinor U
are givenby o =1, 8 = —1, liJk = (Cy, éf_ki)T for spinful
electrons, and a = 1/2, g = 1, Wy := (&, ¢ ,)7 for spinless
electrons. The particle-hole symmetry P satisfies P? = 81
(see Appendix D). Note that the BAG Hamiltonian is not
invariant under U(1) gauge transformation (Cx, — €80 ),
unlike the microscopic Hamiltonian, because the off-diagonal
terms change under this transformation.

To examine the electromagnetic response of the super-
conductor, it is customary to introduce the gauge field A by
replacing H,?dG with (see, for example, Refs. [3-5])

2 [ H A
) k+A k
HCSA) = ) ()
Ak _H7k+A

and define the paramagnetic current operator and the kinetic
energy operator by derivatives with respect to A,

‘]:,BdG = aAiﬁ]?dG(ANA:O, (3)
R = 0,00, B (a0, @)

However, the A dependence of H,?dG (A)in Eq. (2) is puzzling
in two ways: A does not entirely appear in the form of k 4 A,
which normally follows by the minimum coupling, and Ay
does not depend on A, even though it may have a nontrivial k
dependence.
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FIG. 1. Schematic illustrations of (a) one-to-many relation-
ship between microscopic model and mean-field Hamiltonian,
(b) many-to-one relationship between microscopic models and BdG
Hamiltonian, and (c) electromagnetic response of superconductors.
Given the U(1) symmetric Hamiltonian A, one can unambiguously
introduce the gauge field A and derive the electromagnetic response
with or without the mean-field approximation. In contrast, given
the BAG Hamiltonian H® alone, one cannot uniquely determine
HAPS(A) and cannot discuss its electromagnetic response without
ambiguities.

The purpose of this work is to revisit these points and
clarify the subtlety behind the BAG Hamiltonian. We argue
that the gap function Ay and the constant C may depend on A
and contribute to the paramagnetic current operator and the
kinetic operator whenever the electron-electron interactions
are not solely given in terms of the electron density 7y, =
éi(, Cxo - As a consequence of these contributions, we find that
the Meissner weight and the optical conductivity get modified
from the standard results.

Furthermore, the BAG Hamiltonian for A = 0 is not suf-
ficient to determine the A dependence of A; and C unless
the Hamiltonian before the mean-field approximation is pro-
vided. This means that the electromagnetic response of the
superconductor described by a BdG Hamiltonian alone is not
completely well defined. We clarify these points through the
discussion of two illuminating examples at zero temperature,
T=0.

s-wave superconductor with pair hopping. As the sim-
plest example, let us consider a BCS-type superconductor for
single-band spinful electrons on a d-dimensional hypercubic
lattice,

d
AA) ==Y "> t(e™el,,,b0 +He)

x o=%,] i=l

d
J I ;
E § —2iA; A A A A
- 5(6 l C)L+e,TC£+ei¢CX¢Cx¢ +Hc)

x i=1

=D Dt — ) Uphxpiie,, (5)

x o=t

where ¢y, ’s are the annihilation operators of electrons satis-
fying {Cio, é;,a,} = 81 00,0'»t (t > 0) is the nearest-neighbor
hopping, © (Ju| < 2td) is the chemical potential that might
be seen as the v = 0 component of the gauge field A,, Uy is
the on-site density-density interaction, and J is the nearest-
neighbor pair-hopping interaction. This model for the Uy =
A; = 0 case is called the Penson-Kolb model [6,7] and its
electromagnetic response is studied in Refs. [8,9]. We assume
the periodic boundary condition with the length L; in the ith
direction. The continuum version of this model is included in
Appendix A.

The Hamiltonian has the U(1) symmetry associated with
the electron density 71, := Za=¢, | fixo, Which is necessary to
fix the A dependence. The local current operator for the link
between x and x + e; is given by

> tlie™Mel, 0 6x0 +He)
o=1.4
+ J@ie H Al el e e +He),  (6)
x+et Cxte CxlCxt )

Jxx+e; =

and satisfies the continuity equation i[7y, A A)] =
Z;i:] (]A'x,He,. —fx,ehx). The second term in the current
operator originates from the pair-hopping interaction. The
model also possesses the spin rotation symmetry and,
when A; = 0, the time-reversal symmetry and the inversion
symmetry.

The superconducting order can be characterized by

¢ = (Exiéx'rf (7

In this work, ¢ is assumed to be position independent, at least
when A = 0. However, ¢ may depend on x when A; # 0.
In fact, the large gauge transformation U = e~27 Xic miixxi/Li
(m; € Z) maps ¢ to e~ XLim/Ligy and A, to A; + 2wm;/L;.
This means that even if ¢ for A; = 0 is position independent,
¢ for A; = 2mwm;/L; o< L ! must depend on x and have the
winding m; = (2m)~ti OL" dxi(¢' /19’ 1) 0;(@"/|P']). As we are
interested in the large-L; limit, for the consistency of our
assumption we will keep |A;| much smaller than 27 /L; and
will set A; = 0 at the end of the calculation.

The Hamiltonian H(A) in Eq. (5) can be converted to the
BdG form in Eq. (2) by the mean-field approximation fol-
lowed by the Fourier transformation &y, = V123", &, e*~.
We find that HP99(A) is given by the band dispersion & =
— Z?:l 2t cosk; — v and the gap function Ay is given by
AA) = -U(A)p with UA) =U, +JZ;1:1 cos(24;). The
constant C(A) = ), &xa + VU(A)|¢|? also depends on A
whenever J # 0.

When A = 0, the self-consistent equation for ¢ at 7 =0
reads

Utot 1

— =1, 8
2VkEk ®

where U,y :=Uy+Jd 1is the renormalized interaction
strength, Ey := v Ekz + |A)? is the excitation energy of the Bo-
goliubov quasiparticle, and A := —Uy¢ is the gap function
for A = 0. The self-consistent equation contains only Uy,
not Uy or J separately. Hence, if only AB9 is given without
H, one cannot judge if Uy, comes from the density-density
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interaction Uy or the pair-hopping interaction J, as shown in
Fig. 1(a).

p +ip topological superconductor in two dimensions.
The above discussions are not restricted to s-wave super-
conductors. As a more nontrivial example, let us discuss a
single-band model of a spinless electron,

Z Z t(e™™ A;H é +Hec.)

x =12

HA) =

Ar—A
- Z [(le’< 2=ADg ol x+elcx+e2 + H.c.)

+ (i AR, T Eee, + Hee)

+ (il e e, + Hel)

+ (iei(A‘J”AZ)nxc; e7cx+e1 + H.c.)]

- Z pie =Yy —nxnm, ©)

x =12

where Uj describes the density-density interaction and J is
a correlated hopping term that favors the p + ip order. The
model has both U(1) symmetry and the fourfold rotation sym-
metry. The band dispersion is still given by &, above. The
current operator and its continuity equation are summarized
in Appendix B.

Suppose that ¢; := (Cxte,Cx) 1S nonzero and position inde-
pendent. The constant C for this model is given by C(A) =
(1/2) Yok Skra — VE(A), with

U,
EoA) = — 7°<|¢1|2 + Il

— JcosAj cos Ay i(pfdr — d5¢1). (10)
When J = 0, the relative phase between ¢; and ¢; is arbitrary,
while J > 0 favors (¢1, ¢») = (i¢p, ¢) with nonzero ¢. This
form of the gap function corresponds to the topological
superconductor with the half-quantized thermal Hall
conductance [10]. Hence, the correlated hopping term
(or some equivalent interaction) is necessary for the desired
nontrivial topology. Assuming this type of order, we find
Eq. (2) with Ax(A) = (sink; —isinky)U(A)¢ and U(A) =
Uy + 2J cosAjcosA;. The self-consistent equation is
modified to

Ut Z Lsinz ki + sin2k2 _ L (1

2V 2

We stress that A does not enter these quantities through
the replacement of k with k+ A, even though it is in-
troduced by the minimal coupling in the U(1) symmetric
Hamiltonian.

Electromagnetic response. As we have seen, when the start-
ing Hamiltonian with U(1) symmetry contains interactions not
solely written in terms of density operators, the supercon-
ducting gap Ay and the constant C in the BAG Hamiltonian
generally depend on the gauge field A. Such dependence gives
rise to additional terms in the current operator and the kinetic
energy operator. For example, the current operator with a

finite momentum ¢ is given by

= Y e,

X

=Y U VikignVirg + 84004, CA)az0,  (12)
k

JinG

with ¥ kg = Vi k4400 — 2J¢ sin %iaz, which contains the
contribution from the pair-hopping interaction in the off-
diagonal part, in addition to the standard band velocity term
Vi k ‘= O &k in the diagonal part. On the other hand, the charge
density operator

§ :e quA

with yp k14 = 03 is not affected by J. In the remainder of
this work, we discuss the physical consequences of these
additional terms using the spinful electron model in Eq. (5).
Without loss of generality, we set A to be real using the U(1)
Ssymmetry.

Meissner weight. Let us consider the linear response kernel
of the current operator toward the gauge field with a frequency
w = gop and a momentum ¢,

T = Z U0 kiquViig + 80V (13)

k

d
> Kin(@Au(g). (14)

v=0

ju(Q) =

Here and hereafter, we write ¢ = (qo, q) for short. According
to the linear response theory, the response kernel is given by

K@ = MO+ RES ), )
where
RO () = __/dtelwfe(t)([J,‘f‘f,G(t),Jf‘i‘f,(O)]) (16)

is the retarded current correlation function in the mean-field
approximation and

1
1%
is the diamagnetic contribution giving the Meissner weight.
We find

BdG __
MBI =

MBdG — <KBdG> (17)

émeak,.ak,sk — [¢1704,04,U(A)la=0  (18)
k

and MﬁﬂG = 0 if p or v is 0. This result also applies to the
spinless model and hence generalizes the result in Refs. [8,9].
In addition to the usual term associated with the electron
density (k) = a(1 — &/Ey) and the band curvature 9,y &,
the second term arises from the A dependence of Ay and C. If
the standard form in Eq. (2) were assumed instead, this term
would be missed. This effect might be measured through the
penetration depth A of an external magnetic field.

Response kernel with vertex correction. As is well
known, the kernel KP(%(¢) in Eq. (15) in the mean-
field treatment does not respect the gauge invariance. That
is, the induced current Y ¢_, KRS (@)Au(g) is not invari-
ant under the gauge transformation Ag(g) — Ap(q) — wx(q)
and A;(q) —> A;(q) + 2sin % x(g). To obtain the gauge-
invariant optical conductivity o;;(g) towards the electric field
E;(q) = —iwA(g), let us take into account the vertex correc-
tion following the steps in Refs. [1,2].
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First, we define the vertex function I', by

(Thg(2)We ()W) (1,))

== 3 [t G T ¥ 2 060 ) (19)

and
(T Jezte, 0 Ut W] (1)

1
== Zfdfédfy’G(x,x’)Fi<x’,y’,z + 56 tz>G(y’,y)-
x'.y
(20)

Here,

. X N A
G, = /dlelwt(—i)(T\IJq(t)qJ;) _ @00 + 5403 + Aoy

a)z—qu—}-i(S

2y

is the time-ordered Green function. The continuity equa-
tion for the current operator [1,2] implies the generalized
Ward identity (GWI),

d
ZZSin &F
i=1 2

For the reader’s convenience, we review the derivation from
Refs. [1,2] in Appendix A. The vertex function can be ob-
tained by solving the Bethe-Salpeter equation,

iktgk — @0 xrgr = 3G — Gl o3, (22)

k+q

Livtrqr = V,E,Oiﬂ,k + Cugs 23)
dkgy 1
Cry = Vst / e ; 03GisaTpsaxGeoss  (24)

0
with Vo k+qk = 03, yl(k:_qk = Vj k1100, and v; i == O, &k.

Once T',, is obtained, the time- ordered current correlation
function P,,,,(¢) can be expressed as

Prn(q) = - / A1 (T o)y (0))

ko 1 ikod
- / 271V Ztr[y/tqk-kq,kGk+qru,k+q,ka]e 0°,

(25)

Then the retarded correlation function R,,(g) is given
by ReR ., (¢) = ReP,,(q) and ImR,,(g) = sgnwImP,,(q)
(see Appendix C). The optical conductivity o;;(g) including
the vertex correction is then g1ven by

—IC,/(C])

Using the GWI (22) and the self-consistent equation (8),
we have

d
3 R,-(q)(z sin %) ~ Pu(@)w
j=1

dko 1

iV Z tr[(03Vik—g.k — Vikk+¢03)Gi]

0ij(q) = [M?jdG + Rij(q)]~ (26)

d

Z MPS (2 sin ) 27

(a) Re[Uu(OJ,%)/qa
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FIG. 2. (a) The optical conductivities Re[o};(w, g;)] towards
nonuniform field with the vertex correction for various J. Here, we
useds = 0.6, u = 0, A = 1. We expand Re[o; (w, ¢;)] in the Taylor
series of g7 and here we show the coefficient of the g7 term. Red,
green, and blue markers represent J = Uy, J = 0.5U,r, and J = 0.
(b) The ratio of the difference of conductivity between J = U,,, and
J = 0 as a function of ¢t at w = 2.1.

implying that the gauge invariance is restored:
Y5 Kij(@)@2sin %) — Kio(q)w = 0

Figures 2 and 3 show our numerical results for the opti-
cal conductivity o;;(¢g) in Eq. (26) forg, =--- =¢g4 =0.In
single-band models with inversion and time-reversal symme-
try, the optical conductivity vanishes when ¢ = 0 [3]. Hence,
here we assume a spatially modulating field with ¢; % 0
and focus on the coefficient of q% in the Taylor series of
Re[o};(w, g1)] with respect to g;. We fix A = 1, and Uy is
fixed by the self-consistent equation.

We found that nonzero J have a significant impact on the
conductivity when the normal velocity v; x is small, indicating
that the band width of the normal state or ¢ is small compared
to J. In Fig. 2(a), we present a comparison of the results
for three cases: J = 0, J = 0.5U,q, and J = Uy, while keep-
ing Uy, t, and A constant. Additionally, we examine the ¢
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(@) Re[o'? (w, ¢1)/?]
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C) Relo11(w, ¢1)/ 3]
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FIG. 3. The optical conductivities Re[o; (w, q;)] towards a nonuniform field (c) with or (a) without the vertex correction (b) for t = 1.5,
u =0, A =1 (Uyg is fixed by the self-consistent equation) in a two-dimensional system. We expand Re[o1;(®, ¢1)] in the Taylor series of g7

and show the coefficient of the g3 term. Red squares, green triangles,

and blue circles are for J = Uy, J = 0.5U, and J = 0, respectively.

The insets in panels (a) and (b) are the log-log plots of the absolute value |Re[o11(w, ¢1)/¢?]|. Gray lines are obtained by fitting to determine

the power of the decay Re[oy;(w, 1)/q3] o @™".

dependence of the ratio of the conductivity difference between
J = U and J = 0 at w = 2.1 in Fig. 2(b). The results show
that when the normal state band is relatively flat in comparison
to A, the nonzero J have a pronounced impact on conductivity.
Recently, there has been a growing interest in models featur-
ing flat- or quasiflat-band superconductors [11-13]. This find-
ing underscores the need for caution when applying standard
practices to address electromagnetic response in such models.
Figure 3 shows the results for the J = 0.5U, case (red
squares) and the J =0 case (blue circles) with the large
band width of the normal state compared to J in two and
three dimensions. We found that nonzero J significantly affect
the bare conductivities [Figs. 3(a) and 3(d)] and the vertex
corrections [Figs. 3(b) and 3(e)] separately, although such dif-
ferences are mostly suppressed in the sum o;;(q) = 0(0)(61) +
o; j (q) [Figs. 3(c) and 3(f)]. In particular, the contributions
from J usually decay with smaller power of w, as shown in
the insets. However, the cancellation is not perfect and there
are still finite differences originating from nonzero J.

J

Conclusion. In this work, we revisited the electromagnetic
response of superconductors. In general, the correspondence
of the microscopic models and the BdG Hamiltonians after
the mean-field approximation is “many to one”: in the
case of the spinful electron model in Eq. (5), as far as the
renormalized parameter Uy, = Uy + Jd is fixed, models with
different choices of on-site Coulomb interaction U and the
pair-hopping interaction J lead to the same BdG Hamiltonian.
However, we found that the Meissner weight and optical
conductivities are sensitive to the specific value of J, as
shown in Eq. (18) and in Figs. 2 and 3. This means that the
response toward the U(1) gauge field has ambiguities unless
the microscopic model with U(1) symmetry is provided. Our
results call for caution in the standard practice of introducing
the gauge field A to the BdG Hamiltonian as in Eq. (2).
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cussions. The work of H.W. is supported by JSPS KAKENHI
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APPENDIX A: SPINFUL MODEL

1. Model

The Hamiltonian is defined as

iA; M
x+e ,;,—Cxa

HA) =

33

x o=%,]} i=l

—2iA; AT A
— Z Z (6‘ L x+eT x+e \LCxLCxT —+ HC)

+Hc) — Z Z Mhye — Z UO”xTnxL

x o=t

(AD)

In terms of Fourier components, the interaction term of the Hamiltonian can be written as

— Z U()I’lxﬂ’l,w — Z Z (€_2IA x+e x+e,¢éx¢éxT + H.C.)
x

i=1

RS R

(A2)

) (e
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To obtain the continuum limit of the model, one can replace Cye,0c bY Cxtae;c and A; by aA; and perform the Taylor expansion

with respect to the lattice constant a. One finds

a’H ~ /dd Z[nﬂ(v AL (V +iA)ery — (b4 20)fixs ]

o=1.{

/ddx(U0+J)nxTnx¢+/ x—(V 2iA) (e el)) - (V + 2iA) (@ eep). (A3)

This model is fully rotation symmetric and might be easier to deal with. However, in this work, we discuss only the lattice model

for consistency.

2. Fourier transformation of the current operator

The current operator with a finite momentum ¢ is defined

by
g =R =Y iy, (Ad)
x o=t
Jig= ) e O] . (A5)

X

The continuity equation becomes

d
N, H] = Z 2sin £J; . (A6)

If one performs a Fourier transformation with respect to ¢ as
N, = /dte’“”e’ "Nye ™, (A7)

then [N, A] should be replaced with wN,. After the mean-
field approximation, we find

Tug = Z W;Vu,pﬂ,p‘yp#rqv (A8)
P

Yok+q.k ‘=03,  Vik+gk ‘= Vik+100 — 2JPsin Lioy. (A9)

3. BdG Hamiltonian

The BAG Hamiltonian can be diagonalized as

ABIC = ZEk(VkT V_k})o3 (V ) >+C (A10)
'
where
<3’£‘T) = ul U, (A11)
Y_ky
1 _
_ (E"Z“E" ‘ A ) (A12)
VIAR F (Ex + &)? K+ &

It follows that 7 (t) = AT /% in the Heisenberg picture.
The ann1h1lat1on operators of electrons can be expressed in
terms of operators for Bogoliubov quasiparticles,

(Ex + &)y — AP

&y = E— (A13)
VIAR + (Ex + &)?

(Ex + &)y + A)A/jkT

VAP + (B + &)

&y = (A14)

(

From these expressions, we find

(Eyer) = —
Cp Crr) = — —,
ok 2E;
At A2 Ex — &
(Cholho) =73 S = . (A15)
[A* + (Ex + &) 2E
In the derivation, we used
Ey + & _ A2 B —&
A2+ (Ex + &) 2E AP+ (B + &)? 2B,
(A16)
4. Green function
Let us define the (matrix-valued) Green function,
G(x, x) = — (T Y ()W (1))
1 dw iq-(x—x")—iw(t—t'
:vZ/Ze‘I( )—iw(t Z)Gq, (A17)
q
for the Nambu spinor
By = <f;” ) (AI8)
(-

In the Fourier space, it reads

Gy(1) :=—i(T Y, (1) ¥]) = —ion = (E .+ & A )
q

A E, - &
+ i9(—t)£ Eg—8& A
2Eq —A Eq + Eq
= —ig(r)e-iEn Fa00 T S0 F 201
2E,
. E 00 — —A
+ (et Fa%0 = 5493 = Ao (A19)
2FE,
and
. 1 E, A
Gq — /dtelthq(t) — : q00 + 51103 + Ao
w—E; + i 2E,
4 1 qu‘o — éqa3 — Aal
w+E;—i8 2E,
_ wop + §,03 + Aoy

A20
By (A20)
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We have
dw ) EE 00 + £,05 + Aoy
G,(£n) = | —GeTn = —i—14 4 ; A21
q(E£n) / b q€ ! 2E, ( )
Gy, = w0y — £03, (A22)
G,' = woy — &03 — Aoy, (A23)
%(q) =Gy, —G,' = Aoy, (A24)
5. Generalized Ward identity
We define the vertex functions [y and I'; by
Ao(x,y.2, 1) = (T (t) Ve (1) W] (1)) = Z / dtydt,G(x, X)To(x', Y, 2, )G, y), (A25)
1 1
A,»(x,y,z—f- Ee,»,tz> = (T Jrzte, )W)V (1)) = Z/dr d,G(x, x)T; (x y,z+ Ze,,tZ>G(y ). (A26)

Using the continuity equation, we find

d 1 1
O, Ao(x, y.2.1:) + Z A\ %, v,z 4 itz | = Ai| X, 0.2 = Sein &z

i=1
=8(t;, — 1,)8;,G(x, 2)ioz — 8(t; — 1,)8; xi03G(2, y)

1 1
=— Z/dtxdtyG(x,x’)[a,zr‘o(x/,y’,z, )+ l"i(x/,y’,z + F¢i tz) —T; <x’, v,z — S tz>:|G(y/,y). (A27)
Yy

In the derivation, we used
8(t; — t)(T Tz (t), W (1] (1)) + 8t — 1, ) (T Wy (t0) [z (1), W) (1))
= —8(t; — 1)8;.x03 (T W)W (1)) + 8(2. — 1,)8: ) (T W (1) W] (1)) 3

= —8(t; — 1,)8;xi03G(x, y) + 6(t; — 1,)8, yG(x, y)ios. (A28)
Introducing the Fourier transformation by
do' [do 1 ViV —ieod (1) —ien (s
Fo(x/, yr’ Z, 1) = / 27[ V2 Z Iy P4, zp-(x -y )+ig-(x' —z)—iw (tx*f,»)fzw(txft:)y (A29)
do 1 ip-(x' =y ) +ig-(x' —z— y€;)—ic (t, —1])—iew(t]—1)
n(xyet gt Ve Z Cipea.pe o1/ ()=o) (A30)
pq
we find
5 \! \! do 1 i i(0'+w ip-(z—y)—iw
(7'nz(tz)\lfx(tx)lI!yT(tv = / /271 7z ZGP+qF0p+qu ol P X0+ )1~ 12) ip-G—y) =i (1:~1y) (A31)
and
do 1 ; (o . -
(T]z ite; (1.) ¥, (tx)\I/ ) / / Zw = Z Gp+qF,',pw,pGpe’(”ﬂ)'(x_z_%e")_l(‘” +o)t—1) pip @+ gei—y)=io) (. —1y) (A32)
b4
P4

Here, p = (&', p). Using these expressions, we arrive at the generalized Ward identity,

d
. 4 _
> 2sin S Tiptar = @0 pigp = 03G,' — G, ,03. (A33)
Writing
0 0
Vihak = Uikt 100, Vomgp =03 (A34)
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we find
Z 2sin _y;ggq ) — OV gy = 03Go) — Gy, 0. (A35)
6. Current correlation function
We define the time-ordered current correlation function by
Po(q,t) = —i(T )y _g). (A36)
We find
i ) N A
Pyta) =~ [ die (T30
i . ~ o n
= / dte S (T + M Wiprg.)in (Vi) —g(0))
p
i . . X X
=5 / dre Z(yi,p+q,p)zm<TJ,»,7,,(0)(wp+q)m<r)<wp>2(r +1)
N _/ dre” Z > tipiap (T hezre, OWe(OW] (1 + e POyt @+ 3e)
X,y,2
do' i iw'n
== | 5y ;tr[y,-.,,+q,pGp+qF,f,,,+q,pGp]e , (A37)
where we used
do 1 i (r—z—Le ) —iwt ip-(z+Le:—y)tin
(T]zz+ej(0)\l—’ (t)\IJT(t +n)) = / / 5 V2 ;GPWFJ'»PHI,PGP" (P+q)-(x—z—3¢))—iot yip-Gtze;—y)tioln (A38)
d q: do' i do' i
> Poj(@)2sin = = Po(q)o = — f Ztr[ag<6,7+qog 03G,)e”" = — / Ztr[G,,+q ¢ =0,
j=1
(A39)

d ;o
. qj do' i i
E P;j(g)2sin —2’ — Po(q@)w = —/ v Ep tr[ Vi p+q.p(Gprq03 — 03G )€

J=1

do' i —i i
- _/ 2TV Ztr[(aﬂ/i,p,pfqe " = Yip+q.p03)Gple®”
I3

__lztr[[(v[,pg—v,p+q) — 4J¢ sin Loy |(—Eq00 + £403 — ¢tha,)}

~ 2E,

,1 —4t i AUoJ 2 . i1
_—2smq——z c0s piby + AU/ 19| :—2s1n% V;ZtCOSpi(ﬁp>+4J|¢|2

. 2E,

(A40)
7. Bethe-Salpeter equation
The Bethe-Salpeter equation

d ko

" / 7 L oGl uisqi i (Ad1)
is consistent with Ward identities
d 4

Z 28i0 T T prg.p = @0 prg.p = 03G,' — G, 03, (A42)
Z 2sin —yff)ﬂ ) — OYonsgp = 03Gy) — Gy, 03. (A43)
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Indeed, we have

- - 0) 0)
o3 Gp Gp+q Z 25in 2 )/l prap ~ PYoprgp ~
—1
G0p+q

-1
= O’3G0p -

_ 1
= O'3G0 G0p+q

1
= 03G;, — Gy O 3= Uiy >

+Ei o5 + &0 + Aios _

dko
Utor / Z 03Gik1q |:Z 2 sm Dikrgr — wFO,k+q,k:| Gyo3

dk
Utot/ 0 ZU3Gk+q 3G, Gk+q03]G/<03

dk
— Usat / ) Z[aaka—Gkaa]

:|:Ek0'3 + é"ko’() — Ai02:|

T 2Ek 2Ek
! 1 A _ = i
= 03Gy, — Gy O 3 = 2i0Uio; > 55, = 9300 = Gopeyos = 2io2dA. (A44)
k
In the derivation, we used
dw G Fion _ :|:Eq0’0 + .‘;:q0’3 + Aoy . (Ad5)
2mi 2E,
APPENDIX B: SPINLESS MODEL
Here let us summarize the symmetry and conserved current in the spinless model. The Hamiltonian is given by
H:= - Z Z (e ;+e Cx + eiAiéiéxﬂf) + uie | = — Z Z Aixfiy e,
x i=1,2 x i=1,2
J N . . . . . N . .
_ g Zlnx[(elw? 01) A )LJre Crye, — € —i(6r— OI)CT+e2cx+e|) 4 (e 1(91+02)C_I+e2cx7e| _ 61(91+92)C;7816x+22)
+ (ei(91 —62) A ; e, Cr—e, — e_i(el_OZ)é_;fezéX7el) + (ei(91+92)6;7926x+e1 _ 1(91+02)6'+e]6x 22)] (B1)
The local current operators for the U(1) charge N := >, fi are given by
2 . iA; A iAi AT A
Jxxte; = lt( o Lre Gy — ¢ TCere,) (B2)
Jroterte, = g(ﬁx te, — ﬁx+e1)( —i(61+62) ;MHZ &+ e’<9‘+92)CTCx+e,+e2) (B3)
Jrotei—e; = g(ﬁxm _ ﬁxiez)( i(6,—01) ;H] ol o iO2— ol)cfcxﬂl ez) (B4)
The continuity equation is
8z‘ﬁx = _i[ﬁx» H] = - Z (jx,erei - jxfe,v,x) - (jx,x+e|+ez - jx—el—ez,x) - (jx,x+elfe2 - .;x—e|+e2,x)- (BS)
i=1,2
We introduce the Fourier transformation by
N, = Z e g (B6)
e = Z THEEI0 T e (B7)
qel+ez = Ze_lq R (EH-EZ))] ¥ x+e +es (B8)
Jger—er = Ze—zq (x+3(ei— ) ;. e e (B9)
Then the continuity equation becomes
5 0 9 —q -
N, H] = Z 2sm = e +2si Jq erte, +2sin Jyer—er- (B10)

i=1,2

013058-9



CHANG-GEUN OH AND HARUKI WATANABE PHYSICAL REVIEW RESEARCH 6, 013058 (2024)

In the |g| — O limit,

Ny, A1 =Y qig, (BI1)
i=1,2
where
fl =j +qu1+e2 +qu1—ew (B12)
Do =g, + Jgerve, = Jger—e- (B13)

APPENDIX C: CORRELATION FUNCTIONS

The time-ordered current correlation is defined as

Pun@) =~ / d1e™ (T, (1), 4(0))
= —é / dt[0(t)(0.q(t) ]y, —g(0)) + O (—=1){Jy, g (0)J, 4 ()]

= —§ > / dt[0(1)(01J, gln) (nl, —g0)e" = FFEN 1 6(—1) (01, —gIn) (1], 410) "+ =F0N ]

1 3 (O1Fy,q1m) (11, —g10)  (O1y,—g1m) (].410)
Vv —E,+Ey+1i$ w+E,—Ey—1i

——Z [ OViwglny by 410) (01 —gln) (11410}
w—FE,+ E w+E,—E

T N A A A
- 7 Z[<0|Juq|n> <n|-]v,—q|0>3(w —E, + Ey) + <O|Jv,—q|n> <n|J/L,q|0>8(a) + E, — Ep)]. (CDhH

The retarded current correlation is defined as

Runlg) =~ f At 9N (g0, g (O)])
= / OO g OFor—g(0)) = g O ()]

i n o . R R .
=—v 2 / d10(t)((O1q1n) (nls, g0y @~ E N — (01, _g|n)(n]J,, 4]0} @ HE=E0Y)

1 5 (<0|fu,q|n><n|fv,q|0> ~ <0|fv,q|n><n|fu,q|0>)
-

B w—E, +Ey+i8 w+E, —Ey+i8

_1 ZP (O1Fqlm) (11, —410) (01, —g1m) (12]1.410)
w—FE,+Ey w—+E, —E

- % > 101 gln) 1l —410)8(e — Eyy + Eg) — (01, _gln) (1l 410)8(w + E,, — Eo)]. (€2)

Therefore,

(C3)

(O1F,gm) (11, —g10) (01, —g1m) (n11.410)
ReRP—u(Q) = RCPMV(Q) ZP< :)q E, +qu (,()-lq-E —[,;Oq s

ImR ., (q) = sign(w)ImPy,, (q) = —%[(Ollu,qlm(nlfu,quO)S(w — Ep + Eo) — (01, —gIn) (1, 410)8(0 + E, — Ep)l.  (C4)
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APPENDIX D: NAMBU BASIS AND PARTICLE-HOLE
SYMMETRY

1. Four-component Nambu spinor

To fully accommodate the particle-hole and spin-up/-down
degrees of freedom, we use the following four-component
Nambu spinor:

D1

Under this basis, the BdG Hamiltonian is given by

1 5 Cko
H=3 Xk:(c}m, c_ka)Hfff( ) +C, (D2)

+
C—ka

where

&to Ak

BdG
Hyy = ‘r ’ (D3)

Ak skTO
with Ay = (i;:"; 25:). In this formulation, the supercon-
ducting gap is always antisymmetric Ay = —Afk, irrespec-
tive of the pairing symmetry. Our s-wave superconductor in
the main text corresponds to Az = —Ao1 x = A.

2. Two-component Nambu spinor for spinful electrons

For the s-wave superconductor in the main text, we use the
two-component Nambu spinor for spinful electrons,

( ‘. )
T 9
Clypy

(D4)

assuming the spin-singlet pairing. The BdG Hamiltonian is
given by

CkT
H =Y (i, c ¢)b{z‘-’;d?( ; ) +C, (D3)
k €kl
Sk A
Hzp‘fg = . . (D6)
Ay 5k

In this basis, the superconducting gap is symmetric Ay =
A_p = A. This gap symmetry leads to the electron-hole
symmetry operator P = —io, K, where K is the complex con-
jugation. One can verify PHPY6P~! = —HBIS and P? = —1.

3. Two-component Nambu spinor for spinless electrons

For the p-wave superconductor in the main text, we use the
two-component Nambu spinor for spinless electrons,

Ck
() o
The BAG Hamiltonian is given by
1 + Ck
f
H=3 Z(ck, c_ ) HES (CT ) +C, (D8)
k —k
1AV
HES = . . (DY)
Ak =&k

In this basis, the superconducting gap is antisymmetric, Ay =
—A_g. This gap symmetry leads to the electron-hole symme-
try operator P = 0,K, where K is the complex conjugation.
One can verify PH,?“GP’1 = —Hf,fG and P? = 1.
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