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Polarization and CEP dependence of the transverse phase space in laser driven accelerators
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We present experimental results which show a laser polarization-dependent contribution to electron beam
pointing jitter in laser wakefield accelerators (LWFAs). We develop a theoretical model for the polarization
dependence in terms of the transverse dynamics of trapped electrons, resonantly driven by bubble centroid
oscillations. The latter are generated by the carrier wave phase evolution at the self-steepened laser pulse front. In
the model, the polarization-dependent jitter originates from shot-to-shot fluctuations of the laser carrier envelope
phase (CEP). The model is verified by particle-in-cell simulations and suggests that CEP stabilization of the
driving lasers might be necessary to achieve ultimate electron pointing stability in LWFAs.
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I. INTRODUCTION

Laser wakefield accelerators (LWFAs) [1] have rapidly
evolved from proof of principle to a stage where they combine
extremely large accelerating fields with the generation of short
electron bunches of a few fs length [2–4], charge of hundreds
of pC [5], and low emittance [6] with most recent work fo-
cusing on stability and reliability. A single cm-scale stage can
reach energies of up to 8 GeV [7] with significantly higher
energies possible in multistage systems. During the accelera-
tion process, a highly relativistic laser pulse is focused into a
plasma, thus generating a plasma wave with strong longitudi-
nal electrical fields of 100 GV/m [8]. The transient nature of
the plasma puts exacting requirements on the laser and plasma
target to achieve the desired beam parameters. Controlling
the phase-space properties of these transient, micron-scale
accelerating structures is the focus of intense research. Major
improvements have been achieved in terms of the spectrum
and the emittance of the electron bunch by developing designs
capable of controlling the injection process using schemes
such as downramp [9], colliding pulse [10], and ionization
injection [11,12]. These have achieved low energy spread,
high energy, high charge, and low emittance beams with high
spectral stability, essential for a high-quality accelerator. The
stability of the transverse phase space, beam pointing, and
source position, however, is equally critical. Experiments in
strong-field QED [13–15] or LWFA-based particle collid-
ers serve as examples, with the most exacting experiments
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requiring a fluctuation much smaller than beam divergence
and a variation of the source position of less than the source
diameter.

It is well known that the electron bunch follows the laser
pulse propagation to first approximation, since the wakefield
and consequently, the accelerating forces are caused by the
laser pulse. Generally, pointing fluctuations have been at-
tributed to imperfections in the reproducibility of the gas
target. The pointing fluctuations of modern laser systems can
be as low as 2 µrad [16]. While they are substantially smaller
than electron pointing fluctuations of 500 µrad [17], they can
become significant when amplifying effects due to density
gradients are taken into account [18]. Sporadic density rip-
ples or shot-to-shot density fluctuations that occurred in early
gas jet designs can contribute to additional jitter. However,
in the capillaries and gas cells often used nowadays, these
modulations are much smaller [19] and can be neglected as a
source of jitter. Other sources of pointing jitter are pulse-front
tilt [20], off-axis injection of the electron bunch [21,22], and
direct interaction of the laser with the electron bunch, which
is used to enhance hard x-ray generation [23] or fluctuations
in the position of the laser near-field. These sources of point-
ing fluctuation can, in principle, be avoided under typical
acceleration conditions. Importantly, they are not intrinsic to
the acceleration process. The question arises whether there
are any further sources of pointing fluctuations occurring in
the plasma accelerator itself. We note that in a homogeneous
plasma, the laser generally was believed to cause a symmetric
transverse electron density modulation due to the symmet-
ric ponderomotive potential. For experiments with few-cycle
pulses, which have attracted some interest for high-repetition
rate generation of few MeV electrons in high-density gas tar-
gets [24–27], the situation is different. In that case, the rising
intensity edge of the laser is very steep, causing an asym-
metric transverse density modulation, and further, a beam
pointing fluctuation due to laser carrier-envelope-phase (CEP)
fluctuations [28–30].
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In this paper, we report on an instability affecting
the achievable limits of beam pointing stability. We iden-
tify a mechanism intrinsic to the LWFA process coupling
the laser polarization to the beam pointing for the first
time and also for non-few-cycle pulses. For our condi-
tions, the polarization-induced jitter has magnitude equal to
polarization-independent contributions. The polarization de-
pendence of the beam jitter is explained by collective betatron
oscillations resonantly excited by bubble centroid oscillations
(BCOs) due to an asymmetric expulsion of the background
electrons in a self-steepened pulse front. This mechanism
adds additional jitter in the laser polarization direction due
to CEP fluctuations and will be present even in the case of
an ideal laser or target. This suggests that CEP stabilization
of the driving lasers might be necessary to achieve ultimate
electron-pointing stability in LWFAs.

The paper is organized as follows: In Sec. II we present the
experimental results on the polarization-dependent electron
beam pointing from a campaign at the JETi-200 laser. In
Sec. III we develop the theoretical model for the beam jitter.
We discuss our results in Sec. IV and summarize in Sec. V.

II. EXPERIMENTAL RESULTS

A. Setup

The experiment was carried out at the JETi-200 laser facil-
ity at the Helmholtz Institute Jena, which delivered an energy
up to E = 2.5 J on target at a center wavelength λ0 = 800 nm
and a pulse length τ = 23 fs. Focusing with an f/24 off-axis
parabolic mirror resulted in a vacuum FWHM focus diameter
of 22 µm enclosing 40 % of the total energy and consequently
in a normalized vector potential of a0 = 2.5.

The target in this experiment was a 5.8 mm long gas cell
developed at Helmholtz Institute Jena. According to fluid
dynamics simulations, the gas flow from the entrance holes
resulted in a 1.5 mm density upramp followed by a 5 mm
constant density profile and a 1.5 mm downramp. The ac-
celerated electrons were detected 187 cm downstream with a
Kodak BioMAX scintillation screen [31], allowing a precise
measurement of the transverse electron beam charge distri-
bution and beam pointing with a resolution of 0.05 mrad
by evaluating the center of a Gaussian fit to the charge
distribution.

At a plasma density of ne = 4 × 1018 cm−3 the average
FWHM electron beam divergence was 1.1 mrad (see Fig. 1)
with an average total charge of more than 40 pC and typical
electron beam energies up to 600 MeV (see Fig. 2). For these
conditions, theoretical scalings predict an accelerating field of
150 GV/m [8,32] implying an acceleration length of 4 mm
and consequently injection at the front of the gas cell for both
injection mechanisms.

B. Electron beam pointing jitter

In the following we present the experimental data show-
ing the polarization-dependent beam pointing jitter. Figure 3
shows the experimental data for the electron pointing angles
of 50 consecutive shots as symbols in [(a)–(f)], excluding
shots without electrons. Each data set was taken on a single
run with the laser being linearly polarized either horizontally

(a) (b)

(c) (d)

FIG. 1. Representative electron beam profile with σ indicating
the rms electron spot radius. (a) Profile for data set in Fig. 3(e) (ion-
ization injection, ne = 4.3 × 1018/cm3) and (b) profile for data set in
Fig. 3(b) (self-injection, ne = 4.5 × 1018/cm3). (c) and (d) indicate
a lineout (vertical direction = 0 mrad) with Gaussian fit through the
center of the beam profile for the respective spots in (a) and (b).

or vertically. The laser polarization was controlled by a λ/2
wave plate in front of the final focus parabola. Data were taken
for LWFAs with pure He [(a)–(c)] and a 95 %He–5 %N2 gas
mixture [(d)–(f)], respectively. In addition to the individual
shots, the total rms jitter for horizontal and vertical laser
polarization is shown as an ellipse in Figs. 3(a)–3(f). When
comparing the shapes of the ellipses for horizontal and vertical
laser polarization within the same dataset, the ellipses tend to
grow in the direction of polarization for most cases (see also
Fig. 4). This is the behavior expected for a pointing jitter con-
tribution along the laser polarization direction superimposed
on an underlying polarization-independent jitter.

Figure 4 provides a schematic of the interplay of the two
jitter components for the case of symmetric and horizontally
dominated polarization-independent contributions.

In our data (Fig. 3) the overall horizontal pointing jitter
tends to be larger than the vertical jitter. This effect arises
mainly due to the laser pointing fluctuating of JETi-200 being

FIG. 2. Left panel: Mean electron beam spectrum for a set of
30 consecutive shots for self-injection (ne = 4.5 × 1018/cm3). Right
panel: Mean electron beam spectrum for a set of 30 consecutive shots
for ionization injection (ne = 3.8 × 1018/cm3). σ indicates the rms
value of dQ/dE at the respective energy.

013056-2



POLARIZATION AND CEP DEPENDENCE OF THE … PHYSICAL REVIEW RESEARCH 6, 013056 (2024)

(a) (b) (c)
(g)

(d) (e) (f)

FIG. 3. [(a)–(f)] Experimentally measured electron pointing data for vertical (vertical bars) and horizontal (horizontal bars) laser polar-
ization. Each symbol corresponds to one shot for pure helium, i.e., self-injection [(a)–(c)], and 95% helium 5% nitrogen mixture (ionization
injection) [(d)–(f)], at various plasma densities. The ellipses indicate the rms jitter of the electrons in respective polarization directions. Note
that the axes are scaled differently in [(a)–(c)] compared to [(d)–(f)]. (g) Magnitude of laser polarization induced electron pointing jitter, with
R defined in Eq. (1) and R > 1 implying a positive correlation between polarization direction of the laser and an increased pointing jitter.

stronger by a factor of 6 in the horizontal plane at the laser out-
put. While these laser pointing fluctuations are much smaller
than the electron beam pointing and on the order of tens of
µrad, they are known to be magnified by transverse refractive
index gradients in plasma density gradients at the entry and
exit of the gas cell, which act as defocusing lenses [18,33].
Since the laser pointing jitter is polarization independent this
affects both horizontal and vertical laser polarization cases

FIG. 4. Schematic showing the expected change in shape of the
jitter ellipses evolving from polarization-dependent and polarization-
independent contributions. Top row: In an idealized case with
symmetric polarization-independent jitter component (dashed cir-
cles) the added polarization contribution (arrows) leads to the total
polarization ellipse’s major axis being aligned with the laser polar-
ization direction. Bottom row: If the polarization-independent jitter
component is systematically larger in the horizontal direction (dashed
ellipses) the ellipses with the added polarization contribution may
appear round or with the major axis along the horizontal direction
even for vertical laser polarization. The polarization-dependent jitter
component is clearly visible from the change in ellipse shape and by
comparing the ratio of the ellipses with different laser polarization.

alike, and one expects the electron pointing jitter to be larger
in the horizontal direction, as illustrated in Fig. 4.

To obtain a quantitative analysis of the data, it is assumed

that the total electron pointing jitter, σT X =
√

σ 2
0X + σ 2

P , con-
sists of a polarization-independent part σ0X and a polarization-
dependent part σP, with X indicating either the horizontal
(H) or vertical (V ) direction. We assume the polarization-
dependent contribution σP to be independent of the laser
polarization orientation. Following from the discussion above,
at JETi-200 we have σ0H > σ0V .

The quantities σ0X and σT X are accessible directly from
the experimental data in Fig. 3 with two orthogonal laser
polarization orientations. For example, for horizontal polar-
ization the horizontal and vertical sizes of the covariance
ellipse of the pointing data yield σT H and σ0V , respectively.
To avoid any time sensitive drift, the data shots were collected
consecutively for each plasma density in both horizontal and
vertical laser polarization. The electron pointing data were an-
alyzed for each set using bootstrapping to determine the mean
jitter and its uncertainty [34]. As a measure for the relative
polarization-induced pointing jitter, we define the double ratio

R = σT H

σ0H

σTV

σ0V
=

√
σ 2

0H + σ 2
P

σ0H

√
σ 2

0V + σ 2
P

σ0V
, (1)

which is presented in Fig. 3(g). A ratio of R = 1 corresponds
to an absence of any polarization dependence, while R > 1
implies a larger beam jitter in the laser polarization axis,
which is observed for most data sets.

Our data also show a density dependence of σP, which
can be more clearly seen from additional Bayesian analy-
sis (for more details on the method see Appendix A) in
Fig. 5. Utilizing the latter method allowed us to directly infer
the polarization-dependent jitter contribution σP, e.g., σP =
0.42 mrad (0.25 mrad) for dataset (d) and decreasing with in-
creasing density (Fig. 5). From the Bayesian analysis, we find
the mean polarization-independent jitter as σ0 = 0.44 mrad
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FIG. 5. Magnitude of the polarization-dependent electron point-
ing jitter contribution σP for the data presented in Fig. 3 and
comparison with the BCO model derived below.

(0.26 mrad) for pure He (gas mix), quite independent of
the density in the investigated range. It is worth noting that
the polarization-dependent jitter contribution has magnitude
equal to the polarization-independent contribution.

III. THEORETICAL MODEL FOR THE
POLARIZATION-DEPENDENT POINTING JITTER

Possible mechanisms that couple the laser polarization to
the electron trajectories are (i) a polarization-dependent injec-
tion mechanism [28,35–38], (ii) electron interactions with the
laser within the wake, or (iii) coupling between the laser po-
larization and the bubble trajectory due to propagation effects
in the plasma resulting in the bubble oscillating as a whole.
The first hypothesis is unlikely as both injection mechanisms
follow a general density-dependent trend [Figs. 3(g) and 5],
although the absolute jitter σT for self and ionization injec-
tion differ slightly. The second hypothesis is unlikely since
no signs of direct laser-electron interaction in the electron
spectra or the charge distribution were detected. Indeed, the
strongest polarization dependence is observed at low den-
sities, which corresponds to the longest dephasing length
[8] and the longest distance from the electrons to the laser
throughout propagation. This trend is the opposite of what
would be expected for this hypothesis, where the onset of
the effect could only take place at a threshold density, after
which dephasing allows the electrons to interact directly with
the laser. We also note that particle-in-cell (PIC) simulations
show polarization-dependent oscillations even for idealized
external injection where the laser field plays no role, as shown
in Fig. 10.

The question therefore arises regarding the mechanism
that explains the observed polarization dependence of the
beam-pointing jitter. We will answer this now by developing
a theoretical model in which the pointing jitter emerges due
to bubble centroid oscillations resonantly exciting collective
electron betatron oscillations.

In the following, frequencies are normalized to the plasma
frequency ω → ω/ωp, distances are normalized to the plasma
skin depth x → kpx, times to the plasma frequency t → ωpt ,
and we introduce γ 2

p = ncrit/ne and ζ = z − ct .

A. Excitation of bubble centroid oscillations

We recall that on a subcycle level the laser-driven electron
motion is strongly dependent on the polarization. When only
a few cycles are active in ejecting the plasma electrons, the
side receiving more electrons changes periodically due to the
difference between the laser phase and the group velocity.
The excited plasma bubble will react to this by undergoing
bubble centroid oscillations (BCOs) in the laser polarization
plane; consequently, the bubble wobbles. This phenomenon
was first derived in Ref. [39] for the case of few-cycle pulses.
From this analysis, it is clear that BCOs can only be efficiently
excited if the driving pulse possesses pronounced single-cycle
features. In the case of LWFA accelerators, the laser pulses
usually do not meet this criterion initially. However, self-
steepening of the laser pulse front to a few-cycle rise time due
to nonlinear plasma response typically accompanies bubble
formation. Significant front steepness can be expected when
the front half of the pulse has been depleted, approximately
after L ∼ γ 2

p cτ/2 ∼ 1.5–2 mm [40,41]. The period of the
BCO is determined by the laser carrier wave phase changing
by 2π at the pulse front [28,39]. The scaling of the BCO
frequency can be estimated by ωbc = ωL(vph − vgr ), and using
the linear plasma response results for the laser phase (vph) and
group (vgr) velocity. This yields ωbc = ωL/γ 2

p , where γp =√
ncrit/n0. However, the plasma refractive index and hence

laser dispersion in a plasma becomes nonlinear for a0 � 1 due
to relativistic self-guiding and self-channeling [8,32]. These
effects do not affect the density scaling ∝ 1/γ 2

p , but they affect
the numerical factor of proportionality. In addition, due to
pulse-front etching the relevant location of the steep pulse
front moves backward through the pulse with the etching
velocity vetch ∝ 1/γ 2

p [40]. This effect also does not change
the scaling but again modifies the factor of proportionality,
thus ωbc = cbcωL/γ 2

p , with cbc = O(1). Eventually, the factor
cbc was determined by particle-in-cell simulations for plasma
densities, laser spot sizes, and laser intensities close to the
experimental conditions. It was found to be approximately
cbc = 1.5, which was then used in the subsequent modeling of
the beam pointing jitter. In order to find the amplitude of the
bubble centroid oscillations, xbc(t ) = abc sin(ωbct + φbc), we
need to solve the equation of motion for the plasma electrons
[39]:

d ( �p − �a)

dt
= �∇
 − �∇(�v · �a).

We use the Coulomb gauge where the scalar potential 
= 0
and the laser vector potential is linearly polarized ax =
a0 cos(ζ + φCE)h(ζ )e−(x2+y2 )/w2

0 , with ζ = γp(z − ct ), tempo-
ral pulse envelope h(ζ ) and transverse size w0. Moreover,
the wide pulse approximation γpw0 � a0 � 1 is assumed
to hold [39]. The formal derivation of the bubble centroid
oscillation was laid out in Ref. [39]. The central idea is to
describe the plasma electron response to the laser pulse in
a series x = x(0) + εx(1) + ε2x(2), px = p(0)

x + εp(1)
x + ε2 p(2)

x ,
where the formal expansion parameter ε = a0/γpw0 is the
electron oscillation amplitude over the laser spot size. We
define the normalized transverse coordinate as X = γp(x −
x0)/a0, with x0 as the initial electron position and p( j)

x =
−a0dX ( j)/dζ . By expanding the vector potential to the second
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FIG. 6. Contour plot of the functions F and F̂ = maxφCE F de-
termining the amplitude of bubble centroid oscillations.

order, ax = a0 f (ζ )(1 − μX + νX 2), the electron equation of
motion can be written as

d2X

dζ 2
+ df

dζ
(1 − μX + νX 2) − 2νg

a2
0

pz = 0. (2)

Here, μ = 2x0a0/(γpw
2
0 ) ∼ ε, ν = a2

0(2x2
0/w

4
0 −

1/w2
0 )/γ 2

p ∼ ε2, and f (ζ ) = h(ζ )e−�x2
0/w2

0 . By solving (2)
perturbatively it is easy to show that the zeroth order
term is the response of the electrons to the plane wave
laser oscillations, p(0) = a0 f (ζ ) and X (0) = −g(ζ ), with
g(ζ ) = ∫ ζ

0 f (ζ ′)dζ ′. The first order p(1) is the ponderomotive
deflection, and p(2) is a correction to it, which is in fact
polarization dependent [39]. The latter term is causing the
BCO, eventually. What is most relevant for the derivation of
the BCO are the values of p( j) after the laser pulse has passed,
for which one can easily show that p(0) = 0. The other terms
read p(1) 	 μ

∫
f 2dζ and p(2) 	 −(3ν + μ2)

∫
f 2gdζ . Those

have different symmetry with regard to the initial transverse
position x0 of the electron away from the laser beam axis. The
ponderomotive term p(1) always pushes electrons away from
the beam axis (the location of highest intensity) irrespective
of x0, i.e., p(1)(−x0) = −p(1)(x0). Contrarily, it was found
that p(2) has the symmetry p(2)(−x0) = +p(2)(x0), i.e., the
correction p(2) deflects electrons into the same direction
on both sides of the beam center, and alternating each
laser half cycle. The amplitude of the BCO is estimated
by the magnitude of the polarization-dependent subcycle
deflection p(2) in comparison to the ponderomotive expulsion
p(1), i.e., by a slight change of the typical electron
deflection angle by 
 ∼ p(2)/p(1) ∼ a0F̂/γpw0. Here we
introduced the pulse-front steepness parameter F̂ = maxφCE F
with F = ∫

f 2gdζ/
∫

f 2 dζ . The functions F and F̂ are
nonvanishing only if the temporal pulse envelope profile
changes rapidly on the wavelength scale. We present plots
for F and F̂ in Fig. 6, where we model the pulse envelope as
h(ζ ) = e−ζ 2/2
uθ (ζ ) + e−ζ 2/2
d θ (−ζ ), with the step function
θ (·). We use a short pulse-front duration 
u and a long
pulse back duration 
d = 25. Note that the result is nearly
independent of 
d for 
d > 5. The contour plot of the

(a) (b)

FIG. 7. PIC simulation results showing (a) the dependence of
the BCO on the CEP and (b) a comparison with the theoretical
scaling where ωbc = 1.5/γp, and F̂ = 0.25 = const. for the green
curve. The blue curve has a linearly increasing F̂ , modeling a dy-
namically evolving pulse front, which agrees much better with the
PIC simulations.

functions F clearly exhibits the CEP dependence. The line
plot of F̂ = maxφCE F shows that F̂ rapidly approaches zero
for longer pulse fronts. Thus, according to expectation, the
parameter F̂ is nonvanishing only if the temporal pulse profile
changes rapidly on the wavelength scale. This is relevant, e.g.,
for few-cycle pulses [28,39], or pulses which have undergone
severe pulse-front steepening and thus acquired single-cycle
features [40–43].

Finally, the BCO amplitude abc can be estimated as abc ∼

R, where R is the bubble radius for which we use the scaling
R = 2

√
a0 [32]. This yields abc ∼ 2a3/2

0 F̂/γpw0. If we further
assume a matched focal spot w0 = R we find the scaling for
the BCO amplitude abc ∼ a0F̂/γp.

In summary, the bubble centroid oscillates according to
xbc(t ) = abc sin(ωbct + φbc), where the scalings of amplitude
abc ∼ a0F̂/γp and frequency ωbc ∼ 1/γp follow from theory,
but the phase φbc = φCE + φ0 is a priori unknown since it
contains contributions from the laser carrier-envelope phase
φCE plus an offset φ0. To verify if the theoretically predicted
oscillations are present in PIC simulations, the bubble centroid
was defined in the latter via zero crossing of the transverse
focusing force Ex − By. The BCO according to the model is
in good agreement with the simulations; see Fig. 7. Details on
the numerical setup can be found in Appendix B.

B. Betatron-BCO-resonance induced beam pointing jitter

We now explain how BCOs cause polarization-dependent
beam jitter via a (resonant) excitation of collective betatron os-
cillations of trapped electrons in the laser polarization plane. If
the bubble oscillates transversely, it is clear that the transverse
confining potential behaves as ∼[x − xbc(t )]2. The trapped
electron dynamics is thus governed by the driven oscillator
equation [44],

ẍ + γ̇

γ
ẋ + ω2

βx = ω2
βxbc(t ), (3)

where the betatron frequency ωβ (t ) = 1/
√

2γ (t ). As the elec-
trons are accelerated, ωβ slowly decreases as the Lorentz
factor γ increases. Since initially ωβ > ωbc, this means ωβ

eventually drops below ωbc as the maximum energy gain of
electrons in a LWFA is γmax ∼ 2

3 a0γ
2
p [32]. Therefore, at some
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FIG. 8. Excitation of collective betatron oscillations leads to a
strong variation of the beam angle θ along the polarization direction.
Thin curves are individual electrons; thick dashed curves are ensem-
ble averages. Without the BCO resonance, xbc = 0 (yellow curves),
the beam centroid angle is almost zero. With the BCOs active (red,
blue, green), the beam is collectively excited, where the phase of that
oscillation and final value of θ depend on φbc.

time during the acceleration process, the betatron oscillations
will become resonant with the BCO, ωβ (t ) ∼ ωbc, at which
the external driving force strongly increases the beam pointing
angle θ = ẋ in the laser polarization plane.

To demonstrate this, we have solved numerically Eq. (3)
for a bunch of electrons with randomly distributed initial
values x0, θ0, all injected at the same time ti = 0. The results
are shown in Fig. 8. Without the BCO resonance active (yel-
low curves), i.e., setting xbc = 0, individual electrons perform
betatron oscillations (thin yellow curves), but the beam cen-
troid angle is almost zero (dashed yellow curve). With the
BCOs active, i.e. in the case when a self-steepened laser pulse
has excited bubble centroid oscillations, xbc 
= 0, the electron
beam betatron motion is collectively excited. In addition to the
individual electron betatron oscillations now also the beam
centroid trajectory oscillates (red, blue, and green dashed
curves). The phase of that oscillation depends on the value of
φbc. An uncontrollable shot-to-shot fluctuation of φCE, hence
φbc, leads to shot-to-shot fluctuations of θ at the end of the
accelerator, thus the beam pointing jitter.

We now estimate the size of the beam pointing jitter an-
alytically within our model. The Wentzel-Kramers-Brillouin
(WKB) solution [45] of Eq. (3) is given by

x(t ) =
√

ωβ (t )

ωβ (ti )

(
x0 cos ϕ(t ) + θ0

ωβ (ti )
sin ϕ(t )

)

+√
ωβ (t )

∫ t

ti

√
ωβ (t ′) sin[ϕ(t ) − ϕ(t ′)]xbc(φbc, t ′) dt ′

(4)

with betatron phase advance ϕ(t ) = ∫ t
ti

ωβ (t ′) dt ′ and ti is the
injection time.

To simplify the argument, we assume the injection time in-
terval is short compared to the BCO period. (The general case
is discussed in Appendix C.) It is then sufficient to consider

FIG. 9. Polarization-dependent pointing jitter calculated using
the betatron-BCO-resonance model. Without BCO (yellow symbols)
the jitter is the same along the x and y axes, while BCOs (ωbc =
1.5/γp, F̂ = 0.03, red symbols) increase the pointing jitter along x.

the trajectory of the beam centroid only as a representative
of the whole beam. For a beam with initial centroid x̄0 = θ̄0 =
0 the homogeneous part of the WKB solution in the first line
of Eq. (4) vanishes. The pointing angle is determined solely by
the inhomogeneous contribution, i.e., the collective betatron
oscillations excited by the BCO,

θ (t ) = ω
3/2
β (t )

∫ t

ti

√
ωβ (t ′) cos[ϕ(t ) − ϕ(t ′)]xbc(φbc, t ′)dt ′.

(5)

To calculate the pointing jitter, we have to evaluate aver-
ages over the unknown fluctuating phase φbc in xbc (denoted
by 〈· · · 〉). The pointing jitter is determined by the second mo-
ment σ 2

P := �θ2 = 〈(θ − 〈θ〉)2〉. It is straightforward to show
that the inhomogeneous contribution of the WKB solution in
Eq. (4) vanishes under this average. Thus, θ − 〈θ〉 is given by
Eq. (5) for arbitrary initial conditions x̄0, θ̄0. We find for the
second moment

σ 2
P = ω3

β (t )

8

∣∣∣∣
∫ t

ti

dt ′ √ωβ (t ′) abc(t ′)e−i(ϕt ′ −ωbct ′ )
∣∣∣∣
2

. (6)

This equation predicts the size of the beam-pointing jitter
as a function of the amplitude and frequency of the bubble
centroid oscillation. For longer acceleration times, it predicts
a decrease of the jitter as γ −3/2 due to the decrease of the
betatron frequency via the prefactor ω3

β (t ). Using a saddle
point approximation of Eq. (6), we find the scaling σ 2

P ∼
L−3/2F̂ 2

� γ 3/2
p , where L is the acceleration length and F̂� is the

pulse-front steepness parameter at resonance. The predicted
density dependence σ 2

P ∼ n−3/4
e is in reasonable qualitative

agreement with the experimental findings (see Fig. 5).
Results for the beam pointing jitter obtained from the

betatron-BCO-resonance model are shown in Fig. 9. Param-
eters were chosen to match dataset (d) of Fig. 3: γp = 23,
L = 4 mm, a0 = 4. The initial conditions (x0, θ0) for the
electrons were chosen to yield a polarization-independent
jitter of σ0 = 0.26 mrad if the BCO is turned off. With the
BCO active, the jitter in the polarization direction increases to
σT = 0.35 mrad, hence σP = 0.23 mrad. This shows that the
experimentally observed polarization-dependent jitter can be
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(a) (b)

(c)

FIG. 10. PIC simulation results for the CEP dependence of the
beam pointing during propagation in plasma for an externally in-
jected beam (a), pointing at the end of the simulation at ωpt = 800
(b), and evolution of rms beam jitter (c).

understood qualitatively and even quantitatively in terms of
the betatron-BCO resonance model.

IV. DISCUSSION

The CEP dependence of electron beam pointing is con-
firmed using a large set of PIC simulations, as shown in
Fig. 10. In these simulations, we externally injected an elec-
tron beam centrally into a wakefield to eliminate potential
CEP effects from the injection. The laser pulse was defined
here with a “triangular” envelope to mimic the shape of the
pulse front after self-steepening. It is clear that polarization
and CEP effects could also modify the injection process,
as was discussed in [28]. The external injection simulations
were done to demonstrate explicitly that the BCOs alone can
explain the experimental findings. We also performed simu-
lations with ionization injection, which show a qualitatively
similar CEP dependence as the external injection case (see
also Appendix B).

Our model also allows different experimental cases
[(a)–(f)] to be explained. We note that the model reproduces
the general trend to smaller absolute pointing jitter for higher
densities (corresponding to a longer propagation in units of
ωpt in Fig. 10).

In general, the BCOs contribute to both beam pointing jitter
and emittance [28,39]. The emittance contribution vanishes
for short injection lengths, but the pointing does not. That
means that, by our assumption of a short injection length
above, we have explicitly singled out the jitter contribution.
(The effect of a long injection length is discussed in more
detail in Appendix C.) Modern gas targets are often designed
for localized injection [46]. However, this is insufficient to
achieve stable pointing, as shown in Fig. 10. For constant
initial CEP all phases are constant, and the injection direction
is also reproducible shot to shot. Controlling the CEP phase
to within 500 mrad [47] as shown in Fig. 10(b) constrains the
polarization induced jitter to below 50 µrad. We note
that longer drive pulses do not, in general, eliminate the

CEP-dependent effect, as a steep pulse front occurs even for
initially long pulses, due to the nonlinear pulse evolution in
the plasma.

Additional polarization and CEP-dependent contributions
to the pointing jitter can come from the injection process if
the driving laser pulse contains single-cycle features already
during injection, e.g., for LWFAs with single-cycle pulses
[28,30]. The model put forward in this paper, however, sug-
gests that CEP fluctuation can play an essential role for LWFA
pointing stability also beyond single-cycle pulses.

V. SUMMARY

In conclusion, we have experimentally and theoretically
identified a mechanism intrinsic to the LWFA process that
couples both CEP and polarization to the electron beam
pointing. This mechanism is fundamental to laser wakefield
accelerators in the sense that the regime of pulse-front etching
and steepening is necessary for the efficient operation of LW-
FAs and eliminating the instability requires additional CEP
stabilization. A stable operation can nonetheless be achieved
if the phase of the oscillation at the output of the accelerator is
kept constant, requiring not only a sufficiently reproducible
target density profile and injection region but also a CEP-
stable drive laser.
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APPENDIX A: BAYESIAN INFERENCE

In addition to the ratio-of-ellipses measure R discussed in
the main text, Bayesian inference was used to estimate the
value of the polarization-dependent jitter contribution [50].
The generative model for the data is Gaussian with tilted
covariance ellipses, in which the polarization-dependent jitter
contribution σP is attributed to either H or V depending on the
laser polarization direction being horizontal or vertical. The
unpolarized jitter contribution is assumed to have the same
magnitude along the major and minor axes for both H and V
cases, but we allow for a relative tilt of those axes for H and V
independently. The data are the tuples D = (xH , yH , xV , yV ),
where over each dataset the average position is normalized to
zero, i.e., they represent the residuals xH = XH − μH , etc.

The log-likelihood of this model is given by

lnL(D|
) = −1

2

∑
data

[
(xH , yH )C−1

H (xH , yH )T + (xV , yV )C−1
V (xV , yV )T + ln det(CH ) + ln det(CV )

]
(A1)
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FIG. 11. Markov-chain Monte Carlo Bayesian inference [50] of the polarization-dependent contribution to the pointing jitter σP for the
datasets (a)–(f) (cf. Fig. 3) as red or blue symbols; grey symbols are the polarization independent jitter contribution σ0 = √

σaσb as the
geometric mean of the major and minor axes. Circles are the median of the posterior distribution (error bars range from 15th to 85th percentiles).
Square and triangle symbols are for a bootstrapping analysis where squares are the bootstrapped median and triangles the bootstrapped
maximum posterior. Error bars represent the standard deviation of the mean of the latter two cases.

with the horizontal and vertical covariance matrices

CH = 1
2

(
σ 2

a + σ 2
b + (

σ 2
a − σ 2

b

)
cos 2ϕH + 2σ 2

P

(
σ 2

a − σ 2
b

)
sin 2ϕH(

σ 2
a − σ 2

b

)
sin 2ϕH σ 2

a + σ 2
b − (

σ 2
a − σ 2

b

)
cos 2ϕH

)
, (A2)

CV = 1

2

(
σ 2

a + σ 2
b + (

σ 2
a − σ 2

b

)
cos 2ϕV

(
σ 2

a − σ 2
b

)
sin 2ϕV(

σ 2
a − σ 2

b

)
sin 2ϕV σ 2

a + σ 2
b − (

σ 2
a − σ 2

b

)
cos 2ϕV + 2σ 2

P

)
. (A3)

Results from the Bayesian inference, in which we used
Markov-chain Monte Carlo to infer the model parameters
[50], are summarized in Fig. 11. The polarization indepen-
dent jitter contribution, defined as the geometric mean σ0 =√

σaσb, has a constant value of approximately 0.44 mrad
for 100% He gas, while for the gas mixture with ioniza-
tion injection it is smaller at approximately 0.26 mrad. We
found the polarization-dependent contribution to the beam
jitter σP in some datasets [(a), (d), and (e)] being almost as
large as the unpolarized jitter contribution. With increasing
plasma density, the polarization-dependent jitter contribution
decreases while the polarization-independent jitter remains
constant. For dataset (f) the Bayesian analysis shows no sig-
nificant polarization-dependent jitter, which is consistent with
the analysis in Fig. 3; see Fig. 12.

APPENDIX B: NUMERICAL DETAILS
ON THE PARTICLE-IN-CELL SIMULATIONS

The PIC simulations for this study were performed using
SMILEI [49]. The simulations for Fig. 7 were performed with
the following parameters: The simulation box was 64λ ×
128λ with a resolution of λ/32 (λ/12) in the longitudinal
(transverse) direction. Laser parameters were a0 = 4, w0 =
12 µm, a short rising edge of 0.5 µm HWHM (half width at
half maximum), and a long falling edge with 4 µm FWHM.
The plasma density was n = 2.3 × 1018 cm−3, corresponding
to γp = 23.56. The numerical curves for the bubble centroid
oscillation were found by determining the zero crossing of
Ex − By at a fixed lineout location ζ0 approximately at the
center of the first wakefield bucket.

For Fig. 10 the simulation box had a size of 64λ × 128λ,
with a spatial step size of λ/32 in all directions. The laser
pulse was launched from the left wall with a0 = 4, w0 =
14 µm, λ = 800 nm, with a vacuum focus position at the end
of a 50 µm linear entry ramp. The initial pulse shape was
initialized with a short rising edge corresponding to 1 µm
HWHM and a long falling edge with 4 µm HWHM. After
the entry ramp, the background plasma had a constant density
of ne = 2.3 × 1018 cm−3, corresponding to γp = 27.48, with
16 particles per cell. The witness electron beam is externally
injected from the left wall centrally on the beam axis with 64
particles per cell using a particle injector. The beam had the

FIG. 12. Comparison of the double ratio R, Eq. (1), evaluated as
in Fig. 3 (blue circles), and deduced via Bayesian inference (squares
and triangles).
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FIG. 13. Simulations showing the beam pointing for ionization
injection (1 micron pulse front length) and external injection (pulse
front length 1 and 2 microns). The different curves in each color are
for different CEP values.

following initial properties: Transverse rms beam size 1 µm,
normalized temperature 0.08, initial Lorentz factor γ0 = γp/2.

In Fig. 13 we compare PIC simulation results for the beam
pointing fluctuations for ionization injection and for external
injection with different initial pulse-front lengths. The dif-
ferent curves in each color are for a variation of the laser
carrier-envelope phase. Even though the angular variation 〈θ〉
can be very different in the early stages of the simulation,
these differences somewhat even out towards the end of the
acceleration process. While ionization injection in these sim-
ulations shows a larger pointing jitter, the results are of the
same order of magnitude. It should be noted that in these sim-
ulations we forced the pulse asymmetry from the beginning by
using pulses with a short upramp. In the experiment, the pulse
initially had a long upramp, with single cycle in a steep pulse
front developing only after significant propagation through the
plasma.

To highlight the relevance of the pulse front steepness for
the beam pointing jitter, we show in Fig. 14 a PIC simula-
tion result for the beam pointing fluctuations for an initially
Gaussian pulse shape with, e.g., equally long pulse rising and
falling edges with a FWHM of cτ = 8 µm. It demonstrates
that the instability of the electron beam pointing occurs for
typical LWFA pulse parameters and longer initial pulses af-
ter some propagation through the plasma once the pulse has
sufficient time to self-steepen.

APPENDIX C: ADDITIONAL DETAILS ON THE
BETATRON-BCO-RESONANCE MODEL

In Fig. 15, we show the dependence on the injection not
being instantaneous, i.e., a distribution of ti. Here, the injec-
tion point is varied uniformly over 0.5 BCO wavelengths. The
jitter due to BCO resonance is still observable as in Fig. 8.
The main effect of a long injection time is that the BCO leads
to an additional beam emittance growth, as was discussed for
instance in Refs. [28,39]. The larger beam emittance can be
inferred in the figure from the wider distribution of the indi-
vidual electron trajectories around their respective centroids
compared to Fig. 8.

FIG. 14. Results of a PIC simulation with a temporally Gaussian
pulse with an initial duration of cτ = 8 µm and a0 = 4 showing
that the beam centroid starts oscillating eventually also for initially
Gaussian pulses. The plot exhibits the density of the externally
injected beam as a function of the pointing angle. After an initial
phase where the beam centroid pointing (red curve) is stable at θ = 0,
the pointing jitter grows rapidly once the front edge has steepened,
exciting bubble centroid oscillations resulting in large the beam cen-
troid oscillation due to forced collective betatron oscillations when
resonance is reached.

Figure 16 shows results for the polarization-dependent
contribution �θ = σP to the electron beam pointing jitter ac-
cording to our betatron-BCO-resonance model, as presented
in Eq. (5). It should be emphasized again that these model cal-
culations are in qualitative agreement with the PIC simulation
results shown in Fig. 10, despite the fact that in the model the
BCO amplitude is treated as constant assuming a nonevolving
laser pulse. Of course, one could alternatively model the BCO
amplitude (and frequency) as time dependent as well, e.g.,
with input from PIC simulations, in order to obtain even better
agreement.

FIG. 15. Excitation of collective betatron oscillations with the
injection point varied uniformly over 0.5 BCO wavelengths (compare
with Fig. 8). The shot-to-shot pointing jitter due to BCO resonance
is still present. In addition, the nonlocalized injection leads to an
increased beam divergence as seen by the larger fluctuations of the
electron orbits around their respective beam centroids.
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(a) (b)

(c) (d)

FIG. 16. Plot of the analytic result of the pointing jitter as given by Eq. (6). Results are shown for fixed abc = 0.005 at various plasma
densities (top panels) and for the bubble centroid oscillation amplitude scaling with density abc = 0.1/γp (lower panels). For convenience,
we show the results both as a function of normalized ωpt (left panels), as well as a function of the acceleration length in millimeters (right
panels). All results show a fast initial increase of pointing jitter due to the betatron-BCO resonance before the �θ = σP slowly decreases as
the electrons are further accelerated and the betatron frequency drops as ωβ (t ) ∝ 1/

√
2γ (t ).
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