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Spatiotemporal control of two-color terahertz generation
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A laser pulse composed of a fundamental and properly phased second harmonic exhibits an asymmetric
electric field that can drive a time-dependent current of photoionized electrons. The current produces an
ultrashort burst of terahertz (THz) radiation. When driven by a conventional laser pulse, the THz radiation is
emitted into a cone with an angle determined by the dispersion of the medium. Here we demonstrate that the
programmable-velocity intensity peak of a spatiotemporally structured, two-color laser pulse can be used to
control the emission angle, focal spot, and spectrum of the THz radiation. Of particular interest for applications,
a structured pulse with a subluminal intensity peak can drive highly focusable, on-axis THz radiation.
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I. INTRODUCTION

Terahertz (THz) sources impact a range of scientific dis-
ciplines as probes for elucidating ultrafast dynamics and as
pumps for accessing new states of matter. Residing in the band
between microwave and optical frequencies, single-cycle
THz sources satisfy the seemingly contradictory requirements
of being both ultrafast (∼1 ps) and quasi-dc. As probes,
these sources have provided insights into carrier dynamics
in semiconductors [1], ferromagnetic phase transitions [2],
the conductivity of warm-dense matter [3], and the internal
motion of biological molecules [4]. As pumps, THz pulses
can induce exotic phase transitions [5] or exert strong mag-
netic or relativistic forces at intensities that are orders of
magnitude lower than near-infrared laser pulses [6]. Each
of these applications has motivated continued development
of high-power, well-characterized, and stable sources [7].
Plasma-based sources, in particular, benefit from a nearly
limitless damage threshold, enabling the use of high-intensity
laser pulses as drivers [8–14].

Of the plasma-based sources, the “two-color” technique
routinely delivers well-characterized, single-cycle THz pulses
at high-repetition rates [15–26]. In two-color THz genera-
tion, a laser pulse composed of a fundamental and second
harmonic ionizes a low-density gas [9,27] [Fig. 1(a)]. When
the two harmonics are appropriately phased, the ionization
creates a transient electron current that drives an ultrashort
burst of THz radiation. The radiation constructively interferes
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in a Cherenkov-like cone with an angle φ determined by the
velocity of the ionization front vI and the phase velocity of the
THz vT [28]:

φ = arccos(vT /vI ). (1)

The velocity of the ionization front depends on the phase
and group velocities of the two harmonics, which are lin-
early constrained by dispersion and evolve nonlinearly during

FIG. 1. Schematics of two-color THz generation schemes. (a) A
conventional design. A two-color laser pulse is focused by an ideal
lens, providing little to no control over the ionization front velocity or
THz emission angle. (b) An ultrafast flying focus design. A two-color
laser pulse is focused by an axiparabola, which extends the focal
range, and passes through an echelon, which imparts a radial group
delay designed to produce a desired ionization front velocity and THz
emission angle. The flying focus optical assembly can create a focus
(and corresponding ionization front) that moves slower than (bot-
tom), equal to (middle), or greater than (top) the THz phase velocity.
For illustrative purposes the ideal lens, echelon, and axiparabola are
shown in transmission, but these optics would typically be used in
reflection.
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propagation. This makes the emission angle φ difficult to
control, especially when the gas species and density are used
to optimize other properties of the radiation. Moreover, the
conical emission complicates collection and focusing of the
radiation for use in applications.

Spatiotemporal pulse shaping can be used to control non-
linear propagation and the velocity of an ionization front
independent of material dispersion [29–32]. As an example,
“flying focus” techniques control the time and location at
which different temporal slices, annuli, or frequencies within
a laser pulse come to focus to produce a programmable-
velocity intensity peak that travels many Rayleigh ranges with
a near-constant profile [30,31,33–35]. With sufficient inten-
sity, the peak can trigger an ionization front that travels at a
velocity vI ≈ v f , where v f is the velocity of the moving fo-
cus [29,31,36]. These arbitrary-velocity ionization fronts have
been demonstrated experimentally [36,37] and proposed for
applications including extreme ultraviolet generation through
photon acceleration [32,38] and intense optical pulse genera-
tion using Raman amplification [39].

Here we show that programmable-velocity ionization
fronts driven by space-time structured, two-color laser pulses
can be used to control the emission angle, focal spot, and
spectrum of THz radiation. The velocity of the ionization front
is tuned using a recently demonstrated optical configuration
that creates ultrashort flying focus pulses [29,40]. Adjusting
the velocity of the ionization front provides access to three
distinct regimes of THz generation. Matching the velocity
of the ionization front to the THz phase velocity, vI = vT ,
produces a focusable, single-cycle THz pulse that construc-
tively interferes on axis (φ = 0). Setting the ionization front
velocity slightly lower than the THz phase velocity, vI � vT ,
also produces a focusable, on-axis THz pulse but with a
longer duration and narrower spectrum. Finally, an ionization
front velocity greater than the THz phase velocity, vI � vT ,
produces an ultrashort THz pulse with an off-axis intensity
maximum resembling a Cherenkov shock. The flexibility af-
forded by these regimes can be used to tailor the properties of
the THz radiation for use as either an ultrafast, quasi-dc pump
or probe.

II. METHOD OF SPATIOTEMPORAL CONTROL

Figure 1 illustrates the concept of two-color terahertz gen-
eration for a conventional focusing geometry (a) and the
ultrafast flying focus configuration applied in this work (b).
In both cases, an initial laser pulse with frequency ω passes
through a nonlinear crystal (e.g., beta-barium borate), which
frequency doubles a portion of the energy. The phase and
polarization of the second harmonic (2ω) are adjusted using
the location of the crystal and a dichroic waveplate to optimize
the THz signal. In the conventional-focusing geometry, the
composite two-color pulse is focused into the gas by an ideal
lens where it drives an ionization front with a velocity vI .
The velocity has a complex dependence on the dispersion and
propagation history of the pulse, offering little to no control
over the THz emission angle [Eq. (1)]. For typical parameters,
vI > vT , resulting in off-axis, conical emission (φ > 0) [28].

Replacing the ideal lens with an axiparabola-echelon pair
provides control over the velocity of the ionization front and

THz emission angle (Fig. 2). The axiparabola focuses differ-
ent radial locations in the near field to different axial locations
in the far field, while the echelon adjusts the relative timing
of the foci. The combination creates an ultrashort flying focus
that travels at a velocity v f independent of the group velocity
over distances much longer than a Rayleigh range. Because
the ionization rate is sensitive to the intensity, the trajectory
of the ionization front closely tracks that of the focus vI ≈ v f .
The ionization front driven by the flying focus can travel
faster [Fig. 1(b), top], equal to [Fig. 1(b), middle], or slower
than [Fig. 1(b), bottom] the THz phase velocity and generate
radiation peaked either on or off axis.

The axiparabola extends the range of high intensity using
spherical and higher-order geometric aberration [41,42]. The
focal length as a function of near-field radius f (r′) is designed
to ensure that a flattop transverse intensity profile incident on
the optic results in a uniform on-axis intensity in the far field.
Specifically, f (r′) = f0 + (r′/R)2L, where f0 is the nominal
focal length, R is the maximum radius, and the focal range L
determines the distance over which the flying focus maintains
a high intensity and generates plasma.

When used on its own, the axiparabola produces an ac-
celerating focus. A specified, constant focal velocity v f can
be achieved by applying a small amount of radial group de-
lay (i.e., an intensity profile that depends nonseparably on
radius and time) as outlined in Refs. [30,42–44]. Here a
reflective echelon is used for this purpose [30,40,45]. The
echelon consists of discrete, concentric rings with widths �r′
determined by the desired radial group delay and depths d
equal to a half-integer multiple of the fundamental wave-
length d = (�/2)λ1 = π�/ω. A single echelon can be used for
both harmonics because their wavelengths are integer multi-
ples, λ1 = 2λ2. The widths of the rings are large enough to
prevent diffractive losses: �r′ � λ1 f0/2R. For v f ≈ c, the
axiparabola-echelon system preserves the ultrashort optical
pulse duration, making it ideal for efficient, ultrafast THz
generation.

III. SIMULATIONS OF TWO-COLOR THZ GENERATION

To demonstrate spatiotemporal control of two-color THz
generation, the interactions illustrated in Fig. 1 were simulated
using the unidirectional pulse propagation equation (UPPE)
[46,47]. The pulses were initialized with the phases and ampli-
tudes produced by the optical configurations shown in Fig. 1.
In addition to accounting for dispersion to all orders, the
UPPE included source terms for the third-order bound elec-
tron nonlinearity (i.e., χ (3)), the free-electron current density,
and the depletion of laser pulse energy (see Appendix A
for details) [16,28,46–49]. The parameters of the laser pulse
(Table I) were chosen to emulate the output of a commercially
available multi-kHz Ti:sapphire laser system [50].

For the simulations that implemented the axiparabola-
echelon pair, the focal range L was approximately 150
Rayleigh lengths of the full-aperture focal spot and roughly
one-half the nominal dephasing length of the two harmonics,
Lπ ≈ (λ1/4)|n(λ1) − n(λ2)|−1, where n is the refractive index
of the neutral gas [51]. Note that the actual dephasing length
is a dynamic quantity that evolves as plasma is generated.
The initial laser pulse had a nearly flat transverse profile,
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TABLE I. Simulation parameters for the drive laser pulse, optical
configurations, and gas.

Laser parameters Value

λ1 (µm) 0.8
λ1 power (GW) 10
λ1 duration (fs) 30
λ2 (µm) 0.4
λ2 power (GW) 2
λ2 duration (fs) 15

√
2

Energy (mJ) 0.3
Super-Gaussian radial order 20
Super-Gaussian temporal order 2

Optics parameters Value

Axiparabola radius R (cm) 5
Axiparabola f /# 10
Focal range L (cm) 1.5

Ideal lens radius (cm) 2.5
Ideal lens f /# 85
Confocal parameter (cm) 1.5

Medium parameters Value

Species Ar
Density (cm−3) 2.7×1019

Nonlinear refractive index (cm2/W) 1×10−19 [52]
Ionization energy (eV) 15.8
Collision frequency (THz) 10 [53]

which ensured a near-uniform on-axis intensity within the
focal range (see Appendix B). The profile of the echelon was
varied to produce the desired focal velocity as calculated in
Ref. [30]. The simulations of the conventional configuration
used an ideal lens with an f number f /# = 85, so that the
confocal parameter matched the focal range of the flying focus
configuration, providing a comparable range of high intensity.
In each configuration, the initial relative phase between the
two harmonics was tuned to ensure the highest THz yield.
During ionization the optimal relative phase for THz gener-
ation is π/2 [9]. However, the optimal initial phase may be
different due to the evolution of the fundamental and second
harmonic phases during propagation.

The simulation results presented in Fig. 2(a) highlight the
control over the THz emission angle enabled by the two-color
flying focus. For focal velocities less than the THz phase
velocity [51], the THz is emitted on axis, i.e., with φ = 0, gen-
erating a directed, high-power THz pulse. For focal velocities
greater than the THz phase velocity, the emission angles agree
with the Cherenkov model [Eq. (1)] evaluated using vI = v f .
The agreement confirms that the ionization front driven by the
flying focus pulse has a velocity vI ≈ v f . The conventional
configuration produces off-axis THz emission with φ ≈ 1◦. In
all cases, the emission angle is determined by propagating the
THz radiation to the near field, time integrating, and finding
the radius of the peak fluence.

The flying focus yields larger THz conversion efficiencies
than the conventional pulse for emission angles ranging from
φ = 0 to 5◦. The elevated conversion efficiency at moder-
ately superluminal focal velocities (v f � c) is explained by

FIG. 2. (a) THz emission angle (solid blue) and conversion ef-
ficiency (dashed red) to frequencies <30 THz as a function of focal
velocity for the flying focus design (dots) and at the group velocity of
the fundamental for the conventional design, vg = 0.9997c (boxes).
The flying focus design allows for on-axis THz generation with a
conversion efficiency comparable to the conventional design. For fo-
cal velocities greater than the vacuum speed of light, the simulations
are in agreement with the prediction of Eq. (1) (solid blue line). (b),
(c) The focused profile of the THz radiation at peak intensity for
v f = 0.9995c and the conventional pulse, respectively. (d) Lineouts
of the focused intensity profile. The flying focus design produces
highly focusable THz radiation.

three effects. First, a superluminal focus mitigates the ioniza-
tion refraction experienced by the two-color pulse [29,31,36],
resulting in a slightly higher peak intensity and a stronger
THz-generating current. Second, THz radiation emitted at a
larger angle spends less time within the plasma and thus
undergoes less collisional absorption. Finally, as shown later
in Fig. 4, superluminal focal velocities produce more THz
radiation at higher frequencies where collisional absorption
is weaker. Below v f ≈ 0.998 c and beyond v f ≈ 1.002 c, the
flying focus optical assembly causes a drop in the conversion
efficiency. As the focal velocity gets further from the group
velocity, the echelon must impart a larger radial group delay.
The associated chromatic aberration lengthens the effective
duration of the moving focus and decreases its maximum
intensity, both of which inhibit the THz generation.

Figures 2(b)–2(d) demonstrate that the flying focus drives
highly focusable THz radiation. The images in (b) and
(c) show the maximally focused profile for all frequencies
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FIG. 3. (a)–(c) Cycle-averaged, on-axis intensity of the two-
color flying focus pulse overlayed on the electron density as a
function of distance and time in the moving frame for v f = 0.999 c,
v f = 0.9995 c, and v f = 1.002 c, respectively. The dashed white
lines indicate the designed focal trajectory in the moving frame coor-
dinate t − z/vg, where vg is the group velocity of the first harmonic.
In this frame, the location of the focus z f = v f (1 − v f /vg)−1(t −
z/vg). (d)–(f) The corresponding electric fields for all low frequency
radiation (� 100 THz) at the end of the focal range, i.e., at z − f0 =
1.5 cm. The focal velocity determines the spatiotemporal profile of
the THz radiation in the far field.

�30 THz from the v f = 0.9995 c (φ = 0◦) flying focus and
conventional (φ = 1◦) configurations, respectively. The THz
radiation produced by the flying focus has a smaller spot
and a higher intensity: the 1/e2 radius is 85 µm compared to
140 µm in the conventional case. As illustrated by the lineouts
in Fig. 2(d), this is not a result of the larger angle in the
conventional case and is a general property of the THz gener-
ated by the flying focus. The profiles in Figs. 2(b)–2(d) were
obtained by propagating the radiation backwards in space
excluding all source terms and dispersion to find the location
and time of highest intensity. This is equivalent to finding
the “virtual” THz source. The increased focusability of THz
radiation driven by the flying focus may enhance applications
that require a high peak intensity or a small spot.

FIG. 4. Energy spectrum of all generated low-frequency radia-
tion (� 100 THz) for the three focal velocities presented in Fig. 3
and the THz pulse produced by the conventional geometry.

In addition to the emission angle, the velocity of the ioniza-
tion front determines the far-field spatiotemporal profile of the
THz radiation. Figures 3(a)–3(c) display the on-axis intensity
of the two-color pulse and the resulting ionization front for
v f � vT , v f ≈ vT , and v f � vT , respectively. Figures 3(d)–
3(f) show the final far-field THz waveform for each case in
terms of the electric field. In all three cases, the ionization
front travels at vI ≈ v f and produces a single-cycle THz pulse
with a distinct spatiotemporal profile. When vI � vT , the ion-
ization front continually slips behind the radiation that was
generated upstream and drives new radiation. This produces a
longer THz pulse with an on-axis field maximum [Figs. 3(a)
and 3(d)]. When vI ≈ vT , the newly driven THz radiation
overlaps the radiation generated upstream. The accumulation
produces a shorter-duration THz pulse, also with an on-axis
field maximum [Figs. 3(b) and 3(e)]. When vI � vT , the
ionization front outpaces and drives new radiation ahead of
the radiation generated upstream. The receding wavefronts
constructively interfere at the Cherenkov angle, producing the
shortest THz pulse, but with an off-axis field peak [Figs. 3(c)
and 3(f)].

The change in the THz pulse duration with focal velocity
(and ionizaton front velocity) is reflected in the spectrum.
Figure 4 shows the energy spectrum of all generated low
frequency radiation, i.e., � 100 THz, for the three cases dis-
played in Fig. 3 and the conventional focusing geometry. A
faster ionization front results in a broader THz bandwidth,
consistent with the shorter durations observed in Fig. 3. The
spectral width depends primarily on the relative velocities
of the ionization front and THz phase fronts and is not a
consequence of the flying focus focal geometry. Simulations
(not shown) which artificially altered the THz phase velocity
by modifying the dispersion (similar to Ref. [28]) produced
qualitatively similar results for the same value of vT /vI : the
THz spectrum was broader when vT < vI and narrower when
vT > vI .
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IV. DISCUSSION AND CONCLUSIONS

The simulations modeled THz generation driven by flying
focus pulses with powers comparable to the critical power for
self-focusing Pc and focal ranges less than the nominal de-
phasing length of the two harmonics Lπ . For powers less than
∼10 Pc and distances less than Lπ , the efficiency increases
approximately linearly with the length of the focal range:
the THz energy increases quadratically, while the energy of
the laser pulse increases linearly (assuming a fixed far-field
intensity). At higher powers, transverse beam breakup and
multiple filamentation of the laser pulse [54] may disrupt the
coherence of the THz radiation and, as a result, the efficiency.
Over longer distances, the efficiency begins to plateau due
to dephasing. In addition, when L � Lπ , Eq. (1) is replaced
by cos(φ) = vT (1/vI ± π/LπωT ) [28,55], where ωT is the
THz frequency, which results in significant angular disper-
sion. Nevertheless, a flying focus can still be used to set the
ionization front velocity and control the emission angle. This
will be a topic of future work.

The ultrafast flying focus provides unprecedented control
over two-color THz generation. The programmable-velocity
intensity peak drives an ultrashort ionization front over many
Rayleigh ranges, producing a highly focusable, single-cycle
THz pulse. By tuning the velocity of the intensity peak, the
emission angle, spatiotemporal profile, and spectrum of the
THz radiation can be tailored to a particular application, such
as probing picosecond dynamics or pumping new states of
matter. The tunability is enabled by an experimentally demon-
strated optical configuration consisting of an axiparabola and
radial echelon [40]. The configuration avoids the need for
multiple intersecting laser pulses [56], a structured plasma
[10], or an external magnetic field [57]. Combining the ul-
trafast flying focus with a midinfrared ultrashort pulse laser
[25] could provide a path to focused THz pulses approaching
relativistic intensities (∼2 × 1013 W/cm2). Combining the
design with an ultra-high-rep-rate laser could provide directed
and controlled THz pulses at 500 kHz, approaching watt-level
average powers [26].
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APPENDIX A: SIMULATION DETAILS

The simulations of two-color THz generation were per-
formed in two steps. The first step used the frequency domain
Fresnel integral to propagate the two-color laser pulse from
the optical assembly to the far field. The second step used
the unidirectional pulse propagation equation (UPPE) [46–48]
to propagate the pulse through the far field and to model the
generation and propagation of the THz radiation.

The transverse electric field of the two-color laser pulse
was initialized just before the optical assembly with the pa-
rameters provided in Table I. The phase imparted by the
optical assembly, i.e., either an axiparabola-echelon pair or
the ideal lens, was then applied to the initial field. After
the optical assembly at z = 0, the field can be expressed as
Ẽ0(r′, ω)eiθ (r′,ω), where Ẽ0(r′, ω) is the field before the as-
sembly, θ (r′, ω) is the phase applied by the assembly, r′ is
the near-field radius, and ∼ indicates a frequency-domain, as
opposed to a time-domain, field. The field was propagated in
vacuum from z = 0 to the beginning of the gas at z = z0 using
the frequency-domain Fresnel integral:

Ẽ (r, ω, z = z0) = ω

icz0
e−iωz0/c

∫
r′dr′Ẽ0(r′, ω) × · · ·

× J0

(
ωrr′

cz0

)
exp

[
iω(r2 + r′2)

2cz0
+ iθ (r′, ω)

]
,

(A1)

where r is the far-field radius and J0 is the zeroth-order
Bessel function of the first kind. The Fresnel integral decou-
ples the radial grids in the near field and far field, reducing
computational expense, especially when considering smaller
f /#′s [29].

The electric field from the Fresnel integral Ẽ (r, ω, z = z0)
provided the initial condition for the UPPE. The UPPE mod-
els linear dispersion to all orders, does not make a paraxial
approximation, and can evolve an arbitrarily broad frequency
spectrum. As implemented here, the UPPE is expressed as

∂Ê

∂z
= i

(
kz − ω

vg

)
Ê + ω

2ε0c2kz
(iωP̂g − Ĵp − Ĵi ), (A2)

where kz = √
k2
ω − k2

r is the z component of the wave vector,
kω = n(ω)ω/c, n(ω) is the refractive index, kr is the transverse
wave vector, vg is the group velocity at the fundamental fre-
quency of the laser pulse, and ˆ indicates a Fourier and Hankel
transformed quantity. The source terms correspond to the non-
linear polarization density of the gas P̂g, the current density of
the plasma Ĵp, and an effective current density that accounts
for the electromagnetic energy lost during photoionization Ĵi.
Each of these are calculated in the time and configuration
domain as follows:

Pg = 4

3
ε2

0cn2E3, (A3)

∂t Jp = −venJp + e2

me
neE , (A4)

Ji = w(E )nnUI

E
, (A5)

where n2 is the nonlinear refractive index, ven is the electron-
neutral collision frequency, ne is the electron density, w(E )
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FIG. 5. Dependence of THz energy on the transverse profile
(super-Gaussian order) of flying focus pulses with the same energy
(blue, dashed) and the same peak intensity (red, solid).

is the ionization rate, nn is the neutral density, and UI is the
ionization energy. The electron density and neutral densities
evolve according to ∂t ne = w(E )nn and nn = n0 − ne, where
n0 is the initial neutral density.

The UPPE model is solved in a cylindrically symmetric
2D + t geometry using quasidiscrete Hankel transforms [58]
with a second-order predictor-corrector scheme for the nonlin-
ear source terms. The Ammosov-Delone-Krainov (ADK) [59]
rate is used for w(E ) and a fixed electron-neutral collision
frequency is implemented in the current density equation to
account for inverse bremsstrahlung absorption [60]. The back-
ground gas was singly ionizable argon, with parameters given
in Table I. The refractive index was calculated using the Sell-
meier equation given in Ref. [51] and extrapolated to THz
frequencies.

The temporal resolution and domain sizes were �t =
110 as and T = 1.8 ps, corresponding to a spectral resolu-
tion of � f = 0.55 THz. The minimum radial resolution was
�r = 1.5 µm with a radial domain size rmax = 4.5 mm. The

axial step size was �z = 20 µm. The resolution was adjusted
to ensure convergence and the maximum bounds on t and
r were chosen to mitigate aliasing and spurious reflections,
respectively.

APPENDIX B: EFFECT OF TRANSVERSE PROFILE

The simulations presented in the main text modeled laser
pulses initialized with a super-Gaussian (SG) of order 20
transverse profile. This profile was chosen to ensure a near-
uniform on-axis intensity within the focal range. Flat profiles,
like an SG20, can be created experimentally using a Pi-shaper
[61] or an iris to subaperture the pulse. To determine the
effect of the transverse profile on the THz generation, a set
of simulations were conducted for flying focus pulses with
smaller SG orders. Figure 5 shows the resulting THz energy
as a function of SG order for fixed laser pulse energy (blue,
dashed) and fixed peak intensity (red, solid). In each case,
the focal velocity was v f = 0.9995c and all other parameters
were the same as in Table I.

For pulses with the same energy, the THz energy is insen-
sitive to the SG order. With decreasing SG order, a loss of
intensity at the radial periphery of the initial pulse is compen-
sated by an increase in intensity near the center. This results in
a higher intensity and more THz generation at the beginning
of the focal range and a lower intensity and less THz genera-
tion near the end. The offset of the enhanced and diminished
THz generation over the focal range makes the total THz
energy resilient to the SG order. Note that, because the process
of THz generation is highly nonlinear, this insensitivity may
not be general to all focusing geometries.

For pulses with the same peak intensity, the THz energy
drops considerably with decreasing SG order. In this case, the
intensity at the center of the initial pulse is independent of SG
order and the loss of intensity at the radial periphery is not
compensated. As a result, the lower-order SG pulses produce
less THz radiation further into the focal range. In either case,
i.e., fixed energy or fixed intensity, the nonuniformity of the
transverse profile shortens the focal range and slightly modi-
fies the focal velocity. The latter of these can change the THz
emission angle.
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