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Recently, nonreciprocal two-dimensional unitary scattering networks have gained considerable interest due
to the possibility of obtaining robust edge wave propagation in their anomalous topological insulating phase.
However, zero-dimensional states in such networks have been left uncharted. Here, we demonstrate the existence
of disclination states in nonreciprocal topological scattering networks. The disclination states can nucleate in
every gap of the anomalous phase if a disclination round-trip resonance condition is met, and are carried over
to the Chern phase unless the band gap closes. By comparing Chern and anomalous disclination states, we
show that only the latter are remarkably robust to random quasienergy fluctuations. Anomalous topological
chiral edge states and disclinations can be coupled together to form intriguing disclination bound states in the
continuum (BICs) in anomalous topological insulators, a different form of nonreciprocal cavities associated with
an extreme confinement and lifetime. Our work broadens the applications of disclination states to microwave,
acoustic, or optical scattering networks, with new possibilities in chiral topological lasing, robust nonreciprocal

energy squeezing, and switchable lasing and antilasing behavior.

DOLI: 10.1103/PhysRevResearch.6.013031

I. INTRODUCTION

Two-dimensional (2D) topological insulators are one of
the simplest and practically relevant forms of topological
systems due to their compatibility with modern planar tech-
nologies and fabrication methods in electronics, photonics,
and phononics. They exhibit chiral or helical edge trans-
port that originates from bulk-boundary correspondence, a
property guaranteed by a quantized number known as bulk
topological invariant [1,2]. Topological edge states have been
realized in various platforms ranging from quantum to clas-
sical waves, including photonic and acoustic lattices [3-6].
In systems with broken time-reversal symmetry, Chern edge
states have been observed and exploited for unidirectional
wave routing and robust transport of energy [7—10]. However,
they are not the only possible 2D chiral edge states. In unitary
(e.g., Floquet) systems, for which the spectrum lives in a
compact space, an extra anomalous topological phase exists,
with zero Chern numbers for all bands, and an equal number
of chiral edge states in each gap [11-14].While the topology
of unitary systems is now well understood [11,15,16], pho-
tonic anomalous phases have been only recently implemented,
in both reciprocal [17-20] and nonreciprocal [14,21,22] sys-
tems. Surprisingly, anomalous edge transport was found to
be much more resilient than Chern edge transport to vari-
ous types of distributed perturbations, including arbitrarily
large quasienergy fluctuations, scattering matrix disorder, and
strong amorphism [21,22].

These years have also witnessed discoveries of higher-
order topological states in topological insulators, such as
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zero-dimensional (0OD) corner, dislocation or disclination
states in 2D insulators [6,23-36], as well as hinge and
corner states in three-dimensional (3D) insulators [37,38].
Similar to topological edge-mode lasers [39-43], these 0D
higher-order states lead to robust field trapping with stronger
localization than one-dimensional (1D) edge modes, enabling
low-threshold topological lasing at corners [44,45]. Albeit
disclination states have been extensively studied in topologi-
cal crystalline insulators protected by time-reversal symmetry
(TRS), disclination states in TRS-breaking systems, including
unitary scattering networks supporting the anomalous and
Chern phases, still remain largely unexplored.

Here, we unveil the existence of 0D states localized at
disclinations in topological nonreciprocal scattering networks,
composed of interconnected unitary circulators. Starting from
a hexagonal lattice, a simple cut-and-glue procedure leads to
0D disclination states that can nucleate in every band gap in
the anomalous phase, together with the 1D edge states. The
connection between disclination modes and topological edge
states is discussed. The occurrence of the disclination states
at the phase-rotation symmetry points can be understood
from a round-trip resonance condition of a topological edge
state and described by disclination charges. Remarkably, the
disclination states can be carried over to the Chern phase,
unless the gap closes. We demonstrate the superior robustness
of the disclination states occurring in the anomalous phase
over the ones occurring in the Chern phase, and exploit their
coupling with anomalous edge states to create a different
form of disclination bound states in the continuum (BICs),
opening intriguing possibilities in electromagnetic energy
squeezing and lasing.

II. EMERGENCE OF DISCLINATION STATES

In Fig. 1(a), we consider a hexagonal nonreciprocal scat-
tering network where each scattering node is a clockwise
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FIG. 1. Disclination states in nonreciprocal scattering networks. (a) Initial hexagonal network of circulators connected through transmis-
sion lines (TLs) with a phase delay ¢, and cut-and-glue method for generating disclinations. (b),(c) Disclination networks of (b) 1/3-cut and
(c) 1/6-cut with distinct spectral charges (colored dots). The zoomed-in view of the center shows the principal disclination loop “0” and
surrounding higher-order loops “1.” (d) Evolution of the quasienergy band structure for the networks in (b) (top) and (c) (bottom) vs the
circulator parameters R, T', plotted in the middle, which are controlled by a single circulator phase parameter. The color and size of each
scatterer indicate the mode’s inverse participation ratio (IPR), from gray (bulk states) and light yellow (edge states) to red (disclination states).

circulator and each link is a monomode transmission line (TL)
imparting a phase delay ¢. The unitary scattering matrix of
such circulators is S, = [R, T, D;D,R,T;T, D, R], where T
and D are clockwise and counterclockwise complex trans-
mission coefficients, respectively. Note that we assume a
C3-symmetric model for S.. The unitary parametrization of
S, involves two independent phase parameters, n and &, which
control the reflection R and nonreciprocity T /D (see Appen-
dices). Insulating phases in this lattice can then be classified
as being either trivial, anomalous, or of Chern type [15,16,21].
The Chern phase, as usual, has nontrivial Chern numbers
that must add up to zero for all bands, thus exhibiting both
trivial and topological band gaps. In contrast, the anomalous
phase, with vanishing Chern numbers for all bands, hosts a
topological edge mode for every gap, dictated by a homotopy
gap invariant W [16].

For didactic purposes, here we use a single parameter
& = —n, which is sufficient to go from the anomalous phase
(0 <n <m/4) to the Chern phase (7/4 <n < m/2) (see
Appendices). We now create disclination defects in such a
system. Following a cut-and-glue method (Fig. 1(a)), a 1/3
(or 1/6) portion of the hexagon is first removed, before con-
necting the remaining TLs, keeping constant all phase delays
in the network. With perfect circulators (R =0, |T| =1, & =
—n = 1 /6), chiral waves propagating along the disclination
loop [loop “0” in Figs. 1(b) and 1(c)] are completely isolated
from the surrounding loops, and the existence condition for
a disclination state is the one of constructive self-interference
after a round trip. Concretely, the quasienergy ¢, required
for a 1/k-cut disclination state is (see Appendices)

nilarg(T) + @1 1] = 27N, (1)

where n, = 6(1 — 1/k) is the number of sides of the loop “0,”
T = —1 is the transmission coefficient of perfect circulators,
and N is an integer. This leads to @3 = £0.57 and @y/6 =
40.27, £0.67r. We calculated the disclination spectral charge
[25] for each site to be Q3 = 0.25 in Fig. 1(b) and Qy/6 =
0.2 in Fig. 1(c). Summation of the charge over the four or five
disclination sites always yields 1. Incidentally, the condition
R =0 is known as a phase-rotation symmetry point [16],
which occurs in the anomalous phase. Therefore, the condi-
tion (1) is always associated with the anomalous network of
perfect circulators, and the corresponding disclination states
nucleate from a round-trip resonance condition of the insu-
lated edge state loop at the disclination polygon. To evidence
the presence of disclination states and investigate their evolu-
tion when moving away from the perfect circulator condition,
we represent in Fig. 1(d) the band structure of the system as
a function of the circulator phase n = —&. The color and size
of each dot is proportional to the inverse participation ratio
(IPR) of the eigenstate v, defined as Y [¥[*/ > [y|*[46].
Bulk modes, with low IPR, are in gray. As expected, when
R =0 (§ = —n = m /6, black dashed line), one indeed ob-
serves the presence of disclination states in every anomalous
gap at the expected values of ¢;,3 = £0.57 (top) and ¢/6 =
40.27, £0.67r (bottom). When deviating from perfect circu-
lators, we observe that the disclination states do not escape the
band gaps that host them, and can be carried over to the Chern
phase: they only disappear if their band gap closes, which can
happen at R = 1/3 (§ = —n = 7 /4, blue dashed line), i.e.,
at the transition between anomalous and Chern phases (see
Appendices). In fact, for nonperfect circulators, the isolated
disclination loop will be dispersed to generate higher-order
loops “1,” “2,” and so on, based on the cycle basis in graph
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theory. Concentrating on loop but without loss of general-
ity to other higher-order loops, a contrast occurs between the
1/3-cut and 1/6-cut disclination state: the former still satisfies
the constructive self-interference condition at the same value
of ¢, which is not the case for the latter. This explains the fact
that the 1/3-cut disclination state remains at a stable value
of ¢ away from the perfect circulator condition. Contrarily,
the position of the 1/6-cut disclination states shifts, while
remaining inside their band gaps.

III. RELATION BETWEEN EDGE AND DISCLINATION
STATES

To better highlight the connection between disclination
states and topological edge states, we consider a family of
finite-size scattering networks characterized by homotopy in-
variants associated with edge and disclination modes. The
homotopy group is m[U(N)] = Z, for mappings from the
circle (spanned by a parameter k;) to unitary matrices of
dimension N, namely,

dU)’ @)

1 1 i

W) = o /d¢(k,) == /dk,Tr(U i
where ¢(k;) is the phase of the determinant of U. In spirit,
we use the fact that the sensitivity of the dynamics of the
eigenenergy (quasienergy here) to changes in boundary con-
ditions can, in principle, be used to distinguish topological
states from trivial ones, whether they are bulk or states lo-
calized at an edge or disclination. We therefore associate k;
to a twisted boundary condition (TBC) implemented by non-
reciprocal phase shifts added to the glued links [Fig. 2(a)].
Figure 2(b) shows the quasienergies associated with the 1/3-
cut disclination states, which are the eigenphases of a 4 x 4
unitary operator U,. As evident in the plot, their sum winds
one time in the negative direction (W; = W[U;] = —1). Inter-
estingly, the sum of the quasienergies associated to edge states
winds in the opposite direction [W, = 1, Fig. 2(c)]. In contrast,
bulk states and flat bands, albeit fluctuating due to the change
of the boundary condition, return to their original quasiener-
gies without a net pump in the quasienergy spectra, therefore
yielding trivial winding [W, = 0, Fig. 2(d)]. This confirms
that disclination states are mediated by chiral transport along
the disclination loop, in a direction opposite to the outer edge
states. The disclination loop therefore acts as a small hole at
the center of the system, carrying topological edge states that
lead to disclination states whenever a round-trip condition is
met.

To complete the picture, we provide another instructive
mechanism leading to the formation of disclinations. The fact
that the winding invariants for disclination and edge states
are opposite suggests that the disclination states may be pic-
tured as originating from the coupling of counterpropagating
chiral topological states, which is the traditional physical
explanation [47] for disclinations in graphene with broken
time-reversal symmetry. The topological origin of the discli-
nation state is explained from the perspective of coupled chiral
edge states and, more importantly, from the correspondence
between the bound state at disclination and an additional
magnetic flux localized at the disclination center. Such wedge
disclinations (conical singularities) in a honeycomb lattice
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FIG. 2. Opposite quasienergy winding of edge and disclination
states. A twisted boundary condition (TBC) is imparted on a cut
starting from the disclination and reaching the edge of the system.
This TBC introduces a nonreciprocal phase shift k,. (b) Evolution
of the disclination quasienergies vs k, for the 1/3-cut disclination
state. The sum of the quasienergies winds oppositely for edge and
disclination states. Evolution of the spectrum vs k; for (c) the edge
states (zoomed in for clarity) and (d) the bulk states.

model carry an additional magnetic flux at the disclination
center, which fits in to the flux pumping of electrons in a Hall
cylinder. With the additional flux, eigenstates will accumulate
a phase winding around the center. The correspondence be-
tween external magnetic and internal fictitious fluxes induced
by wedge disclinations has an intuitive explanation via the
coupling of edge modes across the seam [47,48]. Below, we
use a similar description to demonstrate the origin of the
disclination states by coupling chiral edge modes in our scat-
tering network.

In order to evaluate the evolution of coupled chiral edge
states and formation of disclination states when increasing
the coupling strength from zero to maximum, in Fig. 3(a),
we consider two independent trapezoidal networks of the
same parameters (size and circulator phase). The dashed lines
indicate coupling links with tunable scatterer of reflection
strength 6 that controls the transmission (¢ = cos#) and re-
flection (r = isin@) rate through the links. A disclination
state is created in the circular region. Therefore, at 6 = 90°,
the coupling links have transmission of 0 and reflection of
1, representing a zero-coupling case. There will be two in-
dependent edge states: the top trapezoidal network will have
a right-propagating chiral edge state at the bottom, and the
bottom trapezoidal network will have a left-propagating chiral
edge state at the top. At 6 = 0°, the coupling links have
transmission of 1 and reflection of 0, and the two networks
are fully connected. Figure 3(b) shows the calculated eigen-
modes as a function of reflection strength 6 of coupling links,
focusing on the quasienergy around the disclination states.
We see degenerate uncoupled edge states of each trapezoidal
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FIG. 3. Coupling chiral edge states to form a disclination.
(a) Schematic of the coupling process. (b) Evolution of coupled edge
states on quasienergy as a function of reflection strength.

at 6 =90°, and decreasing 6 leads to a stronger coupling
between two chiral edge states. The degeneracy is lifted to
two states of distinct quasienergies. One edge state evolves
into the disclination state with extremely high IPR, and the
other becomes a larger edge state that winds along the two
connected trapezoidal. This evolution clearly confirms the
origin of the disclination state as being induced by coupling
between two topological anomalous edge states. On the other
hand, away from the quasienergy of the disclination state,
edge states will evolve into two larger edge states. From the
picture of coupled edge states, we see that the formation of
a disclination state requires both a nontrivial band gap with
topological edge states and the round-trip resonance condi-
tion dictated by disclination types. A closer inspection of
the field distributions is made in Fig. 4 and illustrates how
coupled edge states evolve into a disclination state. At state
in Fig. 4(a), field distributions reveal two independent chiral
edge states at each trapezoidal network (white boundaries).
When coupling is turned on in Figs. 4(b)—4(d), one eigenmode
features an enhanced field distribution at disclination sites (red
circles), while the other features an enhanced field distribution
at the larger boundary. For strong coupling in Fig. 4(d), a
disclination and larger edge state are clearly observed.
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IV. SCALING PROPERTIES

Figure 5(a) elaborates on the differences between the
0D, 1D, and bulk eigenstates of the disclinations samples.
The figure focuses on a 1/3 cut in the anomalous phase.
The color scale represents the IPR of the eigenstates, with
darker color representing larger IPR. Disclination states have
the largest IPRs and are magnified as gray dots. One finds
edge states everywhere (in red), except at the location of
the bulk bands (in yellow), as expected for the anomalous
phase. In the Chern phase, two trivial band gaps are present,
with no edge or disclination modes. We plot the spectral
charge distribution for an edge state and a disclination state
in Figs. 5(b) and 5(c). Both are bound states with chiral
energy flow. Since now the circulators are imperfect, the
disclination charges leak outward; however, an integration
within the orange circle in Fig. 5(c) still yields the integer
1. Although the disclination state is intimately tied to the
presence of an edge state, it is markedly different in terms
of localization properties. Figure 5(d) shows the evolution
of IPR for the edge state when increasing the structure’s
size, which is proportional to the side length L. Conversely,
for the disclination state, the IPR scales with .2 [Fig. 5(e)],
consistent with its zero-dimensional nature [49].

V. ROBUSTNESS

We now investigate the difference between Chern and
anomalous disclinations, and demonstrate that the latter have
superior robustness when subject to random phase disorder
in the network. This constitutes a nontrivial extension of an
observation already reported for topological states in codi-
mension 1 [21,22], to OD states in codimension 2. To evidence
this, we look at the IPR of the disclination eigenmode under
different strengths of quasienergy disorder. Such disorder is
applied on every link between circulators, whose phase delay
values are randomly drawn in the range [¢g — /2, @9 + /2],
with o the disorder strength. The larger the IPR, the more
localized the state is, while a decrease of the IPR represents
the diffusion of the disclination state energy in the network.
For bulk and edge states, the IPR is near unity, but the IPR

Coupled nge states

Weakly coupled

Strongly coupled

FIG. 4. Origin of disclination states from coupling counterpropagating edge states and the corresponding field distribution at four typical
values: (a) & = 90°, decoupled; (b) 6 = 83°; (c) & = 70°; (d) 8 = 18°, strongly coupled.
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FIG. 5. Different scaling properties of the inverse participation ratios of edge and disclination states. (a) Disclination states with high IPRs
can be obtained in an anomalous phase subject to a 1/3 cut. (b),(c) Focusing on the anomalous case, we plot the spectral charge distribution
for (b) edge (magnified 10 times) and (c) disclination states (§ = —»n = 2.5 /12). Both are chiral states propagating along either the outer or
the inner tetragon. (d) IPR of the 1D edge state vs system size L. (¢) Same as (d) for the disclination state.

of disclination states are two orders of magnitude larger.
In Fig. 6, we plot the IPRs of both anomalous and Chern
disclination states, and their evolution as « is increased, av-
eraged over 60 realizations of disorder. When o = 0, both
the anomalous and the Chern disclinations have large IPRs.
However, as o increases, the Chern disclination IPR de-
creases drastically, whereas the anomalous one stays high.
Such remarkable contrast constitutes a clear physical differ-
ence between anomalous and Chern disclinations: only the
anomalous disclinations survive large distributed quasienergy
disorder. Even under maximal disorder (2w phase fluctu-
ations), the anomalous disclination states remain strongly
localized. In contrast, the IPR values of the Chern disclination
states are close to that of bulk states: they delocalize over

250 :
W
~ 200
&
.5 150+
=
£ 100+
2
a 50l Anomalous
Chern
0 ;
0 b 2n

Disorder strength

FIG. 6. Robustness of anomalous disclination states over Chern
ones. The lines are obtained by averaging over 60 randomly gener-
ated realizations. The anomalous disclination IPR remains high even
in the presence of random phase fluctuations, unlike the Chern one.
This means that Chern disclinations delocalize easily with disorder,
which is not the case for anomalous disclinations.

the entire sample. Disclination states in the anomalous phase
are superiorly robust compared to those in the Chern phase
because the anomalous phase has topological edge states in
every band gap (no trivial band gap), while the Chern phase
has a trivial band gap hosting no edge states. The trivial band
gaps in the Chern phase prevent the formation of disclination
states. Therefore, disclination states in the anomalous phase
are robust and more bounded than in the Chern phase.

VI. DISCLINATION BICs

Can one couple anomalous chiral edge states to discli-
nations? The fact that anomalous disclination states coexist
within a broader continuum of edge states available from ex-
ternal ports may be exploited to create a unique form of robust
BICs in which both the bound state and the connection to the
continuum are topologically chiral. By exciting the edge state
from an input probe placed at the boundary [Fig. 7(a)], we can
evanescently couple to the disclination state. The scattering
matrix at the external probes Sprpe is related to the internal
degrees of freedom of the scattering network, and can be
decomposed as [22]

Sprobe = [Sext + Sout (Cret = Snet) " Sin, 3

where Sex is a unitary matrix describing the direct path scat-
tering between the probes, Cp is a unitary connectivity matrix
describing the network, Sy is a unitary matrix describing
the scattering inside the network, and Sj,/., are nonunitary
matrices describing the coupling between the ports and the
network. This equation is the scattering network equivalent
of the Mahaux-Weidenmiiller formula usually used to express
the scattering matrix of probes in terms of a Hamiltonian
description of inner dynamics [50-52]. When the matrix
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FIG. 7. Disclination bound states in a continuum in anomalous insulators. (a) Layout and field for a 1/3-cut disclination system excited
from edge ports. Scatterers are added to transmission lines in a quarter region, with tunable scattering strength 6. Disclination BIC induces a
greatly amplified field intensity at the disclination site (inset). Increasing 6 leads to stronger coupling with the continuum, undermining the BIC
to a quasi-BIC. (b) Field amplitude and edge-disclination coupling strength of the disclination BIC vs 6. Larger € imposes stronger coupling
(Wedge|Vais) between the disclination and edge states, turning the disclination BIC into a quasi-BIC. (c) Condition number of the matrix,
Chet — Shet> Vs phase for various scattering strength 6. (d) Transmission from port 1 to port 2, confirming the vanishing linewidth associated

with the BIC.

Chet — Shet 1S not invertible, at least one inner site becomes
fully disconnected and independent of the signal incident
at the ports, which is the definition of a scattering network
BIC. This BIC cannot couple to the continuum of topolog-
ical edge states and has an infinite lifetime with large field
enhancement capabilities. Figure 7(a) demonstrates a discli-
nation BIC with remarkably enhanced field localized around
the 1/3-cut disclination, when the transmission line phase is
tuned to be @13 = 0.57 (§ =7 /6). A sharp peak of mode
amplitude occurs under this condition when sweeping the TL
phase delay (inset). The field is extremely localized with a
field enhancement factor of 1250 despite lying within the
continuum channel, avoiding radiation. The disclination BIC
can be deteriorated by introducing a coupling mechanism with
the continuum of edge states. Here, such coupling is induced
by two-port scatterers at the middle of the phase links in
the blue shaded area shown in Fig. 7(a). These scatterers are
described by a 2 x 2 unitary scattering matrix with reflection
coefficient R = sin6, where 6 defines a scattering strength.
Tuning upward the value of 6 from 0° to 32°, the BIC [left,
Fig. 7(a)] transitions to a quasi-BIC [center, Fig. 7(a)], and
finally merges into the continuum in the strong-coupling case
[right, Fig. 7(a)]. This transition is confirmed by calculating
the effective coupling strength between the disclination and
the continuum, which increases from nearly zero by several
orders of magnitude [blue line, Fig. 7(b)], while the mode

amplitude decreases [green line, Fig. 7(b)]. In addition, the
condition number of Cye; — Spet in Fig. 7(c), initially infinite
at 6 = 0, transitions to smaller values. The peak of the condi-
tion number corresponds to the peak of the mode amplitude,
which confirms that BICs in a scattering network indeed arise
when the matrix Cpe — Sper i not invertible. Sharp Fano-like
signatures are obtained for quasi-BICs in the transmission
spectrum measured at the output port [Fig. 7(d)], while tuning
the scattering strength to zero also takes the spectral linewidth
to zero, as expected for a BIC.

VII. COUPLED DISCLINATION BICs

An extended application of this disclination BIC is shown
in Fig. 8. By connecting two 1/6-cut disclination networks, a
y-mirror symmetric octagon is formed with two disclination
sites (top and bottom disclination). By introducing coupled
BICs, we reveal isolated and merged phases differing from
the BIC’s individual disclination charges. Near the perfect
circulator condition (¢ = —n = 7 /6), the two BICs cannot
couple via the central bulk and are therefore isolated, with
the top disclination having a total charge of 1 and the bot-
tom one a 0 charge, or vice versa. When deviating from this
condition, a transition occurs as the two degenerate states start
coupling, and they both end up with a disclination charge of
0.5, forming a merged BIC. We now start from this merged
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FIG. 8. Lasing-antilasing switch by topological coupling of
disclination BICs. (a) Modulating gain (g < 0) and loss (g > 0) at the
network boundary results in a switch between lasing and antilasing
occurring when both BICs merge. In the Hermitian case (g = 0), the
two BICs have equal intensity. (b) Evolution of the field amplitude
of the two BICs when tuning g. The markers correspond to the three
cases in (a).

phase, represented in Fig. 8(a), in which BICs have equal
intensity, and add gain g < O or loss g > 0 on the boundary
of the system. We see that the merged condition g = 0 is the
transition between lasing with gain and antilasing with loss.
This is confirmed by the evolution of amplitude of two BICs
in Fig. 8(b). Differently, the isolated phase will enable BIC-
enhanced symmetric and asymmetric lasing. The advantage
of this approach is that the amplitude of the disclination BIC
can be robustly amplified in both the gain and loss regions,
while bringing tunability and switchability in applications in-
cluding robust lasing and antilasing at topological anomalous
disclination BICs. From symmetry considerations, we get two
degenerate disclination states, of which we plot the individual
disclination charges in Fig. 9(a) as a function of the circulator
phase. Near the perfect circulator condition (§ = —n = 7 /6),
the two BICs cannot couple via the edge state and are there-
fore isolated, with the top disclination having a total charge of
1 and the bottom one a 0 charge, or vice versa. When deviating
from this condition, a transition occurs as the two degenerate
states start coupling via the chiral edge state, and they both
end up with a disclination charge of 0.5, forming a merged
BIC. Figure 9(c) demonstrates that the coupled disclination
BICs have equal field amplitudes when merged, in contrast to
the isolated BIC case with very asymmetric disclination fields.
This phenomenon may be useful in lasing application: intro-
ducing gain or loss at the network boundary (parametrized by
g) leads to a BIC amplitude switch happening at g = —0.125,
in the gain region [Fig. 9(b)]. Thus, BIC-enhanced symmetric
lasing can be obtained at g = —0.125, and lasing becomes
amplitude asymmetric when deviating from this condition
[Fig. 9(d)].

In conclusion, we explored the physics of disclination
states in nonreciprocal topological scattering networks. Re-
gardless of the cut-and-glue proportions, disclinations were
shown to appear in a topological band gap, coexisting with
anomalous chiral edge states. The disclination states were
shown to survive until their band gap closes, allowing for
some of these states to be carried over to the Chern phase.
The relation between disclination states and topological edge
states was evidenced. When they occur in the Chern phase,
disclination states were shown to rapidly delocalize over
the entire system under the effect of distributed quasienergy
(phase) disorder. In stark contrast, anomalous disclination
states survive any level of quasienergy disorder, arbitrarily
larger than the band-gap size, which is a remarkable at-
tribute of anomalous OD disclination states. By coupling the
anomalous edge state and the anomalous disclination state,
we found that it was possible to form a topological non-
reciprocal cavity/waveguide system where the disclination
can be resonantly loaded with energy. By operating at the
phase-rotation symmetry point, a singularity in the edge probe
scattering matrix is induced, symptomatic of the formation of
a disclination bound state embedded in the topological edge
state continuum. Our study provides a different route for the
exploitation of robust disclination states based on anomalous
topology, in various devices and technologies, extending the
reach of topological physics to sensing, signal processing, and
non-Hermitian photonics.
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APPENDIX A: CIRCULATOR MODEL

This Appendix details the model of unitary Cs;-symmetric
circulators used throughout our work. To predict the scattering
of waves by a three-port circulator, one can use temporal
coupled mode theory (CMT), assuming that the two dipolar
modes of the ferrite cavity resonate at the eigenfrequencies w,
and w_ (potentially different due to Zeeman splitting). One
can couple to the two modes |+) from the external waveguides
by sending a signal of complex amplitude S; at port i, and the
outgoing signal at port j is noted S;". The CMT equations for
the amplitudes a; and a_ of the right-hand and left-hand
modes read

d . |2y
Ea+ = (—ICL)+ - ]/+)(1+ + 3+ S;r
—i 2y+ —i 2y+
+e 2”/3\/—3 Sy +e P 3 83,
d . 2}/_
Ea_ = (—la)_ - ]/—)a— + \V 3 S;F
. 2 . 2y_
4 emi2n/3 / 33/ S;+e_’4”/3 /%S;. (A1)
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The output signals S at the three ports are due to the inter-
ference between the direct reflection and the fields leaking out
from each mode,

2 2y_
ST :—S++,/ﬁa++ %a,

S2— — S+ t27r/3 l 127r/3 /
; 2
Sy = S+ 6’4”/3‘/%04 —’4”/3‘/ . (A2)

The overall scattering matrix of three ports can be rewritten in
matrix form,

Y+ V-
Se=—I+«*| e Jyr e Sy
N
B i
S 0
« | (@—or +iyy) ;
0 _
L (0 —ow-+iy-)
5 IV N7 A3
i - eif - o0 - ’

where I is a 3 x 3 identity matrix, k = +/2/3, and § = 27 /3.
Due to C; symmetry, we must have y, = y_ = y. In order
to simplify the parametrization, we transform w, and w_ into
two angle variables £ and 7, by standard normalizations and
arctangent transformations,

w—a)+>’ n = arctan (w—w_) (A4)
Y 14

& and n are defined in [—m /2, 7 /2] with a periodicity of
7, and characterize the deviation of the angular frequency
o from the right- and left-hand eigenvalues w; and w_,
respectively. Specifically, the condition & = n corresponds
to the reciprocal case, with no Zeeman splitting (w4 =
w_), while & = —n represents the operation at the resonant
frequency w = wy = (w4 + w-)/2, with the largest nonre-
ciprocity. With the parameters (£, 1), the scattering matrix is
rewritten as

& = arctan (

1 1
2 2
Se =—1+ % €3 e 3
2r 2
el? eilT
[ cos et 0 :|
X .
0 cos ne'
B 2 2
1 eil? el?
X 27 o |- (AS)
_1 el? e_l?

Therefore, a general C;-symmetric unitary circu-
lator is characterized by a scattering matrix S, =
[R,T,D;D,R, T;T,D,R], with R,T, and D denoting
the reflection and transmissions to adjacent ports, which only
depend on n and & [21,53],

R = —1+%cos§ei$ +§COS'7€"” (A6)
T = %[e”%” cos e’ + 37 cos nei"], (A7)
D= %[e’%” cos %‘e’f + e_l%Tr coS nei"]. (A8)

APPENDIX B: TOPOLOGICAL PHASE DIAGRAM
OF HONEYCOMB CIRCULATOR NETWORKS

For convenience, this Appendix reproduces the topologi-
cal phase diagram of circulator networks reported elsewhere
[21,22]. The honeycomb network of C;-symmetric circula-
tors exhibits trivial, anomalous, and Chern phases. Fixing
& = —n as in the main text, it is in the anomalous phase
from £ = —n=0to § =—n=3nr/12, and in the Chern
phase from & = —n =37 /12t0 § = —n = 67 /12, with & =
—n = 37 /12 the phase transition point. At § = —n = 0, the
system becomes trivial. Circulators become perfect at & =
—n = 2w /12, as shown in Figs. 10(a) and 10(b), where the
transmission goes to the unity and isolation becomes infinity,
indicating they are purely unidirectional. The full topological
phase diagram of a honeycomb network of C3-symmetric cir-
culators is shown in Fig. 11, as a function of n and &.

APPENDIX C: DERIVATION OF THE DISCLINATION
RESONANCE CONDITION

Taking the 1/3-cut system as an example, Fig. 12 shows
the derivation of Eq. (1) in the main text. At the smallest
loop “0” centered at the disclination, the wave will go through
four circulators [with transmission phase arg(7)] and four
links (with phase ¢) before coming back to the start point.
Therefore, for self-constructive interference, the total phase
4[arg(T) + ¢] should be a multiple of 2. The fundamental
loop “0” is dominant when circulators are around their per-
fect operating point (§ = —n = 27 /12). Large deviation from
this perfect operation point will induce strong resonance of
higher-order loops such as loop “1,” “2,”,.... Their resonance
conditions can be similarly obtained by counting the number
of circulators and phase links on the loop. A special case for
1/3-cut disclination is that high-order resonance conditions
are automatically satisfied when loop “0” is resonant, lead-
ing to disclination states that do not shift in quasienergy, as
reported in the main text.

APPENDIX D: EXPERIMENTAL FEASIBILITY

In this Appendix, we argue that no show-stoppers ex-
ist for the experimental observation of disclination states
in such topological insulators. Hexagonal nonreciprocal net-
works with anomalous edge states have been experimentally
realized at microwave frequencies in Refs. [21,22], and a simi-
lar experiment can be designed to probe for disclination states.
Each scattering node can be implemented by commercially
available surface-mount microwave circulators, and the phase
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corresponding charge distribution. (b) Modulating gain and loss at the boundary results in switch of the mode amplitude for two BICs in
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delay line by a simple microstrip line. The whole network
is fully compatible with common fabrication methods for
microwave printed circuit boards. For example, in a previous
work, we have reported the real implementation of complex
amorphous networks [22]. Anomalous Floquet topology even
helps in this regard: it guarantees extreme robustness even in
the presence of circuit flaws or badly soldered components.
Also, variability in the properties of each circulator has also
been shown not to be a serious issue [21], with no impact

Perfect ci
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(a) (purely unidirectional) FNase transition (b) (ourely uni!::;ifga‘) Phase transition
1 ) 4 V |
08 "= R
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FIG. 10. (a) Example of transmission and reflection of a single
circulator and (b) nonreciprocity |7 /D| as a function of circulator
parameter & = —.

on the topology of the anomalous phase. On a different note,
adding gain or loss on the boundary of the system can be
done by connecting the outer microstrip lines to low-noise

[ AFI

Bl a

<0

2

-T1/2 2

FIG. 11. Topological phase diagram as a function of circulator
phases 1 and &.
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Loop 0: 4 circulators [4arg(T)] + 4 links [4¢] > 4[arg(T)+@]=2TN
Loop 1: 8 circulators [8arg(T)] + 8 links [8¢] > 8[arg(T)+@]=2TN
Loop 2: 12 circulators [12arg(T)] + 12 links [12¢] > 12[arg(T)+@]=2mN

FIG. 12. Illustration of the propagation of waves in different
orders of loops around a 1/3-cut disclination.

amplifiers (LNAs) or attenuators, which are commonly avail-
able at microwave frequencies and can be easily integrated
onto the printed circuit board. The most straightforward and

clearest physical observable for confirming the presence of
the disclination state is a field map measurement. This can
be obtained from a field scanning experiment performed with
a local probe exciting the disclination center, as typically done
for corner states. The field map can be extracted by exciting
the network in the near field with a coaxial probe connected
to port 1, and manually probing the field at the middle of
the microstrip lines by using another coaxial probe, which is
connected to port 2. The other way is through a measurement
of the BIC line shape (Fig. 7). Since the disclination state
is a bound state, we can excite from the boundary of the
network due to the weak coupling between the disclination
and edge state. A quasi-BIC should show up as a very sharp
signature in the edge-state transmission or reflection spectra.
Finally, to characterize the topology of the disclination state,
the twisted boundary condition can also be experimentally
realized, as in [22]. By tuning the twisted phase during a circle
(0 ~ 2m), the quasienergy should wind by 27 and reveal the
topological nature of the disclination state. Such winding must
translate into observable frequency shifts of the disclination
resonance frequencies, which can be measured by looking at
the reflection spectrum of a near-field coupled probe near the
disclination center.
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