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Game-theoretical approach to minimum entropy productions in information thermodynamics

Yuma Fujimoto

1,2,3

and Sosuke Ito®?

' Department of Evolutionary Studies of Biosystems, SOKENDAI, Shonan Village, Hayama, Kanagawa 240-0193, Japan
2Universal Biology Institute (UBI), The University of Tokyo, 7-3-1 Hongo, Bunkyo-ku, Tokyo 113-0033, Japan
3AI Lab, CyberAgent, 40-1, Udagawa-cho, Shibuya-ku, Tokyo 150-0042, Japan

M (Received 28 December 2021; accepted 20 November 2023; published 8 January 2024)

In a situation where each player has control over the transition probabilities of each subsystem, we game-
theoretically analyze the optimization problem of minimizing both the partial entropy production of each

subsystem and a penalty for failing to achieve a given state transition. In the regime of linear irreversible
thermodynamics, we obtain the Nash equilibrium solution of the probability flow and calculate each partial
entropy production for this solution. We find a trade-off such that a partial entropy production should be larger
if we want the other partial entropy production to be smaller. The total entropy production can be minimized if
each subsystem equally shares the penalty. We identify that this trade-off is due to the interacting contribution of
the probability flow and discuss a possible biological validity for Escherichia coli chemotaxis.
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I. INTRODUCTION

In physical systems such as living systems, there univer-
sally exist situations where many-body systems cooperatively
perform a state transition to achieve a given task. Achievement
of a given task generally takes a physical cost. When the
state transition is performed by physical stochastic processes
[1], the cost can be introduced as the entropy production in
stochastic thermodynamics [2—4]. Minimizing this entropy
production might be crucial for the many-body systems to
maintain their performance.

The minimization problem of the entropy production has
been known in the context of optimal control in stochastic
thermodynamics. Historically, this minimization problem was
discussed to improve the efficiency of a stochastic heat engine
and the work extraction [5—-8]. Recent progress in stochastic
thermodynamics clarified that such a minimization problem
is related to differential geometry [9—23], such as the optimal
transport theory [24-31] and information geometry [32-35].
This minimization problem has not been frequently discussed
for many-body systems because we consider the total entropy
production for a single whole system in a stochastic heat
engine.

For many-body systems, the entropy production for the
whole system can be partitioned into partial entropy pro-
ductions of the subsystems [19,35-46]. This partitioning
was originally introduced for nonautonomous systems in in-
formation thermodynamics [47-49] and has been applied
to autonomous information processing in living systems
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[42,50-58]. Although the minimization problem of the par-
tial entropy production is important to achieve an efficient
information-to-free-energy conversion [59-63], a situation of
the two-body system is often seen wherein the one partial
entropy production should be increased to reduce the other
partial entropy production in living systems. The total entropy
production for the whole system is not minimized in this
situation, and this situation is not well treated in the conven-
tional minimization problem of the total entropy production.
Therefore a framework has been required to deal with a certain
kind of thermodynamic optimality when many-body systems
cooperatively achieve a given task. Such optimality is often
discussed in the field of game theory [64—70] or the mean-field
game theory [71-75]. For example, the prisoner’s dilemma
game is used to analyze a cooperative behavior of multiagent
systems in game theory [76], and the Nash equilibrium [77]
gives the optimality for multiagent systems.

In this paper, we introduce a game-theoretic framework
for a conflict between minimizations of the partial entropy
productions of two subsystems X and Y with a given task
on the whole system. We treat this optimization problem
with Markov jump processes for the bipartite system under
the near-equilibrium condition and introduce the concept of
Nash equilibrium into stochastic thermodynamics to explain
this conflict. This Nash equilibrium solution shows a trade-
off such that the partial entropy production of X should
be increased when the partial entropy production of Y is
reduced. Moreover, this conflict provides an inevitable dissi-
pation in the Nash equilibrium solution, and this dissipation
is expressed by the interacting contribution of the probability
flow. We illustrate these facts using numerical calculations
and discuss a possible biological validity for Escherichia
coli (E. coli) chemotaxis in terms of evolutionary processes.
We also remark on our game-theoretic minimization of the
partial entropy productions in terms of the optimal transport
theory.
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II. SETUP

A. Markov jump process in bipartite model

We consider a system consisting of two subsystems X and
Y, with binary states x € {0, 1} and y € {0, 1}. A probability
distribution of state z = (x, y) € {0, 1}? at time ¢ is denoted
as p). In this system, a Markov jump process from ¢ =, to
t = t; is described as a master equation;
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where WZ(ZZ and JZ('LZ are a transition rate and a probability

flow in a state transition from 7’ = (x', ') € {0, 1}? to z at time
t. By assuming a bipartite condition [38,39,78-80] that the
state transition is independently performed in the subsystems
X and Y, the transition rate satisfies

o |=0 (x#X, y#Y) (3a)
W. —
£ 0 (otherwise). (3b)
Because W( ) . should not be zero if Wfizz # 0, the abso-

lute 1rrever51ble transmons are not assumed.

To simplify the notation, we introduce a matrix representa-
tion as (p")); = p{) and the probability flow as (J*); = J,
where v := ((0, 0), (1, 0), (1, 1), (0, 1)) represents a state 7=
(x,y)and (e); = v; = v, represents a directed pair of states
(z — Z') which has a nonzero transition rate. Here, o (i) de-
notes a permutation of node, i.e.,0(1) =2,0(2) =3,03) =
4, and o (4) = 1. Then, the master equation is rewritten as

d
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where §;; is the Kronecker delta and B is an incidence matrix.
We remark that v implies a set of nodes and e implies a set of
directed edges in terms of Markov networks.
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FIG. 1. Schematics of settings. Blue bars indicate a probability
distribution on space v, which changes with time from an initial state
p" to a final state p“. Player X ())) controls probability flows of
e1, e3 (ez, e4), which generate its partial entropy production Xy (Xy).
In the final state, both the players take a penalty D generated by an
error between the final state p‘" and the target state p’ (black bars).

B. Game-theoretical formulation

We further introduce players X and ) (see Fig. 1). A player
X can control the set of the transition rates Wy = {(W."|fy <
t <t1,e €&, e € Ex) that are relevant to transitions in sub-
system X, i.e., Ex = {ey, e3}. In the same way, a player ) can
control Wy = {WE(’)|t0 <t<t,eeéy, el €&} with & =
{e2, 4}, Where ef = 7 — 7 indicates a directed edge in the
opposite direction of e = 7/ — z.

This study proposes the problem of how the players coop-
eratively bring the final state p") closer to the target p’ from
a given initial condition p®) = p' as efficiently as possible
(see Fig. 1). To deal with this problem, we now introduce
two types of costs. The first cost is relevant to the ongoing
processes of state transition in each subsystem. The players X’
and ) independently cost amounts of Xx and Xy, given by the
partial entropy productions for a bipartite condition [38,39]

Yx = Z/ le(t)F(t) 6)

e;e€x
Yy = Z / dtJ"F", (7)
E,Egy
W(t) p(l,)
F =In 222 (®)
-z WZ(;)Z'PEI)

Here, FZ(;)Z is called a thermodynamic force. Xx (Xy) is
always non-negative and gives 0 if and only if /) = F{) =0
for ¢; € Ex (e; € Ey). We can also define the total entropy
production as the sum of the partial entropy productions
Yot = Xx + Zy. This total entropy production quantifies the
dissipation in the total system during the time interval from
t =1ty tot =t [2,4] because the non-negativity of the total
entropy production X, > 0 can be regarded as the second
law of thermodynamics. The entropy production is widely
discussed in terms of the stability of the system [2,81-84],
the fluctuation of the observable [85,86], the speed of the
time evolution [10,18,19,23], the accuracy of the information
transmission [36-39,47,48], and so on. The partial entropy
productions Xy and Xy can also be interpreted as the dissi-
pation in the subsystems X and Y, respectively.

The other cost is an error penalty of D to both players
due to failing to achieve the target state at the end. We intro-
duce this penalty as the Pearson’s chi-square divergence [87],
which is used in a statistical test as a degree of current state
p" achieving the target p',

e 12
let? ~ 7l ©)
2 & P '

1
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Here, D is always non-negative and gives O if and only if
the final and target states match, i.e., p(’l) = pf. We remark
that this error penalty D is regarded as the standard f-
divergence [34], which provides the Fisher information 2D =
> (dpl;_)z/ pl; +0((dpil)3) for the small change dpf)/_ =
|p{1) — p!, |. Thus, the result in this study is robust against
the choice of the error penalty, at least if the error penalty
is given by the standard f-divergence and we only con-
sider the small change d pf)i. For example, we can replace
the error penalty D with the Kullback-Leibler divergence
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DL =Y, p In(p{V/pl ) >~ D + O((dpt,)*), which is also
regarded as the standard f-divergence widely used in ther-
modynamics. Especially, the Kullback-Leibler divergence
between the current distribution and the steady-state distribu-
tion is often used in thermodynamics [2,83,84,88-90].

For such costs Xy, Xy, and D, we now consider a problem
in which each player aims to achieve the target state with as
small partial entropy production as possible. Such a problem
is given by two minimizations,

min [y + AxD] (102)
Wy S=——————r’
:ZCX
(10b)

mjn [Zy + )\.yD] .
W
=:Cy

Here, we introduce the penalty parameter, Ax or Ay, as the
importance of achieving the target state for each subsystem.
This study aims to find a Nash equilibrium solution [77] that
satisfies the minimization of costs Cx and Cy simultaneously.
We remark that —Cx and —Cy correspond to the payoffs in
game theory; we consider the game that maximizes —Cx and
—Cy by changing the rate matrices Wy and Wy, and its optimal
solution is obtained by a Nash equilibrium solution.

III. OVERVIEW OF MAIN RESULT

We now overview the main results of this study. In order
to obtain the Nash equilibrium solution, we assume a near-
equilibrium condition, where (the reciprocal of) the Onsager
coefficient «,, is defined for the transition e¢; [2]. We also
define summations for each subsystem as ay = »_ o,
anday = ), ¢, Qe

We remark that the words “equilibrium” and “near-
equilibrium condition” without the word “Nash” are used only
for thermal equilibrium introduced by the detailed balance
condition. To avoid confusion, we also use the term ‘“Nash
equilibrium” every time without abbreviation for distinction.

Our goal is to compute the partial entropy productions of
the subsystems X and Y in the Nash equilibrium, i.e., Z)I}I and
TN, especially when the given state transition is completely
achieved, p") = pf, in the limit Ay — oo with the fixed ratio
of importance r := Ay /Ay, or equivalently in the limit Ay —
oo with the fixed ratio r. In the limit Ay — oo with fixed r, E}I}I
means the minimum partial entropy production of X during
the finite-time transition from p® = p' to p = p under the
constraint minWY Cy. In the limit Ay — oo with fixed r, Ey
means the minimum partial entropy production of Y during
the finite-time transition under the constraint miny, Cy. Thus
¥ and ) are minimum partial entropy productions in the
presence of the conflict between two subsystems for achieving
a given state transition.

We obtained the main results as follows:

eiESX

TN = S+ fe(ry)Zxy > BPT 11
oy =p (r—0), (12)
=N = BI04 f () Sxy > TP (13)
o =3P (r > o0), (14)

where T (£IMn) js the minimum partial entropy production
of X (Y) and Xyy is the shared minimum entropy production,
which is given by the minimum total entropy production

N =2+ 2N > 2 4 B 4 By = B

tot tot °

as)

N =zmn (= 1). (16)

The factor fx(r;y) (= 0) [fy(r;y) (= 0)] is the function of
y = ayx/ay, which satisfies fx(0;y) = fy(oco;y) = 0. The
function fx(r;y) (= 0) [fy(r;y) (= 0)] is monotonically
increasing (decreasing) with r. Thus the minimum partial
entropy production LPi" (XM") is achieved when r — 0
(r - 00). fx(r;y) and fy(r;y) are also functions of y :=
ax/ay. For r = 1, the factor is given by fx(1;y)=1/(y +
1), fr(Ll;y)=vy/(y + 1), and the minimum total entropy
production is achieved, N = XM when r = 1 because
Ly)+ fr(y) =1

The above result implies that a trade-off relation exists
between the partial entropy productions such that a partial en-
tropy production should be larger if we want the other partial
entropy production to be smaller. Moreover, the total entropy
production can be minimized if each subsystem equally shares
the penalty. That implies that an equivalent penalty in two
subsystems reduces the dissipation in the total system, and the
minimization of dissipation in only one subsystem increases
the dissipation of the total system.

IV. PHYSICAL IMPORTANCE AND EXAMPLE

A. Physical interpretations based on information-energy
conversion

The lower bound on the partial entropy productions can
be immediately applied to the topic of the efficiency of the
information-energy conversion in terms of Maxwell’s demon.
To discuss the information-energy conversion, we first de-
compose the thermodynamics force, i.e., Eq. (8), into the
thermodynamic part (T) and the information part (I) as

O _ T 1)
Fz’%z - Fz’%z + Fz’%z’ )
W,
&/Tg)z =1 —Z(,) , (18)
WZ—>Z/
Ity _ ()] ()
EX =Inp} —Inp?. (19)

The partial entropy production is also decomposed into two
contributions [38,80]

Tx = 2p + 2}, (20)
where the thermodynamic contribution
n
=1 = f dtJEIO Q1
X Z t 1 v

6,65)( 0

means the entropy change of the heat bath, while the informa-
tional contribution

n
k=) / dtJF}"

eiégx fo

(22)

means the sum of the entropy change of the system and infor-
mation flow because Fel,(t ) is given by the stochastic Shannon
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entropy change. For a bipartite system, the sum X} + X} is
regarded as the change of the Shannon entropy in the total
system (X, Y), which is given by the sum of the Shannon
entropy in X and Y, and the mutual information between two
subsystems X and Y.

Because the partial entropy production Xx > 0 is non-
negative, we obtain the inequality

5> -3, (23)

which is called the second law of information thermodynam-
ics. This result can explain the information-energy conversion
by Maxwell’s demon because this inequality explains a
trade-off between the thermodynamic contribution Xy and
the informational contribution —E}K, and the thermodynamic
contribution X} can be negative due to the information contri-
bution —X}. The value of the partial entropy production X
is regarded as the dissipation in the information-energy con-
version. For example, the equality ¥y = —X} (or Zx = 0)
holds for the Szilard engine, which is an optimal heat engine
driven by Maxwell’s demon to achieve the maximal efficiency
for information-energy conversion [60].

Thus a minimization problem of Xy can be interpreted
as a maximization problem of the efficiency for information-
energy conversion, and our study can be regarded as tackling
a problem to maximize the efficiency for information-heat
conversion under a restriction that the subsystems coopera-
tively achieve a given task within a finite time. In terms of
the information-energy conversion, these two subsystems can
be interpreted as the engine and the demon. In the presence
of the conflict between subsystems, we obtained the lower
bound on the Nash equilibrium solution of the partial entropy
production

DD R ) DD 24)

which means that there is an inevitable dissipation ¥ in
the information-energy conversion caused by the finite-time
task where X} and X satisfy the condition Tf = =} + =1.
The main result also means that inevitable dissipation Z§ > 0
exists in the information-energy conversion due to the conflict
between two subsystems.

B. Example: E. coli chemotaxis and game-theoretic
interpretation of E. coli evolution

This study might be applied to how E. coli evolves in its
adaptation process in chemotaxis. To discuss the applicability,
we first explain E. coli chemotaxis based on the bipartite
model [91] (see Fig. 2 for visualization). The bipartite model
of E. coli chemotaxis is organized by the activity of a kinase
(CheA), the methylation level of its receptor, and the ligand
concentration in the environment. Let subsystem X denote
whether the kinase is inactive (x = 0) or active (x = 1). On
the other hand, let subsystem Y denote whether the receptor is
demethylated (y = 0) or methylated (y = 1). The activation of
the kinase and the methylation of the receptor independently
occurred stochastically. Thus Egs. (3a) and (3b) are satisfied,
and the master equation is given by Eqgs. (1) and (2).

Signal transduction in E. coli chemotaxis
.

0" ,

FIG. 2. A physical example of a bipartite system, signal trans-
duction of E. coli chemotaxis. Subsystem X takes an active
(orange-colored dot) or inactive (uncolored dot) state of a kinase.
The other subsystem Y takes a methylated (green-colored dot) or
demethylated (uncolored dot) state of the receptor. During a state
transition, heat dissipation emerges for each subsystem as the partial
entropy production.

In stochastic thermodynamics, heat dissipation can be
introduced based on the following local detailed balance con-
ditions:

W((t) )—>(x,y)

x',y)—(x,y "y )

In = = —BrAQY nen, (25)
(x,y)—=>,y)

W((t) )—>(x,y)

x,y)—> (Y 5 s

In G = Ay AQTT Y (26)
()= (x,")

where By and By are inverse temperatures in the kinase and

the receptor, AQ;f”y )= () is the heat dissipation of the kinase
from a state x’ to a state x under the condition of y, and

AQ(YX"'/)_)(X‘y ) is the heat dissipation of the receptor from a
state y’ to a state y under the condition of x. The heat dis-
sipation AQ;“”y )= can be given by the difference between
the energy and chemical potential [80]. Because the activation
of the kinase is driven by the receptor-ligand binding, the
heat dissipation Angl‘y )= generally depends on the ligand
concentration in the environment.

We here explain typical dynamics of adaptation in E.
coli chemotaxis with this four-state model [50,51,53,91]. The
adaptation is transient dynamics after the ligand concentration
is changed. At time t = #;, we assume that the initial state
stochastically tends to be (1,0). This means that the kinase
tends to be active, and the receptor tends to be demethylated.
We here assume that the ligand concentration is changed from
L=0to L =1 at time t = t;, where L = 0 means that the
ligand concentration is relatively low and L = 1 means that
the ligand concentration is relatively high. At time ¢ > £y, the
kinase activity can change from the active state x = 1 to the
inactive state x = 0 rapidly, and this change activates another
kinase, CheY. The activity of CheY changes the mode of the
flagellar motor from the tumbling mode to the run mode, and
this mode change in the flagellar motor explains the behavior
of chemotaxis. From time t = #; to ¢t = ¢1, the kinase activity
gradually returns to the active state x = 1, and the mode of the
flagellar motor returns to the tumbling mode. This behavior
is regarded as the adaption in E. coli chemotaxis because E.
coli adapts to the environmental change from L =0to L = 1.
In summary, the state stochastically tends to change in this
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adaptation dynamics as
(1,0) » (0,0) » (0, 1) — (1, 1), (27

when the ligand change from L = 0 to L = 1 occurs.

In terms of probability distribution, the adaptation dynam-
ics is given by the state transition from the initial distribution
p' to the final distribution p". For the initial distribution
p = p', we assume the condition that p{*) = PET)O) is rela-

tively large rather than other probabilities p(’O) = p%%), pg’;) =

(7o) (to)

P, and pi = . For the final distribution p = pf,

we assume the condltlon that po) = pYO)l is relatively large

rather than other probabilities p(’(‘) = p%)o), p(t(’) PEZIU)O), and

t0) — ()
Py =Dy

We now consider evolutionary processes to minimize dis-
sipation in the kinase and the receptor under the constraint of
precise adaptation. Because the partial entropy productions,
especially the thermodynamic contributions X} and X7, are
related to the heat dissipation

 r=— Z / drJ Bx AQY, (28)
e‘,ESX

= Z f drl By AQY, (29)
E,E(c,‘y

and Ty = X1 + %1 (Zy = Zf + B}) can be interpreted as
the local thermodynamlc d1$Slpat10n under the condition of
the other system Y (X), the minimization of the partial en-
tropy production is related to the savings of thermodynamic
resources such as the chemical potential change locally. For
E. coli, the origin of the thermodynamics resource such as
feed can be obtained as a consequence of chemotaxis. Thus E.
coli is motivated to achieve, by consuming the thermodynamic
resource, the task of chemotaxis precisely to gain the origin of
the thermodynamic resource. The achievement of this task is
measured by an error penalty D given by Eq. (9) for adaptation
dynamics from ¢t = # to t = ;. To gain feed as the origin of
the thermodynamic resource from the environment, E. coli
would like to minimize this error penalty D, and thermody-
namic contributions of the penalty D for the kinase (X) and
the receptor (Y') may be treated independently by multiplying
the importance of achieving the target state in the adaptation
dynamics such as Ax D and Ay D. Thus Cx = [Zx + AxD] and
Cy = [Zy + Ay D] correspond to the sum of thermodynamic
dissipation for the kinase and the receptor, respectively.

The minimization problems of Cx and Cy are needed for
E. coli to survive an environment with low feed efficiently
because E. coli want to obtain the origin of the thermodynamic
resource with smaller dissipation Cy and Cy by achieving
precise chemotaxis via reducing D.

In evolutionary processes, the phenotype of the kinase and
the phenotype of the receptor may be changed accidentally
and independently. The set of the transition rates Wy and Wy
may depend on the phenotype of the kinase and the phenotype
of the receptor, respectively. In evolutionary processes, the
phenotype can be changed to maximize the fitness of E. coli.
To survive an environment with low feed, the fitness can be
—Cx and —Cy because —Cx and —Cy quantify the reduc-
tion of dissipation. Because mutations of the phenotype can

happen independently for the kinase and the receptor, we can
consider two minimization problems, which are equivalent to
the maximization problems of the fitness

min Cy = —max(—Cy), 30)
Wy Wy

min Cy = — max(—Cy). (€19
WX Wy

If we assume that the current phenotype of the receptor and the
kinase, which is related to WX and Wy in adaptation dynamics,
is obtained as a consequence of evolutionary processes, we
may assume that the local dissipation in the kinase Xy and
the local dissipation in methylation ¥y may be discussed in
terms of the Nash equilibrium solutions X} and T} for two
minimization problems, Eqs. (30) and (31).

Based on the above assumption for evolutionary processes,
we can discuss a possible validity of our game-theoretic
framework in E. coli chemotaxis. Now, we assume that the
transition from the initial state to the final state for the
methylation level of the receptor (the subsystem Y) is more
important than that for the kinase activity (the subsystem X)
in adaptation dynamics. That is because the methylation level
tends to be changed from the demethylated state y = 0 at time
t =ty to the methylated state y = 1 at time ¢ = #; during the
adaptation dynamics. On the other hand, the kinase activity is
only instantaneously changed during the adaptation dynamics,
and the initial state x = 1 at time ¢ = £ tends to be the same
as the final state x = 1 at time ¢ = ¢;. Thus achievement of
the target state pﬁ)’,‘) may be more important for the receptor
than for the kinase in adaptation dynamics. In our game-
theoretic framework, the difference in the importance may
be quantified as Ay >> Ax. Experimentally, ¥y > Xy can be
seen in adaptation dynamics of E. coli because the relaxation
time of the receptor is relatively slower than the relaxation
time of the kinase [42,91,92]. This fact is consistent with our
main result that = > E¥ for 1y >> Ax. Thus our main result
may provide a possible explanation of the huge difference in
thermodynamic dissipation of each subsystem in the signal
transduction of E. coli chemotaxis.

V. NASH EQUILIBRIUM SOLUTION IN LINEAR
IRREVERSIBLE THERMODYNAMICS

In general, the problem of Egs. (10a) and (10b) does not
give a nontrivial conclusion without any constraint on the
transition rate because the entropy production can be zero
without any constraint on the transition rate for Markov jump
processes. In this paper, we consider a constraint of the near-
equilibrium condition in linear irreversible thermodynamics
[2,81]. In linear irreversible thermodynamlcs we assume that
the transition rate is given by Wz(’_ﬂ = WZ Z. T O(W), where
8W is the small change of the transition rate and W, o9 satis-
fies the detailed balance condition W s p 1= eriz/ pz with
the equilibrium distribution p$? for all pairs of z and 7'. We
also assume that the initial state satisfies the near-equilibrium
condition. For example, p“ is the steady-state distribution for
WS4+ O(W). In the above setup, we can confirm J =
O(8W) and p) = p* 4+ O(8W) during the transition process
<ttt =H+T.
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We here explain the Nash equilibrium solution (see also
Appendixes A-C for a detailed derivation). Let o, _,, :=
(W s pzq) ! (W;ﬂz, p:1)~! be (the reciprocal of) the On-
sager coefficient. ¥x and ¥y become quadratic functions by
ignoring terms O(8W?), and thus the lower bounds are given
by Ex >t Zeie&( “e,-(jg))z and Xy >t Zeieé‘y Olei(‘]_e(f))z,
where J, is the time-averaged flow defined as J,, :=
( ftg’“ dtJ)/t. The penalty D is also given by the quadratic
function of J,,. Thus we can describe the lower bounds of
cost Cx (Jy, Jy) (< Cx) and Cy(Jx, Jy) (< Cy) as functions
of time-averaged flows Jy := {J,,|e; € Ex} and Jy := {J,,]e; €
Ex}. Optimal time-averaged flows to minimize the cost are
described by

J{(Jy) = argmin Cx (Jy, Jy) (32a)
Jx

Jy(Jx) = argmin Cy (Jx, Jy). (32b)
Jy

Thus the Nash equilibrium solution for time-averaged

flows (J}, J3) = ({2, N}, (I, T0)}) satisfies
=T (33a)
7= (). (33b)

as the fixed point of Egs. (32a) and (32b).

The analytical calculation of the Nash equilibrium so-
Iution is as follows (see also Appendixes A-C). From
Egs. (32a), (32b), (33a), and (33b), J}' and J}' satisfy extreme
value conditions for Cx (Jy, Jy) and Cy (Jx, Jy), respectively.
Because Cx (Jy, Jy) and Cy (Jx, Jy) are quadratic functions of

Ty = J}\, the solutions of the extreme value conditions J N
are analytically obtained. Especially in the limit Ay — oo with

the fixed ratio r, J* are given by
1
T(ax + ray)

+ (I’Oleg(,.) + a"#(i))ap””(ﬂ + aeﬂmsp”a%)]’ G4

N
e

[_ e, Sp”f

for e; € Ex, and

/P
e;
T(ax + ray)

+ (aea(i) + r(erZ(i))apvnm + raeol(i)SPUGZ(i)]’ (35)

42 3(,)81)1),

for e; € &, where the permutations o2(i) and o>(i) are

defined as 0%(i) = o (0 (i)) and o3(i) = o (0 (o (i))), respec-
tively.

VI. PARTIAL ENTROPY PRODUCTIONS
IN THE NASH EQUILIBRIUM

We discuss the partial entropy productions in the
Nash equilibrium, that is, (2§, y) := (Zx, Zy)ljo_sv. In

the limit Ax—oo with the fixed ratio r, Zf = Emm—l—
fx(r;y)Zxy and E,I)J =X+ fy(r;y)Zxy in Eqs (11) and

(13) are analytically given by

sonin _ U iR U agy) (36)
T T(Zeiegx e,-l) ! T( e,efy Tl)’
t()Jr‘L'd
Yxy = —( tjx_yl) (37
‘L’(OlX +oay, )
2(y +1 +1
fx(ﬁﬂ=%, fy(r;y)=%, (38)

where the flows JY, J, and 73 are the linear transforma-
tions of J* defined as

TN =TI, (39)

= = = = =N\T
T = (TN TN, TN, TN (40)

1 0 —1 0

0 1 0 —1
Ti=la o o ol 1)

[05'¢ Ay [05'¢ ay

1 1 1 1

4 4 4 3

Here, jX (Jy 7Ny implies the probability flow for the marginal
distribution of X (Y). J}, represents the probability flow of
the interaction between X and Y, which cannot be written
by J and J). The probability flow JJ does not con-

tribute to the time evolution dp® /dt BT-'7" because
BT-'(0,0,0, 7N)T = 0, and thus JX can be interpreted in
terms of the optimal transport theory [30], which explains the
minimization of the entropy production in a finite time [23]
(see Appendix D).

The terms X", X" and Zyy are proportional to 1/7,
and this fact is consistent with the thermodynamic speed
limit based on the optimal transport theory [10,15,18,19,23].
Indeed, Eq. (36) can be interpreted as thermodynamic speed
limits for the partial entropy productions in the Nash equilib-
rium (see also Appendix D),

) P(fo) _ ]Pa(fo-H) 2
Y > oy = Lt _1| , (42)
T(Zeiégx ae[ )
) P(fo) . P(fo-i—f) 2
2?>Elrlnln:| Y Y 71| , (43)
T(Zeisf)y ae; )

where ]P’(’) and IP’(’) are the marginal distributions defined as
P =%, Pi?w P+ P and B = 30 )y = pll) +
pﬁ)’f These results are similar to the thermodynamic speed
limits for the partial entropy production, which have been
discussed in Ref. [19]. We remark that Eqgs. (42) and (43) have
a similar form of thermodynamic speed limits [93,94], which
may not be based on the optimal transgaort theory, because the
total variation, that is, |]P)((’°) — P}?"” | (or |]P’;’°) — IP’I(,ZUH)D,
also appears in Refs. [93,94]. We remark that a crucial dif-
ference between the results in Refs. [93,94] and Egs. (42)
and (43) is the difference of the constants in the denominator.
In Refs. [93,94], the constant called the dynamical activity is
used instead of the Onsager coefficient. Indeed, the Onsager
coefficient appears in the thermodynamic speed limit based
on the optimal transport theory for Markov jump processes

013023-6
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2 0.0+ T T T
T -4 -2 0 2 4

logo7

FIG. 3. (a) Probability flows and (b) partial entropy produc-
tions under Ay = Ay = oco. We give the environmental parameters
as (0, ey, ey, Ap,) = (3, 4,5, 6), pf =(0.1,0.2,0.3,0.4), ép =
(0.7, —0.4,0.2, —0.5) x 1074, and (t, ;) = (0, 1). The horizontal
axis is log,,r. In (a), orange, green, blue, and red curves indicate
TN, IN, TN, and JN, respectively. In (b), orange, green, and black
curves indicate =F, =N, and ZN,, respectively. Then, each color dot
indicates a minimum value of the cost.

[23], and our setup is related to the optimal transport theory
for Markov jump processes [30] (see Appendix D).

Our main results also provide the partial entropy produc-
tions in the Nash equilibrium,

) @ 2 . to+T N 2
oy L[BO=BE P | (U andy)
X -1 —1 —1 ’
T Deeey %o ay +oy
(44)
(t0) _ mlig+1)|? : 0+t g 2N )2
gy o L[l e )
Y —1 —1 —1 ’
T Ze,-egy o, ay t+ay

(45)

in the presence of a conflict between two subsystems. Again,
the partial entropy productions in the Nash equilibrium are
proportional to 1/7. This result can be regarded as a variant
of the thermodynamic speed limits, which may have not been
discussed before, because ¥ and ' are the minimum partial
entropy productions in the presence of the conflict between
two subsystems for achieving a given state transition.
Moreover, there is a one-to-one correspondence between
JN and r (see Appendix B). Thus the minimization of the
partial entropy production £§ = XDt (R = ¥in) and the
minimization of the total entropy production ¥, = ™" are

tot tot
achievable by changing JN because the factors fy(r;y) and
fy(r; y) are determined by the flow JX.

In Fig. 3, we illustrate a trade-off relation between £ and
) by a behavior of probability flows J} and the minimum
entropy productions ¥, =N, =N for the Nash equilibrium
solution in the case of Axy—oo with fixed r := Ax/Ay. As

seen in Fig. 3(a), only J monotonically changes with r, and

TN, IN, and JY, do not depend on r (see also Appendix B).
As seen in Fig. 3(b), there is a trade-off relation between
=¥ and =V in terms of r. We can see that X = xmin
when r = 1, =¥ = T when r—0, and ) = T when
r—00.

We briefly summarize results for cases of finite values of
Ax and Ay discussed in Appendix E. For finite Ay and Ay,
TN, N, and JN, generally depend on r. Nevertheless, we
can see a trade-off relation between XY and X} for finite Ax
75, =¥, and =N on r is

and Ay because the dependence of 7,
similar to the case of Ay — 0o with the fixed ratio r.

VII. CONCLUSION AND DISCUSSION

This study incorporates a game-theoretic approach in the
minimization problems of the partial entropy productions.
As a representative example, we consider bipartite systems,
where two minimization problems of the partial entropy pro-
ductions can be conflicted. We consider a problem in which
the partial entropy productions should be minimized for each
subsystem with a given state transition for whole systems. We
formulated the solution to this problem as a Nash equilibrium
and analytically calculated it. We found that both subsystems
inevitably take their necessary partial entropy productions to
achieve the task in a finite time. Lower bounds of the partial
entropy productions for each subsystem and the total system
are analytically derived. Interestingly, there is a trade-off rela-
tion between the minimum partial entropy productions of the
subsystems. Furthermore, the minimum values of these partial
entropy productions and the total entropy production cannot
be achieved at the same time.

Our findings may apply to several interesting topics in
thermodynamics. For example, our result may explain the
minimum thermodynamic cost and optimal protocol in the
finite-time information-energy conversion. The analytical ex-
pressions of the minimum entropy productions in Egs. (36)
and (37) can be interpreted as the thermodynamic speed limit
of information thermodynamics based on the optimal trans-
port theory. The above findings may also explain how large
the dissipation of each subsystem is in the signal transduction
of E. coli chemotaxis as a consequence of the evolutionary
processes.

In general, such a game-theoretic conflict of the mini-
mum partial entropy productions arises in a more complex
system such as a living organism, whereas this study only
considered a simple bipartite system. In particular, how the
trade-off of the minimum partial entropy productions between
several subsystems emerges for complex systems is still un-
der question. For example, thermodynamics of the membrane
transport [95,96] and its information transmission [58] can
be discussed by using more complex models. To understand
a game-theoretic conflict in other living systems, such as
membrane transport, we may need to consider multibody
interactions and conflicts between several subsystems. We
believe that such a game-theoretic minimization of the partial
entropy productions is important to explain the thermody-
namic structure of complex living systems as a consequence
of evolutionary optimization.
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APPENDIX A: CALCULATION OF THE NASH
EQUILIBRIUM SOLUTION

In this Appendix, we concretely calculate the Nash equi-
librium solution given by Egs. (33a) and (33b) under the
near-equilibrium condition in linear irreversible thermody-
namics [2].

In linear irreversible thermodynamics (the reciprocal of)
the Onsager coefficient defined as o, := (W.0 _pSH~ =

Z—>Z Z

WA, pH~! leads to the linear relation F\" = a,J{" +

O(8W?) [2,80]. By using this Onsager coefﬁcwnt the partlal
entropy production is approximated as

fh+T
Sy =Y ozel/ J<’> (A1)
e;eEx
to+1
Ty = Z a, / J<’> (A2)
e;ely

by ignoring the term O(§W?).
To introduce a time-averaged probability flow J.._,. :=
( f AR YA )/t, we solve the minimization problem of

>z
Eq. (10a). Because f’“*’ dt(JOY = [T dil()’ + T~
L) > ft"ﬂ dt(J., )’, the lower bound on Ty is given by

Sx) =1 Y aq(f)’ < Ex.

e,‘ng

(A3)
where Jx 1= {J,.|e; € Ex} and Jy := {J,,|e; € Ex} are the sets
of J,,. The penalty D is also given by the function of J,,;

Z "L’Z BijJe, — Spv,.yz

P,

= D(Jx, Jy),

(A4)

i

where 8p,, := pvi - plvi. Thus the minimization problem of
Eq. (10a) is rewritten as

min [Ey + AxD] =min Cx (Jx, Jy), (AS)
Wy Jx
Cx(Jx, Jy) := Ex(Jx) + AxDUx, Jy), (A6)

under the near-equilibrium condition. For the subsystem
Y, we also rewrite the minimization problem given by
Eq. (10b) as

min [y + AyD] = minCy (Jx, Jy), (AT)
Wy Jy

Cy(Jx,Jy) := Zy(Jx) + AyD(x, Jy), (AB)

SyUn =1y a(l)’ (A9)

€,€5y

The above minimization problem for the player X (}) is
bounded by the minimization on the time-averaged probabil-
ity flows Jy (Jy).

The Nash equilibrium solution for the time-averaged prob-
ability flow (J§, JIV) is given by

=T
B =5K0),

(A10a)
(A10b)

as the fixed point of the following two solutions in the mini-
mization problems in Egs. (AS) and (A7):

J_;(jy) = al"gIIl_iIlCX(jx,jy) (Alla)
Jx

Jy (Jx) = argmin Cy (Jy, Jy). (A11b)
Jy
Equations (Alla) and (Allb) show that Cx(Jx, Jy) and
Cy(Jx, Jy) take extreme values under the Nash equilibrium
condition in the directions of Jy and Jy, respectively. Thus, by
using

Iy . Jy Cx (Jx, £
Cathe ) ZZ{CXEJ‘X J'Y; ik - sX;
Y\WX,Jy k Y), (Alz)
oo (aeéx)
ey )\.y (ek c EY),

we calculate the extreme value conditions as

aC,, (Jx, Jy)

£ =0,
al,,

Jx =J}\I,jy =11y\1

& 200,02 + Ao, Ty ByJy —épy, | =0.
J

(A13)

By using the vector notation (J ); :=J ", these extreme

value conditions are rewritten as

MJY = 5q, (A14)
e ko O So o (i) — Oo (k)i
My, =225, — o 2o~ 4o 22t = Sy )
)\‘ek pvk pvo(k)
(A15)
3py, 2
Oqh = =+ — —+, (A16)

Vo (k) pvk

8; and 3 BuBi/p|, =
oo () — 5a(k)j)/Pf,0(k) — (Sko(j) — 8kj)/ Py, Therefore the
Nash equilibrium solution is analytically solved by using
Cramer’s rule (jN),- = det(M;)/det(M). Here, M; denotes a
matrix M whose ith column is replaced by 8q.

To calculate this Cramer’s rule, we use the following nota-
tions for simplicity:

where we used B;; = 8i6(j) —

— sp, 2,
Los =P g S (A17)
! T TAe,
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The matrices M and M; are given by

S2py ' —81p; !
595" — 82,
84py ' — 8:p5"
sipyt — 3413;1
a4+ pt+py!

Sapyt —8ipy!
8355 — 825, "
8apy ! — 8353
ipy = dapy!

_1351

The analytical solutions of det M and det M; are given by

and

&+ py' +

5py' = 8ip;"
855" — 827,
8appy! = 8377

Slﬁl_] —S4ﬁZl
0
_ﬁ3—1
a+py +p;

det Mi = *[=8:{(Go i) + Go2() + Fo3)) Doy + (@o2() + To3i)) P2y + ToyPoi)] (H ﬁ;l>

as+pyt+py!
_ﬁIl

Siprt —apy!

detM = 1'4 (Z 6‘1’) Zﬁ/ <1_[ ﬁ;l) + '[4 |:Z ﬁi_]ﬁ;(li)&ﬂz(i)(&i + 6[0(,') + 6[(73(,‘)):|
i j k i

k

+ T80 ) (@0 iy + o2y + Ao3i))Di + Qo) Po2iy) + (Oo () + Ao2(i)) Po3(iy}] (1—[ ﬁk1>
k

+ 74[302(5){(5102(;') + @53))Pi — Aoy Po i) + o2 Do)} (H ﬁkl)

+ T4[So3(i){5fa3(i)ﬁi — Qo) + @o2()Po (i) — Qo2(iyPo2iy)] (H f’;l)

k

k

4xm1x-1 ~ N T dxmlxel =~ N
+ TP P2 (— Qo3 0i + Ao o)) + T D; P2y od i) (—0a(i)di — o2(i)0i)

(A18)

(A19)

(A20)

(A21)

(A22)

1 e o~ s s .
+ 574 |:Z ﬁi_lf’;zl(i)(&i + 8o3y) Qo) + &UZ(i)):| + 7 [Z i @)@y @iy + ai):| + 7 (1_[ ak) (A23)
i i k

4l a1 ~ o % - . dalal ~ o %~ % o %
+ T Doy P2y @o (i) (@o (000 i) + Go2(1)00 (i) + Ao2()002() = T i Pos5y@o (i) (@o2(1)8i + Qo30i + Qo203 (1))

4ol 21 ~ ~ ~ % b o~ 1% a1 R
+ T Doy P s iy %o () (@o2(i) + Uo31))0o i) + T & ()2 0oty (— P78 + pg(,')(sa(i))'

Thus (J N)i = det(M;)/det(M) is analytically obtained.

013023-9
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In particular, we consider (]N)i in the limit Ay — oo for fixed » = Ax/Ay. Because &; = 0()»;1) = O(k;l ), the second order,
the third order, and the fourth order of &; give 0()&2). Thus we obtain

det Mil;[k Pr) _ Z&i i 0()&2) (A25)

and

detM; 1_[ ﬁk - B B 5 B B B B B
% = —0i{(@s(i) + Op2i) + Ao3iy)Pai) T (@o2(iy + Uo3(1)) Doy + Oo3 iy Dodin}

+ 8o (@) + Eo2i) + Go3))Pi + Aoy Doz + @ot) + Fozi)Posiy)
+ 802 {@o2) + Go3¢1))Pi — Qo iy Do) + Fo2() Doy}
+ 803 i{@o3 iy Pi — @ty + Fo2(i))Poti) — Go2 Doy} + O(Ax)
= G0 () (—Po()di + Do) + Po2n0ai) + Pod0aiy — Po(iydo2(t)y — Poi)doi(i))
+ @20y (= Po(iydi — Por(iydi + Pidoti) + Posdatiy + Pidory + Por(ySs2(t) — Potirdosty — Por(iyd03()
+ @) (— Poi)di — Po2(iydi — Poriydi + Pidotiy + Pide2iy + Pide3iy) + O(Ax?)

= {180 (i) + To2 o) + Bo2(i)) — T30} Zf’j
J

X A =8oi)Po(i) — U2ty (Po(i) + Pori)) + Oo3(iy i) Z 5 | +o(ry?)
J

= — @30 + (@o (i) + Fo2i))e (i) + Fo2(i)d02(i) + 0()\;2), (A26)

where we used ﬁ,‘ + ﬁo’([) +I302(i) =+ ﬁ(ﬁ(i) = Z} ﬁj =1 and S[ + SU(,’) + 302(,') + 363(1') = Z} Sj = Z](plv, — pf),)/‘[ =0.
By using these equations and substituting the definitions of Egs. (A17) into Eq. (A26), we compute the flow J_g as

=N detM,»
N=  lim
! Ax—oolax /Ay=r detM

I (detMi(]_[kﬁk))(detM(]_[kﬁk))1

Ax—>00|Ax /Ay =r

—8,3y0i + (@o (i) + Fo2())B0 (i) + Fo2(ydo2(i) + 0()&2)

= lim

hx—>o00lhx 2y =r Y@+ 0%
_ lim _()"e;i(i)aeﬁm)(sp”i + (A;U}[)aeﬂ(i) + )L;i(i)aeoz<i>)5pva(,-) + ()Lei,lz(i)ae#(i))apvﬂ(i) + 0()\;2) (A27)
ool /Ay =r (X ) + 0(3%%) '

By using axy = @e, + Qe;, 0ty = Qe, + Aoy, Aoy = Aoy = Ax, and A,, = A,, = Ay = Ax/r, we concretely compute the flows as

i —rk;lae48pvl + (rk;laez + k;lae3)8pvz + )\;laezépvz + O(k;z)
dx—>00|Ax [Ay=r t()&lael + rk;laez + k;lae3 + rk;lae4) + 0()\;2)

N
J,, =

. —r0e, 8Py, + (rote, + @y )0 Py, + e8Py, (A28)
T(ax + ray) ’
N lim —)&laelﬁpvz + ()»;(10163 + r)u)}lotm)Sp,,3 + rk;laeﬁpw + 0()\;2)

€ " ax—oolix fiy=r T(Ay e, + A e, + Ay ooy + 1A ) + O(257)

_ — e 8Py, F (e + 10, )S Py, + 10, S P, (A29)

- )

T(ax + ray)
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—r)\)}loz@&pu3 + (r)»)}lozg4 + A;lagl)épm + k;laelépv] + 0()&2)

N = im
€ " ax—oolix fiy=r T (A e, + Ay e, + A o, + 1Ay e,) + O(257)
_ —Vae25Pv3 + (ra34 + ael )5pv4 + a618pv| (A30)
T(ax + ray) '
N fim —)»;101638[7,)4 + (A;lagl + r)»;laez)épv, + rk;laezépm + O(Agz)
€4 ax—oolAx/Ay=r 'C()\.);lotel + r)x;loze2 + A;lae3 + r)»;lam) + 0()\;2)
_ —Ole3317v4 + (O‘el + ro‘ez)apvl + VOlez‘SPuz (A31)
T(ax + ray) ’
which corresponds to Egs. (34) and (35),
J_g _ _raea,%mgpvi + (raea(,) + aego())apvo(n + @, 2(/)8pu 2“) (A32)

T(ax +roy)
for e¢; € Ex, and

JN — _a€g3(i)8pl}[ + (oe,, + raeu’())ap”““) tree ZU(SPU 2(’) (A33)
e T(oy + ray)

fore; € &y.

APPENDIX B: ANALYTICAL EXPRESSIONS OF 7

In this Appendix, we calculate J N in the limit Ay — oo with the fixed ratio r. From the definition of J N in Egs. (39)—(41),
we obtain

T =Jo = I,
_ —(ate, +roe, )Py, + 3py,) + (rate, + e, )Py, + 3puy)
T(ox + ray)

_ (aX + raY)(8PU2 + 8171)3) - (ael + ra&;)(z[ Spv;)
T(ox + roy)

Spvz + Spv;
= —" Bl
- (B1)
2N _ N _ N
jY = Jez - Je4
_ (ae3 + VOle4)(5Pv3 + 8pv4) - (O[g] + raez)(Spvl + 8pvz)
T(ax + ray)
(x4 ray)(py, +8pu,) — (e, +rae,) (X, 8py;)
T(ax +roay)
Spu, + 6
_ 9Pv t Pv4’ (B2)
T
- [0 e e o2 (o2
)I(\IY — _lJelxll zJN zJN AJN
ax
1
= {—ae,oe, (1 = T) 4 atey0te, (T — T0) — cteyte, (T — J0)) + etey0te, (T — T00) )
Oxly
_ _ae4ae18pv1 + Ole,Ole25PU2 - aezae38PU3 + aegae43pv4 (B3)
Taxoy ’
where we used Y X = Uoy + Aoy, Ay = g, + 0, and J)) —JN =8p,  /t. Here, J)' —J) =68p, /T can be
obtained from Eq.( A§7) as follows “ = “ “ Gol® Puo/ Go Puo/

jN N _()‘e_uls() ¢ 3(:))81)”: + ()‘eouaeo(n + )‘e_z()aegz(,))‘spva(f) + ()‘e_olz I Qe 2(,))8Pv 24y
) esliy (Z ae,)

_(k;"lae")Spv”(” + ()\glo e T A, i()O[Ea%'))(Spvoz(:) + ()“31() 4 ‘m)(sp” 3G)
(Z] )\'Ej aej)
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( Zj )‘e_f] ae.f)gpvmm
d > )‘5,1%)

_ 8pva(i)
— T
T

(B4)

where we used Y, 8py, = 8pu, + 8pu,, + 8Py, + 8Py, = 0. This result, Ji' —J = 8py,, /T, is consistent with ép =

€o (i)
rB]N where (8p); = §p,,. We can see that these flows are determined only by the state transition §p and are independent
of r.

We next discuss 7. To calculate TN,

we obtain J)\|,—; and J)' — J)|,—; from Egs. (A28)—(A31) as follows:

JN — —(1663(,.)5}711,- + (ae"“) + aea%))ﬁpv”m + aeoZ(i)épeaz(i) (BS)
erir=l T(ax +ay) ’
NN T8y (e + 00)dPy + 0Py 08Py + (e + )P, + aeidpu,
o Tel=t T(ax + ray) T(ax +ay)
—(r — Daxde,dpy, + (r — Doxde,0py, — (r — Day@e,8py, — (r — Doty e, p,
T(ax + ray Yoy +ay)

o (r - 1){_ae4a615pv1 + OleIOleZCSPvz - ae2a938PU3 + a93a648pv4 — Uy Oy (Z, Spu,)}

T(ax + ay)(ax + ray)
(r — Daxay

=N

- (ax + ay)(ax + r(xy)jxy, (B6)
NN _ — 0, 8Py, + (Cey + 700, )8 Py, + 700, 8Py, _ — 0, 8Py, + (Qey + e, )Py, + e, Sy,

e el T(ax +roy) T(ax +ay)
(r — Doaxae,dpy, + (r — Doxote,8py, + (r — Dayae, 8py, — (r — Day e, 8py,
T(ax +ray)(ax +ay)
(= D0, 00,8y, + 0o, 0, 8Py, — G, @y 8Py ey e, 8P, F e, (3 8Py) |
B T(ax + ay)(ax + ray)

Txy (B7)

_ (r — Doaxay
 (ax +ay)(ay + ray)
gy _ jN — —rote,py; + (rote4 + ael)Sp,,4 + @, 8py, B —0e,0py; + (Ole4 + Olel)SpU4 + o, S Py,
o el T(ax + roy) T(ax +ay)
—(r — Daxae,dpy, + (r — Daxae,dpy, — (r — Daya,, 8py, — (r — Dayoae, dpy,
T(ax + ray Yoy +ay)

. (r - 1){_ae4a618pv1 + aelaezapvz - aezamspm + ae3ae45pv4 - aelaez(Zi 5Pu,)}
T(ax +ay)(ax +ray)

Txy» (B8)

_ (r — Doaxay

 (ax +oay)(ax + ray)
N _ N _ —Qley 6Py, + (ae] + roeez)épvl + rote, 8 py, B —0le, 6Py, + (Olel + otez)Spul ~+ e, 8 P,

el T(ax +ray) T(ax +ay)
_ (r = Daxae,dpy, + (r = Daxte,8py, + (r — Datyte,8pu, — (r — Dayte, 8,
T(ax + ray)(ox +ay)
_ = D00, 8Py, + oo, @0, 8pu, — e, 8Puy + Xesei 8Py, + Qertey (X, 8Pu) |
T(ax +ay)(ax +roy)

(r — Daxoay =N
— , B9
(ax + ay)(ax + ray>‘7” ®3)
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where we used ax = o, + te,, Ay = ¢, + ¢, and Zi 8py; = 0. From these equations, we obtain
- 1 _
Tior = 7 21:15
1 N N
Z Z (‘Iei - ‘]ei r:l) +

. (r — Daxoay =N
(ax +ay)ax +ray) "

where we used ) ; aeoz(')épvnm =) Q,,0piand } ., 8p, =) ; oted([(?pv”m = Z;i O‘%2<i>5pvgz(,»)' Here, we can see that JN
depends on r and the strength of this dependence is determined by 7,. This JY means a counterclockwise rotation of

probability flows, and 7Y does not contribute to the time evolution of probability distribution §p. Because detT = 1, T has
the inverse matrix

R

4

- r=1

1

Zi (2aei + Repiy — ae(,3(,-))5pvi
4r(ax +ay)

: (B10)

1 e 1 o, 1
1 + ﬁ . 20:: 2 1
1 1, % 1
» i~ % atm 31
T = 1L % 1, Y% 1 1l (B11)
4 2o 4 2ay 2
1 e 1 . 1
e
and JN = T-17". By using
-1 0 1
1 -1 0 0
B= o1 o | (B12)
0 1 -1
=N _1 #N -N ) ) . N
J =T ,and 8p = tBJ ', we can describe 3p as the linear function of J
e . R 7N
_le ayz 1 O jX
1 ~#N ZL}? _% 1 O j}y
= BT_ = o a _ , B]
op =t J T a_xl a_; 10 j}qy (B13)
w1 0)\Ja

ax ay

which implies that 7% does not contribute to 5p. o )
Whereas 7N does not contribute to §p, we note that 7, 7, and J, contribute to the time evolution §p. In Egs. (B1) and
(B2), we obtain

_ P
= (B14)
_ SPP
F== (BI5)

if we define total pr_obability_ﬂows in the marginal distributions 6Py := Zy 8p,y) = 0pv, +8py, and 6Py = ZX Spi1y =
8py, + 6py,. Thus .__7}(\1 and J} correspond to the probability flows in the marginal distributions of subsystems X and Y,
respectively. Here, Jyy represents probability flows concerning the interaction between the subsystems, which cannot be written
only by the contribution of j}(\l and j}".
APPENDIX C: CALCULATION OF PARTIAL ENTROPY PRODUCTIONS IN NASH EQUILIBRIUM
In this Appendix, we calculate ¥ and X in the limits Ay — oo with the fixed ratio r = Ax /Ay and derive Eqgs. (11) and

(13). To calculate X¥, we use the following notations:

ki = —ae,dpy, + &, 8Py, (CD)

ks = —0t,,6py, + e, 8Py, (€2)
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By using these notations, we obtain

kl - k3 = (_ae48pv1 + an(SPuz) - (_aezspw + a€45pv4)
= U, (519112 + Sp,,3) — e, (apw + Spvl)

= (aez + ae4)(8pvz + Spv3) — O, <Z apv;)

=aytJy, (C3)
where we used J3 = (8py, + 8py;)/T, oty = dte, + te,, and Y_; 8p,, = 0. We also obtain

aelkl + ae3k3 = U, (_ae45pv1 + aezapvz) + o, (—ae23Pv3 + O(e48pv4)
= _ae40{e18pv1 + aelaez‘spvz - aezae35pv3 + ae‘3ae48pv4
= axaytJyy, (C4)

where we used Eq. (B3). By using these equations, j}‘l = (8py, +0pu,)/7T, Zi 8py;, =0, ax = &, + ,, and Eqs. (A28) and
(A30), we calculate E}}I as follows:

2;}1 = T{O‘el (J_N) +Oleq(JN) }

ey {0y (3P0, + 8Pus) + T(=e,8pu, + @e8P0,) Y + ey [, (890, + 8Pus) + (= er8puy + e, 8pu,) )
T(ax + roy )?

o {00, TN 4 1kt } + ey { =Tt TN + rks + o, (X, 8p0) )
T(ax + ray)?
G, e, tx T2 (T)” + 200,00, tTN rky — ks) + P {2 + @, K2
T(ax + roy)?
Qe 0, Olx zz(jyf + 2ae]ae3rayt2(j§1)2 20[;1 {aela63 (kf + k%) + 0‘31 k12 + aik%}
T(ox + ray)?
ae]ocqozxtz(jy)z + Zaelaqrayrz(jx ) + rzoz;1 {aelae3(k1 — k) + (aelkl + ae3k3)2}
T(ax + ray)?
ae,a@axtz(jy)z + 2a€lae3ray12(j}(\1)2 2oz;l{ozelozﬁog, (]N) + otXaY (.7 ) }
T(ox + ray)?

{aflaeaagl(%%+2mxay+r2ay)2(7§)2 roxey >}
XY

(ax + ray)? (ay + ray)?
_ 1 =N\ 2 rzotxot% =N \2
B T{ D eiesy O () + (ox + roy)? (Fxr)" - (C5)

By using y = ax/ay, fx(r;y) =r*(y + 1)/(y +r)?, TP" = (f’“” dt TRV /T (Y gree, @0 =TT /(X ee, @ )» and
Sxy = ([t’O“ dtIN ) lt(ag! +ay ] = (TN )/ (e + oy '), we obtain Eq. (11),

1 —N\2 rlaya? e
W=t () + ———25 (T
! { Zeiegx Ole_il ( X) (ax + rOly)Z( XY)
i l"z Ay +(¥2
=X 4 (X;;’) .
(ax + ray)
n, P+ 1)
—ymn "W T s
o (y +r)? Xy
= E}I}lin + fx(r;¥) Sxy. .
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To calculate Ey s

By using these notal

where we used J

where we used Eq. (B3). By using these equations, j)y = (8pv, +8pu)/T, Y ;6py, =0, ay = o, + ¢, and Egs.

(A31), we calculate

Ty =

we use the following notations:
k2 = _a216pv2 + ae36pv3»
ky = _ae38pv4 + ae15Pv1~
tions, we obtain
k2 - k4 = (—ae15Pv2 +ae38pv3) - (_aegapw + ael‘spvl)
= ¢y (5Pv3 + (Spw) — U (51%1 + 51%2)

= (ael + a63)(8pv3 + Spm) — Qg <Z apv;)

=axtJy,
= (8pv, +8pu,)/T, oax = &, + ey, and Y, 8p,, = 0. We also obtain
Uerky + e ks = oy (=, 8Py, + Aoy Puy) + Aoy (— ey 8 Pu, + X, 8P,
= — (=0, 0o, 8P, + U, U, 8Py, — Ay Qi 8Py + o0 Py

7N
= —leayfjxy,

=N as follows:

efen () +an (2]

e, {rote, (8pv, + 8pu,) — @, 8pu, + ae38pu3}2 + e, {rae, (8pv, + 8Pv,) — Ce,8py, + e, 8Py, }2

T(ax + ray)?
- 2 - 2
aez{ramrij + k2} + Ote4{—"06ezf‘7;y + ks + raez(Zi SPvf)}
T(ax + ray)?
(132(1647'26!)/ tz(jy)z + 2agzae4rj}‘lr(k2 —ky) + {ankg + aakf}

T(ax + ray)?

s, Py T (TN) + 200,00, rax T2 (TY) + oy ooy, (K2 + K2) + 02 k2 + a2 K2}

(o + ray)?

aezaarzotytz(jf)z + Zaezaarocxtz(jf)z + 05;1 {anam(kz —kg)? + (ote,ka + ae4k4)2}

(o + ray)?

a62a64r2ay tz(j}])z + 2aezae4rocxtz(j}1)2 + a;l {a82a64a)2(t2(j;‘])2 + aia%tz(jﬂ,)z}

T(ax + ray)?

_ 2, =y 2
e, U, oy, 1 (r2a12, + 2raxoy + ozX) (J;\I) azay ( N )2
(ax + ray)? (ax + ray)? XY

2

1 —N) 2 ax oy ~N \2
—T:ﬁ(tﬁ) + (Txy) }

e;€Ey aei (aX + roy )2

€N

(C8)

(€9

(C10)
(A29) and

(C11)

By using y = ax/ay, fr(riy) = y(y + D/(y + 1% ZP0 = ([0 dt TN/ 0(E, e, 00 =TT/, ce, @), and

Txy = T3y )/ (a

Xl + a;l), we obtain Eq. (13),

e T{ Zei&‘:y a;il (jY) * (ox + ray)? (ij)

— Emin 4
! (ox + ray)?

XY
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vy +1)

— Emin
TG

=SP4 fr (1Y) Zxy.

APPENDIX D: RELATIONSHIP BETWEEN THE OPTIMAL
TRANSPORT THEORY AND THE MAIN RESULT

Here, we remark on a relationship between the optimal
transport theory and the main result.

At first, we explained the conventional optimal transport
theory [26] for the continuous state. The optimal transport the-
ory for the continuous state has been discussed in terms of the
minimization of the entropy production for the overdamped
Fokker-Planck equation,

8,PO(x) = =V - (0O (x)PV(x)), o

vOx) = uFOx) — TV InPO(x), (D2)

where x € R? is a d-dimensional continuous state, P (x)
is the probability density that satisfies | dxP"(x) =1 and
PO) >0, T is the temperature,  is the mobility, and
F®(x) is the force at the position x. The entropy production
is obtained as the quadratic functions [4],

1 PO(x
ot =/ fa’xv(’)(x) : v(’)(x)A,

fo uT
and its minimization for the fixed initial and final states
PU(x) and P (x) is given by

: ® ®) (p® 0]
S > min / s / 2 OV EOPO@) OO
fo P(’)(x)MT

(D3)

(D4)

where the minimum is taken among all paths (v, P®), <, <,
satisfying the Fokker-Planck equation

8PV (x) = =V - (0 (@)PV(x)), D)

with the fixed boundary conditions P (x) = P'(x) and
P™(x) = P'(x). In the optimal transport theory, this mini-
mization is given by the 2-Wasserstein distance W(P!, P')
[25] defined as

151
WP, P = \/mint / dt / dxvO(x) - v<O(x)P*O(x),
fo

(D6)
where the minimum is taken among all paths
(v, POy, satisfying the continuity equation

WP V@) = =V - (O @P O (x)), (D7)

with the fixed boundary conditions P*)(x) = P'(x) and
P*"(x) = Pf(x). Thus the lower bound on the entropy pro-
duction [10] is obtained as

[W(P', PHJ?

Yot =
tot = MT{

(D8)
This result was also recently discussed in terms of the thermo-
dynamic speed limit [19,20]. The thermodynamic speed limit
provides the lower bound on the entropy production, which is

XY

(C12)

(

proportional to 1/7. In Ref. [19], the thermodynamic speed
limits for the partial entropy production Xy and Xy are also
obtained.

To generalize the above fact for dynamics of the discrete
state described by Markov jump processes, Maas proposed a
correspondence of the 2-Wasserstein distance [30] for Markov
jump processes. We also discussed the minimum entropy pro-
duction based on this correspondence of the 2-Wasserstein
distance for Markov jump processes [23]. For general Markov
jump networks (e.g., a bipartite model), we can use the inci-
dence matrix as follows:

ip(n — BJO,

dt 09)

where B is the incidence matrix and (J©), =J¢ =
J;(’) —J;(’ ) is the vector of the flow on each edge with
JHO = W(,’_)>Zp§t,) and J;® = WZ(’) p!") for the directed edge

Z -7
p =z — z. We only assume that dp® /dt = BJ" satisfies
the boundary conditions p® = p' and p" = p' as discussed
in this paper. The entropy production is obtained as the prod-
uct of the force (F"), = FY =In(/f® /7)) and the flow
Jo,

1

to+tT 0
Dot = / dt ZFP(”J;Z) = /

t P fo

+7
dtJPa,J",  (D10)

where o, = F\"'/J) is (the reciprocal of) the edgewise On-
sager coefficient that satisfies F\") = a,J¢. For fixed a,,
the minimum entropy production cannot be zero for the
given transition from p®) to p’. This condition is satisfied
automatically in the framework of linear irreversible thermo-
dynamics. The minimum entropy production is given by
1

dry JVe,J ),

P

Yot 2 min / (D11)

fo

where the minimum is taken among all paths (J©, p®), < <,
satisfying the master equation

d

4,0 _gyo
ar’ T
with the fixed boundary conditions p‘ = p' and p") = pf.
We also can define a correspondence of the 2-Wasserstein
distance [30] as

(D12)

. o+t
W', p')= |mint / dtZJ;(’)apJ;(’), (D13)
fp

p

where the minimum is taken among all paths
J*o, p*¢ ))t0<t<l| satisfying the equation

d *(1) *(1)

Zpr =BI, (D14)

dt
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with the fixed boundary conditions p*®) = p' and p*™ = p'.
This definition provides the thermodynamic speed limit for
Markov jump networks [23],

V@', pH1?
e

ot = (D15)
If we compare this result for Markov jump networks with
the result for the Fokker-Planck equation, we can find that
the incidence matrix B corresponds to —div(---)=—V -
), JO corresponds to v (x)PD(x), and o, corresponds
to 1/[uT P®(x)], respectively. If we assume that T = t; — t,
is small enough, we obtain the condition

d pi—p d
40 _ O(7) = L)
dtp T +0() dtp

This condition and Egs. (D9) and (D12) lead to the relation
B —J*V] =0, (D17)

(D16)

which means J© — J*® ¢ KerB.

Here, we consider our result for the bipartite model from
the viewpoint of the optimal transport theory and the min-
imization of the entropy production. The concept of the
rotation flow, i.e., 71, which does not contribute to the time
evolution of the probability distribution, is related to the quan-
tity J0 — J*@ in the above discussion. Indeed, the probability

flow JX does not contribute to the time evolution:

dl’(t) —1 7N —-1(#N AN N ~ZN\T
dt =BT j =BT (jx,jy ,jxy, L7r0t)
_1/ AN AN -~ T
=BT (T Jp. Tyy. 0) . (D18)
Thus the contribution of the rotational flow

T-10,0,0, JN)T € KerB corresponds to J® — J*@ in
the optimal transport theory. This rotational flow JX can be
identified with the cycle flow for the bipartite system, and
the minimum entropy production can be achieved when the
contribution of the rotational flow, which is quantified by the
housekeeping entropy production rate [23], vanishes during
the transition.

In this paper, we consider a more complicated problem of
the minimum entropy productions by focusing on the Nash
equilibrium solution, which is not discussed in Ref. [23]. Thus
it is not so obvious that the quantity J € KerB is related to
the minimum entropy productions. However, the minimum to-
tal entropy production ™" and the minimum partial entropy
productions =" and T can be achieved when the mode of
rotation flow 72, is changed.

We also remark on the thermodynamic speed limit for
partial entropy production. In the main result, we showed that

(" ar )’

0

-0 -’ D19
(Y e ) ®19

N .
EX 2 Z;{mn —

and

(" ar Ty’

-0
T (Zeiégy a;l)

The conditions of Ay — o0 ‘and Ay — o0 mean the fixed
boundary conditions p® = p' and p) = pf. Here, the time

TN > mmin — (D20)

(a) x 10~ (b) % 10-8

g
o

o
wn

flow
o o
N o
\
(
entropy production
= =
o w

‘tot

°
o
=]
=]

-4 -2 0 2 4
log o7

|
IS

|
N
o
N
»

loggr

FIG. 4. (a) Probability flows and (b) entropy productions in Ay =
10 and 10™* < r < 10*. The other various parameters are equal to
those in Fig. 3. The horizontal axis indicates log r again. In (a), the

orange, green, blue, and red curves indicate JY, J, Jyy, and JN,

respectively. In (b), the orange, green, and black curves indicate T¥,

=N, and N, respectively.

evolution of the marginal distributions, defined as IP’)((’ )=
()N ) .__ ()N .
Y Py =P8+ pl) and P =3 pll )= pl) + pll), is

given by
d (BN (T
dai\p) \R)
From Egs. (B14) and (B15), we also have j)?l =46Px/t

and JN =8Py/t. Thus the terms (ft(’:ﬁrr drJN)* and
(7 dr FN)? can be interpreted as

fo+71 _ 2
( / My) — B — P+
)

o+t _ 2 2
([ o) =leg—perp w2
1o

(D21)

2
’

(D22)

x 1078

1.5+

logyo 7

FIG. 5. Dependence of £} on Ayx. The various parameters other
than Ay are equal to those in Fig. 3. The horizontal axis is log r again.
The color difference represents the difference in Ay, and the closer
it gets from blue to orange, the larger Ay is. Finally, the curve for
Ax = 10" almost matches the limit value of Ax — oo represented
by the dashed curve in black.
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Finally, we obtain the lower bounds on the Nash equilibrium
solutions of the partial entropy productions

|P)((IU) _ ]P)((t0+f)|2

PSS Sk S (D24)
t(Zeieé‘x ale)
P(Zo) _ ]Pn(fo-H) 2

=N > [Py i (D25)

T(Zeie& ae_‘l) .

APPENDIX E: NASH EQUILIBRIUM SOLUTION
ON FINITE WEIGHTS OF THE ERROR PENALTY

In the main text, we considered the Nash equilibrium solu-
tion and the partial entropy productions on infinite weights of
the error penalty, i.e., Ay — oo with the fixed ratio r, where
the final state completely matches the target state p) = pf.In
this Appendix, we consider cases of finite values of Ax and Ay.

Figure 4 considers the Nash equilibrium when Ay is
fixed to a finite value whereas Ay varies. Figure 4(a) shows

probability flows J N_ Unlike the case in Ax — oo with fixed
ratio r, ¥, JY, and J3, are not invariant on r. Figure 4(b)
shows the entropy productions of =¥, =N, and =¥ . We can
also see the trade-off relation between partial entropy produc-
tions for the finite values of Ay and Ay. The minimum partial
entropy production in X is achieved when r — 0, and the
minimum partial entropy production in Y is achieved when
r — 0o. However, the minimum total entropy production is
not always achieved when r = 1.

Figure 5 shows the dependence of ¥ on Ay. From this
figure, we see that E}}’ is almost zero in the limit Ay — 0. The
partial entropy production X} monotonically increases as Ax
becomes larger. This monotonic behavior implies the effect
of the penalty of a given state transition in the minimization
problem of the partial entropy productions. If the penalty
is smaller, the partial entropy production can be minimized
much more. In the limit Ay — 0, a state transition in the
subsystem X does not occur to maintain the partial entropy
production at zero.
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