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Fluctuation-driven self-trapping in Bose-Bose mixtures
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We investigate the collective dynamics of two-component Bose-Einstein condensates in a double well poten-
tial. By taking into account the Lee-Huang-Yang (LHY) correction from quantum fluctuation, we find that the
LHY term, though much smaller than the mean field interactions, can significantly change the coherent oscil-
lating behaviors of the bosonic Josephson junction in the regime of g;» >~ —,/g11g22. Besides the quantitative
renormalization to the plasma frequencies of the Josephson oscillations, a series of unexpected nonzero fixed
points beyond mean field emerges in the stationary state. More remarkably, unique macroscopic self-trapping
states, which are usually absent in the mean field dynamics, can be sustained by the LHY nonlinearity. Our results
reveal the nontrivial LHY effect on the Josephson dynamics, which can be tested in the current experiment.

DOLI: 10.1103/PhysRevResearch.6.013014

I. INTRODUCTION

Quantum fluctuations around the ground state can have
profound effects in the underlying systems beyond mean field.
One salient example is the Lee-Huang-Yang (LHY) correction
on the ground state energy of a dilute Bose gas [1,2], which
may stabilize a quantum droplet state against the mean-field
collapse in Bose-Bose mixtures [3—8] or dipolar gases [9-12].
More recently, by fully suppressing the mean field energy, a
LHY fluid governed by quantum fluctuations was proposed
[13] and observed [14]. These beyond-mean-field states high-
light the importance of the LHY correction and stimulate
on-going works to study the nontrivial LHY-related physics
[15-23] (for reviews, see [24,25]).

In the low-energy limit, the LHY correction to the ground
state energy, for a two-component Bose gas of equal mass m,
takes the form of [2,3,13]
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where Kk = \/(a”n] — a22n2)2 + 4(1%21’11712 with n; and aij de-
noting the density and scattering length, respectively. Such
a contribution emerging as a nonlinear term in the Gross-
Pitaevskii (GP) description [3,24] would change the dynamics
of the condensate. Of particular interest, if a double-well-
like potential is applied to achieve a Bose-Josephson junction
(BJJ) [26], a natural question arises: how are the bosonic
Josephson physics [27-32], such as the notable macroscopic
quantum self-trapping (MQST) [33,34], as well as the Joseph-
son oscillations being affected by the LHY term? Specifically,
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in the regime of a competing interspecies attraction [3,13]
where the mean-field energy is suppressed, the intriguing
LHY effects may become prominent, which however has
never been revealed so far.

In this work, we study the collective dynamics of a binary
Bose-Einstein condensate (BECs) in a double well potential
[35-40]. By taking into account the quantum LHY correction,
we find that the nonlinear LHY term, though much smaller
than the mean field interactions, can significantly change the
coherent oscillations of the condensates, giving rise to rich
dynamical behaviors with unique features. It shows that the
LHY term can considerably renormalize the frequencies of
the plasma oscillations in the Josephson regime. More remark-
ably, the LHY term itself can drive a dynamical transition to
distinct MQST phases, in sharp contrast to the mean-field cor-
respondence where such MQST is usually absent. We attribute
this to the LHY nonlinearity induced nontrivial fixed points of
the underlying dynamical equations beyond mean field. These
results, which are accessible in the current experiment, reveal
the nontrivial role played by the quantum fluctuation in the
bosonic Josephson effects and open an avenue to investigate
the intriguing LHY physics beyond mean field in a dynamical
way.

II. MODEL AND FORMULISM

We consider a binary BECs comprised of two internal
states (labeled as i = 1, 2) confined in a symmetric double-
well potential. In the presence of the LHY correction given by
Eq. (A2), the dynamics of the condensates can be described
by the modified Gross-Pitaevskii equations [24]
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where W;(r) is the condensate wave function for the ith
component n; = |¥;|?, and 8ij = 4 hta; j/m is the interaction
strength between component i and j. Vy, is @ symmetric state-
independent double-well like potential [41]. For simplicity,
here we have assumed a competing (attractive) interaction
812 = —./811822 (811, g2 > 0) such that the lower branch in
ELpy 1s vanishing.

Within the two-mode approximation for each component,
we can expand W; >~ ¥ (t)Pp(r) + Yir(t)Dr(r) with the
ground state ®; gy (r) of the isolated left (right) well, and
derive the coupled motional equations for the amplitudes
YiLwy = 1/]V,-L(R)eie’uk) with Ny and 0;;g) being the atom
number and phase of the ith component in the left (right) well,
which are given by
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Here, ElL (R), Uiﬁ(R), J, and ozfl({R; are parameters character-
izing the intrawell energy, atom-atom interactions, interwell
tunneling, and LHY correction, respectively. For a symmetric
potential, we have E = Ef, Ul = Ul = Uy, and ofyy =
aﬁHY = (LHY-

In terms of the relative particle number difference z; =
% and phase difference ¢; = 0;g — 6;r, Eq. (3) can be
recastas (i = 1),

Zi = —4/ 1— Ziz sin ¢ir (421)
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Here we have rescaled the time as 2Jt — ¢ and intro-
duced dimensionless parameters Ayp = U 1N/4J, Argy =

5

arnyay (¥)2/24, and y> =Uxn/Uy 2 1. N =N, + N, is
the total atom number, and in this work we consider an equal
population of both components, i.e., Ny = N, = N/2. Despite
the complicated form of LHY correction to the (relative)
phase variation, it respects a Z, symmetry, i.e., Eq. (4) is
invariant under the transformation z; — —z; and ¢; — —¢;.

In a semiclassic correspondence, Eq. (4) describes the
dynamics of two coupled nonrigid pendulums, where the

fy =(z1 + VZZZ)
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FIG. 1. Plasma frequencies w; (a) and w, (b) as functions of
Appy for different y = 1 (blue solid), 1.5 (red dashed), and 2 (green
dash dotted). Here, Ayr = 10.

conjugate variables {z;, ¢;} obeying the canonical relations

Zi = _g%; and ¢; = %—Z are governed by the Hamiltonian

A
H = Sy )1 = cosgrt Aul(l + 777
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It’s interesting to see that the LHY term introduces a fractional
power nonlinearity on the “angular momentum” z;, which
dictates the dynamical behaviors of two-component BJJ in the
LHY regime Arpy/J ~ 1, and leads to rich physics beyond
mean field.

III. JOSEPHSON OSCILLATIONS

For small amplitude oscillations (|z;|, |¢;| < 1) around the
ground state z; o = ¢; 0 = 0, Eq. (4) can be linearized as

G~y (6a)
¢ > Amp(—y) V(2 — y22)
+ Ay YTV f @+ vP) + w (6b)
3 112

where fy =35y 5
tain two eigenmodes of the linear sinusoidal oscillations with
the Josephson plasma frequencies w; », as shown in Figs. 1(a)
and 1(b). For a symmetric interaction y = 1, these two modes
reduce to z1(t) = zp(t) ~ sin(w;t) with w; = v/3Aruy + 1,
and z;(t) = —zp(t) ~ sin(wyt) with w; = /2Apmr + 1, in
analog to the in-phase and out-of-phase librations of two
coupled pendulums. As Amp > Appy, one has w; > w; cor-
responding to the collective (slow) density and (fast) spin
oscillations, respectively. Note that, though the LHY term
does not affect the spin oscillation (w;), it remarkably renor-
malizes the oscillating frequency w; of the density, in contrast
to the mean-field w; mp = 2J where the LHY correction is
absent. For asymmetric interactions y > 1, the decoupled
density and spin modes at y = 1 get mixed, with both fre-
quencies w; » being changed considerably.

Beyond the linear regime, a full simulation of Eq. (4) gives
generalized nonsinusoidal Josephson oscillations of z; and
¢; due to the intrinsic anharmonicity. Specifically, when the

Solving the above equations we can ob-
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TABLE 1. Nonzero fixed points and their stabilities (y = 1).

d/95  £(z1/z5) (ALay = 0) +(z1/25) (ALay > 0)
7/ $=-2>0 () z] =25 > 0 (Awr > 1),
(Amp > %), stable. stable;

(i) z} =25 > 0 (ArLmy > %),
stable (ALHY 2 AKHY);
(i) z] >25>0,25 >z >0
(Arny > Afjyy), unstable.
7/0 2} >3 > 0(Away > o)
None* stable.
O/7T Z; > Z”iv >0 (ALHY > m),
None .
stable [42].
0/0 None None

#“None” means that the nonzero fixed point does not exist.

nonlinear interactions are dominant, a remarkable phe-
nomenon known as the MQST [33] may appear in the BJJ,
where the Z, symmetry is dynamically broken with a spon-
taneous population imbalance of atoms in the double well.
As we will show in below that the LHY term, though much
smaller than the strength of the mean-field interactions, can
lead to unique MQST states beyond mean field.

IV. FIXED POINT AND STABILITY ANALYSIS

We proceed by considering the fixed points of Eqs. (4),
which characterize the possible MQST around a stationary
state. By setting all the derivatives as zero in Eq. (4), we
have ¢7 =0 or w while z{ is generally obtained by numer-
ically solving two coupled equations [41]. Then for small
perturbations around the fixed point, i.e., (zi, ¢i) = (g} +
8zi, ¢ + 86¢;), we linearize Eq. (4) to obtain (8z, 82)" =
M(8z1, 82,)T with M being the drift matrix and (---)7
denoting the transposition. Diagonalizing M to obtain two
eigenfrequencies —w3, a stable fixed point requires w > 0.
There always exists a zero solution zj = zj = 0, while the
nonzero fixed points and their stabilities for different cases at
y = 1 are listed in Table I, where =+ reflects the Z, symmetry.
One can see that in the presence of a LHY term, a series of
new fixed points beyond mean field arise.

For y =1, a symmetric solution z] = zj # 0 develops at
a critical Afyy = 1/3 for the case ¢}/¢5 = m /m, which in-
creases quickly with Appy, as shown in Fig. 2(a). Such a
symmetric fixed point emerging from the spin-exchanging
symmetry becomes stable when Arpy = A{py with

_ QAMR)3V1+1/Q2AWR)'3

AF =
LY V22 + 1/Q2A\E)'3)

across which another two unstable asymmetric solutions set
up. While for the case ¢j/¢3 = 7 /0 (0/7), an asymmetric
Z} > 25 > 0(z§ > z{ > 0) can be found for Arpy > Afyy =
1/6 Avr. These nontrivial fixed points (for most of the cases)
are dynamically stable and can only exist in the presence of
LHY correction, in contrast to the soly antisymmetric solution
7 =—25 =+V1 - 1/4A} (Awr > 1/2) of the 7 /7 case

in the mean field.

1 4
0 (b) —/7
--7/0
! - >
0.5 —2z}, for /7 <302
25 (23) for
/0 (0/m)
s ) for |\ T
/0 (0/m) L7 T
0 0
0 0.5 1 1.5 1 1.5 2
Avny ¥

FIG. 2. (a) Evolution of the nonzero fixed points versus A yy for
@7 /¢35 = v/ (blue solid) and 7 /0, 0/7 (red dashed and green dash
dotted) at y = 1; (b) Critical Afy versus y for ¢7/¢5 = 7 /m (blue
solid) and 7 /0 (red dashed). Ayr = 10.

For y > 1, due to the breaking of Z,-type spin-exchanging
symmetry, the nonzero solutions are generally asymmetric
with the critical Af{yy shown in Fig. 2(b). For the 7 /m
2424/ y2+1
32y +1)? for

2V/2(y—1)

3/ (r+1)
depends nonmonotonically on y. Note that for the O/m case
(refer to Table II), we have Afyy = 0 for y = /1 + 1/AwppF,
meaning that the LHY-induced nonzero solution in this case
can survive in the mean field for sufficient asymmetric in-
teractions. We have also examined the stabilities of these
nonzero fixed points and find that most of them are stable,
as summarized in Table II.

The emerging of the nontrivial fixed points brought by the
LHY correction can not only manifest as self-trapping of the
atomic populations in steady states, but also indicate that more
interested dynamical MQST with (z;(#)) # O beyond mean
field may appear in this system when away from the fixed
points.

case, Ajyy decreases with y and approaches

Awmr > 1. While for the /0 case, Afyy —

V. FLUCTUATION-DRIVEN SELF-TRAPPING

Generally speaking, the dynamical MQST happens when
the nonlinear interaction energy of an initial state is dominant
over the kinetic energy (tunneling). To distill the effect of
LHY term, we are interested in the regime of z;(0) ~ yz,(0)
where the initial mean-field interaction energy of the state is
nearly vanishing. In this case, the MQST is always absent
for arbitrary initial phase ¢;(0) and mean-field interaction
Awmr > 0 if Apgy = 0. The including of the LHY correction
can significantly change the mean-field scenario, and we will
see below that a finite but small Appyy would sustain a high-
lying self-trapping state due to the positive energy corrections
from quantum fluctuations. For simplicity, we first assume
$1(0) = ¢2(0). For y = 1, both components exhibit the same
evolution behaviors governed by

7= —v1—2722sin¢, (7a)

: Z 241 —272
¢ = ——cos¢p+V2Aryi———or—,  (7b)
V=722 1+V1-22
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TABLE II. Nonzero fixed points and their stabilities for y > 1.

?1/05 (2}, 23) (ALwy = 0) +(z, ) (ALuy > 0)
/7 7] > —z5 > 0 for Ay > ﬁ, stable. 7, > —z5 > 0 for Ayr > ﬁ, stable; 7 > z5 > O for
Arny > 3;% AMFy2+1;X:4:;\3M+FK;;;/Lykl’ unstable.
/0 None. 4 >3 > 0for Avwy > 3;}?7 AMFVZJ:;;\N;:FJ;?rf\ﬁFJrVI‘LV“H » stable
for ALHY g AEI-IIY or ALHY 2 Ai‘]-zlYa'
0/m z5 >z > 0 for Ayp > ﬁ, stable. Z >z > 0 for Ayr > ﬁ stable;z5 > z} > O for
Avny > 3;% Nt L and Ay < b
stable.
0/0 None. None.

*,2

“The imaginary parts of the eigenfrequencies w.. are nonzero for AiﬁY < Arny < Afjy, see [41] for more details.

where z; = zp = z and ¢ = ¢, = ¢. Compared to the mean-
field dynamics of a single-component BJJ [33], here the
atomic nonlinearity fully depends on the LHY correction.

From Eq. (7), a dynamical MQST of z emerges when the
energy of an initial state is larger than the threshold Ey, = 2 +
§ ALuy. This can be achieved if ALuy > Ay with

Ab = L+ VT-2Oc0s¢®
2V20(+1-2(0)2 =5 (1 + /T = 2(0))2] — 4
®)

In Figs. 3(a) and 3(b), we show the dynamical evolution of
z(t) and the corresponding energy contour given by Eq. (5)
in the z-¢ space under the initial conditions z(0) = 0.6 and
¢(0) = 7 for different Apgy. With the increasing of Appy,
a dynamical transition from sinusoid-type oscillations around
z = 0 to anharmonic oscillation with nonzero (z(¢)) # 0 can
be clearly identified, suggesting the MQST arises for A gy >
Al >~ 0.3733 from Eq. (8).

Such a LHY driven self-trapping can also be found for
more general y (>1) and ¢;(0) # ¢,(0). For example, in
Figs. 3(c) and 3(d), we show the evolutions of z;(¢) and ¢;(t)
at y = 1.5 for ¢1(0)/¢,(0) = /0. There are two types of
self-trapping states: for small Apyy in Fig. 3(c), both z;(¢)
and ¢;(¢) exhibit small-amplitude oscillations; while for rel-
atively large Appy in Fig. 3(d), z;(t) shows large-amplitude
oscillation and the phase ¢;(¢) begins to run, corresponding
to the so-called “m phase” and “running phase” MQST [34].
Notice that the required LHY parameter to trigger the MQST
for y > 1 is much smaller than the symmetric case, facilitat-
ing the observation in realistic experiments. We would like
to point out that, besides the regular oscillating behaviors
discussed above, irregular oscillations with chaotic features
[43-45] may be also found in this system especially in the
regime of large Ay, which however, is beyond the scope of
this work and we leave it for the future study.

VI. DISCUSSION AND CONCLUSION

So far, we have focused on a competing interaction with
6g=1+g12/./811822 = 0, which may be not exactly tuned

in experiment. Deviating from 8g = 0, both branches in
Eq. (A2) would contribute to the dynamics in general [41].
In Fig. 4, we plot the critical A{py as a function of §g. One
can see Af v decreases with §g gradually, indicating that the
main results governed by the LHY term would not be changed
essentially until a sufficiently large g beyond which the mean
field interactions take over.

In the experiment, the BJJ has been realized in diverse
setups [27,28,32], where arbitrary initial conditions can be
generally prepared and the dominating mean field dynamics is
observed. To detect the LHY effect reported in this work, one

a el ;
0 "\:' "z:'
ALHY =0.37
) w0
Aty = 0.38 l '

(c)

0 20 40 O 75 150
t t

FIG. 3. (a) Time evolution of z(¢) for A gy = 0 (top), 0.37 (mid-
dle), and 0.38 (bottom); (b) Constant energy contour in the z-¢ plane
for Apyy = O (black thin solid), 0.37 (blue dash dotted), 0.38 (red
solid), 0.6 (yellow dashed), and 0.9 (green dotted), respectively;
Time evolutions of z;(¢) and ¢;(t) at y = 1.5 for (¢) AL gy = 0.07 and
(d) ALgy = 0.2. The initial conditions are [z(0), ¢(0)] = [0.6, 7]
for (a) and (b), and [z,(0), ¢1(0), z2(0), $.(0)] = [0.6, 7, 0.4, 0] for
(¢) and (d). Ay = 10.
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FIG. 4. Critical Af{yy as a function of g for y = 1 (blue solid)
and 1.6 (red dashed). Here ¢} /¢5 = 7 /m and Aymr = 10.

can tune the interactions to the regime of §g & 0 by the Fesh-
bach resonance [46]. For example, the competing interactions
of two hyperfine states |1, —1) and |1, 0) of 3°K [14] are a;; =~
33.3ag, ary =~ 84.2ay, and a;, >~ —53.2aq (ag the Bohr radius)
with y = {/ax/a;; = 1.6; this gives the critical Ap gy ~ 0.06
and 0.16 of the two types of MQST in Figs. 3(c) and 3(d) with
the same initial conditions. Considering the LHY correction is
about several percents of the mean field energy for the typical
atomic density with gas parameter na® ~ 107> — 10~* [47],
the LHY parameter Appy can be tuned by varying the mean
field Ayr and/or the interwell tunneling J to address the
relevant regime in this work.

To conclude, we have investigated the LHY effect on the
collective dynamics of a two-component BJJ. A remarkable
dynamical transition to unique self-trapping states together
with a series of nontrivial fixed points beyond mean field are
predicted to appear even for a tiny LHY correction, which
arises from the quantum fluctuations. Our work paves a new
way to explore the unusual LHY physics within the current
experiment. Future studies may include the Josephson effect
in the droplet regime with §g < 0, the LHY effect on the
chaotic dynamics of the BJJ and the Measure synchronization
[48,49].
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APPENDIX A: DERIVATION OF THE MODEL

We consider a binary Bose-Einstein condensate (BECs)
comprised of two internal states (labeled as i = 1, 2) of mass
m in a double-well potential, with the mean field energy
given by

Evr = fdr Z W (r)[—

i=1,2

Ve
) + de(l')

m

1
+3 2 sun O @), (AD)

j=12

Distance

FIG. 5. Schematic of the double-well potential.

where n; = |W;|? is the density with W;(r) (i = 1,2) being
the condensate wave function for the ith component. g;; =
4nh2a,-‘,~ /m represents the strength of the contact interaction
between the atoms of component i and j with a;; being the
corresponding s-wave scattering length. Vg, is a (symmet-
ric) state-independent double-well-like potential (see Fig. 5),
which for instance may be formed by splitting a trap into two
parts with a periodic potential [27] or using a single periodic
unit of an optical superlattice [32]. Beyond mean field, the
quantum fluctuations would contribute to the ground state
energy. To the leading order, it gives to the notable LHY
correction, which, for the two-component Bose gas, is

32427 1?
Einy = /dr[ Z(allnl + axny
I

15 m

+ \/(au”l —anm)® + 4a%2n1n2);:|. (A2)

In this work, we are interested in the regime of competing
(attractive) interactions with g1 >~ —.,/g11822 (811, 22 > 0),
ie., a;p > —\/anay (ai,ax > 0), where the mean field
interactions are (partly) suppressed. To proceed, we first con-
sider g2 = —.,/g11822, i.€., 8¢ = g2 + /811822 = 0. In this
case, the lower “—” branch in Eq. (A2) is vanishing. Then,
the dynamics of the condensates in the presence of LHY
correction can be described by the modified Gross-Pitaevskii
equations [24]

a2 [V 1 Vaw + +
l - m dw T &1111 T &1212
128/ K2 3
+ \/_—a11(011n1+022n2)2:|‘1—’1, (A3a)
3 m
7222 eV + Vg + +
ih— = | — w n n
Y m d 8121 82212
128/ W2 3
+ 3 Zazz(anﬂl-i-azznz)z V. (A3b)

For weakly interacting BECs in a double-well potential, the
two-mode approximation can be applied, and we expand the
condensate wave function W; as

Wi(r, 1) = Y (1) PL(r) + Yir(1) Pr(r), (A4)
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where Y r)() is the time-dependent amplitude and @) (r)
is the ground state in the isolated left (right) well, satisfying

/dr|CDL|2 = /dr|<I>R|2 =1,

Ni=/dr|\lli|2 = /dr|1ﬂiL|2+/dr|1ﬂiR|2

= NiL + Nig. (A6)

Substituting Eq. (A4) into Eq. (A3) and taking use of

Eq. (AS5), we arrive at the dynamical equations for the am-
plitudes wiL(R) (l = 1, 2)

/drcbzmcb;; = /drCD;k{‘CDZl ~0(m,n>1), (A5
|

0 3
i = | B4+ Y Ubl + odiaian e + anlyo P} |V = T (A7a)
J
0y 3
IHTR = |Ef + ZUSW_/‘MZ + ofyyai(an|¥irl® + anl¥orl?)? [Yir — I, (ATb)
J
where
L(R) hz 2
Ei Z/dl'q)z(R) —%V ‘|‘de (DL(R)’
U,-I}(R) = gij/dr|®L(R)|4’
(A8)

128/ i
LR
u({Y) =3 —/dl'|¢L(R)|5,

hZ
J=— / drd; (—2—v2 - vdw> o
m

are parameters characterizing the intrawell energy, mean-field interaction, LHY correction, and interwell tunneling, respectively.
For a symmetric potential considered in this work, we have E}' = Ef, U = Uf = U, and ofyyy = offyy = arny.

By writing Yir ) = 4 /ML(R)ei("”R) with Ny and 6,y being the atom number and phase of the ith component in the left

(right) well, and further introducing the relative particle number difference z; = W and phase difference ¢; = 6;g — 6,1,
Eq. (A7) can be rewritten as (i = 1),
7= —2J,/1—22sin¢;,
Zi (A9)

b = Z UijNjz; +2J cos ¢; + arnyaii f (21, 22),

j=1,2 11—z

where

(a1 Niz1 + anNazo)(an Ny + anNs + 33/ (a11Ny + anN>)? — (a11N1z) + a2aN222)?)

fz1,22) = ) (A10)

\/a“N] + anN + /(auNy + anM)? — (a11Niz1 + anNx22)?
For a balanced population of both components, i.e., Ny = N, = %

parameters Ayr = U1 1N/4J, ALny = aLHyafl(%)%/ZJ, and y = /U /U;; 2 1, and rescaling the time as 2J¢t — t, we finally
obtain the dynamical equations (4a) and (4b) in the main text, which are

zi=—y/1—2*singy,

b = Avr(—)" V(@ — yz2) +

with N the total particle number, by introducing dimensionless

Zi (A1)

cos g + Arny ¥V £, (21, 22),

1 —2?

1

. 14+ 4+ S A +y2)2— (21 +7222)?
with £, (21, 22) = (21 + y222) ———2 L _arel
\/1+J/2+«/(1+V2)2—(Z1+V212)2
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APPENDIX B: FIXED POINT AND THE STABILITY ANALYSIS

The fixed point of the system is given by the stationary solution of Eq. (A11), which is obtained by setting all the derivatives

J1—2Zsing} =0, /1 —23sing =0,

as zero, yielding

AMF(Z{ - )/ZE) + &

1= (=)

A

Avry(yz; — 7)) +

cos @5 + Aruvyy’fy (z5.23) =0.
2
- (Zz)

> cos &1 + Arnv fy (Zi ZE) =0,

B

Solving the first two equations, one has ¢7 = 0 or 7 (i = 1, 2), while z] is obtained from the last two equations in above, which
depending on ¢;. To study the stability of the resultant fixed point, we consider small fluctuations (8z;, §¢;) around the stationary
point (z7, ¢7), i.e. z; = z} + 6z; and ¢p; = @] + 8¢;, and then linearize Eqs. (A11) to obtain:

85 = —\/1 = (2})? cos §5¢p,

where we have taken use of Eq. (B1) and

/
Ty = gy lemitira =

From Eq. (B2), we have

where M is a 2 x 2 drift matrix with the elements

My = —Anry/1 = (z])? cos ] — 1

Diagonalizing M, we arrive at two eigenfrequencies

(B2)
. . _3 .
8¢ = Amp(—y) V(621 — y8z) 4+ [1 — (Zf)z] * cos ¢z + ALHYVZ(hl)f; (821 + v*822).
3 25\2 3 2 2\2 s 2.8 2 3(.s 2.5\2
3f 5(1+y)+§(1+y)\/(1+y)—(zl—i—yzz) —2(z} + v%3) B3)
(472414122 = (2 + y22) )3
321 _ 521
(32) = 2(32), ®
- _ 2 s !
mype Arnyy/1 — (z])* cos @i f,.
Mz = yAury/1 — @)2cos ] — y* ALy, 1 — (25)2 cos @i £,
Mar =y Awry/1 = (23)? cos ¢3 — y* Aruy, /1 — (23)* cos 3 f;,
S 1 S 4
My = _VZAMF\/I — (25)* cos 5 — 1_—&%)2 — V4ALHY\/ 1 — (z5)% cos 5 f, - (B5)
i =My — My + VM1 = Mn)? +4MpaMy)). (B6)

A stable fixed point requires wi > 0, and the critical value
is given by the lower branch with w_ =0, which gives
MMy = MiaMa.

Before proceeding, we notice that there always exists a
zero solution zj = z5 = 0 for all cases, while the nonzero so-
lution always appears in a pair with the form of (z}, z5) # 0
due to the Z, symmetry. In the following, we mainly discuss
the nonzero (stationary) solutions and their stabilities in dif-
ferent cases with (¢7, ¢3) = (7, ), (0, ), (7w, 0), and (0,0).
We will see that the LHY correction can induce a series of

(

unique nontrivial fixed points, which play essential roles in
the collective dynamics.

Case I: (¢7, ¢5) = (0, 0). In this case, only the zero solu-
tion zj = z; = 0 exists, corresponding to the ground state of
the system.

Case II: (¢, ¢5) = (v, ). In this case, a pair of nonzero
solutions (z{, z3) (z] = —z5 > 0) appear in the mean field
when Avr > Afp = # for Apgy = 0, which are dynami-
cally stable and become antisymmetric (z{ = —z3) for y =1
with A{r = % While beyond mean field with Ay gy > 0, new
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FIG. 6. Nonzero fixed points z} , (a) and the corresponding eigenfrequencies a)ft (b), (c) of small fluctuations in the 7 /7 case. Here, y =1

for (b), and y = 1.5 for (c). Amr = 10.

asymmetric solutions *(z{, z3) (z] = z5 > 0) develop when
Arpy > AEHY with

22 Amr + Ampy? — 1

AC — .
MY S ST 2 Ampy? + 2Ampy 3 4 Awryt — vt — 1
(B7)

Specifically for y = 1, the above asymmetric solutions are
symmetric (z] = z3) with A{y = %, which is independent on
the mean field parameter Ayp. More interestingly for y =
1, besides the Z, symmetry, there is another symmetry that
Eq. (B1) is invariant by exchanging z] < zj. This gives rise to
another two pairs of asymmetric solutions £(z}, z3), (23, z})
(z} > z5 > 0) when Apuy > Ay with

. (2AMF)%\/ 14 QAME) 73
V2024 @Awe) Y]
As shown in Fig. 6, these asymmetric solutions are dynami-
cally unstable, while the symmetric ones become stable when
ALHY 2 AiHY’ where w_ = 0 for ALHY = AEHY'

Caselll: (¢}, ¢3) = (r, 0) or (0, 7). In the mean field with
Arpy = 0, there is only zero solution for both cases. While in
the presence of LHY term, nonzero solutions can exist with
the (asymmetric) fixed points and corresponding critical LHY
parameters given by

(,0) 1 £(z1,25) (z] > 25 > 0),

A — 272 —Awmr + Avpy? +1
MY S T 2 Avey? 4 2Ampy Y+ Avpyt —yt + 1

(B8)

and

0,m): £(z1, ) (25 > 21 > 0),

A — 22 Amr — Avpy? + 1
LHY 31+ y2 Amey? + 2Ampy? + Anpy* + y4 — 1 .
(B10)

For y = 1, above solutions for both cases relate to each other

under zj < z5 with the same A{y = #. Notice that from
MF

Eq. (B10) of the (0, 7) case, we have A{,, <0 when y >

1 + -, meaning that the nonzero solutions induced by the
AwmF

LHY correction in the (0, ) case can survive in the mean
field if the interactions are sufficiently asymmetric. As shown
in Fig. 7, except for Ai’éY < ALpy < AEfIY where the eigen-
frequencies w4 have imaginary parts [i.e., (M — M) +
4 MMy, < 0] and thus are unstable [referred to the dashed
lines in Figs. 7(d) and 7(e)], the asymmetric solutions in these
two cases are stable against small perturbations, indicating the
“m-phase” self-trapping around these fixed points.

APPENDIX C: LHY EFFECT FOR ég > 0

In this section, we consider a general case with g > 0,
such that both branches in the LHY correction (A2) would
contribute to the collective dynamics. Similar to the first sec-
tion, after a tedious but straightforward derivation, we can
obtain the dimensionless dynamical equations for the relative

(B9) number difference z; and phase difference ¢;, which are
J
i = - 1 —Z,~2 sin ¢;,
; i— Zi 1 i—
¢ = Amry> Dz + AvpBzjzi + cos ¢; + EALHYVZ( U(Mﬁp +u — Mf) —u?). (CDH

1/1_112
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FIG. 7. Nonzero fixed points zj , (a)—(c) and the corresponding eigenfrequencies wi (d)—(f) of small fluctuations in the 7 /0 (a), (b), (d),
(e) and 0/ (a), (¢), (d), (f) cases. The green-dashed lines in (d) and (e) denote the real parts of w, where the imaginary parts are not zero for
AL‘,_'IY < Appy < A[ﬁy and thus unstable. Here, y = 1 for (a) and (d), and y = 1.5 for others. Ayr = 10.

Here
1+21—y*(1+2)+28°(1 +z 3
MS:):(l—i- 1= v( Kz) B( 2))(1+zl+y2+y2Zz+K+)2,
+
14z — 20 +22) +28*(1 +z 3
,u,(_])z(l— v 2) p( 2)>(1+Zl+)/2+)/2Z2—K+)2,
K+
2
—(1—z)+y2(0 — )+ 251 - z)) 3 (C2)
uf = (1+ - ” (I-a+y’=yn+c)’,
o ~( =)+ 21 -2+ 250 - 2) , ;
=1~ - (1—z+v =y —c ),
with
ke =1z —y2(1 £ 2)P +42(1 £ z21)(1 £ 22), (C3)

and 8 = g—:? (< 0). We further introduce a dimensionless

8 = ﬁ—i =B+ y. Then for 8 = —y, we have g =0 and
Eq. (A11) is recovered. For a general g > 0, one can solve
Eq. (C1) to find the dynamical evolutions as well as the fixed
points of the system. In Fig. 8, we give the evolutions of z; and
¢; for §, = 0.05 under the same initial conditions used in the
main text. We can see that similar dynamical behaviors can

(

be identified in different cases, suggesting the main results
discussed in the main text would be not changed essentially
for 8, > 0. Moreover, the threshold LHY parameter to trigger
the MQST is found to be even lower than the case of §, = 0,
which is reflected on the decreasing of the critical LHY pa-
rameter A{y for nontrivial fixed points with g, as shown in
the main text.
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FIG. 8. (a) Time evolution of z(¢) for A gy = 0 (top), 0.21 (middle), and 0.22 (bottom); time evolutions of z;(¢) and ¢;(r) at y = 1.6
for (b) Argy =0.02 and (c) Aryy = 0.16. The initial conditions are [z(0), ¢(0)] = [0.6, w] for (a) and [z1(0), ¢1(0), 22(0), $,(0)] =

[0.6, 7, 0.4, 0] for (c). Here, §, = 0.05 and Ayr = 10.
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