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We show that noisy nonunitary dynamics of bosons drives arbitrary initial states into a novel fluctuating

bunching state, where all bosons occupy one time-dependent mode. We propose a concept of the noisy spectral
gap, a generalization of the spectral gap in noiseless systems, and demonstrate that the exponentially fast
absorption to the fluctuating bunching state takes place asymptotically. The fluctuating bunching state is unique
to noisy nonunitary dynamics, with no counterpart in any unitary dynamics and nonunitary dynamics described
by a time-independent generator. We also argue that the times of relaxation to the fluctuating bunching state obey
a universal power law as functions of the noise parameter in generic noisy nonunitary dynamics.
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I. INTRODUCTION

Long-time relaxation dynamics of a system is a cen-
tral issue in nonequilibrium physics. Recent studies show
that rich long-time behaviors arise in isolated, Floquet, and
open systems. Spectral analysis has been an inevitable proce-
dure to understand noiseless linear dynamics described by a
time-independent generator. Indeed, various intriguing phe-
nomena have been uncovered through the eigenvalues and
eigenmodes of the generator. Examples of such phenomena
include thermalization dynamics and its breakdown in isolated
and Floquet systems in light of the eigenstate thermalization
hypothesis [1-25] and drastic changes of steady states and
relaxation times through spectral transitions in open systems
[26-48].

In recent years, temporally noisy dynamics, where the
generator includes time-dependent random or stochastic
parameters, has gathered extensive attention and become ex-
perimentally feasible [49-53]. Such noisy systems offer a
versatile platform to explore the universal features and in-
triguing phenomena of quantum dynamics. Examples include
information scrambling in unitary dynamics [54—62] and tran-
sitions of entanglement entropy in the nonunitary dynamics of
monitored quantum systems [47,52,53,63-78]. In stark con-
trast with noiseless cases, however, the direct spectral analysis
for noisy dynamics has not been fully developed. This is
because diagonalizing one generator does not bring full in-
formation for the dynamics in noisy cases. While the spectral
analysis for the averaged dynamics over noise is possible
[56-62], this procedure may discard some important informa-
tion, such as how the state after the long time is affected by
the temporal noise.
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In this work, we show that noisy nonunitary dynamics of
free bosons results in a novel fluctuating bunching state, where
all bosons are absorbed to one time-dependent mode from any
initial states after long times, as schematically shown in Fig. 1.
For this purpose, we propose an analysis based on a noisy
spectral gap, a generalization of the spectral gap in noiseless
systems. Using nonunitary free-boson dynamics subject to
random losses and postselections, we demonstrate that the
noisy spectral gap takes a nonzero value. This suggests the
exponentially fast absorption to the fluctuating bunching state,
which does not arise in any unitary dynamics and nonunitary
dynamics by time-independent generators. We also argue that
the relaxation times for the absorption are universally propor-
tional to the inverse square of the noise strength.

The rest of this paper is organized as follows. In Sec. II,
we explain the general framework of the fluctuating bunch-
ing state, where the noisy spectral gap is also introduced. In
Sec. III, we show that fluctuating bunching states emerge in a
concrete model of an optical network with photon loss effect
and postselection. In Sec. IV, we find the nontrivial power law
of relaxation times and discuss that a wide range of nonunitary
dynamics universally exhibits the power law. Section V is
devoted to the conclusion.

II. FLUCTUATING BUNCHING STATES
IN THE GENERAL FRAMEWORK

We consider general nonunitary dynamics of free bosons
where pure states are mapped to pure states and the number
of bosons is conserved; if we set an initial state of n bosons as

noff .
|Yr=0) o [] =1 bxj,“ |0), the quantum state after 7-step discrete

dynamics described by V, becomes [48]

nl;;zl (ZX[‘/Z]XXLHEJ() |0> ]
1Y) = i ) 6))

Published by the American Physical Society


https://orcid.org/0000-0002-4586-1088
https://orcid.org/0000-0003-3793-6016
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.6.013004&domain=pdf&date_stamp=2024-01-03
https://doi.org/10.1103/PhysRevResearch.6.013004
https://creativecommons.org/licenses/by/4.0/

KEN MOCHIZUKI AND RYUSUKE HAMAZAKI

PHYSICAL REVIEW RESEARCH 6, 013004 (2024)

noisy non-unitary dynamics

fluctuating bunching state

b
|¥i—0)

[}

[}

[}

J
|¥—0)

[}

L4 1

[ ] 1

P v t
FIG. 1. Schematic picture of the fluctuating bunching state.
Various initial states, [¥%,) , [¥2,), ..., are absorbed into the fluc-

tuating bunching state, where all bosons described by yellow circles
occupy one dominant eigenmode of V,. We can define the time-
dependent gap A, from the eigenvalues of In(V;)/z.

Here, p = 1,2, ..., nis the label of each boson, b! is the cre-
ation operator of a boson at position x € [—X/2 + 1, X/2], xz‘
is the initial position of the pth boson, |0) is the vacuum state,
and /N, is the normalization factor to ensure (V¥ |y,) = 1. We
consider the nonunitary dynamical matrix V, decomposed as

Vi, = QtQtfl tte QZle (2)

with {Q,} being nonunitary matrices for one step.

We show that the spectrum of V; plays an important role in
noisy dynamics with independent and identically distributed
(i.i.d.) random nonunitary matrices {Q, }. To see this, assuming
the diagonalizability, we consider the eigenequations of V,,

Vgl = did), Vil = 2], 3)
Here, ¢! (#/) is the ith right (left) eigenmode for V, with the bi-
orthonormality (j;,’Tqﬁ,J = §;;, and eigenvalues {A, ;} are ordered

as [l = Dol > [hoxl.
If |Ar1| > | 2] is satisfied, |,) becomes
bl )"0
oy = C2 2
NI
where E; ;=3 #!(x)bl is a creation operator for an eigen-
mode ¢ with ¢/'¢! =1 and N, = (0|55} |0) is the
normalization factor. We refer to Eq. (4) as the bunching state
because all bosons occupy a single mode ¢, , as schematically
shown in Fig. 1. We note that if the bunching state emerges,
classical computers can easily sample the probability distri-
bution of bosons by sampling that of distinguishable particles
[48]. In the following, we show that bosons become distin-
guishable even in noisy nonunitary dynamics, while Ref. [48]
explores noiseless dynamics. The classically computable dis-
tribution is contrasted to the unitary dynamics where the
boson sampling problem can exhibit quantum supremacy
[79-94].

Equation (4) independent of {x},“} indicates the memory-
loss effect, where all initial states are absorbed into the
bunching state. Such memory loss of quantum states is absent
for unitary dynamics, where |A, ;| are the same for all eigen-
modes and thus |i;) always includes information about the
initial state.

To understand the absorption into the bunching state in
noisy nonunitary dynamics, we introduce the noisy spectral

“

gap as
A = lim A, A, = —In (A 2/A1])/t, §))

—00
where the overline denotes the average over random noises.
Here, we assume that the sample fluctuation of A; is small,

(A? — Ez)l/ 2« A,. Then, a nonzero value of A sug-
gests the exponentially fast decay of |A;2/A; 1| for typical
samples. Note that A is the generalization of the spectral
gap —In(|A;2/A:1])/t = —In(|k2/k1|) in noiseless systems,
where {k;} with |k;| > |k;y1| are eigenvalues of the one-
step time-independent evolution matrix Q, = Q. However,
there are qualitative differences between noisy and noiseless
systems. One is that the asymptotic convergence of A, is
nontrivial in noisy dynamics, while it is explicitly obtained
in noiseless dynamics. This is because the spectrum of the
time-dependent generator Q, does not give the gap in the
noisy case, whereas that of the time-independent generator O
does in the noiseless case. We later demonstrate that A exists
and takes nonzero values for a concrete noisy model. Another
feature unique to noisy nonunitary dynamics, which is distinct
from the noiseless dynamics through a time-independent gen-
erator, is that the system does not reach any stationary (i.e.,
time-independent) state, but leads to the bunching state largely
fluctuating in time. This is because the dominant eigenmode
¢f1 depends on time, unlike the noiseless case where {d),i } cor-
responding to eigenmodes of Q are independent of 7. We note
that such an absorption into the fluctuating state in quantum
dynamics demonstrates unconventional long-time dynamical
behavior distinct from the standard thermalization dynamics.
We also explore the relaxation times 7 that bosonic systems
take to reach the fluctuating bunching states. In noisy dynam-
ics, where Q, involves a random variable R satisfying R = 0,
we argue that relaxation times typically exhibit a power law,

T B ©6)

for small 8, with 8 « (Rz)% being the strength of the noise.
This power law is discussed toward the end of the manuscript
in detail. While we can evaluate relaxation times through
various quantities, one natural choice is the definition from
the noisy spectral gap, to o 1/A.

Before closing this section, we briefly mention the gap
discrepancy problem. In the nonunitary dynamics by a time-
independent generator, due to small overlaps of left and right
eigenmodes, the spectral gap obtained from the generator
may not give plausible predictions of relaxation times [62,
95-97], which is referred to as the gap discrepancy problem.
In the present work, where the spectral gap is generalized from
noiseless dynamics to noisy dynamics, we consider cases
where there is no gap discrepancy problem and thus the re-
laxation time can be evaluated through the noisy spectral gap.

III. FLUCTUATING BUNCHING STATES
IN A CONCRETE MODEL

We demonstrate that the fluctuating bunching state emerges
in noisy nonunitary dynamics whose time-evolution matrix
for one step is given by

Qt =GU. (7)
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FIG. 2. (a) Schematic picture of the nonunitary dynamics of photons in an optical network. Photons evolve via the unitary matrix U
(blue rectangles) and then experience nonunitary dynamics by G, (orange rectangles) due to the photon loss effect and postselection. (b) The
convergence of A, into the noisy spectral gap A ~ 6 x 10~*, where the number of samples is 10°. (c) The difference between the first and
second Lyapunov exponents. Symbols with different colors correspond to different realizations of noises {z,,}. For large ¢, ¢, ; — ¢, for each
trajectory converges to the sample-independent value that is the same as A. In (b) and (c), 8 = 0.3 and X = 20.

Here, the time-independent unitary matrix U is

U = @ |:€i91 COS(93) _ei92 Sin(93):| , (8)
¢

e %25in(6;) e " cos(63)

where {6;} with j =1, 2, 3 are real parameters, ¢ represents
a two-site unit cell covered by a blue rectangle in Fig. 2(a),
and the periodic boundary condition is imposed. The time-
dependent nonunitary matrix G; is

_ cosh(Bz,,) sinh(Bz,,)
G = @ [sinh(ﬂzz,,) cosh(,Bz'Z,,,)]’ 2

where z,; takes random values uniformly sampled from the
box distribution, z,; € [—~1/2, 4+1/2]. Here, n represents a
two-site unit cell covered by an orange rectangle in Fig. 2(a).
The real parameter § determines the strength of noise leading
to nonunitary dynamics, and Bz, corresponds to R in the
previous section.

Equation (1) describes the dynamics of photons in an op-
tical network with photon loss effect and postselection. The
creation operator 131 is transformed by U when photons pass
through linear optical elements, such as beam splitters, phase
shifters, and wave plates. Nonunitary dynamics by G; occurs
when we postselect the cases where all photons remain in the
system, despite the effect of photon loss. The photon loss can
be artificially introduced through optical elements coupled
to the environment [48]. We consider situations where the
optical elements have imperfections leading to noise, that is,
the strength of loss randomly deviates from a mean value
depending on 1 and ¢. This type of noise makes our setting
distinct from conventional regimes such as fluctuational elec-
trodynamics treating thermal noises and quantum fluctuations
[98]. We note that the dynamics with photon conservation is
distinct from the dynamics averaged over all outcomes where
the number of photons n can be decreased, such as the dynam-
ics governed by the Gorini-Kossakowski-Sudarshan-Lindblad
equation [99]. The long-time limit of the averaged dynamics
becomes the trivial vacuum state with n = 0, which is con-
trasted to our setting where the fluctuating bunching states
emerge.

Figure 2(b) shows that A, converges to a constant value A
in time, where the overline denotes the average over random
realizations of {z,,}. The nonzero gap A implies that the
exponentially fast absorption to the fluctuating bunching state
asymptotically occurs for this model. We note that A is pro-
portional to 1/X, which suggests that the fluctuating bunching
state emerges with the timescale 1o = O(X), as detailed in
Appendix A. We note that the nonzero noisy spectral gap in
this paper is defined for each finite-size system, and we do not
consider the thermodynamic limit X — oo.

We find evidence that A gives the decay rate to the fluctu-
ating bunching state even for each trajectory. To see this, we
evaluate the long-time behavior of ¢, | — ¢, as an approxima-
tion of A atr = 10%. Here, ;.1 and e, » are the first and second
instantaneous Lyapunov exponents defined as

eri =In(Ag i)/t (10)

without ensemble average, where {A,;} are singular values
of Vi,

V0l = A2,0, (1n

with V, = VfV, [100]. Singular values {A,;} are ordered as
Aj1 2 Ao 2 -+ 2 Ay x. We can also capture relaxation dy-
namics through {A,;} as well as {A,;}. Indeed, both |2, ;| >
[As 2] and A;1 > A, indicate that V; can be approximated
by the rank-1 matrix. As shown in Fig. 3, A, /A, | expo-
nentially decays when ¢ is increased. Since limitations on the
numerical precision and the exponential decay of A;2/A; 1
prevent us from directly computing A;»/A,; for large ¢,
we obtain e, — ¢, through evaluating growth rates of ran-
domly chosen vectors, as detailed in Appendix B. Figure 2(c)
shows that e, | — ¢; » converges to the same value as A for all
samples, which indicates |A;2/A; 1| ~ e~ for each random
realization. Note that the spectral gap and Lyapunov expo-
nents of noisy nonunitary quantum dynamics have seldom
been explored, while the first Lyapunov exponents for the
products of transfer matrices have been studied for obtaining
localization lengths in time-independent systems with random
potentials [101].
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FIG. 3. Decays of f; = —1In(|A, /A 2]*)/2 (red symbols),
In(A;2/A;,1) (blue symbols), and — At (the green line), respectively,
which indicate that the fluctuating bunching state emerges after long-
time dynamics. The average is taken over 10° samples with 8 = 0.3
and X = 20. The orange broken line is f; = —B%/6X — In(v/2)
obtained from Eq. (15), which is calculated through the perturbation
analysis on In(A,,/A; ). The black line f; =¢In(y/v/u) repre-
sents the analytical upper bound on — In(|A, 1 /2, 2|?)/2, derived from
Eq. (12).

As a consequence of the absorption to the fluctuating
bunching state, physical observables exhibit fluctuating dy-
namics independent of initial states in the long run. Figure 4
shows that expectation values of an observable, (x?), =
ADIN 2b by 1Y) /n, approach the same fluctuating trajec-
tory with large t for all initial states. We note that the dominant
mode ¢! is spatially localized as detailed in Appendix C,
where the localization position depends on time as indicated
by Fig. 4. The fluctuation and localization of the bunching
state mean that there is no equilibration and thermalization.

0 4000 8000
t

12000 16000

FIG. 4. Expectation values of ) leA):,l;x/n under nonunitary
dynamics of three bosons with different initial states. Green,
blue, and red symbols, respectively, correspond to (x, xin, xin) =
(=6,1,8), (—=1,0,1), and (-6, =5, 6) with a fixed sample {z,,}.
The three trajectories are absorbed into one time-dependent trajec-
tory independent of initial states in the long-time regime, while
they depend on initial states in the short-time regime. The black
broken line represents t = 14 = |In(c)|/A with ¢ = 1072 at which
In(JA;2/A:11) = In(c) is satisfied. The parameters are (6,, 61, 03) =
(0.377,0.197,0.257) and g = 0.3, with X = 20.
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FIG. 5. Relaxation times as functions of the noise parameter,
which exhibit the power law in Eq. (6). Green, blue, red, and purple
symbols represent Ta, Tp, 75, and 7,, respectively, with ¢ = 10-°
and X = 20. Here, the average in f; is taken over 10 samples for
obtaining one T, and then we iterate it 10° times and obtain the
averaged t over them. Expectation values are computed with n = 2,
where initial states are (x1 , X)) = (=5,5) for (x 2.« and (=1, 0) for
(x*); . The black symbols and orange broken line correspond to t4
and 74, in Eqs. (13) and (16), respectively, where the latter is exactly
proportional to 2.

IV. POWER LAW OF RELAXATION TIMES

We argue that relaxation times at which bosonic systems
reach the fluctuating bunching states are universally given by
7 o B2 for small noise strength 8. Our argument follows
from two steps. First, we introduce four versions of relax-
ation times, Ta, T, Tp, and 7,, and numerically show that
they exhibit similar behavior, in particular, the power law in
Eq. (6). Second, we analytically evaluate 7, and 7, instead of
Ta, for which the analytical estimation is difficult. In addition,
we make plausible arguments for the universality of the power
law T o 872

As the first step, we define relaxation times as the small-
est time steps at which f; < In(c) is satisfied, where ¢ < 1
is a threshold and a function f; is defined through a quan-
tity related to |A;2/A; 1], As2/A;1, or observables. On the
basis of the noisy spectral gap, we define the relaxation
time tp with f; = —Arf, which leads to 7o = |In(c)/A]l.
Figure 3 shows that two other quantities, — In[|A, 1 /A, 2|2]/2
and In(A, 2/ A1), also decay in time. In particular, behaviors
of —Af and In(A;»/A; ) are quite similar. Then, we define
relaxation times 7; and 75 through f; = —In(|A, 1/, 2]%)/2
and f; = 1In(A, /A1), respectively. In Fig. 5, we discover
that 1,, 75, and 7, all show the same § dependence, T ,8_2,
for sufficiently small 8. In particular, 7o and T, are almost
overlapped. We also find that the same power law appears
for an additional timescale t,, which is obtained from f; =
In(|(x2); 4« — (x2);.5|). Here, the subscripts for (x?); represent
the different initial states.

As the second step, we semianalytically give an upper
bound of 7,. To this end, we focus on Q} = |tr(V,)?> —
tr(Vtz)lz/ltr(V,)|4, which becomes SZZA ~ 4| A0/ |2 if eigen-
values satisfy |A; 1] > |Ar2] > [A;3]. Thus, 1, can be
evaluated through In(1/22}) > In(1/4c?). As detailed in
Appendix E, we find a bound

vl < 4/ 12)
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which is satisfied asymptotically. Here, u and v are, respec-
tively, the largest eigenvalues of Q = O, ® QF and QS/4 =
(0, ®0)® (O ® O;)*S/4, with S being a complicated
matrix independent of B. Thus, we define the relaxation
time 74 through f; = In(|\/v/u|"), which leads to 4 =
[In(c)/In(|/v/u])]. In Figs. 3 and 5, In(|s/v/u|") and 4
(black) are, respectively, above —In(|A,1/A;2|?)/2 and T
(red) due to the inequality (12). Figure 5 indicates the power
law of 74,

T <t o B2 (13)

This is because Q (Q) can be expanded as Q ~ U + B>F
(Q ~ U + BFF) for small B with I/ and F (U and F) being
some complicated but S-independent matrices whose explicit
forms are written in Appendix E. Since In(|4/v/u|) should be
zero for B = 0, we believe that the subleading terms A2 of Q
and Q typically lead to In(|/v/u|) o B2. While 4 only gives
the upper bound of 7,, Fig. 5 shows that both timescales are
proportional to 872 in this model.

We also analytically obtain an approximated value of
75 using a perturbative analysis. To this end, we focus on
QN = [tr(V,)? — tr (V)] /te(V;)? with V, = V,'V;, which leads
to QN >~ 2(A2/Ar1)* if A > Ara > A, is satisfied.
Thus, 75 can be evaluated through ln(Qf‘) < In(2¢?). When 8
is small, we can neglect higher-order terms of 8, which results
in G, =~ @, (90 + Bzy.01 + Bz, ,00/2), where op and o, are
the Pauli matrices. Thus, we can approximate Q, as

O = A + BB, + B°C,, (14)
where A, =U, B, =U EB,] Zy101, and G, = U @n z%’,ao/Z.
As detailed in Appendix F, this expansion leads to

Rl
In () ~ —tr[2B{B, + (A{B,? + (BSAX)Z])?I
ﬁZ
= ——1, 15
3% 15)

which is valid when B%¢/X is small. The orange broken line
in Fig. 5 corresponds to

= 6X|In(c) + In(v/2)|8 2, (16)

defined by f, = —ﬂ2/6X — ln(\/i) ~In(As2/ A1) ré‘ is
parallel to 7, T3, and 7,, which is consistent with our argu-
ment that all relaxation times satisfy T o< §72.

We argue that the power law in Eq. (6) for small § emerges
in a wide range of noisy nonunitary dynamics, on the basis
of the following two assumptions satisfied in our model. We
first assume that In(|/v/u|) o< B2 and thus & oc 72, which
is plausible because subleading order terms of Q and Q be-
come ,82 when the average of noise is zero, as detailed in
Appendix F. We also assume that various relaxation times
such as 7;, 4, Ta, and 74 exhibit the same dependence on
the noise parameter 8, as confirmed in the concrete model.
In addition, details of models have no effect on the power
law t4 o< 72, as long as the average of the noise is zero.
We indeed discover the same power law 7 oc 872 for a model
proposed in Ref. [102], which is different from that in the

1x10° »
8x104 IN 4 .
ex10* - N = :
N =
4310 Nt .
< N,
\ u
4 "
2107 | ~ "
~ [ ]
L L L
20 40 60

FIG. 6. The noisy spectral gap as a function of X. The
blue symbols are numerically obtained A with (6, 6,,0;) =
(0.377,0.197,0.257) and B =0.3. The green broken line is
1072/X.

present work, as shown in Appendix G.

V. CONCLUSION

We have shown that the novel fluctuating bunching state,
where all bosons occupy one time-dependent mode indepen-
dent of initial states, appears in noisy nonunitary dynamics.
This is analyzed through the spectrum of noisy nonunitary
time-evolution matrices. In particular, the noisy spectral gap
A, the extension of the spectral gap in noiseless systems, plays
a key role. We have also argued that times of relaxation to the
fluctuating bunching state universally exhibit the power law as
functions of the noise parameter, T ,3’2.

The spectral analysis can be applied to general noisy dy-
namics, not restricted to the dynamics of bosons explored in
this work. For example, our analysis should be applicable to
the dynamics of fermions, while fermions do not occupy one
dominant mode due to the Pauli exclusion rule. In addition,
it may be possible to analyze transitions of relaxation times,
such as purification transitions in monitored quantum many-
body systems [70], through the noisy spectral gap A in the
present work.
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APPENDIX A: SYSTEM-SIZE DEPENDENCE
OF THE NOISY SPECTRAL GAP

The noisy spectral gap A becomes small as we increase the
system size X for a system studied in the main text. Figure 6
shows that A is proportional to 1/X for this model. This
means that bosonic states are absorbed into the fluctuating
bunching state with the timescale tp ~ X, and the system is
gapless in the thermodynamic limit X — oo.
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FIG. 7. (a) The averaged inverse participation ratio (IPR) of the dominant mode, Y, |¢!(x)|*/[_, I¢} (x)I>]?, as a function of the system
size X. The IPR is almost independent of X, which indicates that ¢! is localized. The average is taken over 40 samples and 100 time steps after
a time at which [A;2/A, 1| < ¢ = 107 is satisfied. (b) The probability distribution P,({x;’“‘}) of a bunching state with n = 3, (xil“, xiZ", xi3" =
(-6, 1,8), 8 =0.3, and t = 42418. The value of P,({x;’“‘}) is represented as the size and color of the symbols: the big (tiny) and dense green

(shallow gray) symbols correspond to large (small) P,({xfl’“‘}).

APPENDIX B: NUMERICAL CALCULATION
OF LYAPUNOV EXPONENTS

The exponential decay of A,,/A,; prevents us from
directly computing the Lyapunov exponents through the diag-
onalization of V, for large ¢, due to limitations on the precision
of the numerics. Instead, we can compute the Lyapunov ex-
ponents by focusing on the dynamics of vectors, which is
presented in Ref. [100]. First, we choose two vectors w(l) and
w(z) randomly. After that, these vectors are evolved as

1 A 1

We | = g1/ ugr1], U1 = O ywy, (B1)

2 A 2
Wi = Vert/|vsq1ls ver1 = Ux — Mg )Qrywy,  (B2)
where Qt,M = QrimOrim—1-+Qs+1, t =M, and Iy is the

X x X identity matrix. Here, Iy = [w!][w!]" is the projec-

tion matrix onto the direction of w!, and thus w? is orthogonal

to w!. The Lyapunov exponents are obtained through

. N
g]=7ngnl=;£&5ﬁ22;hﬂVOL(%ﬂ, (B3)

e1+e = lim (e, + e )
T—o0

| I
Jim_ m;m[vou(us, vl (B4
where t =TM, VOL;(u,) = |us|], and VOL,(u, vy) =
|ug||vs| sin(6y) with cos(6y) = |u’§vs|/|u3||vs|. The right-hand
sides of Eqs. (B3) and (B4) quantify the growth rates of two
randomly chosen vectors, and thus correspond to the largest
and second-largest Lyapunov exponents. This is because
increasing s makes ws1 (wsz) approach the first (second)
Lyapunov vector, the eigenmode of lim,_, o, V, corresponding
to the largest (second-largest) eigenvalue. Since the vectors
w! and w? are normalized for every M step, we can make
¢t much larger than a time step at which A;,/A,; becomes
smaller than the numerical precision. Indeed, numerical
results with M = 10* and T = 10* in Fig. 2(c) give a
plausible value of the noisy spectral gap for r = 10, while
the directly computed A;,/A,; becomes smaller than our

numerical accuracy 107'6 in a range 10* <t < 10°, as
indicated by Fig. 3.

APPENDIX C: LOCALIZATION
OF THE BUNCHING STATE

We find that the occupied state ¢, is spatially localized in
the model explored in the main text; the average of the inverse
participation ratio (IPR), > ¢} (x)[*/[>_, 1} (x)|?]?, does
not decrease monotonically when we increase the system size
X, as shown in Fig. 7(a). Figure 7(b) shows the probability
distribution [48]

|Per[W,]|?

B({x ) {xg")) = N T An gt ®)
with n =3 and r = 42418, at which |A, ;| > |A;2]. In ad-
dition, n"©" with Y ni"®" = p is the number of bosons
at x regarding the input (output) configuration of bosons,
and Per[W,] is the permanent of an n x n matrix W, defined
as the submatrix of V;, [W 1y, = [Vi]aeusp. Here, x;"("“t) with
qg=1,2,...,nis the position of the gth input (output) boson.
If the fluctuating bunching state is realized, initial states have
no effect on the probability distribution, and thus P,({x(‘;‘"}) is
independent of {xip“}. We can see that the three bosons gather
around one position due to the localization of ¢!. Note that
the localization position depends on ¢, as indicated by Fig. 4
in the main text.

APPENDIX D: POWER LAW
OF VARIOUS RELAXATION TIMES

As discussed in the main text, we conjecture that various
types of possible relaxation times for the absorption exhibit
the same power-law dependence on B. In this section, we
numerically confirm this conjecture for the model introduced
in the main text.

We define a relaxation time at which the fluctuating bunch-
ing state is realized as the smallest time at which f; <
In(c) is satisfied with ¢ < 1. In the main text, we explore
four relaxation times t;, Tp, Ta, and t,, respectively, with

fi = —In(h1 /A 2P)/2, fi = (A, 27 A0 D), f; = —At, and
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FIG. 8. Various relaxation times as functions of the noise
parameter S, all of which exhibit the power law 7 o< B72.
Blue, red, purple, green, cyan, and gray symbols, respec-
tively, represent relaxation times defined through f; < In(c) with
¢ =10"% where f, =In(A. /A1), fi = —In(A1/M0l?)/2, fi =
(1 02) 0 — ()) with n =2, f; = —At, f; = In(k2/201 P)/2,
and f; = —In(|A,1/A,2|*)/2. The average included in f; is taken
over 102 samples for obtaining one 7. Then, we reiterate obtaining
t for 10? times and take the average over them. The subscripts a
and b for (x?), correspond to two initial states of bosons, (x", xi") =
(—=5,5) and (—1, 0). Regarding o with f; = —Af, A is obtained
through the ensemble average over 10* samples. The orange bro-
ken line corresponds to the relaxation time 45 defined through the
perturbative analysis on In(A,,/A,1). Since this relaxation time is
obtained as —pB2t4/6X — In(x/2) = In(c), the orange broken line
is exactly proportional to 872. The black symbols represent 5 =
In(c)/ In(|+/v/1]), which is above the red symbols for large 7, due to
the inequality obtained in Eq. (E4). The parameters are (6, 6,, 65) =
(0.377,0.197, 0.257) with the system size X = 20.

fi = In(|(x?), o — (x?);5]), where the number of bosons is
n = 2 and subscripts a and b represent different initial states.
In Fig. 8, these relaxation times correspond to red, blue,
green, and purple symbols, respectively. In addition to these
relaxation times explored in the main text, Fig. 8 also shows
relaxation times t; with f; = In(|A; 2/, 1]?)/2 and 7, with
fi = —In(|A;.1/ A 2]?)/2, which, respectively, correspond to
cyan and gray symbols. From Fig. 8, we can understand that
all relaxation times exhibit the same power law T oc f72; the
orange broken line 75 = 3X|21In(c) + In(2)|872, derived in
Appendix F, is exactly proportional to 872, and all relaxation
times are parallel to this line. From Fig. 8, we can also under-
stand that behaviors of the eigenvalues and singular values are
quite similar; relaxation times based on — At (green symbols)
and In(A; 2/ A,,1) (blue symbols) are almost identical.

APPENDIX E: ANALYSIS THROUGH
THE UPPER BOUND ON 1,

We evaluate the relaxation time 7, based on eigenvalues
of Vi,
Vit = A, (ED)

where [A; 1] = (Aol -+ = [Ae x| If [Ar2/As 1] is smaller than
the threshold value ¢ <« 1, the bunching state is realized
within the precision c.

As discussed in the main text, the timescale t;, which
is obtained from f; = —In(|A;.1/A;2|?)/2, has an analytical
upper bound 74, which typically shows B2 decay. In this
section, we show this fact in detail.

1. General bound

In this section, we give discussions applicable to a wide
range of models that exhibit noisy nonunitary dynamics, not
restricted to the model explored in the main text. Then, in the
next section, we demonstrate the concrete application of our
general discussions for the model in the main text.

To discuss the decay of |A;2/A; 1], we focus on SZ,x
defined as

y_ lron? —e(@))
' ltr(V)I*

In the long-time limit, we assume that |A; 1| > |A; 2| > |A; 3]
is satisfied, and thus QtA approaches 4|, 2 /A; 1 |2. Here, we use
the Cauchy-Schwarz inequality,

(E2)

7 = va b ga—t(ﬁ), (E3)

a;

for arbitrary positive quantities a; and b,. If we take a, =
tr(V;)? — tr(V:)|? and b, = |tr(V;)|*, Eq. (E3) leads to

(|tr(Vz)|2)2/ |er (V)2 —tr(Vtz)|2 <1/QF  (E4)

Below, we evaluate the left-hand side of Eq. (E4). To this
end, we use tr(A)tr(B) = tr(A ® B), where the trace in the
right-hand side is carried out in H®?, with H®” being the
extended space whose dimension is X™. Then, |tr(V;)|? can be
written as

ltr(V)I? = tr(V; ® Vi) = u[Q'], (E5)

where Q = O, ® Q7 is a time-independent matrix that acts on
the extended space H®2. The largest eigenvalue of Q, which
we write as u, determines the growth rate of |tr(V;)|2. In the
same way, |tr(V;)|* becomes

lr(VOl* = u[(V, ® V) @ (V@ V)] = u[Q'],  (E6)

where Q = (0, ® 0,) ® (Qf ® OF) is a time-independent
X* x X* matrix and the trace in the right-hand side is taken

in H®*. For evaluating the other terms in [tr(V;)? — tr(V,?)|2,
we use tr(AB) = tr[(A ® B)S], where S is the swap operator
acting on H®2, Thus, we obtain

w(V2)(V2)" = TV @ V)S) @ (V) ® V)ST]
=u[Q(S®I)I, (E7)

(V2 (V) = l(V; @ V) @ {(VF ® V;)S]]
=u[Q'Ux: ® S)], (E8)

tr(V2)[tr (V)21 = u[{(V, ® V))S} @ (V;* @ V,¥)]
= tr[Q"(S ® Ix2)], (E9)
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where Iy is the identity matrix in H®2. Equations (E6)—(E9)
result in

e (V)2 — r(V2)|* = w[Q'S], (E10)

where S=SQS+ Iy QIx» — SR Ix: — x> ® S. We no-
tice that S and Q commute each other, which means that they
have the same eigenmodes. The eigenvalues of S, denoted as
p, take O or 4 since eigenvalues of S are £1 and all ingre-
dients of S such as S ® S and Iy» ® S commute with each
other. Therefore, we focus only on eigenmodes with p = 4
and neglect the other eigenmodes with p = 0, which do not

contribute to the dynamics of |tr(V;)? — tr(V;?)|2. Then, the
largest eigenvalue of QS /4, which we write as v, determines
the growth rate of [tr(V;)? — tr(V;*)|? in the long run. Thus,
the dynamics of [|tr(V;)[2]?/|tr(V;)? — tr(V,?)|? is determined
through |2 /v|’ /4 in the long-time limit.

We assume that nonunitary matrices {Q,} are determined
through a random variable R with R = 0 and that the system

is characterized by the noise parameter 8 \/Ig, where the
overline represents the average over the random realizations
of R. Here, B is the strength of randomness, and the sec-
ond moment of R/B is independent of B. We note that R
corresponds to Bz, in the case of the model studied in the
main text.

For small 8, we can expand Q; as

0, ~ A, + BB, + B°C,, (E11)

where B, and C, are random matrices. Here, B, = 0 is satisfied
because B; only includes the first-order terms of R/f. We
also assume that A, is independent of R and A] = A;”! such
that the system exhibits unitary dynamics if § = 0. We note
that other randomness independent of R can be included in
the dynamics. For example, {A,} in Eq. (E11) can be random
unitary matrices determined through a random variable R’ that
is independent of R. The average represented by the overline
is over all kinds of randomness in noisy dynamics. Due to
B, =0, Eq. (E11) leads to

Q~E+4+p°F, Q~E+p°F, (E12)
where £ = A, @ A*, E = (A, ®A,) ® (A, ® A)*, and
F=B®B +A®C +C ®A;, (E13)

F=(A®A)Q B QB) + (A ®A) ® (A QC)*

+ their permutations regarding A;, B;, C;. (E14)

We argue that these Taylor expansions of averaged matrices Q
and Q in Eq. (E12) typically make subleading order terms of
W, v be B2 in a wide range of noisy nonunitary dynamics. In
addition, we assume that the leading terms of |v| and |u| are
1, resulting in In(|\/v/u|) = 0 with 8 = 0. This assumption
is valid since [|tr(V;)|2]* and |tr(V;)? — tr(V,?)|? should not
decay in unitary dynamics. Thus, Eq. (E12) suggests that the
decay rate of [|tr(V;)[2]?/|tr(V;)? — tr(V;?)|? typically exhibits
the B2 dependence with respect to the noise parameter, which
gives the lower bound of |A; /A 2|? in the long run through
the Cauchy-Schwarz inequality in Eq. (E4). We also stress that
the analysis explained above is applicable to the long-time

regime as well as the short-time regime. Thus, 7 defined
through f; = ¢ In(|4/v/t|) gives the upper bound of 7;. While
there is a possibility that 7, decays faster than t(, we be-
lieve that the 74 and 7, typically exhibit the same power law
T X ,8’2, which is confirmed in the model studied in the main
text.

2. Example

We can actually show that Q and Q are written in the form
of Eq. (E12) regarding the model explored in the main text. In
the model, the time-evolution matrix for one step is defined as

0 =GU. (E15)
Here, the matrices U and G; are defined as
i0] 9 _ i92 1 8
U= ef.gco,s( 3) “ sin(0s) | (E16)
; e "2 sin(f3) e "' cos(63)
cosh(Bz,,) sinh(Bz, l)]
G, = ' ' = ex o1),
! 67? [sinh(,Bz,,,,) cosh(Bz,,) @ p(hzy01)
(E17)
where z,, ; is chosen from the box distribution,
Zyr € [—1/2,+1/2]. (E18)

See Fig. 2(a) in the main text. From Egs. (E15)-(E18),
we can understand that this model satisfies the assumptions
that A, = U is unitary and B, = 0 with B, = (@n Zy0)U.
Equations (E16) and (E17) lead to

Q=0U, Q=GU,

where the components are G = G, Q G;, U =U QU*, G =
(GRGHIV(G®G), and U=UQU)QU QU)*. In
this model, we can write Q and Q through calculating G and
G explicitly, not relying on the perturbative expansion of Q,
in Eq. (E11). To this end, we decompose G, as

(E19)

G, = HG'H, (E20)
where GY is a diagonal matrix,
etPu 0
G =P ( 0 el%), (E21)
n
and H is the Hadamard matrix,
1 /1 1
H= —< ) (E22)
1 -1
" V2

The nonunitary matrix in Eq. (E21) describes the dynamics
of photons in optical networks exposed to loss effects and
postselections [48], and such dynamics of a photon has been
observed experimentally [38]. Equations (E20) and (E21) re-

sult in
G = HG'H, G =HGH, (E23)

with G4 and G the diagonal matrices where # = H ® H and
H = H ® H. The diagonal matrix G4 is written as

Gl = @ G, m),

n1,M2

(E24)
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where G(n1, n2) is a 4 x 4 matrix. If ; # 12, G(n1, 1) be-
comes

G(ni, m) = (B,

where g(B8) = sih(F/2) and I, is the 4 x 4 identity matrix.

(E25)

When n; = s, C;(ﬂr/yzl n1) becomes
g28) 0 0 0
Gomd=| o0 o 1 o (E26)
0 0 0 g@28)
The diagonal matrix G is written as
G'= P G m. s, (E27)

N1,M2:13,M4

where G(11, 12, 13, m4) is a 16 x 16 matrix. When all of
n; with i = 1,2, 3, 4 take different values, G(ny, 12, 3, N4)
becomes

G, m, n3, ns) = [8(B)]* L6, (E28)
|
[[g(38)]» 0, 0,
0, gB 0,
0, 0, gBL
- 0 0 0
Gy m1s 015 1a) = 8(B) 02 02 Oz
0, 0, 0,
0, 0, 0,
| 02 0, 0,

where /i is the 16 x 16 identity matrix. When 1y = 2, n2 #
3, M2 # N4, and 03 # na, G(n1, 11, 13, n4) becomes

g2B)y 04 04 04
- 0 L 0 0)
_ 2 4 s 04 4
G, n1, m3, na) = [8(B)] 04 0. I 0 |
04 0s 04 g2B)4
(E29)

where I; and 04 are the 4 x 4 identity matrix and the null ma-
trix, respectively. We can obtain @(m, N2, N3, N4) regarding
other combinations such as 7, = n4, through the correspond-
ing permutation for the matrix elements of Eq. (E29). When
m = n2, N2 # 3, and n3 = n4, G(n1, N1, N3, n3) becomes

G, 1, 135 m3) = GO, m) ® G, m3), (E30)

where G(ny, n1) corresponds to Eq. (E26). We can obtain
G(m, M, 103, N4) regarding the other combinations, such as
N = n3 and 1, = n4, through the permutation for the ma-
trix elements of Eq. (E30). When 1y = 12 = n3 and n3 # 14,
G(n1, n1, m, n4) becomes

0, 0, 0, 0, 0, 7

0, 0, 0, 0, 0,

02 0, 0, 0, 0,

gB)L 0, 0, 0, 0,

0 egphL 0, 0, o0 | ®D
0, 0, (B 0, 0,

0, 0, 0, g(B)h 0,

0, 0, 0, 0, 8B |

where I, and 0, are the 2 x 2 identity matrix and the null matrix, respectively. We can obtain @(m, M, 103, N4) regarding the
other combinations, such as 17, = 13 = n4, through the corresponding permutation for the matrix elements of Eq. (E31). When

N =12 =03 = 4, G(n1, n1, N1, 11) becomes

[g4p) 0 0 0 0 0 0
0 g2 0 0 0 0 O

0 0 g28) O 0 0 O

0 0 0 1 0 0 0

0 0 0 0 g28) 0 0

0 0 0 0 0 1 0

0 0 o 0 0 o0 1
GO, m,m,m) = 8 8 8 8 8 8 8
0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0

Since g(B) >~ 1 + B%/24 for small B, Eqgs. (E24)—(E32) lead
to Eq. (E12) where £ =U and E = U. Here, F () is a
complicated matrix obtained from the Taylor expansion of G
(G) and the multiplication of 7 and ¢ (H and U).

0 0O 0 0 0 0 0 0 0
0 0O 0 0 0 0 0 0 0
0 0O 0 0 0 0 0 0 0
0 0O 0 0 0 0 0 0 0
0 0O 0 0 0 0 0 0 0
0 0O 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
g2) 0 0 0 0 0 0 0 0
0 g28 0 0O 0 0 O 0 0
0 0o 1 0 0 0 0 0 0
0 o 0o 1 0 0 0 0 0
0 0 0 0 g28 0 0 0 0
0 o 0 0 0 1 0 0 0
0 0 0 0 0 0 g28 O 0
0 0 0 0 0 0 0 g28 O
0 0O 0 0 0 0 0 0 g4p)
(E32)

APPENDIX F: PERTURBATION ANALYSIS
ON THE RATIO OF SINGULAR VALUES

As discussed in the main text, we can also evaluate the
relaxation time 7, through the singular values {A,;} of V; in
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Eq. (11), where A; 1 > A;2--- > A, x. Here, we discuss the
perturbation analysis for evaluating .

If A;1 > A, is satisfied, the fluctuating bunching state
emerges. We perturbatively calculate

A (V) —u(V?)

f w(V)? b

which approaches 2(A, »/A,.1)? in the long run provided that
A1 > Ao > A3 is satisfied. We again expand Q; as

O, =~ A, + BB, + B*C, (F2)

for small 8, where B and C; are random matrices. Remember
that B; = 0 and AT = A_"! are assumed. We note that the anal-
ysis explained below is not restricted to the model explored
in the main text and thus is applicable to a wide range of
noisy nonunitary dynamics, as long as the assumptions above
are satisfied. Up to the second-order terms of 8, V, can be
expanded as

Vi + B Z A, 1By 11 + B Z'Q/t,erleQ{s—l,lv
s N

(F3)
where .o, 5, = A, As,—1 - - - As, 414, . For consistency of the
notation, we define % = < ;41 = Ix, with Iy being the
X x X identity matrix. In Eq. (F3), second-order terms of
such as B2 y, 1By, Hs, 1,5, +1By, A5 11 with 55 — 1 > 51 +
1 are ignored. This is because we carry out the average over
randomness at the end of the analysis, and such terms vanish

due to B; = 0, with B, and B, in(}ependently distributed for
s1 # s,. Following the same rule, V, becomes

Vi Iy +BY (o \Boct11 +He)
+ /32 Z(%Tlcsﬁfl,l + H-C-)

+ﬂ22£7si1,13:3s%71,1, (F4)

where 13( is the X x X identity matrix. With Eq. (F4), tr(V,)?
and tr(V[Z) can be written as

r(V,)> ~ X2 +2X B8 Z tr(A'B, + BiA,)
+ B2 [tr(AlB, + BIA)T
+2Xp* > w(AIC, + CIA, + BIB,),  (F)
tr(V?) >~ X + 28 Z tr(A!B, + BIA;)
+ B> u[4BIB, + (AlB,) + (A,B])*
-

+2A]C, 4 24,C]1, (F6)

respectively. Substituting Eqgs. (F5) and (F6) into Eq. (F1), we
can obtain

1 2
Q> 1 o+ B S Al 4 BiAP

ﬁZ . 2,32
- > tl(AIB,)” + (BIA,)] - A > (B]By).
N s
(F7)
With large X, Eq. (F7) results in

2
In (1) = —tr[2B{B, + (AlB,)* + (BIAS)Z])?I. (F8)

We note that (A!B;)?, (BIA,)?, and BB, do not depend on
s. Equation (F8) is valid in the short-time regime for which
B2t/X « 1 is satisfied, since tr[2B]B; + (AlB,)? + (B{A,)?]
should be proportional to the system size X. However, the
power law of the relaxation time t$ o 72 obtained from
Eq. (F8) is consistent with actual relaxation time t, ob-
tained through numerical simulations, which can be confirmed
regarding the two models explored in the main text and
in Appendix G. For the model explored in the main text,
we have A, = U, By, = Z,U, and C; = ZSZU/Z, where Z, =
@n Zy,501, with o being one of the Pauli matrices. Then, the

trace in Eq. (F8) becomes tr[2BI B, + (A!B,)? + (BiA,)?] =
4tr(Z?2) = X/3, which leads to Eq. (15).

APPENDIX G: RESULTS IN A DIFFERENT MODEL

We show that the fluctuating bunching state and the power
law of relaxation times are also observed in a model differ-
ent from that in the main text. This suggests that these two
phenomena are universal in a wide range of noisy nonunitary
dynamics of bosons. The model which we consider in this
section is described by Q; in Eq. (E15), with U and G, differ-
ent from Eqs. (E16) and (E17). The time-independent unitary
matrix U is composed of two unitary matrices, U = U,Uj,
where

e cos(631)  —e® sin(63;)
= o . , 1
Ui @ [e“eﬁ sin(f3;) e cos(931)] Gh
£t cos(63) —eifn sin(63)
= L . . 2
U @ [e"922 sin(83,) e 005(932)} G2)

Here, ¢ and n correspond to two-site unit cells described in
Fig. 9(a). The nonunitary random matrix G; is defined as

G =P, (G3)
where z,, is sampled from the box distribution,
e € [—1/2,41/2]. (G4)

If we take 61 =01, =0, 61 =0y =m/2, and 031 = 03, =
7 /4, this model corresponds to that analyzed in Ref. [102].
The blue and red symbols in Fig. 9(b) show In(A; /A, 1)
and — In(|A;,1/A;2|%)/2, respectively, which indicate that the
fluctuating bunching state emerges in the long-time regime.
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FIG. 9. Results of a model introduced in Appendix G. (a) Schematic picture of the dynamics for one step. Blue rectangles and orange
squares correspond to unitary dynamics by U,, U,, and nonunitary dynamics by G,, respectively. (b) Ratios of |A, ;| and A, ;, which indicate
that the fluctuating bunching state emerges after long-time dynamics. Red and blue symbols show —In(|A,1/A,2|?)/2 and In(A;2/A; 1),
respectively. The average is taken over 10° samples. The orange broken line is —82 /6X — In(+/2), which is derived through the perturbation
analysis on In(2). While this perturbation analysis is justified if f%¢/X is small, as discussed in Appendix F, we can see that its prediction
turns out to be valid even for the long-time regime. The black line represents ¢ In(|/v/u|) obtained through numerical diagonalization of Q and
Q. Here, u = /v, and thus  In(]/v/p|) is always zero, making the bound in Eq. (E4) useless. The noise parameter is 8 = 0.3. (c) Relaxation
times as functions of the noise parameter 8 with ¢ = 107, which exhibit the power law 7 o« 872. Blue, red, and purple symbols, respectively,
represent T, Ty, and T, with n = 2. The average in f; is taken over 10> samples for obtaining one 7. We then reiterate obtaining t for 102
times and take the average over them. The orange broken line corresponds to relaxation times defined through the perturbative analysis on
In(A; /Ay 1). Since this relaxation time is obtained by —,Bzrs‘z\ /6X — In(+/2) = In(c), the orange broken line is exactly proportional to 872.
In (b) and (c), the parameters are (6, 021, 631, 012, 022, 032) = (0.337, 0.417, 0.257,0.227, 0.137, 0.257), where the system size is X = 20.

While the parameters {6;;} adopted in Fig. 9 are different
from those in Ref. [102], we have also confirmed the de-
cay of In(A,»/A, 1) and —In(|A,1/A;2]?)/2 with the same
parameters as Ref. [102]. This implies that the easiness for
the boson sampling problem reported in Ref. [102] originates
from the fluctuating bunching state since classical computers
can sample the probability distribution of bosons efficiently
if the bunching state is realized [48]. The black line and
orange broken line are In(|\/v/u|") and —pB%t/6X — In(v/2)

obtained by analyses in Appendixes E and F, respectively.
Note that /v = u in the present model, which indicates
that the Cauchy-Schwarz inequality discussed in Appendix E
does not provide a good bound for the relaxation time tJ.
Figure 9(c) shows relaxation times 7, (red symbols), 7, (blue
symbols), and 7, (purple symbols). We can understand that
all relaxation times are proportional to $~2 for small 8; the
three relaxation times are parallel to the orange broken line,

6X|In(c) + In(v/2)|p 2.
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