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Emergent orbital skyrmion lattice in a triangular atom array
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Multiorbital optical lattices have been attracting rapidly growing research interest in the last several years,
providing fascinating opportunities for orbital-based quantum simulations. Here, we consider bosonic atoms
loaded in the degenerate p-orbital bands of a two-dimensional triangular optical lattice. This system is described
by a multiorbital Bose-Hubbard model. We find the confined atoms in this system develop spontaneous orbital
polarization, which forms a chiral Skyrmion lattice pattern in a large regime of the phase diagram. This is an
orbital version of the skyrmion, reminiscent of those in spin systems. The emergence of the Skyrmion lattice is
confirmed in both bosonic dynamical mean-field theory (BDMFT) and exact diagonalization (ED) calculations.
By analyzing the quantum-tunneling-induced orbital-exchange interaction in the strong interaction limit, we find
the Skyrmion lattice state arises due to the interplay of p-orbital symmetry and the geometric frustration of the
triangular lattice. We provide experimental consequences of the orbital Skyrmion state that can be readily tested
in cold atom experiments. Our study implies orbital-based quantum simulations could bring exotic scenarios

unexpected from their spin analog.

DOI: 10.1103/PhysRevResearch.5..042042

Introduction. The last several years have witnessed rapid
progress in preparing atomic multiorbital superfluids in opti-
cal lattices [1-10]. Versatile quantum many-body phenomena
have been observed by combining multiorbital setting and the
complex lattice structure [2,4]. The excited band condensate
in a hexagonal lattice has been achieved via a lattice swap
technique [2], where a Potts-nematic superfluid appears due to
interaction-induced quantum fluctuations. Further cooling of
this atomic condensate system [4] leads to a chiral condensate
for weakly interacting bosons [11-15]. Universal single-qubit
control in the s- and d-orbital subspaces has been imple-
mented with topologically protected robustness [3]. These
recent developments open up unprecedented opportunities for
orbital-based quantum simulations, by which the realizable
quantum many-body states and phenomena could strongly
deviate from the spin analog due to the fundamental difference
in their symmetry [16].

In this Letter, we study interacting p-orbital bosons in a
two-dimensional triangular optical lattice, which corresponds
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to the experimental setups of hexagonal lattices [2,4] with
a large sublattice potential imbalance [17]. Compared to
bipartite lattices, such as square or honeycomb lattices, ge-
ometric frustrations naturally arise in the triangular lattice,
which competes with orbital anisotropy, and can stabilize
novel orbital textures. This system is described by a multior-
bital Bose-Hubbard model [16,18]. The quantum many-body
phases of this system are investigated in the strong in-
teraction regime by bosonic dynamical mean-field theory
(BDMFT) and exact diagonalization (ED) calculations. We
find an orbital skyrmion lattice state emerges in the Mott
insulating regime, which is driven by the interplay of or-
bital anisotropy and geometric frustration, in the absence of
spin-orbit-coupling-induced Dzyaloshinskii-Moriya [19-23]
or anisotropic [24,25] interactions, and further-neighbor ex-
changes [26-29]. The skyrmion lattice state has a composite
chirality that spontaneously breaks the time-reversal symme-
try. In the orbital setting, two different types of skyrmion
lattices occur simultaneously in the degenerate quantum
many-body ground states, which is in sharp contrast to the
Dzyaloshinskii-Moriya scenario systems [19-23]. Near the
Mott-superfluid transition, we find the chiral skyrmion lat-
tice melts to quantum states with stripe and ferroorbital
orders.

Model and Hamiltonian. The system of interacting spinless
bosonic atoms, loaded into the p-orbital bands of a two-
dimensional (2D) triangular optical lattice, can be described

Published by the American Physical Society
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FIG. 1. (a) The geometry of the two-dimensional triangular lat-
tice. (b), (c) The energy dispersion of the lowest p-orbital band of
a two-dimensional triangular lattice, with (b) #;, = 0, and (c) t; = 0.
(d) Many-body phase diagram in terms of hopping amplitudes #; and
t, for filling n, = 1, obtained from bosonic dynamical mean-field
theory, where the system favors three Mott phases with skyrmion,
stripe (Sy), ferroorbital (Hyy) textures, and two superfluid phases
with stripe (Ssp) and ferroorbital (Hsp) angular momentum. The
dashed lines in Mott insulating are obtained by exact diagonal-
ization. (e) Real-space orbital textures for skyrmion (upper) and
anti-skyrmion (down) lattices, where the arrows represent the projec-
tion in the xy-plane of orbital polarization texture (S,), and the color
denotes the z component. The wrapping of the two skyrmion textures
is described in the two spheres. The interactions are U = 3U, = 3U,.

by a multiorbital Bose-Hubbard model in the tight-binding
limit [16,18]

H=1) phPmee, =1L Y PrrePrse, +He.
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where #; and 7, denote the hopping amplitudes between two
nearest-neighboring p-orbitals along the parallel and the per-
pendicular directions, respectively. The lattice annihilation
operators p,,r = (py.r€x + pyre,) - €, with the unit vectors

U,
+ 7 Z pz,rp]:,rpv’,rpv’,r -
r,v#y’

e =e, and e;3 = j:%ex + ‘/;ey for hopping ¢ and p,, . =
(Pxr€x + pyrey) - €, with € =e, and €, ; = —gex + %ey
for hopping t,. Here, e, is shown in Fig. 1(a) and py
(py,r) denotes the annihilation operator for the p, (py,) orbital
degree of freedom at site r. p is the chemical potential,
ne =Y, Pl pur With v=1x,y, and U, Uy, and U, denote
the interaction strengths with U — 2U; = U, as a result of

symmetry analysis for the triangular lattice. In the deep
lattice limit, the harmonic approximation of the Wannier
function implies U = 3U; = 3U,, and consequently the in-
teractions (U and U, ;) take a simplified form as Hiy =
Y3 (n? = 112)), with the orbital angular momentum L, , =
—l'(P;rPy,r - p;r;,rpx,r) [12]

Weak interaction limit. To understand the many-body phe-
nomena, we first discuss the physics in the weakly interacting
superfluid regime with #; | > U and U, ,, where the bosons
are expected to condense. For triangular lattices, the Brillouin
zone forms the shape of a regular hexagon with the edge
length 457 /3, where the lattice constant is set to be the unit
of length. The single-particle spectrum of the noninteract-
ing p-band bosonic system is shown in Figs. 1(b) and 1(c),
where we plot the dispersion of the lowest p-orbital band
of a 2D triangular lattice. For 7, = 0, the system supports
three degenerate minima located at My = (0, 2r /«/3) and
M. = (&, n/\/g) [Fig. 1(b)]. For #; = 0, the band minima
move to the center of the Brillouin zone [Fig. 1(c)]. Due to
the competition between hopping #; and ¢, it is expected to
develop rich orbital orders with the appearance of orbital an-
gular momentum (L, ) # 0. We find that the system supports
two different types of condensates in the weakly interacting
regime. The ground state in the limit of 7, < ¢ is a stripe
superfluid phase [Ssr phase in Fig. 1(d)], which is described
by

N
dl o [Z e ®r b (cosap! | £ iarsinozp;r)i| 10). (2)

r

In the regime of #; < ¢, the system condenses at the center of
the Brillouin zone and demonstrates a ferroorbital order [Hsg
phase in Fig. 1(d)], with

N
% [Z e*r(pl, £ ip;r)] 10). 3)

Here, |0) is the vacuum state, N denotes the total number of
particles, o = %1 is the sign of the staggered orbital angular
momentum, B, =0 (o = 1) or 7/2 (6, = —1) in the stripe
direction, and B, = 7 in the homogeneous direction. Note
here that « = 7 /6 in the regime of #;y > ¢, and #j , /U > 1
[30] and the bosons condense at two of the three degenerate
minima as observed in the experiments [17], which is consis-
tent with our numerical simulations.

Orbital skyrmion lattice state at strong interaction.
Considering the tunability of Hubbard parameters experimen-
tally [11], we extend our study to the strongly interacting
regime of the spinless p-orbital bosons in the triangular lat-
tice, described by Eq. (1). To analyze quantum ground states
of the many-body system, a bosonic version of dynami-
cal mean-field theory is implemented. We remark here that
BDMEFT is an extension of fermionic dynamical mean-field
theory, and suitable to treat strongly correlated systems for
the full range of couplings from Mott insulator to super-
fluid. To accommodate long-range orders that spontaneously
break lattice-translational symmetry, we generalize a real-
space BDMFT [31] for our system of spinless p-orbital bosons
in the triangular lattice. The technical details can be found in
the Supplementary Materials [32].
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At strong interactions, bosons form a Mott-insulating
state. Through BDMFT calculation, we find this Mott
state develops spontaneous orbital polarization forming
a skyrmion lattice that breaks time-reversal and lattice-
translational symmetries. Interestingly, the BDMFT calcula-
tion reveals two different types of commensurate skyrmion
textures [33-36], i.e., skyrmion and anti-skyrmion lattices
as shown in Fig. 1(e), where an orbital polarization vector
(Sr) = ({SH), (S2), (S%)) is defined, with SF = %(p;l_pxyr —

PlePyr)s St = 5L opyr + Pleprr), and 8 = 3:(pl  pyr —

p;r Px.r)- The two skyrmion lattice phases are connected by
the 7 x Z symmetry, with 7 and Z being time-reversal and
space-reflection (p, » — —p,.r) Symmetries, respectively. By
mapping the real-space skyrmion onto the Bloch sphere and
calculating the topological charge, this skyrmion phase rem-
inisces a fractional skyrmion [25], as shown by the zoom of
Fig. 1(e). We remark here that the emergent orbital skyrmion
texture observed here is solely induced by onsite interac-
tions, and the underlying physics is the interplay of p-orbital
symmetry and geometric frustration of the triangular lattice,
captured by an effective orbital-exchange model (this model
will be discussed later).

To show the robustness of skyrmion texture against quan-
tum fluctuations, we map out the full #; — 7, phase diagram
for filling n, =1 and interactions U = 3U; = 3U, in the
framework of BDMFT, as shown in Fig. 1(d). We find that
the orbital skyrmion lattice is robust against quantum fluc-
tuations and explores a wide regime in Mott phases. Only
for sufficiently large asymmetry between the two hopping
amplitudes, two other Mott phases develop instead, including
stripe-orbital phase (Syy) breaking time-reversal symmetry,
and ferroorbital phase (Hy) respecting time-reversal symme-
try (real-space orbital textures shown in Fig. S1 [32]). All
of these orbital-ordered phases are found to persist up to
the superfluid transition. After the Mott-superfluid transition,
the system demonstrates two superfluid phases, where one
is a stripe-orbital phase (Ssg) breaking time-reversal, lattice-
translational and rotational symmetries [30], and the other
a ferroorbital phase (Hsg) breaking time-reversal symmetry,
consistent with Egs. (2) and (3). Note here that the phase
diagram is symmetric upon orbital interchange in the low-
hopping regime, which is also manifested in the effective
orbital-exchange model [Eq. (4)].

To quantify phase boundaries in Fig. 1(d), we intro-
duce the condensate density ¢, = Zr [{Pv.x)|/Niat, stripe
order Ogipe = 3 ((S%) — (%)), lattice version of topologi-
cal charge Q [24,26,37,38], and scalar spin chirality x =

1 i . Sr+el Sr+e2 .
N - G (—‘ Sl X B )), where Ny, is the number of

lattice sites and (S5) ({S*)) denotes the z-component of the
orbital polarization per site on the stripe with positive (nega-
tive) value. We clearly observe nonzero values of scalar spin
chirality x # 0 and topological charge Q # 0 in the skyrmion
phase, as shown in Fig. 2(a). For larger hopping amplitudes,
we find a Mott phase transition from the skyrmion to the
Swmi phase, indicated by the absence of x, QO =0 and the
appearance of Oggipe # 0. The corresponding contour plots of
static spin structure factor F*(k) =, ; e"k'(rf—rﬁ(SﬁiSjj) are
shown in the inset of Fig. 2(a) for skyrmion phases, where i
and j denote the lattice sites. By increasing the hopping ampli-
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FIG. 2. Phase transitions of ultracold bosonic gases in p-orbital
bands of a 2D triangular lattice for different hopping amplitudes
(a) t, =0.04U and (b) t, = 0.055U, obtained via bosonic dynami-
cal mean-field theory [32]. Indicated by the dashed lines, the system
demonstrates (a) Mott transitions from the ferroorbital phase (Hyy)
to the stripe-orbital phase (Sy) and skyrmion phase, and (b) a super-
fluid transition from the ferro phase (Hsg) to a stripe phase (Ssg) upon
small increasing hopping #;. Inset: Contour plots of spin structure
factor F* (k) for skyrmion phases. The interactions U = 3U, = 3U,,
and filling n, = 1. The other parameters for (b) are the same as those
for (a).

tudes further, atoms delocalize with the coexistence of stripe
order Ogyipe 7 0 and superfluid order ¢, , # 0. In addition, we
observe a superfluid phase transition from a ferro to a stripe-
orbital order, as shown in Fig. 2(b). We remark here that the
phase transitions are found to be discontinued within BDMFT.

Orbital exchange and effective model construction. To ex-
plain the underlying mechanism of the orbital textures in the
deep Mott regime with 7 | <« U and unit filling, we construct
an effective orbital-exchange model for Eq. (1). In our case,
the orbital-exchange interactions arise from the virtual hop-
ping processes induced by # i, and are obtained from the
perturbative expansion of tunneling processes up to third order
(third-order expansion will be justified later). By introduc-
ing the projection operator P to describe the Hilbert space
of the singly occupied Mott state, the effective Hamiltonian
reads HegPly) = EP|Y), where Hep = —PH, Q(QHQ —
E)~'QH,P with Q = 1 — P, and H, being the hopping part
of Eq. (1). Due to E ~ t?/U, we obtain QHQ — E ~ QH Q.

Generally, the orbital polarization operator S, changes
with bond orientations [30,39-41]. It is convenient to
introduce the rotation direction ey for orbital polarization
operator, i.e., e; = cos(20)e, + sin(20)e,, eg =
—sin(26)e, 4 cos(20)e, and e =e;, for a bond directing
at angle 6 with the x axis. With the definition above,
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FIG. 3. Phase diagrams of (a) second- and (b) third-order
anisotropic orbital-exchange models as a function of hopping ampli-
tudes #; and ¢, , obtained from exact diagonalizations for a lattice of
Ny = 24 sites [32]. The effective model with third-order exchange
interactions favors three Mott-insulating phases with skyrmion,
stripe (Smr), and ferroorbital (Hyy) textures, consistent with BDMFT
results. (c)—(e) Contour plots of spin structure factor F*(k) for dif-
ferent Mott phases. The interactions are U = 3U, = 3U,.

we finally obtain an anisotropic orbital-exchange model
for the triangular lattice system with interactions
U =3U, =30, [32],

Her = Z(Jv + J;)[Sr ‘ egm][SHem ‘egm]

r,m,v

+ Z Jllauw [Sr ’ egl][sf"‘el ’ egl][sr+el ’ egi]’ @

r,u,v,w

where {u, v, w} = {x,y, z}, 6, is the angle with the x axis
for the bond e,, and J and J' denote the orbital-exchange
terms from second- O(sf | /U) and third-order O(} | /U?)
tunneling processes, respectively. In the absence of third-order
interactions, the effective model reduces to an XYZ model
with orbital-exchange parameters J, = —3(1} +11)/2U, J, =
3t /U, and J, = 91t /U [16]. Generally, J, dominates in
the regime of #; < fj or #j < t;, where in-plane ferroor-
bital order develops, and J, dominates the remains (f ~
t1), where the system favors out-of-plane Ising-orbital or-
der for bipartite lattices. For triangular lattices, however, the
exchange coupling J, (fj ~ ) results in Ising-type frus-
tration [42—-46] forming novel quantum phases [45,47]. In
addition, the orbital-exchange interactions in Eq. (4) are
strongly anisotropic, as a result of the anisotropic p-orbital
hopping, leading to unique properties in the triangular lattice,
as shown below.

We numerically solve the frustrated orbital-exchange
model by ED with QUSPIN PYTHON package [48,49]. Here,
we mainly consider lattices with periodic boundary condi-
tions [32]. Phase diagrams of the orbital-exchange model are
shown in Figs. 3(a) and 3(b). Here, it is important to note that
the phase diagram of BDMFT is based on a system size of
24 x 24 with an ED performed on 24 sites. The disagree-
ment of phase boundaries of Figs. 1(d) and 3 is attributed
to finite-size effects. To distinguish different Mott-insulating

FIG. 4. (a) Low-energy spectra E;, scalar spin chirality y, and
topological charge Q as a function of 7, /U, obtained from ex-
act diagonalizations, where the blue dots denote the ground-state
degeneracy and the gray squares are for the excited states. ED cal-
culations of real-space (b) skyrmion and (c) anti-skyrmion orbital
textures [32], where the arrows represent the projection in the xy-
plane of orbital polarization texture (S,), and the color denotes the z
component. Here, ¢, /U = 0.01, U = 3U, = 3U,, and the lattice size
N = 3 x 6.

phases, both fidelity metric g (Fig. S4 [32]) [50-52] and static
spin structure factor F<(k) are utilized. Within ED, we find
that the orbital skyrmion phase is described by the effective
orbital-exchange model with leading-order O(tHz’ | /U) tunnel-
ing processes, as shown in Fig. 3(a). Considering the absence
of Dzyaloshinskii-Moriya interactions [19-23] in the effective
model, the mechanism for generating orbital skyrmion texture
is a result of the interplay of hopping-induced anisotropic
orbital-exchange interactions and geometric frustration of the
triangular lattice. The leading-order orbital-exchange model,
however, only favors two Mott phases, i.e., skyrmion and
Hyi [Fig. 3(a)]. After including subleading-order O(tli LU
tunneling processes, ED resolves three Mott phases, i.e.,
skyrmion, Sy and Hyyp [Fig. 3(b)], whose conclusion is
consistent with the prediction of BDMFT for the extended
Bose-Hubbard model [Fig. 1(d)]. The corresponding static
spin structure factors JFZ(k) for each phase are shown in
Figs. 3(c) to 3(e) [consistent with the inset of Fig. 2(a), ob-
tained from BDMFT]. We remark here that subleading-order
orbital-exchange interactions are absent in the previous stud-
ies [30,39-41] and should be included in the effective model
to obtain the complete Mott phases.

To obtain more insights of the skyrmion phases, we in-
vestigate ground-state degeneracy, scalar spin chirality y,
topological charge Q, and real-space orbital textures. As
shown in Fig. 4(a), we find that the skyrmion phase is ac-
tually a gapped phase with a ground-state degeneracy and
displays a finite scalar spin chirality order x # 0 and topo-
logical charge Q # 0 [32], where both the degeneracy, x and
Q disappear in the other two Mott phases. We remark here
that one only expects an approximate degeneracy in simula-
tions due to finite-size effects. The ground-state degeneracy
indicates the possibility of different types of orbital skyrmion
textures. As shown in Figs. 4(b) and 4(c), two different types
of real-space orbital textures are resolved within ED [32].
This prediction is consistent with BDMFT results [Fig. 1(e)].
In addition, we also calculate orbital correlations between
different lattice sites for the skyrmion phase, and observe
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long-range correlations for the three components of the orbital
polarization [32].

Experimental detection. One key feature of the orbital
skyrmion lattice phase is the momentum structure shown
in Figs. 2 and 3. Its spin analog has been revealed by
neutron scattering experiments [22]. The momentum struc-
ture of the orbital skyrmion lattice state can be probed
by combining interorbital transition techniques [3,53] and
Bragg spectroscopy [54]. With the interorbital transition tech-
niques [53], which has been demonstrated in experiments [3],
the orbital texture can be converted to density modulations,
which maintain the same crystal structure. The periodic den-
sity modulations can then be probed by the standard Bragg
spectroscopy in cold atom experiments [54].

Conclusion. We study cold atoms loaded in the p-orbital
band of a triangular optical lattice and find a chiral orbital
skyrmion lattice phase in a large part of the phase dia-
gram. This quantum state emerges due to natural anisotropic
orbital-exchange interaction for p-orbital bosons, unlike the

conventional Dzyaloshinskii-Moriya scenario. In this multior-
bital setting, the skyrmion and anti-skyrmion lattice states are
exactly degenerate due to time-reversal symmetry, in contrast
to the widely studied skyrmion lattice states in spin systems.
The exotic orbital polarization texture of the orbital skyrmion
state can be probed by Bragg spectroscopy, a technique acces-
sible to most cold atom experiments.
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