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Hidden symmetry protection for surface plasmon polaritons
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In this study, we reveal the general mechanism of hidden symmetry protection for surface plasmon polari-
tons (SPPs). SPPs are protected at zero frequency when the dielectric-metal interface exhibits an exceptional
symmetry. This symmetry is characterized by a combined symmetry operation of mirror reflection and internal
transformation regarding the electric and displacement fields. Coalesced monopole- and dipolelike interface
fields were identified as the full degrees of freedom of the zero modes. Because symmetry breaking produces
conventional SPPs continuously from zero modes, the zero modes are considered the explicit origins of SPPs.
Even for nonuniform permittivity distributions, the symmetry protection generally functions. Time-domain
simulations demonstrate the excitation of analogous zero modes at a temporal boundary.
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Introduction. A metallic surface supports surface plasmon
polaritons (SPPs), hybridized waves comprising plasmonic
electron oscillations and electromagnetic waves [1,2]. As
SPPs can be squeezed into a deep subwavelength volume,
their use is essential for the miniaturization of optics; this
research field involving SPPs is called plasmonics [3]. Al-
though SPPs have been studied for more than half a century,
investigations of their origins have just begun. Recent topo-
logical paradigms suggest the topological origins of SPPs
[4–6]; however, these origins are still implicit.

Symmetry also plays a pivotal role in surface wave forma-
tion [7,8]. In fact, a certain symmetry ensures the existence of
a topological boundary state. For instance, sublattice symme-
try in the Su-Schrieffer-Heeger (SSH) model [9,10] protects
the end states at zero energy [7]. The SSH model can be gen-
eralized to a continuous system with Dirac electrons [11]. The
Dirac electron localizes at the interface between the positive
and negative mass regions in the Jackiw-Rebbi model, and
its energy is maintained at zero [12]. Similarly, SPPs emerge
at the interface between positive and negative permittivity.
Therefore, some interface symmetry may provide an explicit
origin for SPPs. However, their understanding in terms of
symmetry protection has yet to be explored. The difficulty
arises from the fact that the relevant symmetry is hidden, that
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is, the symmetry is not purely geometric, and it emerges only
under specific conditions.

In this study, we reveal a symmetry-protection mechanism
in SPP formation. First, we formulate symmetry-protected
zero modes. The zero modes are identified as the coalesced in-
terface fields, which explicitly provide the SPP origin in terms
of symmetry. Second, the robustness of symmetry protection
for a nonuniform system is confirmed. Finally, we numerically
demonstrate analogous zero-mode excitations at a temporal
boundary.

SPPs at zero frequency. Let us begin with essential obser-
vations of SPPs. Consider the interface between a dielectric
material in x > 0 and a metal in x < 0. The permittivities of
the dielectric material and metal are denoted by ε1 and ε2,
respectively. SPPs propagating in the y direction with wave
number ky � 0 and angular frequency ω have the dispersion
relation ω/c0 = ky

√
(ε1 + ε2)/(ε1ε2), where c0 is the speed

of light in vacuum [1,3]. A zero flat band independent of ky

emerges when ε1 + ε2 = 0 and ε1ε2 �= 0 are satisfied at zero
frequency. This flat band indicates the existence of decoupled
states [13–17].

CMx-symmetry protection. We identify the decoupled
states by characterizing the interface symmetry. Consider
an electrostatic problem described by the scalar permit-
tivity ε(x, y, z) without a free charge. The fundamental
equations are ∇ · D = 0, ∇ × E = 0 with the constitutive
relation D(x, y, z) = ε(x, y, z)E(x, y, z), where D and E repre-
sent the electric displacement and electric field, respectively.
We focus on a particular distribution of ε(x, y, z) that satisfies
the following equation

ε(−x, y, z) = −ε(x, y, z). (1)

For simplicity, we assume that ε(x, y, z) > 0 in x > 0.
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We introduce two symmetry operations to characterize
Eq. (1). First, we consider the mirror reflection Mx with
respect to the plane x = 0. Under Mx, the permittivity should
change as ε′(x, y, z) = (Mxε)(x, y, z) = ε(−x, y, z). The sec-
ond operation is based on the internal degrees of freedom
between E and D. Consider the following conjugation oper-
ation C for (E, D):

C(E, D) = (E,−D). (2)

The transformed (E′, D′) = C(E, D) satisfies Maxwell’s
equations. Under the C operation, the permittivity changes as
ε′(x, y, z) = (Cε)(x, y, z) = −ε(x, y, z).

The combined operation CMx induces the permittivity
transformation (CMxε)(x, y, z) = −ε(−x, y, z). Thus,
Eq. (1) represents CMx symmetry. Evidently, (CMx )2

is an identity operation. Therefore, the solutions of
a system with CMx symmetry are classified as sym-
metric [CMx(ES, DS ) = (ES, DS )] and antisymmetric
[CMx(EA, DA) = (−EA,−DA)]. Because of its symmetry,
the CMx-antisymmetric fields are trivial [18].

The CMx-symmetric field (E, D) is special in that it
always satisfies the boundary condition on x = 0. Let us
check this fundamental property of CMx symmetry. As E
is symmetric under Mx, Ey and Ez are continuous at x = 0.
Conversely, the electric displacement is antisymmetric un-
der Mx. Therefore, Dx is continuous at x = 0. Thus, both
boundary conditions are automatically satisfied. This remark-
able continuity of a CMx-symmetric field can be used to
obtain a whole-space solution from a half-space solution. If
we have a solution (E, D) that satisfies Maxwell’s equations
and the constitutive equation for an electrostatic problem in
x > 0, the field in x < 0 is constructed as (E, D)(x, y, z) =
(Mx[E(−x, y, z)],−Mx[D(−x, y, z)]) for x < 0. With the
above field continuity, the boundary condition is automatically
satisfied. The above procedure to obtain the CMx-symmetric
field accompanied by the CMx-symmetric permittivity is
called CMx symmetrization.

We introduce the fundamental fields with CMx symme-
try. Consider a half-space ε(x, y, z) > 0 in x > 0. To produce
fields with high symmetry, we introduce the virtual config-
uration of the Mx-symmetrized permittivity: εM(x, y, z) =
ε(x, y, z) for x > 0, εM(x, y, z) = ε(−x, y, z) for x < 0. First,
we place a point charge q at (x, y, z) = (0−,Y, Z ) in εM.
Then, CMx symmetrization is applied to the field to eliminate
the point source. The obtained field is called a CMx-
symmetric monopole field and is denoted by (E(mp)

R , D(mp)
R ),

where R = [0 Y Z]T. CMx-symmetric monopole fields are
shown in Figs. 1(a) and 1(b), when vacuum permittivity ε0

is set in x > 0. The second example is that of a dipole field.
Consider a dipole with a dipole moment (p, 0, 0) at (x, y, z) =
(0−,Y, Z ) in εM. Then, CMx symmetrization is applied to the
field. The obtained field is called the CMx-symmetric dipole
field (E(dp)

R , D(dp)
R ), where R = [0 Y Z]T. CMx-symmetric

dipole fields are shown in Figs. 1(c) and 1(d) for ε0 in x > 0.
We identify the full degrees of freedom of the CMx-

symmetric fields. CMx symmetrization is a bijection from
half-space fields to CMx-symmetric fields. Therefore, it
is sufficient to consider the half-space electrostatic poten-
tial ϕ for ε(x, y, z) > 0 in x > 0, assuming no free charge

FIG. 1. CMx-symmetric monopole fields: (a) electric field,
(b) electric displacement. CMx-symmetric dipole fields: (c) electric
field, (d) electric displacement.

for x > 0. To construct highly symmetric fields, we intro-
duce ϕS and ϕA, which are symmetric and antisymmetric
extensions of ϕ in the entire space, respectively. ϕS is
given by ϕS (x, y, z) = ϕ(x, y, z) for x > 0 and ϕS (x, y, z) =
ϕ(−x, y, z) for x < 0, whereas ϕA is expressed as ϕA(x, y, z) =
ϕ(x, y, z) for x > 0 and ϕA(x, y, z) = −ϕ(−x, y, z) for x <

0. These potentials satisfy ∇ · εM∇ϕ = 0 in x �= 0 with
the Mx-symmetrized permittivity. To ensure the boundary
condition on x = 0 for ϕS , a boundary charge σ (y, z) =
−2ε(0+, y, z) ∂ϕ

∂x (0+, y, z) should exist at x = 0. For x = 0,
the tangential component Et is continuous, whereas the
normal component Dx is discontinuous, as indicated by
σ . In fact, Dx(0+, y, z) = σ (y, z)/2 holds. Conversely, ϕA

exhibits a discontinuity at x = 0, which indicates the exis-
tence of a double layer (surface dipole density), τx(y, z) =
2ε(0+, y, z)ϕ(0+, y, z). For the double layer at x = 0, the
normal component Dx is continuous, whereas the tangential
component Et exhibits a discontinuity with Et (0+, y, z) −
Et (0−, y, z) = −∇[τx(y, z)/ε(0+, y, z)] [19]. Thus, we obtain
Et (0+, y, z) = −(1/2)∇[τx(y, z)/ε(0+, y, z)], which is equal
to −∇ϕ(0+, y, z). The above observations indicate that ϕS and
ϕA are generated by single and double layers, respectively.
Applying CMx symmetrization to ϕS and ϕA, we conclude
that CMx-symmetric fields are generated by either CMx-
symmetric monopole or dipole fields. Note that σ and τx

depend on each other. This constraint is consistent with the
treatment results of a conventional boundary value problem;
the solution is uniquely determined by imposing either Dirich-
let or Neumann boundary conditions [20]. The combination
of σ/2 and τx/2 can produce original ϕ in x > 0, whereas the
field disappears in x < 0.

We can now state that CMx-symmetric zero modes provide
the explicit origins of SPPs. Consider an interface between the
uniform permittivities ε1 > 0 (x > 0) and ε2 < 0 (x < 0). The
CMx-symmetric eigenfunction is obtained by summing the
CMx-symmetric monopole or dipole fields with the weight
of the exp(− jkyy) factor such that

∫
x=0 dS E(mp)

R exp(− jkyY ),
where the surface integral is taken for R = [0 Y Z]T and the
point charge was replaced by the charge density. Therefore,
eigenfunctions with various ky values form a zero flat band.
Starting with ε2 = −ε1, we decrease ε2 to ε2 < −ε1. The zero
flat band then becomes a finite-frequency band. Because the
deformation induces unbalanced Poynting vectors in x > 0
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FIG. 2. Interface between photonic and plasmonic crystals: (a) Configuration uniform in the y and z directions. A photonic crystal in x > 0
has a binary unit cell with period a comprising relative permittivities εA1 = (1 − ξ )εA + ξ and εB1 = (1 − ξ )εB + ξ . A plasmonic crystal in
x < 0 possesses a binary unit cell placed in the same period a with εA2 = −εA and εB2 = −εB. The parameters are set to εA = 4, εB = 2, and
dA/a = dB/a = 0.5. (b) Calculated dispersion relations of nonradiative TM surface waves propagating in y for ξ = 0.01, 0.4, 0.8, indicated
by circles (the lowest band) and crosses (others). The orange solid dispersion is calculated via the effective medium approximation [18]. The
bulk bands of the photonic crystal in x > 0 are filled in gray.

and x < 0, energy can propagate with nonzero group velocity.
This symmetry-broken mode is typically observed as SPPs in
experiments.

We proceed to discuss the exceptional characteristics
of the CMx-symmetric SPPs. For ky �= 0, CMx-symmetric
monopole or dipole fields yield the same eigenmode. Thus,
CMx-symmetric monopole and dipole fields coalesce (i.e.,
become linearly dependent). The square-root function in the
SPP dispersion relation is multivalued in the complex plane.
This multivalue characteristic indicates that ε2 = −ε1 rep-
resents exceptional points where the two modes coalesce
[21]. The exceptional behavior is also observed in the charge
response [18]. In contrast to exceptional points of typical
plasmonic or dielectric structures [22–24], those of the in-
trinsic SPPs are protected by CMx symmetry (i.e., invariant
under CMx). For ky = 0, the monopole and dipole fields are
decoupled, yielding two modes. These modes are produced
by two interface fields at x = 0 and ±∞ when identifying
x = ±∞ with a periodic boundary condition [25].

Robustness of symmetry protection. We provide an exam-
ple to support the robustness of CMx-symmetry protection
against nonuniformity. Consider an interface between pho-
tonic and plasmonic crystals, which are uniform in the y and
z directions [Fig. 2(a)]. We define εA = 4 and εB = 2. The
plasmonic crystal in x < 0 has a binary unit cell with period a
comprising relative permittivities εA2 = −εA and εB2 = −εB.
In x > 0, the photonic crystal possesses a unit cell with the
same period a and relative permittivities εA1 = (1 − ξ )εA + ξ

and εB1 = (1 − ξ )εB + ξ . The layer thicknesses dA and dB are
set to a/2. At ξ = 0, CMx symmetry holds, whereas ξ �= 0
breaks the symmetry. We calculated the dispersion relations of
nonradiative transverse magnetic (TM: Hx = Hy = 0) surface
waves propagating in y [18], where H represents the magnetic
field.

Figure 2(b) shows the dispersion relations of nonradiative
TM surface waves for ξ = 0.01, 0.4, and 0.8. The first band
clearly originates from zero modes that are protected by the
CMx symmetry at ξ = 0. As ξ increases from 0, the CMx

symmetry is broken, and the first band increases from zero.
The higher bands are sometimes broken due to wave leak
and bulk band inversion [18]. Conversely, the nonradiative
plasmonic first band remains continuous under perturbation
by ξ and agrees well with the solid orange line calculated us-

ing the effective medium approximation [18]. Figure 3 shows
the electric field distributions of the first-band modes with
kya = π/2 for ξ = 0.01 and 0.8. The near CMx symmetry
results in a symmetric electric field at ξ = 0.01, whereas the
mirror symmetry is broken at ξ = 0.8. Moreover, the electric
fields rotate with increasing y, and their rotation directions
are well defined in each region. This topological nature of the
electric fields originates from the Keller–Dykhne duality and
is related to the surface impedance [18]. The robustness of
CMx symmetry protection is not limited to the interface be-
tween periodic layered media. We may introduce more severe
nonuniformity in x or spatial modulation even in y [18].

Zero-mode excitation at temporal boundary. The sym-
metry protection mechanism can be based on symmetries
other than CMx symmetry. To directly show this univer-
sality, we formulate Mx-symmetric SPPs that are dual to
CMx-symmetric SPPs. We let �̃0 be a complex constant and
consider the magnetic potential �̃0 exp(− jkyy) exp(−kyx) in
a vacuum. The Mx-symmetrized complex magnetic potential,
omitting exp(− jkyy), is given as ψ̃S (x) = �̃0 exp(−kyx) for
x > 0 and ψ̃S (x) = −�̃0 exp(kyx) for x < 0. To satisfy the
boundary conditions, the surface current on x = 0 must flow
as K̃z(y, z) = 2 jky�̃0 exp(− jkyy). It is important to see that
H̃x(x = 0, y, z) = ky�̃0 exp(− jkyy) �= 0 for ky�̃0 �= 0. It can
appear at a perfect electric conductor on x = 0. Its magnetic
flux at x = 0 is frozen, which is similar to the flux pinning in
a superconductor. The formulated Mx-symmetric zero mode
is considered a perfect-conductor limit of transverse electric

FIG. 3. Electric fields of the plasmonic first band in layered me-
dia for kya = π/2. The calculated parameter is set to (a) ξ = 0.01
and (b) ξ = 0.8. The corresponding frequencies are (a) ωa/c0 =
0.0768 and (b) 1.01.
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FIG. 4. Zero-mode excitation at a temporal boundary induced by
a sudden shift from (a) single-metal to (b) double-metal dielectric
waveguides. (c) Temporal dynamics of magnetic field Hx at the top
surface (x = d). The waveguide surface is metalized at t = t1 =
100 ps. (d) Magnetic field distribution of the zero mode near y = 0
at t = 300 ps. The magenta arrows indicate magnetic field H, where
the arrow length is proportional to the logarithm of the magnitude.
The colormap represents Hx .

(TE) SPPs in two-dimensional materials [26] and is related
to the CMx-symmetric SPP through the combination of sym-
metrization and electromagnetic dual transformation.

In contrast to the CMx-symmetric SPPs, the Mx-
symmetric SPPs are experimentally feasible. Here, we demon-
strate zero-mode excitation using time-domain simulation.
The waveguide is made of a dielectric material with a rela-
tive permittivity ε and occupies the region 0 � x � d under
vacuum [Fig. 4(a)]. The bottom side (x = 0) of the dielectric
is assumed to be a perfect electric conductor. We consider
the Gaussian wave packet of the lowest-band TE surface
modes (Ex = Ey = 0). The wave packet is uniform in the
z direction and propagates in the +y direction over time.
At time t = t1, we instantaneously metalize the top surface
(x = d) and maintain it after t � t1 [Fig. 4(b)]. Therefore, a
temporal boundary appears at t = t1, resulting in scattering
with zero-mode excitation. The source of the zero mode is the
surface current at x = d . The zero mode originates from the
Mx-symmetric one and survives even if the mirror symmetry
with respect to x = d is broken. We select d = 100 µm and

ε = 12.96 (GaAs) and simulate the time-domain dynamics
using COMSOL Multiphysics [18].

Figure 4(c) shows the time evolution of Hx on the top
surface at x = d . The top surface is metalized at t1 = 100 ps.
At t < t1, the wave packet propagates in the +y direction.
For t � t1, the wave packet is completely pinned, because
the metallic boundary does not have finite-frequency modes
with Hx �= 0 at the boundary. A movie illustrating the tem-
poral dynamics of two-dimensional Hx is presented in the
Supplemental Material [18]. To examine the topological char-
acteristics of zero modes, we plotted the magnetic field vector
with Hx near y = 0 at t = 300 ps [Fig. 4(d)]. The magnetic
field clearly rotates as y increases. This field rotation arises
from the magnetic Keller-Dykhne duality and is topologi-
cally robust against nonuniformity [18]. In Ref. [27], this
configuration was experimentally realized by photoexciting
a GaAs slab with a metallic ground, although a previous
experiment demonstrated only the frequency upconversion of
the transmitted waves. Thus, zero modes may have appeared
in the experiment, but have not been observed yet. The zero-
mode topological behavior could be experimentally observed
at frequencies below the terahertz range for thick waveguides.
Temporal shaping of the resistivity may allow time-domain
control of the zero modes in the waveguide, as suggested by
simple models of effective surfaces [28].

Conclusions. This study revealed the exceptional origin
of SPPs by establishing the concept of hidden symmetry
protection. The universal mechanism of symmetry protection
systematically formulated feasible SPPs at zero frequency,
which can be excited at a temporal boundary. Hidden sym-
metry protection allows powerful approaches to study elusive
problems in surface-wave physics, and the developed theory
has general predictive power even for an interface between
inhomogeneous media. Similar to Noether’s theorem [29],
hidden symmetry protection potentially serves as a universal
symmetry principle, and may lead to significant developments
in surface-wave physics, including the general classification
of surface waves, essential understanding of their character-
istics, and expected extensions to broader areas in physics.
The systematic formulation of zero modes based on symmetry
protection could apply to efficient detectors using temporal
rectification where the conversion efficiency is independent
of the incident power, in contrast to nonlinear optical rectifica-
tion. The implicit roles of the topology and physical frequency
response in general dispersive materials were not discussed in
this Letter. However, they can generally ensure the existence
of surface modes, as established in the accompanying full
paper [6]. Thus, SPPs originate from CMx symmetry and
can survive on the surface of a dispersive metal without CMx

symmetry.
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