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Soliton refraction by an optical soliton gas
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We report an optical fiber experiment in which we investigate the interaction between an individual soliton
and a dense soliton gas. We evidence a refraction phenomenon where the tracer soliton experiences an effective
velocity change due to its interaction with the optical soliton gas. This interaction results in a significant
spatial shift that is measured and compared with theoretical predictions obtained via the inverse scattering
transform theory. The effective velocity change associated with the refraction phenomenon is found to be in
good quantitative agreement with the results of the spectral kinetic theory of soliton gas. Our results validate the
collision rate ansatz that plays a fundamental role in the kinetic theory of soliton gas and also is at the heart of
generalized hydrodynamics of many-body integrable systems.
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Solitons are localized nonlinear wave structures that owe
their existence to an exact balance between the wave’s non-
linearity and the medium’s dispersion. Solitons have been
observed in a great variety of physical systems including
optics [1], matter waves [2,3], fluids [4,5], metamaterials [6],
and biophysics [7]. Solitons play a fundamental role in nonlin-
ear physics due to the remarkable property of retaining their
shape, amplitude, and velocity upon interactions with other
solitons.

The interaction between solitons is a complex nonlin-
ear process that can be understood within the framework
of the celebrated inverse scattering transform (IST) de-
veloped to solve integrable nonlinear partial differential
equations like the Korteweg–de Vries (KdV) equation or
the one-dimensional nonlinear Schrödinger equation (1 D-
NLSE) [8–12]. Considered on sufficiently large spatiotem-
poral scales, solitons behave as quasiparticles experiencing
short-range pairwise elastic interactions accompanied by
well-defined phase/position shifts. The process of elastic col-
lision between two solitons occurs without energy exchange
between them and has been studied experimentally in great
detail in many physical systems [2,13–22].

Recently, the interaction between an individual (tracer)
soliton and a large-scale coherent nonlinear structure such as
rarefaction and dispersive shock wave has been studied both
theoretically and experimentally [23–29]. The trajectory of
the tracer soliton within these macroscopic nonlinear struc-
tures is directed by the structure’s mean field, which results
in either the trapping of the soliton inside or its transmission
(tunneling) through the large-scale nonlinear wave.
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In this Letter, we present an optical fiber experiment where
we examine the interaction between a tracer soliton and a
dense soliton gas (SG)—a large ensemble of solitons that ex-
hibits coherence on the microscopic (“dispersive”) scale but is
incoherent on the macroscopic (“hydrodynamic”) scale. Thus,
in contrast to the fully coherent configurations examined in
the previous experimental work [23], the soliton now interacts
with a random nonlinear wave.

SGs have been recently realized in optical experiments and
in water wave experiments [30–32]. Nowadays, hydrodynam-
ics and statistics of SGs is an active research area in statistical
mechanics [33], mathematical physics [34], and nonlinear
physics [35–37] and constitutes a new chapter of turbulence
theory, termed integrable turbulence [38].

In our experiment we observe that the nonlinear interaction
between a tracer soliton and a finite portion of a dense SG
results in the refraction phenomenon similar at a qualitative
level to what is observed in ray optics at the interface between
two media having different refractive indexes. Unlike the
classical refraction of light rays, the observed phenomenon is
inherently nonlinear and can be interpreted within the frame-
work of the kinetic theory of SG.

First of all, we measure the macroscopic space shift as-
sociated with the solitonic refraction and show that it is
quantitatively well described by the IST theory [39–41].
Specifically, we compare the experimentally observed macro-
scopic position shift �x acquired by the tracer soliton over a
large propagation distance with the “first-principle” IST pre-
dictions based on the accumulation of the individual position
shifts in pairwise interactions with solitons comprising the SG
[42],

�x =
∑

j

�(λp, λ j ). (1)

Here λp is the IST spectral parameter of the tracer soliton
and �(λp, λ j ) is the position shift of the tracer soliton due
to its interaction with the soliton with the spectral parameter
λ j within the SG.
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FIG. 1. (a) Schematic representation of the experimental setup. (b) Measured decay (blue points) of the optical power in the recirculating
fiber loop. The red line represents an exponential fit of the experimental points, giving a power decay rate of ∼0.0027 dB/km. (c) Typical
space-time diagram showing the refraction phenomenon due to the interaction between a tracer soliton and an optical SG forming a bound
state. The tracer soliton has a duration of ∼58 ps. It is shifted by ∼280 ps due to its interaction with the optical SG that has a duration of ∼2 ns.
The secondary (right) vertical axis shows the normalized evolution time defined as t = γ P0z/2 = z/(2LNL ), where LNL ∼ 26.5 km.

Second, following the approach prescribed by the spectral
kinetic theory of SGs [43–45], we measure the effective veloc-
ity of the tracer soliton propagating through the SG. From the
physical perspective, the effective adjustment of the soliton
velocity due to the interaction with the SG is described by the
collision rate ansatz (CRA) that extrapolates the properties of
two-soliton interactions to dense macroscopic ensembles of
solitons, in which solitons never separate to exhibit individual
short-range interactions. We compare quantitatively the exper-
imental and theoretical values of the effective velocity of the
tracer soliton interacting with the dense SG. This comparison
represents a crucial step in the physical validation of the CRA
and, ultimately, the kinetic theory of SGs as is explained
below.

Our experimental setup is schematically shown in Fig. 1(a).
It consists of a recirculating fiber loop already used in
Refs. [46–48] for some experimental investigations of the
nonlinear stage of modulational instability of a plane wave.
The recirculating fiber loop is made up of ∼8 km of
single-mode fiber (SMF) closed on itself by a 90/10 fiber
coupler. The coupler is arranged in such a way that 90%
of the intracavity power is recirculated. The optical signal
(a tracer soliton plus a SG) circulates in the clockwise di-
rection. At each round trip, 10% of the circulating power
is extracted and directed toward a photodetector (PD) cou-
pled to a sampling oscilloscope (160 GSa/s) leading to an
overall 32-GHz detection bandwidth. Experimental data are
subsequently processed numerically to construct single-shot
space-time diagrams showing the wave-field dynamics. The
losses accumulated over one circulation in the fiber loop
are partially compensated using a counterpropagating Raman
pump coupled in and out of the loop via wavelength division
multiplexers (WDMs). As shown in Fig. 1(b), this reduces the
effective power decay rate of the circulating field to αeff ∼
6.2 × 10−4 km−1 or, equivalently, ∼0.0027 dB/km.

The optical signal propagating inside the fiber loop is
composed by a pulse with a duration of ∼58 ps followed
by an optical SG initially in the form of a “long” square

pulse perturbed by some optical noise [see Figs. 1(a) and 1(c)
together with Supplemental Material [49] for details about the
generation of light signals]. The short pulse is initially well
separated from the square pulse that evolves into a fully ran-
domized bound state SG [30,50–52]. The short pulse and the
optical SG have slightly different group velocities, resulting
in collisions/interactions between the SG and pulse starting
from propagation distances of ∼350–400 km. In practice,
the group-velocity difference δvg between the pulse and the
optical SG is realized by using two laser fields with wave-
lengths that are slightly detuned by δλ � 0.125 nm, resulting
in [δvg]−1 � −2.16 ps/km (see Supplemental Material [49]).

The refraction effect evidenced in Fig. 1(c) is associated
with a significant shift (∼280 ps) of the position of the soli-
ton at the spatial coordinate (z ∼ 1200 km) from which its
emerges from the SG. The inset in Fig. 1(c) clearly shows
that the velocity of the tracer soliton has slightly changed
after is has been transmitted through the SG. This velocity
change arises from the fact that the observed dynamics is not
perfectly integrable due to the presence of small dissipation in
the experiment (see Supplemental Material [49]).

The optical signal circulating in the fiber loop is not only
composed of one pulse and one SG but also of a periodic train
of 29 short pulses, each pulse being followed by “its own SG”
(see Supplemental Material [49] showing the whole experi-
mental pattern recorded in a single shot). The short pulses are
all designed to be identical but, in practice, their peak power is
Pp = 39.2 ± 5.54 mW and their duration is �T = 58 ± 16 ps
(full width at half maximum). The SGs have the initial form
of square boxes with a mean power of PSG = 19.2 ± 1.6 mW.
Their duration increases monotonically from ∼200 to ∼2000
ps in 29 steps. Using this strategy, we capture in one single
shot the space-time evolution of a set of 29 experiments where
we observe the interaction between a pulse and optical SGs
with increasing extents.

Figure 2 shows a selection of four experiments from the
set of 29 experiments available. Whatever the initial extent
of the optical SG, the solitonic refraction phenomenon is
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FIG. 2. (a)–(d) Selected set of four space-time diagrams among the 29 available in one single experiment. The shift experienced by the
tracer soliton grows with the initial size (duration) of the optical SGs. (e)–(h) Time evolution of the optical power at selected positions (indicated
by the horizontal white dashed lines in the top row) where tracer solitons interact with the SGs.

observed. The insets in Figs. 2(a)–2(d) show that the time shift
experienced by the soliton increases with the duration of the
optical SG. Figures 2(e)–2(h) show the time signal measured
at some selected propagation distances, when the tracer soli-
tons interact with the SGs. Figures 2(g) and 2(h) show that the
tracer soliton may reach a peak power ∼3 times greater than
its initial peak power (∼39 mW) due to its interaction with the
SG.

Now we compare the shift measured in the experiment with
numerical simulations and the results from the IST theory. As
show in Refs. [46–48], dynamical features observed in our
recirculating fiber loop can be quantitatively well described
by the following 1D-NLSE with a small linear damping:

i
∂A

∂z
= β2

2

∂2A

∂T 2
− γ |A|2A − i

αeff

2
A. (2)

A(z, T ) represents the complex envelope of the electric field
that slowly varies in physical space z and time T . The Kerr
coefficient of the fiber is γ = 1.3 W−1 km−1. The group
velocity dispersion coefficient is β2 = −22 ps2 km−1.

For a straightforward comparison with the IST theory,
we use the following dimensionless form of the focusing
1D-NLSE:

iψt + ψxx + 2|ψ |2ψ + iεψ = 0, (3)

which is obtained from Eq. (2) using the following trans-
formations: ψ = A/

√
P0, x = T

√
γ P0/|β2|, t = γ P0z/2, and

ε = αeff/(γ P0). The value P0 = 29 mW has been measured in
an annex calibration experiment (see Supplemental Material
[49]). Using the canonical expression of the 1D-NLSE given
by Eq. (3), the maximum evolution time in normalized units is
as large as ∼30 [see the secondary evolution axis in Fig. 1(c)],
which corresponds to a propagation over 60 nonlinear lengths
with the nonlinear length being defined as LNL = 1/(γ P0) �
26.5 km.

The initial condition chosen for approximating the experi-
mental field reads

ψ (x, t = 0) = ψp(x) + ψSG(x − x0) e−ivx/2, (4)

where ψp(x) describes the short pulse and ψSG(x)
describes the SG that has a group velocity of

v = 2|δvg|−1/(|β2|γ P0)1/2 � 4.74 with respect to the short
pulse in the (x, t ) plane.

In the IST theory of the integrable focusing 1D-NLSE
(with ε ≡ 0), the short pulse (respectively, the SG) is charac-
terized by an area (or L1 norm) defined as AP = ∫ |ψp(x)|dx
(respectively, ASG = ∫ |ψSG(x)|dx) that determines the num-
ber of discrete eigenstates (or solitonic modes) that are
embedded in the pulse (respectively, the SG) [12]. In the
experiment, AP and ASG are measured with good accuracy.
However, the phase of the complex fields ψP(x) and ψSG(x) is
not measured, which means that the discrete IST eigenvalues
associated with the pulse and the SG cannot be measured.
However, the discrete eigenvalues can be estimated using
some reasonable assumptions about the analytical expressions
for ψP(x) and ψSG(x).

For each of the 29 experiments realized in a single shot, we
compute the complex discrete eigenvalue λp = iηp (and c.c.)
(i2 = −1, ηp > 0) associated with the short pulse by assuming
that it can be approximated by ψp(x) = a exp [−x2/(2w2)],
where the parameters a and w are determined using a best-fit
procedure constrained by the fact that the integral

∫ |ψP(x)|dx
must be equal to the area AP measured in the experiment.
Applying the same procedure for the SG, we compute an
ensemble of N discrete eigenvalues λ j = iη j − v/4 (and c.c.)
( j = 1, . . . , N, η j > 0) by assuming that the initial box can
be approximated by ψSG(x) = b exp [−x2n/(2L2n)], where
the real parameters b, x0, and L and the integer parameter n
are determined using a best-fit procedure constrained by the
fact that the integral

∫ |ψSG(x)|dx must be equal to the area
ASG measured in each of the 29 experiments.

Figure 3(a) compares the space shift �x measured in the
experiment with the IST formula (1) which assumes the form

�x = 1

ηp

N∑
j=1

ln

∣∣∣∣ iηp + iη j + v/4

iηp − iη j + v/4

∣∣∣∣ (5)

on using the well-known expression for the elementary po-

sition shift �(λp, λ j ) = (1/Imλp) ln | λp−λ∗
j

λp−λ j
| in the 1D-NLSE

two-soliton interaction [42]. Importantly, the spatial shift aris-
ing from the interaction between the tracer soliton and the
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FIG. 3. Comparison between experimental results and theoretical results from the IST theory and the kinetic theory of SG. (a) Shifts
measured in the experiment (blue crosses), in numerical simulations of Eq. (3) (empty circles) and using Eq. (5) (solid circles). (b) Space-
time diagram showing the interaction between the tracer soliton and the dense SG composed of 24 solitons in the reference frame moving
at the group velocity of the SG. The dashed white line following the trajectory of the tracer soliton inside the optical SG has the slope
1/s(ηp) � 1/5.26 � 0.19 predicted by the kinetic theory of SGs [Eqs. (6)–(8)].

radiative modes composing the box is neglected in Eq. (5)
[39–41].

As shown in Fig. 3(a), a good quantitative agreement is
obtained between experiment (blue crosses) and Eq. (5) (solid
circles). This agreement is slightly improved in numerical
simulations of Eq. (3) (empty circles) because these simula-
tions incorporate the correction to the spatial shift due to the
presence of radiative modes in the square boxes. Note that
the spatial shift �x is defined in the IST theory as an asymp-
totic quantity determined at infinite evolution time when the
interaction between the tracer soliton and other solitons is
negligible. In the experiment, the presence of small dissipation
breaks the integrability condition inherent in the IST theory
and the spatial shift must be measured at finite evolution
time. We have measured the spatial shift at the point where
the tracer soliton emerges from the SG (see Supplemental
Material [49]). Despite this limitation, our results show that
the shift described by Eq. (5) is robust to the presence of small
perturbative effects.

Along with the macroscopic spatial shift, the nonlinear
interaction between the tracer soliton and the SG results in
a discernible change in the soliton propagation velocity. From
the perspective of the SG kinetic theory [43–45] the effective
velocity s(λp) of a tracer soliton propagating through a SG is
given by the following equation of state:

s(λp) = s0(λp) +
∫

�

�(λp, ζ ) f (ζ )[s(λp) − s(ζ )]dξdμ. (6)

Here s0(λp) = −4Reλp is the velocity of the noninteracting
(free) tracer soliton and f (ζ ) is the density of states (DOS) of
the SG—the distribution function of solitons with respect to
the spectral parameter ζ = ξ + iμ ∈ � ⊂ C [32,43–45,50].
The equation of state is a direct consequence of the so-called
CRA, a fundamental principle that provides the link between
micro- and macroscopic properties of SGs [45]. It is also at the
heart of generalized hydrodynamics—the hydrodynamic the-
ory of many-body quantum and classical integrable systems
[53,54], whose intimate connection with the kinetic theory
of soliton gases has been recently established [33]. While the
validity of the CRA has been mathematically proven for KdV

and 1D-NLSE SGs via the asymptotic (thermodynamic) limit
of multiphase nonlinear wave solutions [44,55], its experi-
mental verification is lacking. Such a verification is crucial for
the justification of the physical validity of the kinetic theory
of soliton gases.

Applied to the configuration of our experiment and writ-
ten in the reference frame associated with the SG [so that
s0(λp) = v, s(ζ ) ≡ 0, ζ = iμ ∈ � = [0, ib], λp = iηp − v/4],
the equation of state (6) yields the following for the tracer
soliton velocity:

s(ηp) = v

1 − 1
ηp

∫ b
0 ln

∣∣ iηp+iμ+v/4
iηp−iμ+v/4

∣∣ f (μ)dμ
. (7)

As discussed in Ref. [50], nonlinear wave fields in a dense
SG evolving from the box initial data has the DOS given
by f (μ) = μ/(π

√
b2 − μ2), μ ∈ [0, b). For such DOS the

integral in Eq. (7) can be evaluated explicitly to give [44]

s(ηp) = vηp

Im
√

b2 − η2
p + v2

16 + i ηpv

2

. (8)

Considering one of the SGs of the largest extent (ASG =
71, b = 0.603) interacting with the pulse having spectral pa-
rameters ηp = 0.617 and v = 4.74 [see Fig. 1(c)], Eq. (8)
predicts that the velocity of the tracer soliton in the interaction
region is s(ηp) = 5.26, which represents a relative velocity
change, [s(ηp) − v]/v, of ∼11%. This velocity change is
indeed quantitatively measured in the experiment. This is
illustrated in Fig. 3(b) where the dashed line parallel to the
trajectory followed by the tracer soliton inside the SG has
indeed the slope 1/s(ηp) � 1/5.26 � 0.19 that is predicted by
the kinetic theory of SGs.

In conclusion, we reported an experiment allowing one to
investigate the interaction between a soliton and an optical
SG. The observables of this interaction—the macroscopic
spatial shift of the tracer soliton and its effective velocity—are
favorably compared with the theoretical predictions of the IST
theory and of the kinetic theory of SGs. These comparisons
provide an important step towards the physical validation
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of the fundamental theoretical principles behind the spectral
theory of SGs.
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