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Thermally induced local imbalance in repulsive binary Bose mixtures
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We study repulsive two-component Bose mixtures with equal populations and confined in a finite-size box
through path-integral Monte Carlo simulations. For different values of the s-wave scattering length of the
interspecies potential, we calculate the local population imbalance in a region of fixed volume inside the box
at different temperatures. We find two different behaviors: For phase-separated states at T = 0, thermal effects
induce a diffusion process which reduces the local imbalance, whereas for miscible states at T = 0, a maximum
in the local population imbalance appears at a certain temperature, below the critical one. We show that this
intriguing behavior is strongly related to the bunching effect associated with the Bose-Einstein statistics of the
particles in the mixture and to an unexpected behavior of the cross pair distribution function.
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Introduction. The experimental realization of quantum
Bose-Bose mixtures with dilute gases [1–5] has provided
renewed interest in their theoretical study. Until this achieve-
ment, the only stable quantum mixture was the Fermi-Bose
mixture composed by liquid 4He and 3He [6]. The Fermi
nature of 3He atoms was here crucial to understand the sol-
ubility observed in experiments [7], and in fact, it was proved
theoretically that a fictitious Bose-Bose 3He - 4He mixture
would always be unstable against phase separation [8]. With
ultracold gases, the high tunability of interactions and the
possibility of mixing species with different masses allow the
exploration of full phase diagrams, in both the miscible and
immiscible regimes. Recent work on these quantum mixtures
has led to compelling findings such as the discovery of quan-
tum droplets (for an attractive interspecies interaction) [9–11]
or the occurrence of demixing phase transitions (for a repul-
sive interspecies interaction) [12–21].

In the case of repulsive interactions between all the par-
ticles of the mixture, a mean-field (MF) analysis at zero
temperature shows that above the threshold g12 = √

g11g22

(where g11 and g22 are the intraspecies coupling constants
and g12 is the interspecies coupling constant) the two com-
ponents of the mixture are phase separated and below that
threshold, i.e., g12 <

√
g11g22, they are mixed [14]. A recent

path-integral Monte Carlo (PIMC) study shows that the same
condition on the interaction coupling constants holds also at
finite temperature, distinguishing fully miscible from partially
phase separated states [22]. In particular, this result rules out
the possibility of a paramagnetic-to-ferromagnetic transition
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occurring with increasing temperature, which was pre-
dicted using beyond-mean-field perturbative theories [23–25].
Nonetheless, the behavior of Bose mixtures at finite tempera-
ture is a very interesting topic where effects from interactions
and statistics combine producing an intriguing multicompo-
nent superfluid phase.

The purpose of this Research Letter is to analyze the
thermal behavior of a Bose-Bose mixture in a confined envi-
ronment. To this end, we use the PIMC method, which is able
to generate exact results for the thermodynamic properties
of the system within controllable statistical errors. We use a
box geometry like the one used in some recent experiments
[26]. Our results for the local population imbalance show
that its thermal behavior, below the Bose-Einstein transition
temperature TBEC, is manifestly different for the states that at
T = 0 are mixed or phase separated.

Model. We describe a system of two different bosons with
total number of particles N = N1 + N2 in a cubic box of fixed
volume V using the following microscopic Hamiltonian:

H = − h̄2

2m1

N1∑
i=1

∇2
i − h̄2

2m2

N2∑
i′=1

∇2
i′ +

N1∑
i< j

V (ri j )

+
N2∑

i′< j′
V (ri′ j′ ) +

N1,N2∑
i,i′

V12(rii′ ), (1)

m1 and m2 being the masses of the two species and particle in-
dexes i and i′ indicating the coordinates of particles of species
1 and 2, respectively. We assume the same intraspecies po-
tential for both components, V (r), and study the influence on
the properties of the mixture when the interspecies interaction
V12(r) is changed. All the potentials are fully repulsive, and
we use a continuous model of the form V (r) = (α/r)12 and
V12 = (β/r)12. The corresponding s-wave scattering lengths a
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and a12 can be determined analytically from the parameters α

and β, respectively [27,28]. Throughout this Research Letter
we use a as the unit of length. Furthermore, our calculations
are restricted to values of the gas parameter na3 within the
universal regime, in which the specific shape of the potential
does not play any role [29]. To reduce the number of variables
in our study, we consider all particles with the same mass
m = m1 = m2 and the same number of particles for the two
species N1 = N2 = N/2. The hard-wall conditions are im-
posed by rejecting any possible move of the particles outside
the box. In the universal regime, the behavior of the mixture is
only a function of the density, of the strengths g = 4π h̄2a

m and

g12 = 4π h̄2a12
m , and of the temperature T . In particular, temper-

ature is given in units of TBEC = (2π h̄2/m) · [n/(2ζ (3/2))]2/3,
where n = N/V is the overall density in the box and ζ (x) is
the Riemann zeta function.

Method. We have used the PIMC method to calculate in
an exact way, within controllable statistical noise, the mi-
croscopic properties of the mixture at a given temperature.
This method consists of dividing the thermal density matrix at
some fixed T into multiple density matrices (called beads) at
higher temperature, that can be well approximated [30]. In this
Research Letter, we build the density matrix using the fourth-
order Chin action [31], whose accuracy has been validated in
applications to other quantum systems [32]. The simulations
need to include the Bose symmetric statistics of the particles.
To this end, we sample the permutation space using the worm
algorithm [33]. To guarantee the distinguishability between
particles of different species, we have introduced the sampling
of a second worm, in the same way as it has been done in
previous works [22,34].

The sampling in the PIMC method is conducted in the
coordinate space; therefore properties that depend on position
operators can be easily calculated. However, as simulations
are performed in a finite-size box, some technical issues must
be taken into account. In particular, the problem with studying
local population imbalance in a cubic box is that the system
is degenerate, i.e., there is no privileged direction along which
particles exhibit population imbalance or, possibly, phase sep-
aration. Therefore, since the Monte Carlo simulation of the
finite system samples all possible configurations and, as a
result, all possible degeneracies, the average of the density
profiles of the mixture masks any possible imbalance between
particles of different species. To avoid this effect and to sum
constructively any possible configuration, we calculate the
center of mass for each component, and we define a one-
dimensional density profile by integrating over particles along
the axis joining the two centers of mass. In order to sample al-
ways the same slice of volume along the preferential axis, we
only consider particles located inside a cylinder (see Fig. 1).
Different shapes and different sizes of the cylinder have been
tested obtaining, for all of them, compatible results.

The local population imbalance is calculated as follows:

δÑ

Ñ
= 1

2

(∫ 0

−L/(2
√

2)

n−(x)

n+(x)
dx −

∫ L/(2
√

2)

0

n−(x)

n+(x)
dx

)
, (2)

where Ñ is the total number of particles inside the cylinder,
n+(x) = n1(x) + n2(x) and n−(x) = n1(x) − n2(x), and the

FIG. 1. Schematic view of the method used to estimate the den-
sity profiles. The two crosses, in red and in blue, represent the centers
of mass of the two species, and the cylinder indicates the volume
where the local population imbalance is calculated. The cylinder has
the same diameter and length, L/

√
2, where L is the size of the cubic

box.

sign of the axis joining the two centers of mass is chosen such
that n2(x) > n1(x) in the region 0 < x < L/(2

√
2).

Apart from ensuring the convergence of the results as a
function of the number of beads used in the simulation, we
analyze the imbalance δÑ/Ñ inside the cylinder with respect
to the total number of particles in the box. In Fig. 2, we show
the dependence of δÑ/Ñ on the total number N of particles in
the box (at fixed overall density N/V ). The results for the local
imbalance decrease with increasing volume of the cylinder
and are compatible with the expectation δÑ/Ñ = 0 holding
in the thermodynamic limit for a paramagnetic mixture.

Results. We fix the gas parameter to na3 = 10−4 for all the
simulations. With this choice, the system is dilute enough to
be in the universal regime [29], and at the same time, PIMC
results converge faster than with smaller densities [34].

In Fig. 3, we show the density profiles along the axis of
the cylinder of the two species (each curve of the same color
represents the profile of components 1 and 2) at three different
temperatures and for different values of g12/g. For values be-
low the phase-separation threshold g12/g = 1 (top and middle
plots), there is a constant trend: The peak of the density pro-
files becomes higher and more separated as the temperature is
increased up to the maximum value T = 0.7TBEC. Moreover,
for larger g12 values approaching the threshold this effect is
enhanced. On the other hand, above g12/g = 1 (bottom panel),
that is, when the system is phase separated at T = 0, we see
a clear suppression of the peak with increasing T consistent

FIG. 2. Local population imbalance of the mixture with respect
to the total number of particles at g12/g = 0.93 and na3 = 10−4.

L032041-2



THERMALLY INDUCED LOCAL IMBALANCE IN … PHYSICAL REVIEW RESEARCH 5, L032041 (2023)

FIG. 3. Density profiles at different temperatures for different
values of g12/g. The shaded areas visualize the statistical error
obtained by averaging over different configurations.

with a thermal behavior. In line with Fig. 3, Fig. 4 shows
the corresponding behavior of the integrated local population
imbalance δÑ/Ñ as a function of the temperature. For g12/g =
1.50 the system is fully separated in the limit T → 0, and
by increasing the temperature, the local imbalance decreases
monotonously, pointing to a tendency to mix. On the other
hand, for values of g12/g � 1, we see that the slope of δÑ/Ñ
is positive at low temperature, showing a maximum imbalance
at the characteristic temperature T � � 0.7TBEC. By further
increasing T , the local imbalance starts to decrease, and the
local separation between species progressively vanishes. This
effect is more evident when g12/g approaches the threshold

FIG. 4. Local population imbalance as a function of temperature
for different values of g12/g with N = 256. Note that the vertical axis
is broken in order to show the different scale when g12/g > 1.

FIG. 5. Local population imbalance as a function of temperature
for two different statistics at g12/g = 0.93 with N = 128 obeying
Bose-Einstein and Maxwell-Boltzmann statistics. The dashed line
corresponds to a simulation with particles uniformly distributed in
the box.

value. In the Appendix we show the effect on Fig. 4 of chang-
ing m2/m1 while keeping the same g12/g.

It is interesting to explore further the origin of the peak
in the local population imbalance for the case of mixed Bose
gases at T = 0. To this end, we calculated δN̄/N̄ consider-
ing all the particles as distinguishable, that is, obeying the
Maxwell-Boltzmann statistics. This is technically carried out
by not sampling permutation cycles in the PIMC algorithm.
As one can see in Fig. 5, distinguishable particles do not
show any peak in the local imbalance giving evidence of a
quantum effect led by the Bose-Einstein statistics of particles.
Furthermore, we also compare these results with the ones
from randomly generated configurations where particles are
uniformly distributed in the box (dashed line in Fig. 5). We
notice that, while both Maxwell-Boltzmann and uniformly
distributed particles produce a finite value for δN̄/N̄ as a
result of the procedure used to extract the local imbalance, this
quantity does not show any peak as a function of temperature
in sharp contrast with the case of Bose statistics. Furthermore,
the result in Fig. 4 corresponding to the case g12 = 0, of
independent components, displays a similar trend with T .
Thus a possible explanation for part of the effect points to-
ward the bunching mechanism, which enhances short-range
correlations between identical Bose particles. However, inter-
species interactions within the miscible regime g12 < g also
play an important role by producing the maximum in the local
imbalance.

In order to better understand the role of statistics and in-
teractions, we calculate the pair distribution function between
particles of the same species [G11(r)] and between particles
of different species [G12(r)]. These observables are properly
defined in homogeneous systems, where they only depend on
the relative distance r between particles and approach unity
at large separations. For this reason we compute them in the
bulk using periodic boundary conditions, for a system with the
same total density n and temperature T .

Figure 6 shows the temperature dependence of G11(r) and
G12(r) (left and right panels, respectively) in the region of
distances on the order of the mean interparticle separation.
The bunching effect due to Bose statistics is active between
particles of the same species and is responsible for the peak in
G11. We notice that the hard-core repulsion used in our model
reduces to zero the probability of finding two particles at very
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FIG. 6. Pair distribution functions between particles of the same species (left) and of different species (right) at g12/g = 0.9 with N = 256
particles. These results have been computed in the same way as in Ref. [22] with periodic boundary conditions. In the left panel we can see the
bunching effect between particles of the same species due to the Bose statistics. In the right panel we see an increase in the repulsion between
particles of different species until TBEC = 0.7, where we start seeing the opposite trend.

short distances (r[a] < 10) at any temperature, whereas the
peak in G11 increases with T and becomes narrower. This is a
consequence of bunching correlations within the distance λT

reaching a maximum at TBEC, while the thermal wavelength
λT =

√
2π h̄2/mkBT shrinks with temperature. In contrast,

G12 shows a different behavior: Up to T ∼ 0.7TBEC the curve
is shifted to the right showing an increase in the repulsion
between particles of different species, while for larger tem-
peratures the curve is shifted to the left. The combined effect
of bunching and the interaction effect visible in G12 is prob-
ably responsible for the behavior seen in Fig. 4. It is worth
mentioning that an indication of a maximum in the repulsive
interspecies correlations at T ∼ 0.7TBEC is also provided by
the minimum of the interspecies contact parameter at approx-
imately the same temperature [22].

Conclusions and discussion. We study binary Bose mix-
tures using the PIMC method in a confined box geometry for
different values of g12/g. We define a local observable probing
the structure of the mixture, in particular its local magneti-
zation, for a finite number of particles. Different behaviors
are found for this local population imbalance as temperature
is increased: For independent mixtures, g12 = 0, the imbal-
ance increases steadily for all temperatures below TBEC, and
vice versa, for interacting mixtures in the immiscible regime
with g12 > g we find a monotonous decrease. In the misci-
ble regime, 0 < g12 < g, we find instead a nonmonotonous
behavior, featuring a broad maximum around T ∼ 0.7TBEC.
At approximately the same temperature we also observe a
maximum of the interspecies repulsion measured by the pair
distribution function.

We interpret these findings as a result of thermal effects,
statistics, and interactions. The case g12 > g is dominated by
interactions. At zero temperature, the mixture is fully phase
separated, and any finite temperature gives rise to a chemi-
cal potential gradient which makes the ground state unstable
against particles of one species diffusing inside the region
occupied by the other species [35]. The result is a tendency
toward mixing which becomes stronger for increasing tem-
peratures. The case g12 = 0 follows instead from the bunching
effect which involves mainly thermally induced statistical cor-
relations. As is well known, identical Bose particles tend to
group together within a distance on the order of λT , and such

bunching correlations are enhanced if the condensate is ther-
mally depleted and TBEC is approached from below. The most
interesting regime, 0 < g12 < g, features a more subtle inter-
play between interaction and statistical thermal effects. At any
temperature T , the equilibrium state is a paramagnetic mixture
exhibiting zero polarization in the thermodynamic limit [22].
However, a local partial imbalance between the two compo-
nents can be the most probable state of a finite-size system.
For such a system, bunching tends to increase the imbalance
with T , similarly to the g12 = 0 case. Repulsive interactions
between the two components make the effect of bunching
more pronounced up to the characteristic temperature T ∼
0.7TBEC, where interspecies repulsion reaches a maximum.
For higher temperatures the extra bunching provided by g12

is reduced, and the behavior of the local imbalance resembles
again the case of independent components.

FIG. 7. Local population imbalance as a function of temperature
for different mass ratios. The vertical dashed lines correspond to the
TBEC,2.
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Previous works found a similar local partial separation
in other quantum systems, such as a gas in a disk-shaped
harmonic trap [36] or a gas with dipolar interactions [37], but
neither of them reported a maximum in the local imbalance
at a certain temperature below TBEC. Furthermore, although
the bunching effect is a well-known feature in Bose gas,
the nonmonotonous behavior of the interspecies pair distri-
bution function G12(r) in a binary mixture is something that
can lead to interesting phenomena. The present experimental
technology for producing box potentials [26] and the use of
absorption imaging in a quasi-two-dimensional system [38]
could be an ideal setup for exploring these deep quantum
phenomena.
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APPENDIX: IMBALANCED MASS RATIOS

When we increase the mass of the particles of the second
species, we reduce its critical temperature (TBEC,2 = m1

m2
TBEC),

and as a result the maximum in the polarization is shifted to
lower temperatures (see Fig. 7). This can be understood as,
when one of the two critical temperatures is changed, the ther-
mal window where the two species remain in a BEC phase,
and thus feel the bunching effect, is also modified (shortened
and lengthened in the yellow and purple cases, respectively, in
Fig. 7).
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