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Doniach phase diagram for the Kondo lattice model on square and triangular lattices
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In this study we systematically investigate the interplay between Ruderman-Kittel-Kasuya-Yosida (RKKY)
and Kondo couplings in the Doniach phase diagram on square and triangular lattices using advanced many-
body techniques. Our findings indicate that the simple Doniach phase diagram is inadequate to fully capture
the complexity of the competition even on these simple lattices. First, we discovered that the potential energy
arising from geometric frustration is comparable to that of RKKY coupling, effectively suppressing long-range
antiferromagnetic (AFM) order on the half-filled triangular lattice. Second, while long-range AFM order can
be successfully established on the square lattice, Kondo singlets begin to form within the long-range magnetic
phase. Upon doping with holes, geometric frustration on the triangular lattice is partially relieved, giving rise
to two distinct magnetic orders that emerge unexpectedly. These orders are intimately linked to the topology of
the interacting Fermi surface. Our comprehensive analysis of the Kondo lattice model on both lattices reveals a
significant interplay between geometric frustration as well as RKKY and Kondo couplings in low-dimensional
systems and offers valuable insights into the discovery of novel phases in related materials.
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Introduction. Heavy fermion compounds are strongly cor-
related electron systems with an extraordinarily large effective
electron mass, as experimentally reflected in the large linear
T dependence of the specific heat, i.e., CV = γ T , as well as
the enhanced Pauli susceptibility χ (T ) at temperatures below
the so-called Kondo temperature TK [1–5]. An accepted low-
energy description of the heavy fermion systems is the Kondo
lattice model (KLM) [6]. In this model, conduction electrons
scatter from local moments with coupling strength J . There
are two fundamental energy scales in this model. One is the
superexchange coupling between local moments mediated by
the conduction electrons, which was first considered by Ru-
derman and Kittel [7] and then further elaborated by Kasuya
[8] and Yosida [9], which is now known as the Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction K ∝ J2. On the
other hand, when J is large, driven by the antiferromagnetic
coupling J , some conduction electrons form a spin singlet
with the local moment and lose their mobility below TK . The
local moment is screened by the spin of these conduction
electrons as if it were effectively removed from the system.
This process is known as the Kondo screening. Other electrons
will no longer experience the presence of the local moment but
only scatter over an effective potential, leading to their Fermi
liquid behavior [10,11].
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The RKKY interaction and the Kondo screening dominate
in the small and large Kondo coupling J region and strongly
compete in the intermediate regime, qualitatively described
by the Doniach phase diagram [12,13]. In this Letter we
want to carefully compare the Doniach phase diagram of the
square and triangular lattices with an advanced many-body
algorithm, i.e., the dual-fermion (DF) approach [14–17]. It
is a nonlocal extension of the dynamical mean-field theory
(DMFT) [18–21] and has been verified against numerically
exact methods [22]. (See the Supplemental Material for more
details [23].) The different lattice geometries add an addi-
tional ingredient to the conduction electrons, which itself can
mediate their magnetic couplings. The qualitative difference
between the RKKY interactions and Kondo screening on the
two different lattices is an interesting issue to understand.
Although many theoretical studies have been conducted for
the KLM and other related models [19–21,24–33], a decent
comparison of the two lattices in the same theoretical frame-
work over a wide temperature and doping regime, from which
we expect to extract a convincing conclusion on their charac-
teristic difference, is still lacking.

Doniach phase diagram at half filling. The most striking
difference of the KLM on the square and triangular lat-
tices is the absence of the long-range magnetic order of the
conduction electrons in the RKKY regime on the triangular
lattice [see Fig. 1(b)]. On the square lattice, we observe a
well-defined antiferromagnetic (AFM) long-range order with
magnetic wave vector �Q = (π, π ) [Fig. 1(a)]. The finite-
temperature AFM phase is due to the approximation inherent
in our many-body algorithms (see the Supplemental Material
[23] for an introduction to the methodology). In real materials,
the presence of other types of magnetic interaction, for exam-
ple, spin anisotropy [34–36], can stabilize the AFM phase at
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FIG. 1. Doniach phase diagram for the half-filled square and triangular lattices. (a) On the square lattice, the RKKY coupling induces a
long-range AFM order in a small to intermediate J regime highlighted in color. The pink and red regions correspond to the AFM phase from
the DF and DMFT calculations, respectively. The different symbols denote the different solutions from the two methods. The TN and TK were
obtained from the AFM phase boundary and the inverse DMFT uniform susceptibility. On the right-hand side, the two spin susceptibility
plots correspond to two characteristic parameters for the paramagnetic metal and Kondo insulator with J/t = 0.2/2.2 and T = 0.05/0.10,
respectively. (b) On the triangular lattice, long-range AFM order is absent. The Kondo coupling is the only dominant energy scale. Two
characteristic spin susceptibility behaviors were observed and are denoted by type 1 and type 2, corresponding to the yellow and green circles,
respectively. Examples of the two susceptibilities are shown on the right plots with J/t = 1.2/1.6 and T/t = 0.1667. The hatched region
corresponds to the parameters where spin susceptibility displays a typical 120◦ AFM correlation (type 2), but no long-range order.

finite temperature and be compatible with the Mermin-Wigner
theorem [37]. The access of the local uniform susceptibility
and its fluctuations calculated in DMFT allows us to extract
the Kondo temperature TK ∼ 1.8J1/2e−4.11/J for the square lat-
tice and TK ∼ 1.57J1/2e−4.5/J for the triangular lattice shown
as the blue dashed line in Fig. 1 [12,38]. The crossing point
of TK and TN nicely coincides with JDMFT

c estimated from the
destruction of the AFM phase in DMFT on the square lattice.

The obvious difference in the KLM on square and trian-
gular lattices highlights the underlying geometrical influence
on the conduction electrons. In addition to the competition
between the RKKY and Kondo couplings, the geometrical
frustration further competes with the two coupling strengths,
destroying the long-range AFM order in the weak-J regime
on the triangular lattice. Later in the discussion for the hole-
doping KLM, we will further see that hole doping partially
releases the geometrical frustration and the two lattices again
give unexpected differences in magnetic response.

After understanding the Doniach diagram, we further dis-
cuss the metal-insulator transition (MIT) phase boundary,
which is not shown in Fig. 1 but jointly determines the ground
state of the KLM with the Doniach phase diagram. The study
of the MIT amounts to calculating the local density of states,
which relates to the imaginary part of the single-particle
Green’s function as A(ω) = −∑

�k ImG(�k, ω)/π . At half fill-
ing, the KLM on both the square and triangle lattices can
develop a charge gap, giving rise to the possibility of forming
both a Kondo metal and a Kondo insulator in the KLM.

In Fig. 2 the metallic and insulating solutions are shown
by different symbols shaded light red and light cyan. We
observe that the MIT phase boundary moves to a smaller
Jc with the decrease of temperature on both lattices, dis-
playing a left-going phase boundary. On the square lattice,

the MIT phase boundary is under the dome of the AFM
phase in Fig. 1(a), separating it into two parts. In the weak-
J regime, the conduction electrons are itinerant and AFM
ordered corresponding to RKKY metals. For intermediate J ,
where the RKKY and Kondo couplings strongly compete,

FIG. 2. The MIT phase diagram and spectral functions of the
KLM on the square and triangle lattices. (a) The MIT phase boundary
for the KLM on the square and triangle lattices. (b) Spectral function
along �-X -M-� at T/t = 0.04 and with three different couplings J/t
on the square lattice. (c) Same results as in (b) but for the triangular
lattice. All results in this figure are obtained with the DF method.
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the low-temperature states are insulating, which can be either
RKKY-type insulators with long-range AFM order or Kondo
insulators with spin singlets depending on the temperature.
For large J > JDMFT

c ∼ 2.2 > JDF
c ∼ 1.8, these states belong

to Kondo insulators on the square lattice. On the triangular lat-
tice, the situation becomes much simpler. As there is no AFM
long-range order on the triangular lattice, for any parameter
(J, T ) the MIT boundary shown in Figs. 2(c) and 2(d) is then
the phase boundary for the Kondo metal and Kondo insulator
at sufficiently low temperature.

We note that the MIT boundary was obtained with a para-
magnetic condition. As magnetic long-range order can gap
the conduction electrons, we suspect that in a spin-polarized
calculation, the MIT will occur for a smaller critical J/t on the
square lattice [39]. However, due to the geometric frustration,
no magnetic order is stabilized on the triangular lattice. The
nature of the MIT on the triangular lattice is then a param-
agnetic phase transition. Kondo coupling becomes the only
dominant energy scale on the half-filled triangular KLM.

The presence of the AFM phase on the square lattice has
stimulated an interesting issue concerning the existence of the
Kondo screening inside the magnetic phase, which is not ade-
quately described by the simple Doniach phase diagram with
only one quantum critical point [40–42]. The RKKY-driven
long-range magnetic order may not break down at the same
Jc where the Kondo singlets start to form. The Kondo singlet
already forms inside the long-range antiferromagnetic phase.
Only in the weak-coupling regime does the Kondo breakdown
occur [43].

Our results on the spectral function shown in Figs. 2(b)
and 2(c) support this idea [26,43–45]. On the square lattice,
at J/t = 1.5 where the AFM order is present, the spectral
function shows a clear flat band extending from X and � to M,
which is already similar to that in the Kondo insulating phase
with J/t = 2.0. Furthermore, on the triangular lattice, due to
the weak competition of the RKKY coupling, the flat bands
around the Fermi level are more easily established for the
same parameter, confirming the dominant role of the Kondo
coupling in the triangular lattice.

The appearance of the flat bands inside the conduction
electron spectra clearly shows that the simple Doniach phase
diagram is not sufficient in describing the competition be-
tween the RKKY and the Kondo couplings even on simple
lattices such as the square and triangular lattices studied in this
work. On one hand, there is no RKKY long-range order ob-
served on the half-filled triangular lattice. On the other hand,
on the square lattice, it is clear that the Kondo singlets appear
before the long-range antiferromagnetic order breaks down.
The induced flat bands in the conduction electron spectra also
lead to the appearance of the van Hove singularity (vHS) in-
side the local density of states (DOS). According to the study
and classification in Refs. [46,47], vHS can be of different
characters. After fitting the corresponding DOS of Figs. 2(b)
and 2(c) for J/t = 1.5 and 2.0, we found that vHS induced by
the flat bands below the Fermi level is better understood as a
high-order vHS with a power-law divergence. However, due to
the uncertainty introduced by the maximal entropy method for
analytical continuation [48,49], the character of the emerging
vHS induced by the Kondo coupling cannot be determined
precisely and deserves more study in the future.

FIG. 3. Magnetic phase diagram of the hole-doped KLM on the
square lattice. The magnetic phase boundary is shown for two hole-
doping levels. The phase boundary is obtained from a Curie-Weiss
fit of the spin susceptibility of the conduction electrons. All results
in this figure are obtained with the DF calculations.

Hole doping. After understanding the half-filled case, we
now move on to the hole-doped KLM to further understand
the persistence of the AFM phase and the emergence of other
types of order. One of these phases is the unexpected magnetic
long-range order on the triangular lattice. In the following,
we will separately discuss the doped KLM on the square and
triangular lattices in Figs. 3 and 4, respectively.

Figure 3 displays the magnetic phase diagram of the KLM
on the square lattice at two different hole doping levels. For
the doped one-band model, there are no correlation-driven or

(a) (d)

(e)

(f)

(g)

(b) (c)

FIG. 4. Magnetic phase diagram of the hole-doped KLM on
the triangular lattice. (a) There are two different magnetic orders
discovered at different hole doping levels with J/t = 1.8. One is
the 120◦ AFM order at 0.6 < 〈n〉 < 0.9 and the other is row-wise
AFM order at 0.5 < 〈n〉 < 0.6. The spin susceptibility is illustrated
at (b) 〈n〉 = 0.5 and (c) 〈n〉 = 0.7, displaying different magnetic
wave vectors. (d)–(g) Interacting Fermi surface at different electron
concentrations.
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filling-driven insulating states. States for all of the parameters
shown in Fig. 3 are metallic. We observed two characteristic
features of the doped KLM on the square lattice. The first one
is the shrink of the AFM phase space with the increase of
hole doping. With the increase of the hole-doping level, the
Néel temperature decreases. Our result is consistent with the
observation in the dynamical cluster approximation calcula-
tion [26]. Moreover, in the weak-J regime, the AFM phase
is completely suppressed. Our finite-temperature calculation
does not capture any signature of long-range RKKY order for
J/t < 0.5. We note that Jmax, where the AFM order vanishes,
becomes slightly larger for 〈n〉 = 0.9 as compared to Fig. 1(a).
This can be an artificial effect caused by the fact that we
only considered the second DF self-energy diagram and did
not employ a full charge self-consistency on both the DMFT
and DF levels. Employing the ladder DF self-energy scheme
[16] and the full charge self-consistency with the simultaneous
convergence of the DMFT and DF solutions will likely reduce
Jmax to a value smaller than that for half filling, as observed in
the single-band Hubbard model [50].

After demonstrating the destruction of the RKKY interac-
tions in the hole-doped KLM on the square lattice, we now
turn the focus to the hole-doped triangular lattice. Due to the
absence of long-range orders in the half-filled case, we do not
expect a considerable difference with hole doping. Similar
to the square lattice, we anticipated that hole doping would
further suppress the RKKY coupling such that the magnetic
phase diagram of the KLM on the triangular lattice would
remain completely featureless. Instead, we found a rich mag-
netic phase diagram as displayed in Fig. 4(a). We discovered
two long-range magnetic orders at different doping levels.
With the increase of hole doping, we first observe a 120◦ AFM
phase for a wide range of electron occupancy 0.6 < 〈n〉 <

0.9, shown as the pink region in Fig. 4(a). The Néel tempera-
ture reaches a maximum at 〈n〉 ∼ 0.7. Further increasing the
hole doping, a new magnetic correlation with row-wise-type
spin arrangement appears when the electron occupancy is
below 〈n〉 < 0.6. The smallest electron occupancy studied in
our work is 〈n〉 = 0.5, which is in the row-wise AFM phase
as well.

We attribute the emergence of magnetic orders in the hole-
doped triangular KLM to the partial release of geometric
frustration and the Fermi surface nesting effect. In compar-
ison to the square lattice, the Fermi surface is not perfectly
nested at half filling. There is no spontaneous spin instability
for the noninteracting tight-binding model on the triangular
lattice. In the Hubbard or periodic Anderson model, only
when the coupling between two electrons is strong enough,
the classical 120◦ AFM phase can establish [51–53]. In the
KLM, the effective coupling of conduction electrons stems
from the superexchange involving two scattering processes
at two neighboring sites and the coupling is proportional to
J2. It is easier for the conduction electrons to magnetically
order at larger values of J/t , where, however, the formation
of the Kondo singlet will strongly compete. Thus, if it exists,
the 120◦ AFM phase will only appear at intermediate J/t at
half filling. However, as shown in Fig. 1(b), the superexchange
coupling between conduction electrons alone is not sufficient
to establish a long-range order before the formation of the
Kondo singlet. With hole doping though, the Fermi surface

starts to play a role and triggers the emergence of two different
magnetic orders.

Away from half filling, the interacting Fermi surface grad-
ually changes topology. We show in Figs. 4(d)–4(g) the
Fermi surface obtained as A(�k, ω = E f ) = −ImG(�k, ω)/π
at different electron concentrations. At 〈n〉 = 0.6 and 0.7,
the interacting Fermi surface shows a clear hexagonal shape
with the nesting vectors corresponding exactly to the �-K
vector. Further increasing electron concentration changes the
hexagon at � to six triangles located at the K point. The
strong density around the K point supports coherent scattering
between any two K points with the scattering vector the same
as the �-K vector. The size of the Fermi surface at each K
becomes smaller with the further increase of concentration,
leading to reduced coherence scattering in this case. As a
consequence, we found that the Néel temperature reaches a
maximum around 〈n〉 = 0.7 and decreases with the increase
of electron concentration. At smaller electron occupancy, for
example, 〈n〉 = 0.5, the hexagon Fermi surface shrinks to a
circle around � point. A circular Fermi surface does not have
nesting vectors and usually does not trigger any magnetic
instability. In fact, at half filling the Fermi surface of the
tight-binding model on the triangular lattice is also a circle
and, as we know, no magnetic long-range order can be es-
tablished. Here, at 〈n〉 = 0.5, the diameter of the interacting
circular Fermi surface is the same as the �-M vector. Both the
intra- and inter-Fermi surface scatterings with this wave vector
coherently contribute to the magnetic instability, leading to the
peak structure of the spin susceptibility with the same wave
vector shown in Fig. 4(b). At half filling, however, the intra-
and inter-Fermi surface scatterings correspond to different
wave vectors and cannot form coherence.

Discussion and conclusions. The square and triangular lat-
tices differ in their geometry and frustration to the long-range
spin arrangement. There have been many theoretical studies
of correlated models, such as the Hubbard model [52–65],
on these two lattices, which establish a fruitful understanding
of the different electronic and magnetic responses on them.
However, the KLM has not been thoroughly understood and
compared on the two lattices.

Our first important observation is the different magnetic
responses of the half-filled KLM on the square and triangular
lattices. The presence or absence of long-range AFM order
on the square and triangular lattices indicates that the RKKY
exchange coupling, as a superexchange coupling involving
multiple Coulomb scattering processes, is sensitive and com-
parable in energy scale to the potential created by geometric
frustrations. In comparison to the Hubbard model on the tri-
angular lattice, in which the strong Coulomb repulsion is able
to stabilize long-range AFM order, the KLM on the triangular
lattice is featureless, with the Kondo coupling being the only
dominant energy scale.

However, in doping with holes, more exotic differences
appear. The KLM on the square lattice shows the expected
destruction of the AFM long-range order with the increase
of hole concentration, while on the triangular lattice, two
magnetic phases appear unexpectedly at different hole dop-
ing levels. A 120◦ AFM phase emerges for a wide range
of electron occupancy 0.6 < 〈n〉 < 0.9. Within 0.5 < 〈n〉 <

0.6, a row-wise-type AFM phase with the magnetic wave
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vector �Q = (π, 0) emerges. The analysis of the interacting
Fermi surface leads to our second important observation.
We found that the 120◦ AFM order is induced by the intra-
Fermi-surface scattering which shows clear nesting topology
and favors the coherent magnetic excitation with wave vec-
tor �-K. At higher hole doping, the Fermi surface topology
transforms to a circular shape. The coherent scattering of
the intra- and inter-Fermi-surface scattering promotes a row-
wise AFM order. Due to the critical condition and the
less strong coherence scatterings, the row-wise AFM phase
demonstrates lower Néel temperatures and smaller phase
space.

Our systematic study of the KLM on the square and tri-
angular lattices provides deep insight into the underlying
competition of the RKKY coupling and the potential energy
created by the geometrical frustration. The Doniach phase dia-
grams and magnetic and electronic excitations of the KLM for
both half-filling and doped cases constitute a comprehensive

understanding of the KLM on low-dimensional lattices and
may pave the way for the study of related materials.
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