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The transport of intensity equation (TIE) exhibits a noninterferometric correlation between the intensity and
phase variations of intermediate fields (e.g., light and electrons) in biological imaging. Previous TIE formulations

have generally assumed free-space propagation of monochromatic, coherent field functions crossing phase
distributions along a longitudinal direction. In this study, we modify the TIE with fractal (or self-similar)
organization models based on intracellular refractive index turbulence. We then implement TIE simulations over
a broad range of fractal dimensions and wavelengths. Simulation results show how the intensity propagation
through the spatial fluctuation of intracellular refractive index interconnects fractal dimensionality with intensity
dispersion (or transmissivity) within the picometer to micrometer wavelength range. Additionally, we provide
a spatial autocorrelation of phase derivatives, which allows for the direct measurement and reconstruction of
intracellular fractal profiles from optical and electron microscopy imaging.

DOLI: 10.1103/PhysRevResearch.5.1.022043

Introduction. Biological cells are the basic structural and
functional unit of life. All cells consist of a cytoplasm en-
closed within a membrane, which includes biomolecules
(e.g., proteins and nucleic acids) and intracellular organelles
(e.g., the endoplasmic reticulum, Golgi apparatus, and mi-
tochondria). These complex intracellular structures can be
visualized using optical imaging systems and electron micro-
scopes. As visible light has a wavelength ranging from 360
to 760 nm, which is up to 5 orders of magnitude longer than
the wavelength of electrons, optical imaging techniques tend
to filter out the inner structures of smaller intracellular objects
otherwise observable through electron microscopy.

The complex amplitude of a wave function describing
optical fields is generally composed of two major physical
quantities: amplitude and phase functions [1]. Variations in
amplitudes (or intensities) can be captured directly by pho-
tosensitive detectors such as the human eye and scientific
CMOS (complementary metal-oxide semiconductor) cam-
eras. Variations in phases, however, are barely visible using
optical microscopy systems and are sensitive to light scat-
tering and fluctuations due to invisible spatial distributions
of intracellular optical properties, e.g., refractive index and
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optical thickness. These phase variations have been formal-
ized into a partial differential equation, termed the transport
of intensity equation (TIE) [2—4], which is dependent on
the wavelength and the intensity variations of intermediate
fields (i.e., photon and electron). This equation represents,
in particular, the free space propagation of a monochromatic
coherent wave function to a given phase distribution along a
longitudinal direction.

A key challenge to bridging the large resolution gap that
lies between optical and electron microscopy techniques con-
sists of finding meaningful variations in both intensity and
phase functions. Over a broad range of wavelengths, the inten-
sity and phase variations of intermediate fields are inextricably
linked via the TIE. Previous TIE formalizations have gener-
ally assumed that a complex plane wave function describing
intermediate fields can be propagated through an arbitrary
phase distribution in free space. Intensity transport of the
wave functions interacting with the complex refractive aspects
of cellular interiors, however, remains elusive. In this Letter,
we modify the TIE with fractal (or self-similar) organization
models for intracellular refractive index turbulence. We then
implement the TIE simulation in the picometer to microm-
eter wavelength range, computing intensity dispersions and
reductions caused by inhomogeneous spatial distributions of
the intracellular refractive index. Crucially, we show how the
a priori lateral intensity distribution of a cell can be described
as a function of its fractal dimensions. Such fractal media are
optically thin and transparent through the visible wavelengths
but exhibit the compression of fractal dimensionality and
the increase of intensity dispersions in the wavelength range
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FIG. 1. For a given wavelength A, the initial intensity distribu-
tion of a complex plane wave I(r,, Zinia) propagates through the
intracellular refractive index n(r,, z), exhibiting the final intensity
distribution 7(r , Zgnal)-

of electron microscopy imaging. We also derive a spatial-
autocorrelation function that interconnects phase derivatives
with intracellular fractal profiles, and we demonstrate the
direct measurements and reconstruction of optical properties
from fluorescent cell imaging. Our work facilitates further
extensions to bioimage simulation modules [5-14], incorpo-
rating, in particular, light scattering and fluctuations caused
by nonuniform spatial distributions of intracellular optical
properties. Such modification of the simulation is of partic-
ular relevance to the numerical evaluation and verification
of observational invariance (or symmetry) as postulated in
data science, likely leading to more realistic simulations of
biological imaging.

Transport of intensity equation. For a specific intermedi-
ate field wavelength A, the TIE can be formulated using the
laws of conservation of energy (i.e., Helmholz equation) and
parametrized with a complex refractive index for the intracel-
lular media,

n(ry,z) = noll + An(ry, z) + ik (re, 2)], ey

where ny and An(r,, z) are the mean and spatial fluctuation
of the refractive index, respectively. « (r , z) in the imaginary
part denotes the spatial distribution of the attenuation index.
In this formulation, a monochromatic coherent wave function
propagating through the refractive index distribution along the
axial axis (see Fig. 1) is given by

Y(ry,z) = A(re, 2)e*™=, 2)

where A(r,, z) is the scalar complex amplitude of the wave
function, and k is the wave number in free space k = 27 /A.
Substituting Egs. (1) and (2) into the Helmholtz equation, we
can deduce a paraxial wave equation,

B] B
[vi + 2kn0ia—z + 2knoa—z(ﬁ + ioz)]A(rL, =0, ()

where V is the two-dimensional nabla operator in the trans-
verse direction, i.e., V, = (d/dx, d/dy). The o and S factors
represent amplitude and phase variations arising from the
spatial fluctuations of the refractive and attenuation indexes:

a(ri,2) = kno / [+ AnGr, Dl k(e 2dz @)

and

B(ri,z)= kno/ |:An(rl, z) — %K(}"l’ Z)Z]dz. 5)

Assuming the scalar complex amplitude of the parax-
ial wave function to be A(ry,z) = /I(ry, 2?09 it is
straightforward to derive a modified form of the TIE:

AI(ry, 1
M0wd Ly ey, 9600, 20
3Z kn()
_QMI(H,Z), (6)

0z

where (7, z) and ¢(r, z) denote the intensity and the phase
of the paraxial wave function. The § factor vanishes in the TIE
modification but may be more relevant to phase changes in the
transport of phase equation [3]. Furthermore, the derivation
details are discussed in Sec. A.1 of the Supplemental Material
(SM) [15].

The left-hand side of Eq. (6) represents the axial intensity
differentiation that guides the intensity propagation along the
z axis. The right-hand side of the equation exhibits the total
energy variation in a lateral intensity distribution. Such energy
variations are composed of two parts.

(i) The first part, —V - [IV,¢]/(kny), represents the
intensity and phase variations arising from the spatial fluc-
tuation of the refractive and attenuation index. There are two
terms in these variations. /V? ¢ can be interpreted as the in-
tensity fluctuation stemming from the convergent or divergent
behavior of the intensity at the radius of the local phase curva-
ture, the reciprocal of which is proportional to the Laplacian of
the phase. VI - V, ¢ represents a measure of the translational
effects of the phase gradient in the direction of the intensity
gradient.

(i) The second part, —2(da/0z)I, relates to Beer-
Lambert’s law of intensity reduction in an inhomogeneous
medium, exhibiting, in particular, the energy absorption and
scattering of the intermediate fields traveling through an in-
tracellular medium.

Fractal cell modeling. A wave function of intermediate
fields propagating through a biological medium can encounter
structures with dimensions ranging from the size of a protein
macromolecule (1-4 nm) and intracellular compartments: for
example, membranes (10 nm), nucleus (5-10 um), and mi-
tochondria (0.2-2.0 um). Cells also contain a cytoskeleton
made of filaments (7-25 nm), as well as nucleoli (0.5-1.0 pm)
and DNA in the form of chromatin in the nucleus. These
complex structures are often modeled under the assumption
that the constituents of cellular interiors are tightly filled with
various discrete particles, with their surfaces pushed together
to form contiguous biological components. Such cell model-
ing, when combined with Mie scattering theory, provides a
homogeneous medium in a limited range of wavelengths and
voxel size of the cell simulations [16—18]. Because of these
constraints, the spatial fluctuations arising from the interac-
tions between incoherent wave functions and discrete particles
cannot be made to line up at the microscopic levels of intensity
transport theory without breaking modeling assumptions.

Interactions of a wave function with intracellular inhomo-
geneities are associated with a turbulence in the refractive
index distribution for which the spatial fluctuations are fractal
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FIG. 2. Fractal model of intracellular refractive index turbulence.
(a) The WM covariance as a function of distance between two dif-
ferent pixel positions p. Each colored line denotes one of the four
representative models of fractal media: medium I (blue), medium
II (green), medium III (magenta), and medium IV (orange). (b) An
example of the mean differential scattering cross section per unit
volume plotted in spherical coordinates (/. = 30 nm). An incident
wave function polarized in the vertical plane can propagate from left
to right along the longitudinal direction. The dimple is located at the
origin.

in nature [19-21]. For the sake of model simplicity, we con-
sider intracellular constituents as a continuous fractal medium
rather than the aggregation of various discrete particles. For
a given fractal dimension Dy, which usually represents a
mathematical index for characterizing fractal patterns or reg-
ularities by quantifying their complexity, continuous random
fields of refractive index fluctuation An can be modeled by the
Whittle-Matérn (WM) covariance (or correlation) function,

_0,1221"’ o\’ 0
BP) = re) (l—> K<I_> @

2

where [, are o, are the correlation length and the variance
of the excessive refractive index, respectively. K, (-) denotes
the vth index of the modified Bessel function of the second
kind v = (D — 3)/2. The shape of the WM covariance func-
tion can be exhibited in a wide range of plausible fractal
dimensions including the power law for Dy < 3, Henyey-
Greenstein for Dy = 3, the stretched exponential for 3 <
Dy < 4, Kolmogorov/von Karman for Dy = 3.67, the expo-
nential for Dy = 4, and the Gaussian as Dy — oo. Figure 2(a)
shows the WM covariance function for four different fractals
models (see Sec. A.2.1 of the SM [15] for model parametriza-
tions).

While the attenuation function in the fractal cell model
can be represented by the intensity absorption coefficient
and the scattering coefficient w;, most cells are transparent,
weakly absorbing intermediate fields passing through their
interiors. In a limiting case where u, < us, we consider the
four following assumptions: (i) the attenuation function is
independent of the spatial variation of scattering coefficient,
(i1) no backward scattering of the wave function, (ii) No de-
polarization effects, and (iv) the attenuation function can be
written in the form

(wstkng)) 1 // .
) = =7 k()a ki dg29 8
k(ry,z) P iy ) (o (ko. ki) ®)
where 2 and kny are the solid angle and the effective
wave number of intermediate fields, respectively. (u(kng))
represents the mean scattering coefficient derived from an

integration of the mean differential scattering cross sec-
tion (a(l%o, l%i)) over all angles. Figure 2(b) shows an example
of the scattering cross section in spherical coordinates, ex-
hibiting, in particular, forward-directed scattering along the
longitudinal direction (see Sec. A.2.2 of Ref. [15] for the o
definition and more figures for the four representative fractal
media).

TIE simulations via fractal cell modeling. Fundamental
characteristics of the intensity transport through continuous
fractal media can be extracted from numerical simulations and
analyses of the TIE. Here we assume that phase functions in
the TIE are given by Eq. (5), i.e., ¢(r1,2) = —B(rL, 2), and
we then implement TIE simulations over a wide range of frac-
tal dimensions and wavelengths, computing the propagation
and variation of the lateral intensity distribution through the
fractal cell models along the axial direction (see Fig. 1). The
finite difference approximation of the intensity propagation
for the nth image frame can be represented in the form

ar\"
+1 __ gn
1] —Ii}+8z<—8z>

ij
=1+ 8z{ (VL VL)
no
- 2[1+ An(u&)](u;(kno))l} ; ©))
ij

where i and j represent the index of the pixel position for a
given image frame, with the convergence condition for TIE
simulations being §z < kngdx5y.

To analyze biophysical effects arising from intensity prop-
agation via fractal cell modeling, we run the TIE simulations
for the following two initial intensity conditions I(r, , Zinitial ):
a uniform intensity distribution 1000 counts/pixel, and a
standard image in an intensity range from 500 to 1000
counts/pixel. Our simulation results for a thicker cell sample
(~10 um) are summarized in Fig. 3 (see Sec. B of the SM [15]
for more simulation results. For A = 507 nm, the intensity
propagation of the standard image through the fractal medium
I (Df = 4.00) exhibits intensity attenuation and intensity
dispersion in the final intensity image [see Fig. 3(b)]. Fig-
ure 3(d) shows a comparison between initial and final intensity
histograms, thereby dispersing and reducing the intensity dis-
tribution of the initial standard image. However, for the fractal
medium I (Dy = 3.25), there is significant transmissivity in
the final intensity distribution [see Fig. 3(a)]; almost complete
overlap between initial and final intensity histograms is shown
in Fig. 3(a).

Convergence and stability of the TIE simulation can be
seen in the size and the fractional error of the intensity disper-
sion which varies with axial distance. Figure 3(e) exhibits rel-
atively fast convergence of the variation of root-mean-square
(RMS) values along the axial direction (z > 2-3 pm). The
TIE simulation for fractal medium I (Dy = 3.25) and medium
I (Df = 3.67) converges to steady state at relatively lower
RMS values, roughly 50 (green line) and 11 (red line). How-
ever, at higher fractal dimensions, i.e., Dy =4.00 and 5.00,
the RMS value that gives rise to convergence of intensity dis-
persion is about 250 (magenta line) and 500 (orange line). In
addition, Figure 3(f) shows propagation of averaged fractional
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FIG. 3. The simulation results for thicker cell sample (~10 pum).
(a) Final intensity distribution for medium I (D, = 3.25). Scale bar:
1.00 um. (b) Final intensity distribution for medium III (D = 4.00).
(c) Histogram comparison between initial and final intensity distribu-
tions for medium I (Dy = 3.25). Blue and red colored areas represent
histograms for initial and final intensity distributions, respectively.
(d) Comparison of intensity histograms for medium III (D, = 4.00).
(e) RMS variations arising from intensity propagation shown as a
function of the z axis. Each colored line denotes one of the four dif-
ferent fractal models: medium I (blue), medium II (green), medium
IIT (magenta), and medium IV (orange). (f) Averaged fractional
errors shown as a function of the z axis.

errors along the z axis, €(z,)=|1(z,)—1(z,-1)|/1(z,), thus im-
plying no divergence of numerical errors.

Electron microscopy is capable of imaging thinner cell
sample sizes less than 150 nm [22]. In the wavelength range
of electron beams, we consider optical depth (or thickness)
to quantify a specific level of transparency of the four fractal
media. Optical depth is a dimensionless factor that generally
represents a measure of scattering and absorption up to a spe-
cific “depth” of intracellular media when intermediate fields
(e.g., light and electron) travel through the structure inside the
sample. In fractal cell modeling, optical depth can be defined
as follows:

L
r = /0 (s (ko) dz, (10)

where L is the physical thickness of biological samples. For
L = 110 nm, Figure 4 shows the optical depth over a broad
range of wavelengths from electron beams (blue region, A =
1.00 pm to 1.00 nm) to visible light (green region, A = 360—
760 nm). The fractal media are optically thin (r < 1) and
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FIG. 4. Optical depth for sample thickness (L = 110 nm) repre-
sented over a wide range of effective wave number kn, values, from
visible light (green) to electron beam (blue). Color lines denote the
four different fractal media. If 7 3> 1, then the sample is optically
thick. If T <« 1, then the sample is optically thin. The dashed line
represents T = 1.

transparent through the visible light wavelength, weakly dis-
persing the light intensities passing through their interiors.
Such intensity dispersion thus provides approximately invari-
ant transport between initial and final intensity distributions,
I(zZfina1) ~ I (Ziniia1) (see Fig. S10(a) in Sec. B2 of the SM
[15]). However, in a wavelength range of electron microscopy
imaging, there is a significant tradeoff between fractal di-
mensionality and optical depth. Fractal medium I (blue),
medium II (green), and medium III (magenta) are optically
thick (r > 1), exhibiting, in particular, intensity attenuation
as well as intensity dispersion in the final standard image (see
Figs. S10(d)-S10(f) of Ref. [15]). Mathematically speaking,
as the fractal dimensions increase, the optical depth becomes
thinner and the transmissivity thereof can be increased in
fractal medium IV (orange).

Application. A further motivation for our work is the
direct measurement and reconstruction of the refractive in-
dex profiles of cellular interiors. Recent experimental studies
using the TIE via bioimaging [4,23], for example, have re-
constructed intracellular phase distributions without modeling
the refractive index turbulence. Likewise, Rogers and his
colleagues have verified the apparent similarity in power
spectral densities between the WM covariance function and
scanning electron microscopy images [20]. These qualitative
verifications, however, were made without applying intensity
transport theory and so cannot be valid as direct measurements
of the refractive index profiles. For a proper comparison and
measurement in bioimaging, a mathematical relation between
the phase factor and the WM covariance model can be derived
from the spatial autocorrelation of Eq. (5) and then written in
the form

BT IBr+p)\ (s (ko)) 7*
<8_28—z> = (knp)“B.(p) + [W} (11)

when satisfying the four assumptions declared in the cell
modeling section (see Sec. C.1 of the SM [15] for deriva-
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tion details). In this formula, the WM covariance function
B, (p) and the mean scattering coefficient (u(kng)) represent
the shape and offset of the phase-differential autocorrelation
along axial directions. Figure S11 of Ref. [15] shows no sig-
nificant shape differences over a broad wavelength range from
electron beams (dashed lines) to visible lights (solid lines);
a large variation of the offset is found at p > 10 um due
to the dependence on the effective wave number. Moreover,
we use this mathematical relation to reconstruct intracellular
optical properties (e.g., fractal dimension and scattering coef-
ficient) from fluorescent cell imaging. In our demonstration,
the covariance function is directly compared and fitted to the
observed spatial-autocorrelation curves of phase derivatives.
Table S4 and Fig. S14 of Ref. [15] not only represent the best
estimates in fractal model parameters but also their statistical
uncertainties which give a numerical indication of the level of
validity and confidence in our fitting results (see Sec. C.2 of
the SM [15] for analysis details; see also Refs. [3,4,24-33]).
Conclusion. The TIE plays a key role in bridging the
resolution gap between optical and electron microscopy
techniques, providing, in particular, a noninterferometric cor-
relation between intensity and phase functions of intermediate
fields (e.g., electrons and light) over a broad range of wave-
lengths. These microscopy techniques are capable of directly
imaging the intensity variations of intermediate fields passing
through the interior of cells. Variations in phases, however,
are barely visible with bioimaging systems and are sensitive
to light scattering and fluctuation through invisible (or unob-
servable) spatial distributions of intracellular refractive and
attenuation indexes. In this paper, we reformulated the TIE
through fractal modeling of these two indexes. Our results
from these TIE simulations revealed that intensity propa-
gations through the refractive index fluctuation can lead to
nonintuitive interconnections of fractal dimensionality and
intensity dispersion (or transmissivity) in the picometer to
micrometer wavelength range. We also derived the spatial
correlation of phase derivatives that enables the direct mea-

surements of the WM covariance model parameters from
optical and electron microscopy imaging.

Of further significance to our work is a numerical
evaluation and verification of observational invariance (or
symmetry) as postulated in data science. Most subcellular
observations made via optical imaging are dedicated to an
empirical (or data-driven) approach, its main function being
to allow biophysicists to extract the regularities and pat-
terns of the apparent intracellular properties captured with
photosensitive devices [34-38]. These regularities are often
formalized into network models, mainly as a function of the
observable intracellular components. However, in actual intra-
cellular imaging, propagations and variations of light through
inhomogeneous intracellular structures are dependent on the
wavelength of light, as well as intracellular optical properties
such as the refractive index, optical thickness, and attenua-
tion coefficients. These optical dependencies raise questions
regarding whether the subcellular model representations can
be conserved or violated through observational processes. Our
work sheds light on these questions from the perspective
of fundamental optics and also suggests new developments
and extensions to bioimage simulation modules [5-14],
including, in particular, light scattering and fluctuations
caused by the nonuniform spatial distributions of intracellular
optical properties. Such an implementation is of broad rel-
evance beyond just the TIE simulations presented here and
will likely lead to more realistic simulations of biological
imaging.
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