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Photon vortex generation by synchrotron radiation experiments in relativistic quantum approach
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We formulate a theoretical approach to describe photon vortex production in synchrotron/cyclotron radiation
from a helical moving electron under a uniform magnetic field in the relativistic quantum framework. In quantum
theory, electron orbitals in a magnetic field are under Landau states. The Landau level density increases with de-
creasing the magnetic field strength, and it is practically impossible to calculate exactly the synchrotron radiation
in possible magnetic fields in the laboratory. We present a method to calculate it by using asymptotic formulations
of the emission amplitudes under the condition of Li − Lf � Li, where Li and Lf are the initial and final Landau
numbers, respectively. The wave function of the generated photon is the eigenstate of the z component of the total
angular momentum (zTAM) when the magnetic field is parallel to the z axis. The approximation is applicable
for photon vortex production of several tens h̄ of zTAM. We also calculate numerically the energy spectra and
spatial distribution of photon vortices in magnetic field strengths of 10 and 20 T using electrons with energies of
150 MeV and 8 GeV and Larmor radii of 10 and 100 µm for the helical motion. Although the Landau number
becomes up to 108 in these conditions, the radiations could be calculated using the approximation. The results
indicate that it is possible to produce predominantly photon vortices with a fixed zTAM when we control the
energy and entrance trajectory of electrons and the structure of a magnetic field. The present formula contributes
to the prediction and verification of photon vortex generation.

DOI: 10.1103/PhysRevResearch.5.043289

I. INTRODUCTION

Since Allen et al. proposed optical vortices [1], this theme
has been advancing in fundamental science [2–6] and various
applications [7–13] such as the transmission of enormous
amounts of information [13] and the formation of chiral struc-
tures in solids [12]. The possible origin of optical vortices
in a natural phenomenon has also been discussed. For ex-
ample it was suggested that optical vortices are generated
from rotating black holes [14]. At present, optical vortices
are mainly generated using laser with various optical devices
to provide for various experiments. On the other hand, it
was proposed that optical vortices could be generated by har-
monic radiations in synchrotron radiations of electrons with a
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helical undulator, which produces circular polarized light by
the fundamental radiation, and it is expected that nth harmonic
radiations are optical vortices having an average angular mo-
mentum of nh̄ per photon [15]. Generation of optical vortices
using helical undulators has been studied experimentally and
theoretically [16–22]. Furthermore, optical vortex generation
by free electron lasers with electron beams has been demon-
strated [23,24].

Allen et al. [1] also pointed out that a single photon can
have the wave function of a vortex at the quantum level [1].
The generation of photon vortices was experimentally verified
using quantum entanglement [25,26]. One of the remarkable
features of the photon vortex is that the wave function of the
photon vortex is the eigenstate of the z component of the
total angular momentum (zTAM) when the photon propagates
along the z direction. This means that a single photon vortex
can have many different states for zTAM whereas photons
described well by a plane wave can have only two states of
helicity +s and −s. This feature is useful for quantum com-
munications [7,9]. Furthermore, using photon vortices with
a large zTAM, one could observe quantum effect caused by
the large angular momentum transfer in interactions between
individual photons and quantum objects such as molecules
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[27,28], atoms [29,30], and atomic nuclei [31]. It has been
discussed that when a high-zTAM photon vortex interacts on
a nucleus its nuclear reaction is different from that with a
plane-wave photon [31,32]. For the photon vortex, the wave
functions based on Laguerre-Gaussian [6] and Bessel func-
tions [33] have been theoretically predicted and these wave
functions have the features as explained above.

Even if an optical vortex is generated at the macrolevel,
it does not necessarily mean that the wave function of each
photon consisting of the initial nonvortex light is converted
to the wave function of the eigenstate of zTAM. Generation
of photon vortices requires a mechanism in which the wave
function of the initial nonvortex photon is converted to the vor-
tex wave function or newly produces a photon with a vortex
wave function. Among known generation mechanisms for the
optical vortex, harmonic radiations from a spiral moving elec-
tron under a magnetic field [15–21] and nonlinear Compton
scattering on an electron with a circularly polarized high-flux
laser [32,34,35] are two of the candidates for a mechanism
for efficient generation of photon vortices and controlling of
the quantum states of the generated photon vortices, because
they are fundamental processes; in the former a single electron
under a magnetic field radiates a photon, whereas in the latter
an electron absorbs multiphotons and radiates a photon. It is
possible to treat these processes in the framework of quantum
theory and to predict the properties of generated photon vor-
tices such as energy and zTAM.

Recently, we have presented the photon vortex generation
by synchrotron/cyclotron radiations from spiral moving elec-
trons in an extremely strong uniform magnetic field with a
strength of 108–1010 T, which could be realized in celestial
systems such as neutron stars [36] and black holes [37], using
calculation taking Landau quantization into account [38]. In
the quantum framework, the electron orbitals under magnetic
fields are in Landau quantization [39–45], and a photon is
radiated through a transition of an electron between two differ-
ent Landau levels. In uniform magnetic fields, electrons make
helical motions and their wave functions are the eigenstates
of the angular momentum component along the direction par-
allel to the magnetic field. As predicted previously [19], our
previous study [38] also shows that nth harmonic radiations
from electrons under a uniform magnetic field are photon
vortices of the eigenstate with zTAM of nh̄. Furthermore, the
calculated energy spectra show that the energy region of each
mode photon vortex is limited and photon vortices dominate
in the energy region higher than the maximum energy of the
fundamental radiation being the nonphoton vortex. This result
indicates that it is possible to generate predominantly photon
vortices with a specific zTAM when we control the structure
of a magnetic field and the entrance trajectory of the initial
electrons for the magnet system.

The previous experiments using helical undulators have
verified generation of optical vortices [16–18], where the vor-
tex shape appears in the interference between the produced
light and fundamental light. In these experiments, however,
they did not show clearly behaviors of photon vortices with
a fixed angular momentum. Furthermore, there is another
problem in the experimental verification. In the quantum the-
ory with Landau quantization, the decay widths of radiated
photons depend on the wave functions of the initial and final

electron states [41]. Therefore, the decay probabilities and
energy spectra of radiated photons depend on the structure of
the magnetic field. The helical undulators have been widely
used for generation of circularly polarized light in synchrotron
radiation facilities on the ground, but it consists of an array
of magnets for a periodically alternating field to produce a
spiral motion of electrons and the structure of the magnetic
field is different from the uniform magnetic field. Therefore,
observation using helical undulators is, in principle, different
from that for uniform magnetic fields.

The aim of this paper is to present a method using Landau
quantization for calculating photon vortex generation with
electron beams under possible conditions on the ground. In
the extremely strong magnetic fields of 108–1010 T in the
universe, the level density of Landau states is low enough
to calculate exactly the synchrotron radiations [38]. However,
the level density increases as the magnetic field strength be-
comes weaker. In experiments on the ground, the possible
strength of the magnetic field is as weak as the order of
10 T so that the Landau level number for a Larmor radius
of approximately 10 µm becomes larger than 105. It is prac-
tically impossible to perform exactly a calculation with such
huge Landau level numbers in the framework of Ref. [38].
Thus, we need another approach to calculate numerically
the properties of generated photon vortices. In this paper we
exhibit an approximate method for this calculation. Even if
the Landau quantum number is very large, this approximation
is reasonable for generation of the photon vortices with low
angular momenta. Therefore, we calculate the photon vortex
production in the quantum mechanical framework and show
production probabilities, energy spectrum, and spatial distri-
bution of photon vortices.

II. FORMALISM

In this section we briefly explain our formalism, the details
of which are written in Ref. [38]. In the present paper, we
consider a uniform dipole magnetic field along the z direction,
B = (0, 0, B), by which an electron trajectory draws a circle
in a plane perpendicular to the z direction under this magnetic
field. We use the natural unit h̄ = c = 1. The electron wave
function ψ (r) at the position r = (x, y, z) in this system is
obtained from the following Dirac equation:

{α · (−i∇r + eA) + βme − E}ψ (r) = 0, (1)

where α and β are the Dirac matrices, A is an electromagnetic
vector potential, E is the electron energy, e is the elementary
charge, and me is the electron mass. We choose the symmetry
gauge with the vector potential being A = (−y, x, 0)B/2. In
order to describe a solution of Eq. (1), we introduce the
two-dimensional harmonic wave function with the cylindrical
coordinate as

GL
n (rT ) ≡ RL

n (rT )
eiφ

√
2π

=
√

2n!

(n + |L|)! r|L|
T e−r2/2L|L|

n

(
r2

T

) eiLφ

√
2π

(2)

where L|L|
n is the associated Laguerre function, L is the z

component of the orbital angular momentum (zOAM), pz is
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the z component of the momentum, and n is the number of the
node.

A solution of Eq. (1) in this system is known as follows
[41]:

ψ (r) =
{

1 + �z

2
GL−1

n′

(√
eB

2
rT

)
+ 1 − �z

2
GL

n

(√
eB

2
rT

)}

×
√

E + me

2E

[
χh

p̃·σ
E+me

χh,

]
eipzz

√
Rz

,

p̃ = (0,
√

2eBNL, pz ), (3)

where Rz is the size of the system along the z direc-
tion, σ ≡ (σx, σy, σz ) is the Pauli matrix, χh is the two-
dimensional Pauli spinor satisfying σzχh = hχh (h = ±1),
�z = diag(1,−1, 1,−1), and n′ = n when L � 0 and n′ =
n − 1 when L � −1. The wave function is the eigenstate of
the zTAM the value of which is J = L + h/2. The electron
energy in a Landau level is given by E = √2eBNL + p2

z + m2
e

where NL indicates the Landau quantum number defined as
NL = (L + |L|)/2 + n. The form of χh is arbitrary when NL �
1 because there are two degenerate states at fixed L and n,
whereas the state with NL = 0, which is the so called lowest
Landau state, is not degenerate and its spinor is taken to be
only tχ−1 = (0, 1). The wave function for n = 0 corresponds
to the helical motion along the z axis when L � 0, whereas
the wave function for n � 1 indicates the helical motion along
an axis that is different from the initial axis [46].

Next, we consider one photon emission from an electron
through a transition between two Landau states. We restrict
only L � 0 and n = 0 states for the initial and final states
which correspond to electrons rotating along the z axis. We de-
fine the z components of the initial and final momentum as piz

and p f z, respectively. We also define the zOAM of the initial
and final states as Li and L f , and spin states hi and h f , which
indicate the zTAM of the initial and final states as Ji = Li + si

and Jf = L f + h f . In these conditions we can consider only
photons with zTAM K = Ji − Jf and propagating along the z
direction with the z component of momentum qz = piz − p f z.
Thus, a wave function of an emitted photon is obtained as a
solution of the Klein-Gordon equation written as

−∇2A(r) = −(∇2
z + ∇2

T

)
A(r) = (q2

z − ∇2
T

)
A(r) = e2

qA(r),
(4)

where eq is the photon energy. Here, we choose the Coulomb
gauge ∇ · A = 0 with the photon as A0 = 0. There are two
orthogonal states, which are the so called transverse magnetic
(TM) state and the transverse electric (TE) state at fixed m
[33], the wave functions of which are written as

A(TM)
m = 1

2eq
ei(qzz−eqt )

× [iqz(J̃m+1 − J̃m−1), qz(J̃m+1 + J̃m−1), 2qT J̃m],

A(TE)
m = 1

2
ei(qzz−eqt )[i(J̃m+1 + J̃m−1), (J̃m+1 − J̃m−1), 0] (5)

with

J̃M (rT ) = JM (qT rT )eiMφ, (6)

where qT =
√

e2
q − q2

z , and JM is the Bessel function. Fur-
thermore, we have another choice for the orthogonal states
as Am,s = −i(A(TE)

m − sA(TM)
m )/

√
2 (s = ±1) [20], which are

equivalent to the states of the helicity s = ±1 at the limit of
qT → 0 as

Ams(r, t ) → 1√
	R

εse
i(m−s)φei(qzz−eqt ), (7)

with εs = (1, is, 0)/
√

2 and 	R being the system volume.
The decay width of the electron at an initial state i is

obtained as


e(i) = e2

8π2

∑
f ,m,α

∫
dqzdqT qT

eq

d p f z

2π
δ(Ei − E f − eq)

×
∣∣∣∣
∫

drψ f (r)A/(α)∗
m (r)ψi(r)

∣∣∣∣
2

, (8)

where f indicates the final electron state, and E f =√
2eBNf + (piz − qz )2 + m2

e . Substituting Eqs. (3) and (5)
into Eq. (8), we can obtain the detailed expression of the decay
width. To get the detailed expression, we define

M
(

L f , n f ; Li, ni;
qT√
eB

)

= eB

2

∫
drT rT R

L f
n f

(
eBr2

T

/
2
)
JL f −Li (qT rT )RLi

ni

(
eBr2

T /2
)
(9)

and write M22 = M(L f , n f ; Li, ni ), M11 = M(L f −
1, n f ; Li − 1, ni ), M21 = M(L f , n f ; Li − 1, ni ), and
M12 = M(L f − 1, n f ; Li, ni ). We make the average of
the strengths in Eq. (8) for the initial spin and the summation
for the final spin. We finally obtain the decay width of

d
e

dqz
= 1

2

∑
si,s f

∑
a

d

(a)
i f

d p f z

= αe

2π

(E f + me)(Ei + me)

EiE f

∑
a

Tr[T †
a Ta] (10)

with

TTM = qz

2eq

⎧⎨
⎩M12

[ piT

Ei+me

ipiz

Ei+me
− ip f z

E f +me

0 p f T

Ei+me

]
− M21

⎡
⎣ − p f T

E f +me
0

ip f z

E f +me
− ipiz

Ei+me
− piT

Ei+me

⎤
⎦
⎫⎬
⎭

+ qT

eq

⎧⎨
⎩M11

⎡
⎣ piz

Ei+me
+ p f z

E f +me
− ipiT

Ei+me

ip f T

E f +me
0

⎤
⎦+ M22

⎡
⎣ 0 ip f T

E f +me

− ipiT

Ei+me

piz

Ei+me
+ p f z

E f +me

⎤
⎦
⎫⎬
⎭, (11)
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TTE = M12

⎡
⎣ piT

Ei+me

ipiz

Ei+me
− ip f z

E f +me

0 p f T

Ei+me

⎤
⎦+ M21

⎡
⎣ − p f T

E f +me
0

ip f z

E f +me
− ipiz

Ei+me
− piT

Ei+me

⎤
⎦, (12)

where pi( f )T = √2eBNi( f ). Note that the possible energy of an emitted photon with m is limited by

eBm

Ei + |piz| � eq � eBm

Ei − |piz| . (13)

In this paper we are interested in the emission of the photon with the zTAM m = 1–5, which is much smaller than zTAM
of the initial and final electrons. Then, we consider the approximate expression of the decay width of Eq. (10). As mentioned
before, the wave function for n = 0 and L � 0 corresponds to the helical motion along the z axis, whereas the wave function
for n � 1 and/or L � −1 indicates the helical motion along an axis that is different from the initial axis [46]. Then, we take
only n = 0 for the initial state. As shown in Ref. [38], in addition, contributions from n f � 1 are very small in the energy region
where the photon vortex with a small zTAM is emitted, so that we can restrict ni = n f = 0 though we examine contributions
from n f = 1 later.

The associated Laguerre functions, Lp
n (x), when n = 0 and 1 are written as

LL
0 (x) = 1, LL

1 (x) = 1 − L + r2. (14)

When Li � L f � 0, then,

M
(

L f , 0; Li, 0;
qT√
eB

)
= eB√

Li!L f !

∫
drre−r2/2eB

(√
eB

2
r

)Li+L f

JLi−L f (qT r)

=
√

L f !

Li!

(
q2

T

2eB

)(Li−L f )/2

e−q2
T /2eBLLi−L f

L f

(
q2

T

2eB

)
=
√

1

2
e−q2

T /4eBR
Li−L f

L f

⎛
⎝
√

q2
T

2eB

⎞
⎠, (15)

and

M(L f , 1; Li, 0) = eB

2
√

Li!(L f + 1)!

∫
drre−r2/2eB

(√
eB

2
r

)Li+L f

(1 + L f − eBr2)JLi−L f (qT r)

= 1

2

√
(L f + 1)!

Li!

(
q2

T

2eB

)(Li−L f )/2

e−q2
T /2eB

{
LLi−L f

L f

(
q2

T

2eB

)
− LLi−L f

L f +1

(
q2

T

2eB

)}

= 1

2
√

2
e−q2

T /4eB

{√
L f + 1R

Li−L f

L f

(
q2

T√
2eB

)
− R

Li−L f

L f +1

(
qT√
2eB

)}
. (16)

As mentioned above, in experiments on the ground the zOAM of initial and final electrons must require the condition that
Li > L f 	 Lg ≡ Li − L f , and we can use the following asymptotic formula [47] as

Lm
n (x) ≈ ex/2(nx)−m/2Jm(2

√
nx) (n 	 m), (17)

which leads to

Rm
n (x) ≈

√
2n!

(n + m)!
nm/2Jm(2

√
nx) ≈ e−m/2nJm(2

√
nx), (18)

when n 	 m and x is fixed. When Lg ≡ Li − L f � Li, then, we obtain the following approximate equations of the transition
matrix M up to the lowest order of Lg/Li as

M(L f , 0; Li, 0) ≈
√

Li!

(Li + Lg)!
L

− Lg
2

i e− q2
T

4eB JLg ≈ e− L2
g

2Li
− q2

T
4eB JLg

(√
2Li

eB
qT

)
, (19)

M(L f , 1; Li, 0) ≈ 1

2
e−q2

T /4eB

{√
L f + 1e

− L2
g

2L f JLg

(√
2L f

eB
qT

)
−
√

Li + 1e
− L2

g
2(L f +1) JLg

(√
2(L f + 1)

eB
qT

)}

≈ 1

2
e
− L2

g
2L f

− q2
T

4eB

{[√
Li − Lg + 1√

2Li

]
JLg

(√
2L f

eB
qT

)
− √

Li

(
1 + L2

g + 1

2L2
i

)[
JLg

(√
2L f

eB
qT

)
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+ Lq

2L f
JLg

(√
2L f

eB
qT

)
− qT√

2L f eB
JLg+1

(√
2L f

eB
qT

)]}

≈ 1

2
e− L2

g
2Li

− q2
T

4eB

[
qT√
2eB

JLg+1

(√
2Li

eB
qT

)
− Lg√

Li
JLg

(√
2Li

eB
qT

)]
. (20)

To examine the above approximate calculation with the asymptotic expression, we show the results of M(Li, 0; L f , 0) with
the approximate formula Eq. (19) and those with the exact formula Eq. (15) when Li = 200 and Li − L f = Lg = 2 (a), Lg = 5
(b), and Lg = 10 (c) in Fig. 1. The results in the approximated expression (solid lines) well agree those in the exact one (dotted
lines) when Lg = 2 and 5, while the two results are slightly different around the peaks when Lg = 10. In this paper we treat the
condition that Li ≈ 105–108, where the above asymptotic form is applicable for production of photon vortices with zTAM of
up to several tens. In addition, we confirm that the expression with the asymptotic formula is as valid for n f = 1 as for n f = 0
though we omitted n f = 1 here. Furthermore, we also set the condition that

√
2eBLi � Ei, which causes Ei 	 eq, and obtain

the photon energy eq with

eq =
√

2eBLi + p2
iz + m2

e −
√

2eB(Li − Lg) + (piz − qz )2 + m2
e ≈ eBLg + pizqz

Ei
,

which leads to

qz ≈ Eieq − eBLg

piz
. (21)

In addition, we use the approximations as M11 ≈ M22 and

piz

Ei + me
− p f z

E f + me
≈ qz

Ei + me
− pizeq

(Ei + me)2
≡ Zi f , (22)

√
2eBLi

Ei + me
−
√

2eBL f

E f + me
≈

√
eBLg√

2Li(Ei + me)
−

√
2eBLieq

(Ei + me)2
≡ Ti f . (23)

Thus, we substitute the above approximate equations into Eqs. (11) and (12) and obtain the following equations for TTE and TTM:

TTM = 1

2eq

⎧⎨
⎩qz

⎡
⎣−

√
2eBLi (M12+M21 )

Ei+me
+ Ti f M21 −iZi f M12

−iZi f M21 −
√

2eBLi (M12+M21 )
Ei+me

+ Ti f M12

⎤
⎦

− 2qTM22

⎡
⎣
(

2piz

Ei+me
− Zi f

)
−iTi f

−iTi f

(
2piz

Ei+me
− Zi f

)
⎤
⎦
⎫⎬
⎭, (24)

TTE =
[ √

2Li

Ei+me
(M12 − M21) + Ti f M21 −Zi f M12

Zi f M21 −
√

2Li

Ei+me
(M12 − M21) − Ti f M12

]
. (25)

We make numerical calculations with the above formulation.

III. RESULTS

In experiments using electron accelerators it is easier to
control Larmor radius RT of spiral motion electrons than their
zOAM Li. Thus, we present the relationship between RT and
Li. In the classical mechanics the following relation is satis-
fied:

RL = pT

eB
, (26)

where pT is the transverse momentum of the initial electron.
In the Landau quantization, the transverse momentum pT is
given by pT = √

2eBLi, and we obtain

Li = eB

2
R2

L, RL =
√

2Li

eB
. (27)

For this expression we write an additional comment. The den-
sity distribution in the section (xy plane) of the initial electron

when ni = 0 is written as

ρs(rT ) = 1

4π
e−r2

T /2eB

×
{

1

(Li − 1)!

(
eBr2

T

4

)Li−1

+ 1

Li!

(
eBr2

T

4

)Li
}

(28)

with rT =
√

x2 + y2. The root-mean square radius in the sec-
tion is obtained as〈

r2
T

〉 = 1

2

∫
drT r2

T ρs(rT ) = 2Li + 1

eB
≈ 2Li

eB
. (29)

In addition, the peak position of ρs is given by ∂ρs/∂rT = 0
and is obtained as(

r2
T

)
peak = 2

√
Li(Li − 1)

eB
≈ 2Li

eB
.
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FIG. 1. M(Li, 0; Lf , 0)(x) when Li = 200 and Li − Lf ≡Lq=2
(a), 5 (b), and 10 (c). The (red) solid and (blue) dotted lines represent
the results of the approximate formula (19) and the exact one (15).

The above two estimations lead to the same relation of
Eq. (27) when Li 	 1.

In Fig. 2 we show the photon energy spectrum d
e/deq =
(eq/qz )(d
e/dqz ) of individual modes of photon vortices with
m in synchrotron radiations from electrons with a magnetic
field strength of B = 10 T and a Larmor radius of RL = 10
µm (Li of 7.6×105). We consider the initial kinetic energy
Ei − me = 150 MeV (a) and 8 GeV (b), and we integrate
the decay widths over the xy plane. Note that we discuss the
required size and position of the detector later. We see that
the energy dependence of the total strengths shows steplike
shapes and the dominant mode is clearly separated in each en-

FIG. 2. d
e/deq vs the emitted photon energy eq with the
magnetic field strength B = 10 T and the Larmor radius RL = 10
µm when the initial kinetic energy Ei − me = 150 MeV (a) and
8 GeV (b).

FIG. 3. d
e/deq vs the emitted photon energy eq when nf = 1 at
the magnetic field strength B = 10 T and the Larmor radius RL = 10
µm when Ei − me = 150 MeV (a) and 8 GeV (b),

ergy region. Because the strength decreases by about 10−3 as
m becomes m + 1, the total strengths agree with the strength
of the dominant mode for each step. The dominant energy
region for the photon vortices with m is between the largest
energy for m − 1 and that for m as

eB(m − 1)

Ei − piz
� eq � eBm

Ei − piz
, (30)

which is derived from Eq. (13).
As presented previously, it is possible to take a large node

number such as n f �1 for the final electron state, correspond-
ing to the shift of the spiral moving axis of an electron after
radiation. In Fig. 3 we show the same quantities, but the node
number for the final electron state of n f = 1. The contribu-
tions from n f = 1 are about 10−7 of those from n f = 0; these
qualitative behaviors are almost the same as those in the strong
magnetic fields [38]. Thus, we can confirm that contributions
from n f � 1 are negligibly small at least when m � 5.

Next, we discuss results when the Larmor radius increases.
In Fig. 4 we show the photon energy spectrum d
e/deq at
B = 10 T by setting the Larmor radius to be RL = 100 µm

FIG. 4. d
e/deq vs the emitted photon energy eq with the
magnetic field strength B = 10 T and the Larmor radius RL =
100 µm when the initial kinetic energy Ei − me = 150 MeV (a)
and 8 GeV (b).
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FIG. 5. d
e/deq vs the emitted photon energy eq with the mag-
netic field strength B = 20 T and the Larmor radius RL = 100 µm
when the initial kinetic energy Ei − me = 150 MeV (a) and 8 GeV
(b).

(Li = 7.6×107) when the initial electron energies are Ei −
me = 150 MeV (a) and 8 GeV (b). We see that the decay
widths do not drastically decrease with increase of m; the peak
height at m + 1 is about 1/5 of that at m. Then, the decay
probabilities of individual modes are not clearly separated in
the energy spectrum compared to those for RL = 10 µm. How-
ever, we notice that the strengths are much larger than those
when RL = 10 µm. In the cases of m = 2–3, the strengths
for RL = 100 µm are approximately four to five orders of
magnitude larger than those for RL = 10 µm. In addition, the
energies of emitted photons are reduced.

In these calculations, we have assumed the magnetic field
strength of 10 T. We calculate the energy spectra for 20 T
as shown in Fig. 5 by setting the Larmor radius to be RL =
100 µm (Li = 1.5×108) when the initial electron energies are
Ei − me = 150 MeV (a) and 8 GeV (b). These two spectra for
10 and 20 T are similar but the decay widths with m = 2–3
for 20 T become larger than those for 10 T by about one order
of magnitude. The difference between the decay widths for 10
and 20 T becomes larger as m increases. For m = 5, the decay
widths for 20 T are approximately 50 larger than those for
10 T. This result suggests that the decay widths are sensitive
to the magnetic field strength.

In Fig. 6 we show the kinetic relations between the energy
eq and the transverse momentum qT for the emitted photons.
We see that the transverse momenta satisfy the condition of
qT � 6 meV. When B = 10 T, we obtain

√
eB = 24.3 eV and

q2
T /eB ≈ 10−8. Then, the value of the argument of the Bessel

function in Eq. (18) is
√

2Liq2
T /eB ≈ 10−1. This fact shows

us that this approximation is confirmed to be available in the
present calculations although this approximation is not appli-
cable when the argument is very large. Furthermore, we can
know several features of the generated photons in the present
paper. First, in this figure, the energy region for the emitted
photons with a fixed m becomes broader when the initial
electron energy increases, and it becomes narrower when the
Larmor radius of the initial electron increases. We here define
EiT ≡ √2eBLi + m2

e and obtain the relationships of piz ≈ Ei

and Ei − piz ≈ E2
iT /2Ei. Using these, Eq. (13) approximately

FIG. 6. The transverse momentum qT vs the energy eq of the
emitted photon when B = 10 T. The results when Ei − me = 150
MeV and RL = 10 µm are shown in the upper left panel (a), those
when Ei − me = 8 GeV and RL = 10 µm are shown in the upper
right panel (b), those when Ei − me = 150 MeV and RL = 100 µm
are shown in the lower left panel (c), and those when Ei = 8 GeV
and RL = 100 µm are shown in the lower right panel (d).

becomes

meB

2Ei
� eq � 2meBEi

E2
iT

= 2mEi

2Li + m2
e/eB

. (31)

The lower boundary of this energy region is almost zero be-
cause of m

√
eB � Ei, and the upper boundary is proportional

to the initial energy Ei. In the present calculations the ratio of
the assumed electron energies is 8 GeV/150 MeV = 53.3 and
the upper boundary indeed corresponding to each m follows
this ratio. In addition, we can know that the upper boundary
decreases as the Li increases. When B = 10 T and m2

e/eB ≈
4.41 × 108, the ratio of the upper boundaries for the two dif-
ferent Li is E2

iT (Li = 7.6 × 105)/E2
iT (Li = 7.6 × 107) ≈ 0.75,

which agrees with the ratio of the energy region size between
the two Larmor radii of RL = 10 and 100 corresponding to
Li = 7.6 × 105 and 7.6 × 107, respectively. Second, we see
that as the zTAM m increases the energy eq and the transverse
momentum qT of the emitted photon increase and that the
maximum value of qT is approximately proportional to m
though the ratio of the energy to the transverse momentum
is kept on the order of about qT /eq ≈ 10−3. When Ei 	 EiT

and eq 	 qT ,

q2
T = (Ei − E f )2 − (piz − p f z )2

= −E2
iT + E2

f T + 2eq(Ei − piz ) + 2piz(eq − qz )

≈ −E2
iT + E2

f T + Eiq2
T

eq
, (32)

and then we obtain

q2
T ≈ eq

Ei − eq

(
E2

iT − E2
f T

) ≈ 2eBeq

Ei
(Li − L f ). (33)
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FIG. 7. Contour plots for the areal density distribution of the emitted photon with m = 1 and eq = 18.1 eV (a), m = 2 and eq = 54.2 eV
(b), and m = 3 and eq = 90.3 eV (c) when B = 10 T, Ei − me = 8 GeV, and RL = 10 µm. The density increases in the order of blue, cyan,
green, yellow, and red.

Although an emitted photon includes three components of
zOAM, Li − L f and Li − L f ± 1, we can approximately con-
sider m ≈ Li − L f . Because of Eq. (31) we obtain eq/Ei ∝
eBm/E2

iT and

qT ≈
√

2eBeqm

Ei
∝ eB

EiT
m. (34)

Thus, the above analysis explains the qualitative behaviors
of the kinematical relations for the emitted photon momenta
when Ei 	 EiT .

We here consider the areal density of generated photon
vortices in the plane perpendicular to the beam axis (xy plane).
The areal density of radiated photon number per time period
t can be calculated in the equation

N (a)
γ = Jet

e

(
1

h̄

∂
(a)
e

∂eq
eq

)
t = Je

e

(
1

h̄c

∂
(a)
e

∂eq
eq

)
ct2,

(35)

where Je is a current of the incident electron, and eq is the
energy width of the measured photon. The wave functions of
photon vortices (Bessel waves) distribute in large regions in
the xy plane. The strength distributions of the Bessel waves in
the xy plane are given by∣∣A(TE)

m (rT )
∣∣2 = 1

2
|Jm+1(qT rT )|2 + 1

2
|Jm−1(qT rT )|2, (36)

∣∣A(TM)
m (rT )

∣∣2 = q2
z

2e2
q

[|Jm+1(qT rT )|2 + |Jm−1(qT rT )|2]

+ q2
T

e2
q

|Jm(qT rT )|2, (37)

and the areal density of the produced photons per time period
t is estimated as

ργ (rT ) = 1

πR2
T

{
N (TE)

γ |A(TE)(rT )|2 + N (TM)
γ |A(TM)(rT )|2}.

(38)

As an example, we take the electron current to be Je = 1 mA,
the magnetic field strength to be B = 10 T, the measuring time
to be t = 1 s, the energy width to be eq = 0.1 eV, and
the Larmor radius to be RT = 10 µm. In Fig. 7 we show the
contour plots of the averaged photon density in the plane per-
pendicular to the beam direction. We take the photon energy to
be eq = (m − 1/2)/(Ei − piz ), that is near the center value in
the energy region Eq. (30). The distribution of |A|2 has a peak
at the center (x = y = 0) when m = 1. On the other hand,
when m = 2, 3 their photon densities vanish around the center.
This is one of the features of the photon vortex. In Fig. 8 we
show the number density of emitted photons ργ as a func-
tion of rT . These distributions are written as a superposition
of the three Bessel functions Jm(rT ) (m = N − 1, N, N + 1)
and exhibit complicated behavior of rT dependence. In this
figure we can see that the density becomes zero at rT = 0
when m � 2, and that the rT dependences of Ei − me = 150
MeV and 8 GeV show the same behaviors except for the ab-
solute values. This is consistent with the results for the energy
spectra; the qualitative behaviors are almost independent of
the initial electron energy although the absolute values are
different. The densities of the initial and final electrons are
distributed to infinite rT and the oscillation behaviors of the
photon strengths also continue to infinity. In experiments in
the laboratory, however, the electron densities are distributed
in an area limited by the size of a magnetic field, and the
densities of produced photons also appear in a limited range.
The formulation in this paper is valid, but it would not be
very meaningful to see the behavior of vibrations at a far
distance. Figure 8 shows that the oscillation behavior can be
observed in order of several hundred µm. The wave functions
of emitted photons travel parallel to the magnetic field after
radiation, and thus the areal density does not depend on the
distance from the magnetic field. Furthermore, Fig. 8 shows
that the amplitude decreases with increasing rT without the
oscillation. This result shows that when a detector with a size
of a few cm is set on the axis of the spiral motion electrons,
the energy spectra nearly equal to those presented in Figs. 2,
4, and 5 can be measured. The present paper clearly shows
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FIG. 8. Density distribution of emitted photon per second as a
function of the distance from the rotation axis with m = 1 (a), m = 2
(b), and m = 3 (c) when Ei − me = 150 GeV, and those with m =
1 (d), m = 2 (e), and m = 3 (f) when Ei − me = 8 GeV. In all the
calculations B = 10 T and RL = 10 and 100 µm.

that when one controls the entrance trajectory and energy of
an electron beam under a uniform magnetic field one can gen-
erate predominantly photon vortices with a specific zTAM in
a limited energy range. This is useful for various applications
at the quantum level such as quantum control and quantum
communication.

Finally, we discuss a possibility of generation of coherent
photon vortices. Our previous study [38] and the present paper
show that photon vortices are generated by harmonic radia-
tions under uniform magnetic fields but there is no coherent
structure at the macrolevel. This suggests that even if one can-
not observe the optical vortex at the macrolevel it is possible to
observe the effect of the large angular momentum transfer in
interactions of each photon vortex with an object. In contrast,
when an optical vortex consisting of photons that are not

the eigenstates of zTAM interacts on materials it is difficult
to observe such quantum effects. The third possibility is an
optical vortex consisting of photon vortices, namely coherent
photon vortices. In the present method, when one uses an
electron bunch with size much shorter than a wavelength of
the oscillation in the areal density in Fig. 8 and the wavelength
of the harmonic radiation, it is expected to generate coherent
photon vortices. Note, however, that in such condition the syn-
chrotron radiation may be largely different from the present
calculation because of the effect of the entrance of electrons
to the magnetic field.

IV. SUMMARY

In quantum theory, electron orbitals in a magnetic field
are under Landau states and synchrotron radiation is treated
as a transition between two Landau levels. The level density
increases as the magnetic field strength decreases, and it be-
comes too high to calculate exactly synchrotron radiation in
possible magnetic field strengths on the ground. In this paper
we have developed a formulation for generation of photon vor-
tices by synchrotron radiation from a spiral motion electron
in a uniform magnetic field with feasible parameters in the
laboratory by using asymptotic formulations of the emission
amplitudes under the condition of Li − L f � Li. This approx-
imation is applicable for photon vortex production of zTAM of
up to several tens of h̄. Then, to present the expected energy
spectra and areal densities of generated photon vortices we
calculate numerically those of photon vortices for 150-MeV
and 8-GeV electron energies and a magnetic field of 10 and
20 T. We set Larmor radii of RL = 10 and 100 µm for electron
spiral motion. The energy spectra show that the photons have a
clearly defined energy region for each zTAM. The calculated
areal densities present oscillation structures as a function of
rT , depending on the photon energy and zTAM. When one
places a detector with a diameter of a few cm on the axis
of the spiral motion, one can observe an energy spectrum
approximately equal to that obtained by the calculation for the
assumed conditions. These results indicate that it is possible
to generate predominantly photon vortices using synchrotron
radiations and to control their zTAM when one controls the
energy and entrance trajectory of the electrons and the struc-
ture of the magnetic field. The present formula contributes to
the prediction and verification of photon vortex generation.
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