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Variational generation of spin squeezing on one-dimensional quantum devices
with nearest-neighbor interactions
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Efficient preparation of spin-squeezed states is important for quantum-enhanced metrology. Current protocols
for generating strong spin squeezing rely on either high dimensionality or long-range interactions. A key
challenge is how to generate considerable spin squeezing in one-dimensional systems with only nearest-neighbor
interactions. Here, we develop variational spin-squeezing algorithms to solve this problem. We consider both
digital and analog quantum circuits for these variational algorithms. After the closed optimization loop of the
variational spin-squeezing algorithms, the generated squeezing can be comparable to the strongest squeezing
created from two-axis twisting. By analyzing the experimental imperfections, the variational spin-squeezing al-
gorithms proposed in this paper are feasible in recently developed noisy intermediate-scale quantum computers.

DOI: 10.1103/PhysRevResearch.5.043285

I. INTRODUCTION

Spin squeezing plays a central role in the field of quantum
metrology and the characterization of quantum entangle-
ment [1,2]. Generating highly spin-squeezed states is of
fundamental interest because of its promising applications
in high-precision measurements [3–6], such as the search
for dark matter axions [7]. Different from the Greenberger-
Horne-Zeilinger state, which is very fragile to noise [8],
spin-squeezed states are more robust against amplitude-
damping noise [2,9]. A paradigmatic protocol for generating
spin-squeezed states is one-axis twisting (OAT) [10], which
can be straightforwardly realized in several experimental
platforms with long-range interactions, including atomic
Bose-Einstein condensates [4,5,11–14], trapped ions [15],
Rydberg-dressed atoms [16], and superconducting circuits
with all-to-all connectivity [17–19].

Despite enormous progress in generating squeezing via
OAT, there are two key challenges in this field. The first one is
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that OAT relies on infinite-range interactions, while only a few
experimental platforms can achieve sufficiently long-range or
infinite-range interactions. Consequently, exploring the pos-
sibility for generating highly spin-squeezed states in systems
with short-range interactions is highly desirable. The second
challenge is the realization of two-axis twisting (TAT), gener-
ating stronger squeezing than OAT [10]. Even though several
schemes for achieving TAT have been proposed [20–24], its
experimental realization remains absent due to the limited
controllability and flexibility of artificial quantum systems.

Recent studies have shown that spin squeezing comparable
to the best one generated from OAT can be achieved in two-
and three-dimensional short-range systems [25–27]. It indi-
cates that higher-dimensional systems have the potential to
yield stronger squeezing [28,29]. Nevertheless, there remains
a more challenging problem, i.e., whether one-dimensional
(1D) quantum devices with only nearest-neighbor interac-
tions, as one of the most experimentally achievable systems in
quantum simulation, can generate highly spin-squeezed states
that are comparable to those from OAT or even from TAT.

In the past few years, tremendous developments on vari-
ational quantum algorithms [30–34] opened avenues for
improving the performance of quantum sensors [29,35–39],
providing a method for overcoming the aforementioned chal-
lenges. Here, by adopting the squeezing parameter [40]
(lower value of the parameter corresponding to a better
spin-squeezed state) as the objective function, we propose
variational spin-squeezing algorithms on 1D quantum devices
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FIG. 1. (a) A digital quantum computer consisting of a loop of
superconducting qubits connected with couplers. (b) Schematic of
the parameterized quantum circuit (PQC) based on the alternating
layered ansatz with N = 12 qubits and the number of layers p = 2.
Here, the two-qubit gate notation refers to the fermionic simulation
(FSIM) gate defined by Eq. (8). The initial state is chosen as |ψ0〉 =
|00...0〉, where |0〉 is the eigenstate of σ̂ z with the eigenvalue −1. The
variational parameters are denoted as �x. One layer of the PQC con-
tains two layers of entangler ÛE ,1 and ÛE ,2, each of which is followed
by a layer of single-qubit rotations. After measuring the final state of
the PQC, the value of objective function ξ 2(�x) can be obtained and
then is fed into the classical computer, where the optimization algo-
rithm is running, finding the next set of variational parameters �xnew.
Then, �xnew is fed into the quantum computer, completing one loop
of the algorithm. Finally, by iteratively running several loops, one
can obtain the optimized objective function ξ 2

opt = ξ 2(�xopt ). (c) The
Husimi Q function for the optimized spin-squeezed states generated
by the 12-qubit PQC with p = 3.

with nearest-neighbor interactions to achieve not only OAT
but also TAT.

The performance of variational quantum algorithms greatly
depends on the choice of ansatz for designing the param-
eterized quantum circuit (PQC) [34]. Here, we first focus
on a PQC based on the alternating layered ansatz (ALA),
which can be realized in several platforms of digital quantum
computers, ranging from near-term superconducting circuits
[41–46] [also see Figs. 1(a) and 1(b)] to neutral Rydberg
atoms [47,48]. Flexible digital quantum computers allow us to
implement gate-model-based circuits using different ansatzes.
We choose the ALA because of its deterministic expressibility
[49] and ameliorated barren-plateau phenomena [50]. Then,

we consider a hardware-efficient PQC that is suitable for
analog quantum computers, where all qubits in the circuit can
be entangled via the global unitary evolution of a tailored
Hamiltonian. We numerically study the performance of the
aforementioned two variational spin-squeezing algorithms.
Remarkably, we find that a spin-squeezed state with a squeez-
ing parameter comparable to the lowest one obtained from
TAT can be generated from both shallow-depth optimized
digital and analog PQCs. We also analyze the influence of
experimental imperfections and explore the methods to reduce
errors in the quantum circuit of the variational spin-squeezing
algorithms.

II. VARIATIONAL SPIN-SQUEEZING ALGORITHM
WITH DIGITAL QUANTUM CIRCUITS

The workflow of variational spin-squeezing algorithms
consists of four parts (see Fig. 1): (i) the objective function;
(ii) the PQC; (iii) measurement of the squeezing parameter;
and (iv) the classical optimizer. Here, for an N-qubit system,
the spin squeezing parameter, chosen as the objective func-
tion, is defined as [40]

ξ 2[ρ̂, Ŝ] = N

λmax(M[ρ̂, Ŝ])
, (1)

where Ŝ is a family of accessible operators, and λmax is the
maximum eigenvalue of the matrix M[ρ, Ŝ]. For the linear
Ramsey squeezing parameter ξ 2

L , Ŝ = ŜL = (Ĵx, Ĵy, Ĵz ) (Ĵα =
1
2

∑N
i=1 σ̂ i

α , α ∈ {x, y, z}), and

M[ρ̂, Ŝ] = CT [ρ̂, Ŝ] V−1[ρ̂, Ŝ] C[ρ̂, Ŝ], (2)

with

Vi j[ρ̂, Ŝ] = 〈{Ŝi, Ŝ j}〉/2 − 〈Ŝi〉〈Ŝ j〉 (3)

and

C[ρ̂, Ŝ] = −i〈[Ŝi, Ŝ j]〉. (4)

Parameter ξ 2
L can be easily measured in near-term quantum

computers [19], as discussed below in Appendix A. The def-
inition of the squeezing parameter Eq. (1) can be generalized
to a higher-order nonlinear squeezing parameter, which char-
acterizes the entanglement of non-Gaussian states.

For digital quantum computers, we design the PQC en-
lightened by the ALA. As shown in Fig. 1(b), the circuit
is comprised of arbitrary single-qubit rotations with angles
�ω(k) ≡ (ω(k)

1 , ω
(k)
2 , ω

(k)
3 ), i.e.,

Ûj (�ω(k) ) = e−iσ̂ z
j ω

(k)
1 e−iσ̂ x

j ω
(k)
2 e−iσ̂ z

j ω
(k)
3 , (5)

and two kinds of layers of fermionic simulation (FSIM) gates,

ÛE ,1 =
N/2⊗
i=1

FSIM(θ, φ)2i−1,2i (6)

and

ÛE ,2 =
N/2⊗
i=1

FSIM(θ, φ)2i,2i+1 (7)

being the entanglers, where FSIM(θ, φ) j, j+1 refers to the
FSIM gate applied on the qubit pair consisting of the jth and
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( j + 1)th qubits with

FSIM(θ, φ) =

⎛
⎜⎜⎝

1 0 0 0
0 cos θ −i sin θ 0
0 −i sin θ cos θ 0
0 0 0 e−iφ

⎞
⎟⎟⎠. (8)

The FSIM gate in Eq. (8) plays a key role in the simulation of
electronic structures [43,51] and can provide sufficient entan-
glement for demonstrating quantum advantage [41,42]. More
importantly, a continuous set of high-fidelity FSIM gates
with different control angles θ and φ can be experimentally
realized [52].

The adjustable couplers in Fig. 1(a) enable us to individ-
ually implement the layer of entanglers ÛE ,1 and ÛE ,2. Here,
for simplicity, we choose the same value of the angles (θ, φ)
in FSIM gates Eq. (8) for different layers of entanglers ÛE ,1

and ÛE ,2, i.e., all the FSIM gates in the PQC shown in Fig. 1(b)
are the same. For the layers of single-qubit rotations, we adopt
the protocol where the even (odd) qubits have the same angle
−→α (P) (

−→
β (P)). The reason for choosing this protocol is ana-

lyzed in Appendix B from the perspective of the expressibility
[53] of PQCs and the spatial symmetry.

Then, the final state after the p-layer PQC based on the
ALA on the initial state |ψ0〉 = |00...0〉 is written as

|ψ (�x)〉 =
p∏

l=1

[
Û (2l )

s ÛE ,2Û
(2l−1)
s ÛE ,1

]
Û (0)

s |ψ0〉, (9)

with

Û (k)
s ≡

∏
j∈odd

Ûj (�α(k) )
∏

j∈even

Ûj (�β (k) ) (10)

being a layer of single-qubit rotations Eq. (5). Here,

Û (0)
s =

∏
j∈odd

e−iσ̂ z
j α

(0)
1 e−iσ̂ x

j α
(0)
2

∏
j∈even

e−iσ̂ z
j β

(0)
1 e−iσ̂ x

j β
(0)
2 (11)

and the initial single-qubit rotation without the first Z rotation
in Eq. (5) due to the chosen initial state |ψ0〉. In the PQC
with p layers, in addition to four variational parameters in
the initialization, there are 12p variational parameters for the
single-qubit rotations and only two variational parameters for
the entanglers.

After introducing the PQC, we can implement the op-
timization algorithms, such as the BFGS method [34], to
search for the optimum parameters in the PQC for the
state with the lowest squeezing parameter. We present de-
tails of the optimization by using the BFGS method in
Appendix C. Note that the squeezing can be visualized
via the Husimi Q function Q(�,
) ∝ |〈ψ (�x)|�,
〉|2, with
|�,
〉 ≡ ⊗N

j=1(cos �
2 |0〉 j + sin �

2 e−i
|1〉 j ). Figure 1(c) plots
the Q function of the optimized state obtained from the vari-
ational spin-squeezing algorithm workflow with a depth of
PQC p = 3 and a qubit number N = 12. The squeezing pa-
rameter of the optimized spin-squeezed state is ξ 2

opt 
 0.2,
which is comparable to the lowest value of the squeezing
parameter for TAT, i.e., ξ 2

TAT 
 0.24 (see Appendix D for the
definitions of OAT and TAT and related numerical results).

We numerically simulate the variational spin-squeezing
algorithm workflow with the PQC based on the ALA, using

the BFGS as the optimization algorithm for total 12p + 6
variational parameters, and study the optimized linear Ramsey
squeezing parameter ξ 2

L,opt as a function of the depth of the
PQC p. Here, we adopt the PQC with periodic boundary
conditions (PBCs), as displayed in Figs. 1(a) and 1(b).

Figure 2(a) shows the results with the system size up to
N = 20. It is shown that for p = 1 and 2, the results for
different N give the same value of ξ 2

L,opt. However, with
increasing p, the values of ξ 2

L,opt diverge for different N .
Actually, ξ 2

L,opt will approach the fundamental limit of the
linear Ramsey squeezing parameter ξ 2

lim = 2/(N + 2) [see the
inset of Fig. 2(a) for the results of ξ 2

L,opt with a deeper p
achieving ξ 2

lim]. Figure 2(b) displays ξ 2
L,opt/ξ

2
L,TAT as a function

of p. We can define p∗ as the most shallow depth achieving
ξ 2

L,opt/ξ
2
L,TAT < 1. We plot p∗ as a function of N in the inset of

Fig. 2(b), showing a slow (approximately linearly) growth of
p∗ as N increases.

Note that OAT or TAT, with infinite-range interactions (see
Appendix D), can also be realized by directly decomposing
the infinite-range circuit into nearest-neighbor ones, which is
known as the line swap strategy [54,55]. By using this strategy,
an N-qubit infinite-range circuit can be decomposed in N lay-
ers of nearest-neighbor two-qubit gates. Although the depth
of the circuit based on the line swap strategy also linearly
scales with the qubit number N , to achieve OAT or TAT via
the variational spin-squeezing algorithms, the required depth
of the PQC is shallower [see the inset of Fig. 2(b)].

We then discuss whether a highly spin-squeezed state can
be generated via the variational algorithm without the PBC of
the PQC. We first consider a simple case where the PQC is the
same as Fig. 1(b) but with open boundary conditions (OBCs),
i.e., the two-qubit gate FSIM(θ, φ)1,N is absent. The results
are displayed in Fig. 2(c), showing that the ξ 2

L,opt obtained
from the PQC with OBC is worse than that for the PQC with
PBC.

Next, we consider a protocol where the single-qubit ro-
tations depends on the index of qubits and the layers (see
Appendix B for a schematic representation of the PQC with
site-dependent rotations). As shown in Fig. 2(c), with the
OBC, although one can obtain a lower value of ξ 2

L,opt via
the protocol with site-dependent rotations, the variational
algorithm with an open-boundary PQC cannot generate an
optimized spin-squeezed state with a squeezing parameter
comparable with the case of PBC, suggesting that the PBC
plays a key role in designing the PQCs for efficient variational
spin-squeezing algorithms. This can be interpreted by the
fact that both OAT and TAT Hamiltonians, i.e., ĤOAT ∝ Ĵ2

z

and ĤTAT ∝ Ĵ2
x − Ĵ2

y , have the PBC with cyclic permutation
symmetry. Thus, it is expected that the PQCs for efficient vari-
ational spin-squeezing algorithms should fulfill the symmetry.

In addition, we consider the PQC, where the angles (θ, φ)
of the FSIM gates Eq, (8) in each layer of entanglers are
different, i.e., the protocol with layer-dependent entanglers.
We present the schematic of the PQC in Appendix B. As
displayed in Fig. 2(c), with PBC, the optimized squeezing
parameters ξ 2

L,opt for the protocol with layer-dependent entan-
glers are only sightly smaller than those for the conventional
protocol. However, the protocol with layer-dependent entan-
glers requires more experimental cost than the protocol shown
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FIG. 2. (a) Optimized linear Ramsey squeezing parameter ξ 2
L,opt as a function of depth p of the PQC for different numbers of qubits N = 10,

12, 14, 16, 18, and 20. Inset of (a): ξ 2
L,opt for the deeper depth of the PQC p with N = 10 and N = 12. The dashed and dotted horizontal lines

represent the values of the fundamental limit of the linear Ramsey squeezing parameter with N = 10 and N = 12, respectively. (b) Ratio of
ξ 2

L,opt to the lowest squeezing parameter ξ 2
L,TAT obtained from TAT, i.e., ξ 2

L,opt/ξ
2
L,TAT, as a function of the depth p. For each system size N , only

the data with p � p∗ are plotted, where p∗ denotes the smallest depth required for achieving ξ 2
L,opt/ξ

2
L,TAT < 1. Inset of (b): p∗ as a function of

N , where the dashed line is the linear fitting. (c) Optimized squeezing parameter ξ 2
L,opt as a function of depth p for different designs of the PQC

with N = 12. (d) Optimized nonlinear Ramsey squeezing parameter ξ 2
NL,opt as a function of depth p for N = 10 qubits. The dashed and dotted

lines in (d) represent the lowest nonlinear Ramsey squeezing parameter obtained from OAT and TAT, respectively. Note that (a) and (c) have a
vertical logarithmic axis.

in Fig. 1(b) since the calibration of two-qubit FSIM gates
with different angles (θ, φ) is more demanding than single-
qubit gates [56]. Consequently, the PQC shown in Fig. 1(b)
is more experimentally feasible. In Appendix E, to guide
subsequent experimental investigations, we present the opti-
mized angles (θopt, φopt) of the FSIM gates Eq. (8) for the
variational spin-squeezing algorithms with the PQC shown
in Fig. 1(b).

The linear squeezing parameter can be generalized to the
second-order nonlinear squeezing parameter by adopting Ŝ =
ŜNL = (Ĵx, Ĵy, Ĵz, Ĵ2

x , Ĵ2
y , Ĵ2

z , Ĵ2
xy, Ĵ2

yz, Ĵ2
zx ) in Eq. (1), which can

characterize the entanglement of non-Gaussian states [40].
Here we consider the nonlinear squeezing parameter ξ 2

NL
as the objective function and employ the variational spin-
squeezing algorithm workflow with the PQC in Fig. 1(b)
to obtain the optimized non-linear squeezing parameter
ξ 2

NL,opt.
As displayed in Fig. 2(d), for N = 10, ξ 2

NL,opt can achieve
the lowest value of ξ 2

NL obtained from OAT and TAT with
depths p = 4 and 7, respectively. In comparison with the
linear squeezing parameter, a deeper depth of the PQC is

required for achieving the lowest ξ 2
NL of TAT. It has been

verified that there is a hierarchy

ξ−2
L � ξ−2 � F/N, (12)

with F being the quantum Fisher information [40]. Conse-
quently, the inverse of the second-order squeezing parameter
ξ−2

NL can estimate the lower bound of F/N . For p = 7, ξ−2
NL,opt 


6.87. Because the violation of the inequality F/N � κ sig-
nals (κ + 1)-partite entanglement [1], the optimized state with
p = 7 at least has seven-partite entanglement.

III. VARIATIONAL SPIN-SQUEEZING ALGORITHM WITH
ANALOG QUANTUM CIRCUITS

For the PQC as shown in Fig. 1(b), between two layers
of single-qubit rotations, the entanglers ÛE ,1 and ÛE ,2 only
make local qubit pairs entangled, as a typical digital quantum
circuit. In contrast, for the hardware-efficient ansatz (HEA)
introduced in Ref. [46], all qubits are entangled between two
layers of single-qubit rotations, as shown in Fig. 3(a). Here, in-
stead of using a gate-model-based way to construct the global
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FIG. 3. (a) Schematic of the PQC for the analog-HEA protocol
with the number of layers p = 2. (b) Semilogarithmic plot of the
optimized linear Ramsey squeezing parameter ξ 2

L,opt versus depth p of
the PQC for N = 10. The dotted horizontal line is the saturated value
of ξ 2

L,opt for the analog-HEA protocol, i.e., ξ 2
L,opt 
 0.2. The dashed

horizontal line represents the fundamental limit of the squeezing
parameter with N = 10, i.e., ξ 2

lim 
 0.167. (c) ξ 2
L,opt as a function of

the number of qubits N with the depth of PQCs p = 5. Here, ALA
refers to alternating layered ansatz.

entangler, i.e., ÛG = ÛE ,1ÛE ,2 [46], we focus on the analog
quantum process, where the global entangler is realized by
letting all qubits evolve under a tailored Hamiltonian ĤT .

According to the results in Fig. 2(c), a PQC with PBC and
layer-dependent entanglers has a better performance. Thus,
for the design of analog quantum circuits based on the HEA,
i.e., the analog-HEA protocol, we still adopt PBC and the
layer-dependent global entangler ÛG(t j ) = exp(−iĤT t j ) with
variational parameters t j ( j = 1, 2, ..., p for a p-layer PQC).
We consider 1D analog superconducting circuits with nearest-
neighbor interactions [57–64] as an example, and the tailored
Hamiltonian can be written as (see Appendix F for details of
the experimental realization)

ĤT =
N∑

i=1

(
σ̂ x

i σ̂ x
i+1 + σ̂

y
i σ̂

y
i+1

)
, (13)

10 12 14 16 18 20

0.15

0.2

0.25

0.3

FIG. 4. The optimized linear Ramsey squeezing parameter ξ 2
L,opt

obtained from the variational spin-squeezing algorithm based on the
PQC shown in Fig. 3(a) with depth p = p∗, for different numbers N
of qubits, in comparison with the ξ 2

TAT.

which is known as the 1D XY model. Overall, the final
parameterized state obtained from the p-layer PQC of the
analog-HEA protocol is

|ψ (�x)〉 =
p∏

l=1

[
Û (l )

s ÛG(tl )
]
Û (0)

s |ψ0〉, (14)

where the initial state |ψ0〉 and the single-qubit rotations Û (l )
s

and Û (0)
s are the same as those in Eq. (9). More precisely,

the PQC Û (�x) = ∏p
l=1[Û (l )

s ÛG(tl )]Û (0)
s is an analog-digital

circuit, because the layers of single-qubit rotations Û (l )
s can

be regarded as digital blocks [65].
With the linear Ramsey squeezing parameter ξ 2

L being the
objective function, after the optimization, we can obtain the
lowest squeezing parameter ξ 2

L,opt for the analog-HEA proto-
col. As shown in Fig. 3(b), when increasing depth p, the ξ 2

L,opt

obtained from the ALA tends to the fundamental limit ξ 2
lim,

while ξ 2
L,opt obtained from the analog-HEA protocol saturates

to a larger value, indicating that the variational spin-squeezing
algorithm based on the ALA outperforms with the analog-
HEA protocol.

As shown in the inset of Fig. 2(b), TAT can be achieved by
using the variational spin-squeezing algorithm based on the
ALA with depths p∗ = 2, 3, 3, 4, 4, and 5 for N = 10, 12,
14, 16, 18, and 20. Here, in Fig. 4, we plot the ξ 2

L,opt obtained
from the analog-HEA protocol with p = p∗ for different N .
It is seen that the shallow-depth analog-HEA protocol can
still generate a spin-squeezed state better than that obtained
from TAT, which provides the possibility for generating strong
squeezing on near-term analog quantum computers.

The aforementioned analog-HEA protocol only considers
the unitary evolution under the 1D XY model Eq. (13) be-
cause it can be directly realized in analog superconducting
circuits [57–64]. For the ALA protocol with the PQC shown in
Fig. 1(b), the entanglers consist of the FSIM gates (8), which
can be rewritten as

FSIM(θ, φ) = exp

[
−i

θ

2
(σ̂ x ⊗ σ̂ x + σ̂ y ⊗ σ̂ y)

]
(15)

× exp

[
−i

φ

4
(Î − σ̂ z ) ⊗ (Î − σ̂ z )

]
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FIG. 5. (a) Schematic of the PQC for the analog-HEA protocol consisting of both the time evolution of the XY model ÛG(t j ) and the Ising
model ÛZ (Tj ) (the analog-HEA-Ising protocol). Here, the depth of the PQC is p = 2. (b) The optimized linear Ramsey squeezing parameter
ξ 2

L,opt versus depth p of the PQC for N = 10. Here, both the analog-HEA-Ising protocol and the analog-HEA protocol are considered.

(Î is the two-dimensional identity matrix). It is seen that
both the XY-type interactions exp[−i θ

2 (σ̂ x ⊗ σ̂ x + σ̂ y ⊗ σ̂ y)]
and Ising interactions exp(−i φ

4 σ̂ z ⊗ σ̂ z ) exist in the FSIM
gates. However, for the analog-HEA protocol with the PQC
in Fig. 3(a), the Ising interactions are absent.

Next, we explore the variational spin-squeezing algorithm
based on the PQC shown in Fig. 5(a), with an additional
entangler

Ûz(Tj ) = exp

[
−iTj

(
N∑

k=1

σ̂ z
k σ̂ z

k+1

)]
(16)

as the global Ising interaction, i.e., the analog-HEA-Ising pro-
tocol. The final parameterized state obtained from the p-layer
PQC shown in Fig. 5(a) is

|ψ (�x)〉 = �
p
l=1

[
Û (l )

s ÛG(tl )Ûz(Tl )
]
Û (0)

s |ψ0〉, (17)

where |ψ0〉, Û (0)
s , and Û (l )

s are the same as those in Eq. (14).
In Fig. 5(b), we display the optimized squeezing parameter

ξ 2
L,opt for the analog-HEA-Ising protocol, in comparison with

the analog-HEA protocol shown in Fig. 3(a). It is seen that
the ξ 2

L,opt obtained from the analog-HEA-Ising protocol can
achieve lower values, which tend to the fundamental limit
ξ 2

lim 
 0.167 with increasing p. The results shown in Fig. 5(b)
indicate that the Ising interactions are indispensable for the
design of variational spin-squeezing algorithms, which can
achieve the fundamental limit of the linear Ramsey squeezing
parameter.

IV. EXPERIMENTAL IMPERFECTIONS

We now analyze the influence of experimental imperfec-
tions on variational spin-squeezing algorithms. We focus on
the algorithm based on the ALA, which is shown in Fig. 1(b),
since it outperforms the analog-HEA protocol with p = 5 of
the PQC [see Fig. 3(c)]. Here we study the influence of the
coherent errors in the FSIM gate Eq. (8). In experiments, the
coherent errors can be induced by the uncertainty of θ and
φ in Eq. (8), and the additional phases �+, �−, and �−,off

[66]. See Appendix G for the formulation of the FSIM gate
with coherent errors, i.e., FSIMexp.(θ∗, φ∗,�+,�−,�−,off ).
The coherent error can be quantified by

r = 1 − 1
16 |Tr(FSIM†

exp.FSIMtarget )|2, (18)

where the target FSIM gate is FSIMtarget = FSIM(θopt, φopt)
with the optimized parameters (θopt, φopt ) obtained from the
variational algorithm without the coherent error, and FSIMexp.

represents the FSIM gate with the coherent error.
As shown in Fig. 6(a), with coherent errors, the squeez-

ing generated by the variational algorithm becomes weaker.
When the coherent errors in the entanglers are considered, the
FSIM gates of different qubit pairs are not identical (see Ap-
pendix G), and the partial permutation symmetry in the PQC
as shown in Fig. 1(b), where all the FSIM gates are the same,
is absent for the PQC with coherent errors. Consequently, ac-
cording to the results of the PQC with site-dependent rotations
[see Fig. 2(c)], one can expect a lower ξ 2

L,opt by employing
the PQC with site-dependent rotations than its conventional
version. As shown in Fig. 6(b), the optimization trajectory
for the saturation of ξ 2

L to its optimized value ξ 2
L,opt is longer

for the protocol with site-dependent rotations compared to the
conventional protocol, due to its larger number of variational
parameters. Moreover, the influence of the coherent errors on
the generated squeezing is suppressed by using the protocol
with site-dependent rotations [see Fig. 6(c)].

V. DISCUSSIONS

We have developed variational spin-squeezing algorithms
for 1D quantum devices with nearest-neighbor interactions.
We designed the PQC enlightened by the ALA, suitable for
digital quantum computers, as well as the PQC based on the
HEA, which can be naturally realized in analog superconduct-
ing circuits. We demonstrated that variational spin-squeezing
algorithms with both digital and analog versions of the PQC
can generate the spin-squeezed states comparable to the best
spin-squeezed state obtained from TAT. Our paper sheds light
on the variational optimization of quantum sensors [38,39,67]
for 1D quantum devices with nearest-neighbor interactions.

The variational spin-squeezing algorithms proposed in this
paper pave the way for experimentally achieving the strongest
squeezing generated from TAT. The efficient numerical sim-
ulation of the PQC shown in Fig. 1(b) with PBCs for large
system sizes is an intractable problem because the matrix-
product-state-based algorithm is less efficient for PBC [68].
Consequently, testing variational spin-squeezing algorithms
on actual experimental platforms is desirable because it can
extend the results shown in the inset of Fig. 2(b) to larger
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FIG. 6. (a) The optimized linear Ramsey squeezing parameter ξ 2
L,opt obtained from the variational spin-squeezing algorithm based on the

ALA as a function of the number N of qubits with depth p = 5 and different coherent errors r. (b) For N = 10 and r = 0.005, the squeezing
parameter ξ 2

L versus iterations during the optimization, for both the conventional ALA protocol and the ALA with site-dependent rotations.
(c) For N = 10 and p = 5, the optimized squeezing parameter ξ 2

L,opt with different coherent errors r. Here, we consider both the conventional
ALA protocol and the ALA with site-dependent rotations. Note that (a) has a vertical logarithmic axis and (b) has both logarithmic axes.

system sizes and demonstrate the scalability of variational
spin-squeezing algorithms.

For the analog version of the variational spin-squeezing
algorithm, the global entangler is implemented by the uni-
tary dynamics under the tailored Hamiltonian that describes
an array of superconducting qubits with nearest-neighbor ca-
pacitive couplings. A further direction would be to study
the performance of the variational spin-squeezing algorithm
based on other experimental platforms such as Rydberg-
dressed atoms [69–72] and cavity quantum electrodynamics
systems [73–75].
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APPENDIX A: MEASUREMENT OF SPIN-SQUEEZING
PARAMETERS

We first present the measurement scheme of the linear spin-
squeezing parameter ξ 2

L with a set of collective spin operators
ŜL = (Ĵx, Ĵy, Ĵz ). According to Eq. (1), the parameter ξ 2

L can
be calculated with the matrix

C[ŜL] =
⎛
⎝ 0 〈Ĵz〉 −〈Ĵy〉

−〈Ĵz〉 0 〈Ĵx〉
〈Ĵy〉 −〈Ĵx〉 0

⎞
⎠ (A1)

and

V [ŜL] =
⎛
⎝ (�Ĵx )2 cov(Ĵx, Ĵy ) cov(Ĵx, Ĵz )

cov(Ĵx, Ĵy) (�Ĵy)2 cov(Ĵy, Ĵz )
cov(Ĵx, Ĵz ) cov(Ĵy, Ĵz ) (�Ĵz )2

⎞
⎠. (A2)

For terms 〈Ĵγ 〉 and (�Ĵγ )2 = 〈Ĵ2
γ 〉 − (〈Ĵγ 〉)2 (γ ∈ {x, y, z}),

the measurement requires the single-shot readout along axis
Ĵγ . Moreover, according to

cov(Ĵα, Ĵβ ) = 〈
Ĵ2
αβ

〉 −
〈
Ĵ2
α

〉 + 〈
Ĵ2
β

〉
2

− 〈Ĵα〉〈Ĵβ〉, (A3)

with α, β ∈ {x, y, z} (α �= β) and Ĵαβ = (Ĵα + Ĵβ )
√

2, the
measurement of the covariances cov(Ĵx, Ĵy), cov(Ĵx, Ĵz ), and
cov(Ĵy, Ĵz ) requires a single-shot readout along the additional
three axes Ĵxy, Ĵxz, and Ĵyz. In short, to obtain the linear Ramsey
spin squeezing parameter ξ 2

L , one should perform the single-
shot readout measurements on each qubit along the following
axes: {Ĵx, Ĵy, Ĵz, Ĵxy, Ĵyz, Ĵzx}.

Then, we present the measurement scheme of the non-
linear spin squeezing parameter ξ 2

NL with a set of collective
spin operators ŜNL = (Ĵx, Ĵy, Ĵz, Ĵ2

x , Ĵ2
y , Ĵ2

z , Ĵ2
xy, Ĵ2

yz, Ĵ2
zx ). The

expression of the matrices V [ŜNL] and C[ŜNL] are more
complex. According to the analytical results in Ref. [19],
to measure the parameter ξ 2

NL, one requires the single-shot
readout measurements of the following operators:

Ĵx, Ĵy, Ĵz, Ĵxy, Ĵyz, Ĵzx, Ĵxy, Ĵyz, Ĵzx, (A4)

with Ĵαβ = (Ĵα − Ĵβ )/
√

2 and Ĵxy′ , Ĵyz′ , Ĵzx′ , with Ĵαβ ′ = (Ĵα +√
3Ĵβ )/

√
2 and Ĵxy′ , Ĵyz′ , Ĵzx′ , with Ĵ

αβ
′ = (Ĵα − √

3Ĵβ )/
√

2,
and

Ĵxyz = Ĵx + Ĵy + Ĵz√
3

, Ĵxyz = −Ĵx + Ĵy + Ĵz√
3

, (A5)

Ĵxyz = Ĵx − Ĵy + Ĵz√
3

, Ĵxyz = Ĵx + Ĵy − Ĵz√
3

. (A6)
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APPENDIX B: EXPRESSIBILITY AND PERFORMANCE
OF PARAMETERIZED QUANTUM CIRCUITS

WITH DIFFERENT DESIGNS

In this Appendix, we study the expressibility of the PQCs
employed to perform variational spin squeezing algorithms.
We first introduce the method of calculating the expressibility
defined in Ref. [53]. The PQC can be described as Û (�x),
where �x is the variational parameter vector. The first step
for calculating the expressibility involves uniformly sampling
20 000 (here for N = 10) sets of the variational parame-
ter. The second step requires computing the overlap F =
|〈ψ0|Û (�x2)Û (�x1)|ψ0〉|2, with �x1 and �x2 denoting two different
sets of the variational parameter. The third step is obtaining
the probability distribution of F , i.e., P(F ). The final step is
calculating the expressibility defined as

Expr. = DKL(P(F )||PHaar(F ))

=
∑

F

P(F ) ln

[
P(F )

PHaar(F )

]
, (B1)

which is actually the Kullback-Liebler divergence between
the distribution P(F ) and the distribution corresponding to
the Haar random states PHaar(F ) = (2N − 1)(1 − F )2N −2. The
expressibility can quantify the ability of a PQC to capture
a rich class of quantum states. For a given PQC, a smaller
value of the Expr. defined by Eq. (B2) indicates a higher
expressibility.

We now introduce some PQCs with PBCs and different
designs of single-qubit rotations. In Fig. 7(a), we show the
PQC with global single-qubit gates, i.e., all qubits have the
same single-qubit rotations in each layer. The kth layer of the
single-qubit rotations in the PQC as shown in Fig. 7(a) can be
represented as

Û (k)
s (�α(k) ) = �N

j=1

[
e−iσ̂ z

j α
(k)
1 e−iσ̂ x

j α
(k)
2 e−iσ̂ z

j α
(k)
3

]
, (B2)

with the site-independent angles of rotations �α(k) =
(α(k)

1 , α
(k)
2 , α

(k)
3 ).

In Fig. 7(b), we display the PQC with the same design
of Fig. 1(b) in contrast to other designs of the PQCs. In
Fig. 7(c), we plot the PQC with site-dependent single-qubit
gates, i.e., all qubits could have different single-qubit rotations
in each layers. The kth layer of the single-qubit rotations in
the PQC as shown in Fig. 7(c) can be represented as Û (k)

s =
�N

j=1[Û (k)
j (�α(k)

j )] with

Û (k)
j

(
�α(k)

j

) = e−iσ̂ z
j α

(k)
1, j e−iσ̂ x

j α
(k)
2, j e−iσ̂ z

j α
(k)
3, j , (B3)

and the variational parameters �α(k)
j = (α(k)

1, j, α
(k)
2, j, α

(k)
3, j ) being

the angles of rotations for the jth qubit.
We then calculate the expressibility of the PQCs in Fig. 7

and plot the results in Fig. 8(a). It is seen that the expressibility
of the PQC in Fig. 7(b) is higher than that of the PQC with
global single-qubit rotations [see Fig. 7(a)], and the PQC
with site-dependent single-qubit rotations [see Fig. 7(c)] has a
much higher expressibility.

In Fig. 8(b), we plot the optimized linear Ramsey squeez-
ing parameter ξ 2

L,opt obtained from the variational algorithms
based on three different PQCs. For the variational spin-
squeezing algorithm based on the PQC in Fig. 7(b), the ξ 2

L,opt

FIG. 7. (a) A PQC with global single-qubit gates and PBCs.
(b) A PQC which is similar to that shown in Fig. 1(b) but with system
size N = 10. (c) A PQC with site-dependent single-qubit gates and
PBCs. Here, the two-qubit gate notation refers to the FSIM gate
defined by Eq. (8).

is smaller than that for PQC in Fig. 7(a), which indicates that
the performance of variational spin-squeezing algorithms is
related to the expressibility of the chosen PQC, and a high-
expressibility PQC is required for the efficient generation of
spin-squeezed states.

Nevertheless, as shown in Fig. 8, although the expressibil-
ity of the PQC displayed in Fig. 7(b) is lower than of the
PQC in Fig. 7(c), the obtained values of ξ 2

L,opt are more or less
the same. Thus, the performance of variational spin-squeezing
algorithms does not solely rely on the expressibility of the
chosen PQC.

043285-8



VARIATIONAL GENERATION OF SPIN SQUEEZING ON … PHYSICAL REVIEW RESEARCH 5, 043285 (2023)

1 2 3 4 5
10-4

10-2

100

102

1 2 3 4 5

0.2

0.3

0.4

0.5

(a)

(b)

Fig. 7(b) Fig. 7(c)Fig. 7(a)

Fig. 7(a)

Fig. 7(b)

Fig. 7(c)

FIG. 8. (a) For the PQCs shown in Fig. 7, the expressibility as
a function of the depth of the PQC p. (b) The optimized linear
Ramsey squeezing parameter ξ 2

L,opt, obtained from the variational
spin-squeezing algorithms based on the the PQCs shown in Fig. 7,
as a function of p.

Actually, the spatial symmetry also plays an important role
in the design of PQC. The major objective of the variational
spin-squeezing algorithm is generating squeezing comparable
to the maximum squeezing created from TAT. The unitary
evolution of TAT has a cyclic permutation symmetry (see the
following Appendix for more details). Meanwhile, the PQC
as shown in Fig. 7(b) can be regarded as a constrained version
of the PQC in Fig. 7(c), with partial cyclic permutation sym-
metry imposed. Consequently, the PQC shown in Fig. 7(b) and
the unitary evolution of TAT share a symmetry. The symmetry
can reduce the number of parameters in the PQC, and we
mainly study the variational spin-squeezing algorithm based
on the form of PQC as shown in Fig. 7(b).

In Fig. 2(d), we compare the performance of varia-
tional spin-squeezing algorithms based on different PQCs.
To more clearly represent the additional PQCs in Fig. 2(d),
we plot the schematics of the PQCs in Fig. 9. The
PQC shown in Figs. 9(a) and 9(c) are the OBC ver-
sion of the PQC shown in Figs. 7(a) and 7(c), respec-
tively. The PQC as shown in Fig. 9(b) is similar to the
PQC shown in Fig. 7(b), but with layer-dependent en-
tanglers. Specifically, the entanglers in the pth layer of
the PQC are Û (p)

E ,1(θ (p)
1 , φ

(p)
1 ) = ⊗N/2

i=1FSIM(θ (p)
1 , φ

(p)
1 )2i−1,2i

and Û (p)
E ,2(θ (p)

2 , φ
(p)
2 ) = ⊗N/2

i=1FSIM(θ (p)
2 , φ

(p)
2 )2i,2i+1, with the

FIG. 9. (a) A PQC which is similar to that shown in Fig. 7(b) but
with the open boundary condition (OBC). (b) A PQC which is similar
to that shown in Fig. 7(b) but with layer-dependent entanglers. (c) A
PQC with site-dependent single-qubit gates and OBC. Here, the two-
qubit gate notation refers to the FSIM gate defined by Eq. (8).

variational parameters (θ (p)
1 , φ

(p)
1 , θ

(p)
2 , φ

(p)
2 ) dependent on the

number of layers.

APPENDIX C: DETAILS OF THE OPTIMIZATION
PROCEDURE OF VARIATIONAL

SPIN-SQUEEZING ALGORITHMS

In this Appendix, we present details of the optimization
procedure. We employ the BFGS method, as a gradient-based
approach, to optimize the squeezing parameters. For the opti-
mization of the function f (�x), with �x = (x1, x2, ..., xm ) being
the variational parameters, the gradients can be computed
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FIG. 10. Linear Ramsey squeezing parameter ξ 2
L versus itera-

tions during the optimization. This is for system size N = 12 and the
p = 5 PQC depth. The solid curves show the optimization with ten
randomly chosen initial parameters �x(N=12)

0 . The dotted curve shows
the optimization with �x(N=12)

0 = �x(N=10)
opt (also see the inset).

using forward finite differences, i.e., ∂ j f (�x) 
 [ f (�x + ε�e j ) −
f (�x)]/ε, where �e j is the unit vector with 1 as its jth element
and 0 otherwise, and ε denotes the finite-difference step size.
Here, we chose ε = 10−8, which has been found to effectively
suppress statistical fluctuations in our applications. For each
step of the optimization procedure, to obtain the gradient, the
number of repetitions for the calculation of f (�x) is m.

It has been recognized that the BFGS method looks for
local minima. To avoid the influence of local minima, for
systems with N = 10, we perform 1000 optimizations us-
ing randomly chosen initial parameters �x0 and extract the
minimum from 1000 optimization trajectories. The optimized
variational parameter for N = 10 is denoted as �x(N=10)

opt . For

larger system size N = 12, we find that �x(N=10)
opt is an appro-

priate initial parameter for the optimization procedure. Here,
we consider the PQC shown in Fig. 1(b) with depth p = 5
as an example. As shown in Fig. 10, with the initial param-
eter �x(N=12)

0 = �x(N=10)
opt , the squeezing parameter ξ 2

L tends to a
lower value during the optimization, in comparison with ten
randomly chosen �x(N=12)

0 . Thus, we adopt the initial parame-
ter �x(N )

0 = �x(N−2)
opt to efficiently perform the optimization with

system sizes N � 12.

APPENDIX D: ONE-AXIS TWISTING AND TWO-AXIS
TWISTING

In this Appendix, we first briefly introduce OAT and TAT.
The OAT and TAT Hamiltonians can be written as ĤOAT = Ĵ2

z

and ĤTAT = Ĵ2
x − Ĵ2

y , respectively [2,10]. OAT is the dynam-
ical process described by the unitary evolution under ĤOAT,
i.e., ÛOAT(τ ) = exp(−iĤOATτ ). For OAT, the initial state is
chosen as |ψ0〉OAT = ⊗N

j=1|+〉 j , with |+〉 being the eigenstate
of σ̂ x with the eigenvalue +1. The nonequilibrium state gener-
ated from OAT is |ψ (τ )〉OAT = ÛOAT(τ )|ψ0〉OAT. Similarly, for
TAT, the unitary evolution is ÛTAT(τ ) = exp(−iĤTATτ ), and
|ψ (τ )〉TAT = ÛTAT(τ )|ψ0〉TAT, with the chosen initial state for
TAT being |ψ0〉TAT = ⊗N

j=1|0〉 j .
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FIG. 11. (a) Linear spin squeezing parameter ξ 2
L as a function of

the evolution time τ for OAT and TAT with system size N = 20.
The dashed and dotted horizontal lines represent the minimum ξ 2

L

generated by OAT and TAT, i.e., ξ 2
OAT = 0.1979 and ξ 2

TAT = 0.1623,
respectively. (b) The minimum ξ 2

L generated by OAT and TAT, i.e.,
ξ 2

OAT and ξ 2
TAT as a function of system size N .

We then can calculate the linear spin squeezing parameter
defined in Eq. (1) with ŜL = (Ĵx, Ĵy, Ĵz ), i.e., ξ 2

L , for OAT states
|ψ (τ )〉OAT and TAT states |ψ (τ )〉TAT. In Fig. 11(a), we plot the
ξ 2

L as a function of the evolved time τ for both the OAT and
TAT with system size N = 20. We note that the minimum ξ 2

L ,
signaling the best spin-squeezed state generated by OAT and
TAT, can be achieved at the time τ ∗

OAT and τ ∗
TAT, respectively.

We denote the minimum ξ 2
L generated by OAT and TAT as

ξ 2
OAT and ξ 2

TAT, respectively. In Fig. 11(b), we plot ξ 2
OAT and

ξ 2
TAT with different system sizes N , showing that TAT can

generate stronger squeezing than the OAT.
Finally, for OAT and TAT, we calculate the second-order

nonlinear squeezing parameter defined in the Eq. (1) with
ŜNL = (Ĵx, Ĵy, Ĵz, Ĵ2

x , Ĵ2
y , Ĵ2

z , Ĵ2
xy, Ĵ2

yz, Ĵ2
zx ). In Fig. 12(a), we

show the time evolution of ξ−2
NL in comparison with the ξ−2

NL

in OAT, demonstrating that ξ−2
NL � ξ−2

L . In Fig. 12(b), we
display the dynamics of ξ−2

NL in TAT, showing that TAT can
also generate a state with larger ξ−2

NL than OAT.

APPENDIX E: DETAILS OF THE OPTIMIZED FSIM GATES

In Table I, we present the optimized angles (θopt, φopt)
of FSIM gates Eq. (8) in the PQC shown in Fig. 1(b) with
different depth p and system size N . For each p, one can see
a weak dependence of θopt and φopt on N . However, the values
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FIG. 12. (a) For OAT, the time evolution of both the linear spin
squeezing parameter ξ−2

L and the second-order nonlinear squeezing
parameter ξ−2

NL for system size N = 10. (b) For TAT, the time evolu-
tion of ξ−2

NL with system size N = 10.

of θopt and φopt are sensitive to the depth of the PQC p. For
p = 1 and 2, θopt > φopt, while for p � 3, θopt < φopt.

To quantify the entanglement of the FSIM gates defined by
Eq. (8), we consider the entanglement power (EP) [76], which

TABLE I. Optimized values of θ and φ of the FSIM gate for
different values of p and N .

p = 1 N = 10 N = 12 N = 14 N = 16 N = 18 N = 20

θopt 0.7380 0.7380 0.7380 0.7380 0.7380 0.7380
φopt 0.5256 0.5256 0.5256 0.5256 0.5256 0.5256
p = 2 N = 10 N = 12 N = 14 N = 16 N = 18 N = 20
θopt 0.7468 0.7474 0.7470 0.7470 0.7470 0.7470
φopt 0.2542 0.2543 0.2544 0.2544 0.2544 0.2544
p = 3 N = 10 N = 12 N = 14 N = 16 N = 18 N = 20
θopt 1.3200 1.3242 1.3287 1.3287 1.3287 1.3288
φopt 3.1449 3.1494 3.1408 3.1408 3.1408 3.1439
p = 4 N = 10 N = 12 N = 14 N = 16 N = 18 N = 20
θopt 1.8320 1.7906 1.7746 1.7693 1.7683 1.7683
φopt 3.2124 3.1775 3.1589 3.1614 3.1614 3.1614
p = 5 N = 10 N = 12 N = 14 N = 16 N = 18 N = 20
θopt 1.3175 1.3482 1.3778 1.3928 1.3955 1.3955
φopt 3.1379 3.0976 3.0768 3.1018 3.0865 3.0865

20

0.05

0.1

0 0

0.2

0.15

/2

EP

FIG. 13. The entanglement power of FSIM gates, i.e.,
EP[FSIM(θ, φ)], as a function of θ and φ. The values of θopt

and φopt in Table I are marked.

is expressed as

EP(Û ) = E (Û |ψ1〉 ⊗ |ψ2〉), (E1)

where |ψ1〉 and |ψ2〉 are single-qubit states uniformly sam-
pled on the Bloch sphere, the top bar denotes the average
over all states |ψ1〉 ⊗ |ψ2〉, and E (|�〉) = 1 − Tr(ρ̂1) (ρ̂1 =
Tr2|�〉〈�|) being the linear entropy. The entanglement
power of the FSIM gate FSIM(θ, φ) can be analytically de-
rived as EP[FSIM(θ, φ)] = − cos 2θ (cos 2θ + cos φ)/18 +
1/6. The maximum value of EP[FSIM(θ, φ)] is 2/9. We plot
EP[FSIM(θ, φ)] as a function of θ and φ in Fig. 13. One can
see that for all p = 1, 2, ..., 5, the optimized values (θopt, φopt)
do not lie in the region with maximum entanglement power.
Consequently, the variational spin-squeezing algorithm with
the PQC shown in Fig. 1(b) does not require FSIM gates with
large entanglement power.

APPENDIX F: EXPERIMENTAL REALIZATION
OF THE GLOBAL ENTANGLERS BY USING
ANALOG SUPERCONDUCTING CIRCUITS

In this Appendix, we will present more details for the ex-
perimental realization of the global entanglers under the time
evolution of the Hamiltonian ĤT = ∑N

i=1(σ̂ x
i σ̂ x

i+1 + σ̂
y
i σ̂

y
i+1)

by using superconducting circuits. Actually, a loop of su-
perconducting qubits coupled via a fixed capacitor can be
described by the Bose-Hubbard model [58–61]

ĤBH = J
N∑

i=1

(â†
i âi+1 + H.c.)

+ U

2

N∑
i=1

n̂i(n̂i − 1) +
N∑

i=1

μin̂i, (F1)

where n̂i = â†
i âi, âi (â†

i ) denotes the bosonic annihilation (cre-
ation) operator, J is the strength of the hopping interaction, U
is the nonlinear interaction, and μi is the chemical potential.
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Q1

Q2

QN-1

QN
Initialization

Single-qubit gate

FIG. 14. Schematic of the experimental pulse sequence corre-
sponding to the PQC shown in Fig. 3(a). After initialization, all
qubits are tuned to the working point by a pulse lasting a time t1, and
the unitary evolution Û (t1) can be realized. Next, all qubits are tuned
to the idle point and single-qubit pulses are applied for single-qubit
rotations.

In a typical superconducting quantum processor, the ratio
|U |/J is quite large. As an example, |U |/2π 
 230 MHz,
J/2π 
 12 MHz, and |U |/J 
 19 for the quantum device in
Ref. [59]. In this situation, the Bose-Hubbard model Eq. (F1)
is approximate to the hard-core limit, where the bosonic oper-
ators âi and â†

i are replaced by the spin raising and lowering
operators, respectively. The Hamiltonian with the hard-core
limit (also known as the XY model) can be written as

ĤXY = J
N∑

i=1

(σ̂+
i σ̂−

i+1 + H.c.) +
N∑

i=1

μiσ̂
+
i σ̂−

i . (F2)

When we tune all qubits to the same working point
(see Fig. 14), the chemical potentials satisfy μi = 0,
and the unitary evolution Û (t ) = exp(−iĤXY τ ) =
exp[−i

∑N
j=1(σ̂ x

j σ̂
x
j+1 + σ̂

y
j σ̂

y
j+1)t], with t = Jτ/2 can be

experimentally realized. An experimental pulse sequence

with control waveforms corresponding to the PQC shown in
Fig. 3(a) is depicted in Fig. 14.

APPENDIX G: FSIM GATES WITH COHERENT ERRORS

The FSIM gate with coherent errors can be written as [66]

FSIMexp. = FSIMexp.(θ∗, φ∗,�+,�−,�−,off ) (G1)

=

⎛
⎜⎜⎝

1 0 0 0
0 u22 u23 0
0 u32 u33 0
0 0 0 u44

⎞
⎟⎟⎠, (G2)

where

u22 = exp{i(�+ + �−)} cos θ∗, (G3)

u23 = −i exp{i(�+ − �−,off )} sin θ∗, (G4)

u32 = −i exp{i(�+ + �−,off )} sin θ∗, (G5)

u33 = exp{i(�+ − �−)} cos θ∗, (G6)

u44 = exp{i(2�+ − φ∗)}. (G7)

The influence of coherent errors can be analyzed
by simulating the PQC with the FSIM gates described
by Eq. (G2). Taking the PQC based on the ALA
shown in Fig. 1(b) with N = 12 and the degree of
coherent error r = 0.005 as an example, we can
numerically generate a series of FSIM gates, i.e.,
FSIM(n,m)

exp. = FSIMexp.(θ
(n,m)
∗ , φ

(n,m)
∗ ,�

(n,m)
+ ,�

(n,m)
− ,�

(n,m)
−,off )

as the FSIM gate between the nth and mth qubit (here
m = n + 1, for n = 1, 2, ..., 11, and m = 1 for n = 12),
which satisfies r = 0.005. It is noted that the parameters
(θ (n,m)

∗ , φ
(n,m)
∗ ,�

(n,m)
+ ,�

(n,m)
− ,�

(n,m)
−,off ) are not necessarily

identical for different n. After generating the FSIM gates with
coherent errors, we can perform the optimization algorithm
for the parameters in the single rotations and obtain the
optimized squeezing parameter for the PQC with coherent
errors.
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