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We develop a self-consistent variant of the constrained path quantum Monte Carlo approach which ensures
its independence of the trial wave function, and apply the method to compute ground-state correlations in the
two-dimensional SU(3) Fermi-Hubbard Hamiltonian at 1

3 filling, modeling fermions with three possible spin
flavors moving on a square lattice with an average of one particle per site. We provide clear evidence of a
quantum critical point separating a nonmagnetic uniform metallic phase from a regime where long-range “spin”
order is present. This discovery of multiple successive transitions to magnetic states with regular, long-range
alternation of the different flavors, whose symmetry changes as the interaction strength increases, significantly
extends previous work in the Heisenberg limit to itinerant fermions. In addition to the rich quantum magnetism,
this important physical system allows one to study integer filling and the associated Mott transition disentangled
from nesting, in contrast to the usual SU(2) model, while preserving the square-lattice geometry. Our results also
provide a significant step towards the interpretation of present and future experiments on fermionic alkaline-earth
atoms, and other realizations of SU(N ) physics.

DOI: 10.1103/PhysRevResearch.5.043267

I. INTRODUCTION

The Fermi-Hubbard model (FHM) [1,2] is a paradigmatic
description of strongly correlated materials [3,4]. In its origi-
nal single-band, SU(2)-symmetric form, it exhibits a wealth
of physics including a metal-to-insulator transition at half-
filling [5], as well as ferromagnetic and antiferromagnetic
orders across its interaction-filling phase diagram [6–9]. On
a square lattice, upon doping away from half-filling, it also
manifests more subtle physics including strange metallicity, a
pseudogap, spin-charge “stripe” domains, and d-wave pairing,
phenomena central to the cuprate superconductors [10–12].

However, in this geometry and at half-filling the properties
of the SU(2) Hubbard Hamiltonian are determined simultane-
ously by the special features of the noninteracting dispersion,
perfect nesting at k = (π, π ), and by the onsite repulsion U .
This leads to the anomalous feature that the critical inter-
action strength for the metal-insulator transition is Uc = 0,
and a blurring of “Slater” insulating behavior associated with
the opening of an antiferromagnetic gap at (π, π ), and the
Mott insulator which does not rely on long-range magnetic
symmetry breaking but only on the high-energy cost for local
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double occupancy. While such a separation is also possible
by invoking a triangular or kagome geometry, our work does
so while preserving the bipartite square lattice whose study is
central to many experiments.

The SU(N ) Hubbard model, which features larger spins
and an enhanced symmetry, has been intensively studied
[13–23], in part because quantum fluctuations are expected
to give rise to a more complex set of low-temperature spin
structures. A rich phenomenology has been predicted in
the ground state in the Heisenberg limit (U � t at 〈n〉 =
1) [24–33], including an antiferromagnetic (AFM) ground
state with a three-sublattice pattern at the wave vector k =
(±2π/3,±2π/3) [25,32]. The physics away from this limit
has been less explored, with existing results largely focused
on fairly high-temperature properties, employing methods that
are uncontrolled at low temperature [13,15,16,34–39], or re-
stricted to one dimension [40–43], or on different geometries
[44], or half-filling for even N [45–49] (which is challenging
to reach due to particle losses in experiments with ultracold
atoms in optical lattices).

Driven by interest in cuprate superconductivity, auxiliary-
field quantum Monte Carlo (AFQMC) approaches initially
focused on single-orbital, square-lattice geometries with two
spin species. However, as new materials and phases came to
the forefront, AFQMC played a key role in their study, Dirac
fermions and semimetal phases on a honeycomb lattice being
one prominent example [50,51]. The rapid development of
experiments with ultracold alkaline-earth-like atoms (AEAs)
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that exhibit a natural SU(N )-symmetric interaction [52–62]
provides a concrete and exciting setting to explore the intrigu-
ing phases noted above, and offers a similar opportunity for
AFQMC to play a major role in an emerging area of strongly
correlated quantum matter. Ongoing experiments aiming to
pair quantum gas microscopes [63–66] with AEAs are ex-
pected to soon enable real-space imaging of correlations,
which demands a deeper understanding of the order in the
SU(N ) Hubbard model.

It is a major challenge to obtain reliable answers to the
question we address here, namely, the ground-state properties
of the SU(3) FHM on a two-dimensional (2D) square lattice at
1
3 filling. A high-accuracy treatment is required in a strongly
correlated system, as well as large supercell sizes to extract the
thermodynamic limit. Unlike its SU(2) counterpart, a fermion
sign problem [67] is present in the SU(3) model at 〈n〉 = 1. In
this paper we use an implementation of the constrained path
(CP) auxiliary-field quantum Monte Carlo (AFQMC) method-
ology [68] which iteratively refines the constraining Slater
determinant [69] to solve this important problem of strong
current experimental interest. This allows us to quantify the
location of the QCP and determine a phase diagram. Above
a critical interaction strength Uc which is roughly half the
bandwidth, the system develops AFM order. We also discover
two previously unknown intermediate orders (which we label
3-2 and 3-4 AFM) along the route to the large-U Heisenberg
limit.

II. HAMILTONIAN AND METHODOLOGY

The SU(3) FHM is defined by the Hamiltonian

H = −t
∑

〈i, j〉,σ
(c†

iσ c jσ + H.c.) + U

2

∑

i,σ �=τ

niσ niτ , (1)

where c†
iσ (ciσ ) is the creation (annihilation) operator for a

fermion with spin flavor σ = A, B,C on site i on a 2D square
lattice. Ns = Lx × Ly denotes the number of lattice sites, niσ =
c†

iσ ciσ is the number operator for flavor σ on site i, 〈i, j〉
denotes nearest-neighbor pairs, t is the hopping amplitude
which will serve as the energy unit, and U is the interaction
strength. We study the ground state of the Hamiltonian in
Eq. (1) as a function of U in the spin-balanced case at 1

3 filling
(where there is an average of one fermion per lattice site), that
is, in the sector of Hilbert space with NA = NB = NC = Ns/3.
To characterize the ground-state properties, we measure ener-
gies, correlation functions, and structure factors. For example,
the spin-resolved two-body correlation functions 〈nσ

i nτ
j 〉 ≡

〈φ0 | nσ
i nτ

j |φ0 〉. This is complemented by the correspond-
ing momentum-space measures, for example, the equal time,
equal species, density structure factor S(k) = 1

3

∑
σ Sσσ (k) =

1
3Ns

∑
i, j,σ 〈(nσ

i − 〈nσ
i 〉)(nσ

j − 〈nσ
j 〉)〉eik(ri−r j ), where ri and r j

are the coordinates of sites i and j.
We perform unrestricted Hartree-Fock (UHF) calculations

as preliminary explorations to suggest candidate phases of
matter, and to generate trial wave functions for AFQMC (see
below). In the UHF treatment we approximate the Hamil-
tonian as HHF = ∑

σ Hσ
HF, where Hσ

HF = −t
∑

〈i, j〉(c
†
iσ c jσ +

H.c.) + Ueff
∑

i,τ �=σ (〈niτ 〉niσ − 1
2 〈niτ 〉〈niσ 〉), and determine

the mean fields 〈niσ 〉 self-consistently from values

FIG. 1. Phase diagram of the 1
3 -filling SU(3) Fermi-Hubbard

Model. [(a)–(d)] Schematic density correlations for one of the three
spin species in different phases on a N = 12 × 12 square lattice.
(a) At small U < Uc1, the system resides in a paramagnetic (PM)
phase, as indicated by the uniform gray color map. (b) For Uc1 <

U < Uc2 a nonuniform pattern emerges which has period 3 in one
direction and 2 in the other, which we denote by “3-2 AFM” phase.
(c) Uc2 < U < Uc3 is similarly denoted as “3-4 AFM” and (d) finally,
for U > Uc3, the order is a “3-3 AFM.” (e) Hartree-Fock phase dia-
gram: The quantum phase transition points are U MF

c1 ≈ 3.25, U MF
c2 ≈

4.75, and U MF
c3 ≈ 5.65. (f) AFQMC phase diagram: Uc1 ≈ 5.5, Uc2 ≈

7.7, and Uc3 ≈ 8.3. The question mark indicates that, although 3-3
has a slightly lower energy, it cannot be clearly distinguished from
3-4 in our calculations.

initialized randomly or constructed from several possible
ordered patterns proposed for the 1

3 -filling SU(3) FHM
[15,16]. Our method reproduces the SU(2) UHF phase
diagram [6,70]. In Hσ

HF above we have allowed an effective
interaction strength Ueff , which does not have to equal the
“physical” U . This turns out to be important in verifying
the independence of final results on the trial wave function
(Hartree-Fock solution) with different Ueff (see Appendix).
As discussed in more detail later, the four phases depicted in
Fig. 1 emerge as mean-field ground states for different values
of the interaction strength; however, estimates of the critical
values of U could differ significantly from the exact result.

In order to compute the ground-state properties beyond
the mean-field level, we use the state-of-the-art CP-AFQMC
method [68,71]. AFQMC is a projection quantum Monte
Carlo approach, based on the fact that the ground state can
be obtained by acting an imaginary-time-evolution operator
on a trial wave function, |φ0〉 ∝ limτ→∞ e−τH |φT 〉, as long as
the trial wave function is nonorthogonal to the ground state
〈φT |φ0〉 �= 0. Within AFQMC, a combination of the Trotter
decomposition and the Hubbard-Stratonovich transformation
maps the imaginary-time evolution onto a random walk in the
manifold of Slater determinants, and ground-state properties
are averages over this random walk. Observables are mea-
sured by back-propagation [68,72] in the open-ended random
walk approach of CP-AFQMC.

AFQMC yields exact ground-state correlations in special
situations, like the SU(2N ) Hubbard model at half-filling
[36,41,46], and electron-phonon Hamiltonians including
the Holstein [73–78] and the Su-Schrieffer-Heeger models
[79–83]. In the SU(3) model, the infamous fermion sign prob-
lem [67,84–86] necessitates a constrained path approximation
which imposes a sign or gauge condition on the sampling in
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auxiliary-field space [68,87] relying on a trial wave function.
In this work we leverage the recent methodological advances
[69] to implement self-consistency loops which minimize the
biases related to the trial wave function. The very promising
success of such techniques in the SU(2) model, in both the
repulsive [88–91] and attractive regimes [92], together with
several cross-checks we did in this work (Appendix, Fig. 5,
and analysis below), demonstrates the high accuracy of the
method.

III. RESULTS

Our main results are summarized in Fig. 1, as a ground-
state phase diagram of the 1

3 -filling (〈n〉 = 1) SU(3) FHM.
Figures 1(a)–1(d) illustrate the patterns in the magnetic corre-
lations in each of the phases. Black and white represent high-
and low-density correlations for a single flavor, respectively.
The many-body phase diagram is given in Fig. 1(f). [The UHF
result is shown in Fig. 1(e) for reference and comparison.]
At small U , the system is in a paramagnetic (PM) (metal)
phase, while at large U , multiple occupancies are suppressed
and superexchange causes adjacent sites to favor different
spin species, and therefore generates an antiferromagnetic
(AFM) pattern. In contrast to the SU(2) case where the AFM
correlation determines a unique (up to translations) spatial
pattern, many patterns are possible for SU(3). We find multi-
ple ordering vectors occur, representing distinct ground states
for different U values. Figure 1(b) has a period of 3 in one
direction and 2 in the other direction, thus it is denoted as a
3-2 AFM. Similarly, patterns 1(c) and 1(d) are denoted 3-4
and 3-3 AFM, respectively.

Within the Hartree-Fock treatment, we have U MF
c1 ∼ 3.25

below which the system is in the paramagnetic phase. When
3.25 � U � 4.75, the 3-2 AFM has a lower energy with re-
spect to the other two states, while the 3-4 AFM is the ground
state for the intermediate region 4.75 � U � 5.65. However,
the energy gap to other orders in this intermediate regime is
relatively small. The 3-3 AFM is the mean-field ground state
for the large-U region U � 5.65. The corresponding phase
diagram from AFQMC is shown in Fig. 1(f). As expected,
the metal-insulator phase transition happens at a larger Uc1 ∼
5.5 > U MF

c1 ∼ 3.25 than in UHF, reflecting the fact that the
latter overestimates the ordering tendency due to its absence
of fluctuations. As in UHF, AFQMC also gives the 3-3 AFM
as the ground state at large U , consistent with the ground state
found in prior work in the Heisenberg limit [25]. However, the
energy of this state, obtained from AFQMC, is nearly degen-
erate with the 3-4 pattern for the larger-U values investigated
here.

The three AFM phases can be characterized by spin-
resolved two-body correlations 〈nσ

i nτ
j 〉. The correlations are

displayed in Fig. 2 along the real-space path ri − r j =
(0, 0) → (6, 0) → (6, 6) in a 12 × 12 square lattice. Fig-
ures 2(a), 2(c), and 2(e) are for U = 7, 8, 9, and correspond
to the 3-2, 3-4, and 3-3 AFM phases, respectively. Different
spin-flavor correlations are depicted by different colors. Along
the x direction, as seen from separations (0,0) to (6,0), the
correlations in all three AFM phases alternate “ABCABC...”
(period 3), while in the y directions, 3-2, 3-4, and 3-3 AFM
have periods 2, 4, 3, respectively. The single-flavor structure

FIG. 2. (a), (c), (e) Spin-resolved two-body correlations 〈nσ
i nτ

j 〉
as a function of ri − r j , the vector connecting site i and j, at U = 7
(3-2 AFM), U = 8 (3-4 AFM), U = 9 (3-3 AFM) given by AFQMC
on a 12 × 12 lattice. Different colors represent different spin species
{σ, τ } = AA; AB; AC. (b), (d), (f) The single-flavor structure factor
Sσσ (k) as a function of momenta k = (kx, ky ) for the systems in (a),
(c), and (e), respectively.

factor Sσσ (k), which is a Fourier transform of the correspond-
ing real-space two-body correlations, is plotted as a function
of k in Figs. 2(b), 2(d), and 2(f). The 3-2, 3-4, and 3-3 AFM
phases have peaks at distinct k points, appropriate to the
periodicity of the real-space patterns of Figs. 1(b)–1(d).

To further characterize the phase in different U regions,
the ground-state structure factor at the three characteristic mo-
menta k = (2π/3, π/2), (2π/3, π ), (2π/3, 4π/3) are shown
in Fig. 3 as functions of U . The vertical lines separate the

FIG. 3. The structure factor S(k) at characteristic k = (kx, ky )
values of (2π/3, π/2), (2π/3, π ), (2π/3, 4π/3) as a function of
U on a 12 × 12 lattice. The AFQMC calculations are started with
several different possible trial ground states for each U . The one with
the lowest energy after convergence of the self-consistent iteration is
shown here.
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(a) (b)

FIG. 4. Determining the transition points between phases. (a) The 3-2 AFM structure factor vs U is shown for three lattice sizes. S(2π/3, π )
is small and nearly independent of the system size in the metallic phase but grows proportionally to system size in the 3-2 AFM phase. The
boundary between the two regimes gives the metal-insulator phase transition point Uc1. The inset shows S(π, π ) for 1

2 filling, which exhibits a
critical point at U = 0, in contrast with the finite Uc1 at 1

3 filling. (b) Energy differences with respect to the 3-4 AFM phase. Red, green, and
blue curves represent 3-2, 3-4, and 3-3 AFM states, respectively. Insets (b2) and (b3) show complementary results on structure factors to help
validate the location of Uc2 and Uc3. In each, the calculations use a trial wave function constructed from the superposition of the two states
involved, and the two corresponding structure factors are shown. Different symbol shapes represent results from different random seeds.

regimes where the different AFM orders are stable. There is
no peak in the PM metal; in the 3-2 phase, a peak is present
at k = (2π/3, π ); in the 3-4 phase, peaks are seen at both
k = (2π/3, π ) and (2π/3, π/2); finally, the 3-3 AFM phase
shows a peak at k = (2π/3, 4π/3). In a UHF calculation, the
phase boundary can be determined by either searching for
the global ground state at each U , or by comparing the en-
ergies of different self-consistent ordered solutions, ensuring
in either cases that the thermodynamic limit is reached. This
is challenging to execute in many-body computations where
statistical error bars and (much larger) finite-size effects can
exceed energy differences. We use a combination of strategies
to resolve the different boundaries as illustrated in Fig. 4.

The transition between the PM metal and the 3-2 AFM
phases can be observed with robust and unambiguous self-
consistent AFQMC calculations. In Fig. 4(a), we show the
computed structure factor S(2π/3, π ) as a function of U for
a number of lattice sizes. At each U , we start the calculation
from a trial wave function generated from UHF with an es-
sentially arbitrary Ueff , and perform self-consistency via the
natural orbitals [69]. The self-consistent iteration consistently
converges to the same final value (see Fig. 5 in the Appendix)
which is shown in the plot. The existence of the QCP Uc1 is
evident from the different size dependencies of S(2π/3, π )
as U is varied across it. Extrapolating the finite-temperature
compressibilities leads to a Uc1 [93] consistent with our re-
sults. A sharp contrast is seen between this behavior and that at
1
2 filling, shown in the inset of Fig. 4(a), emphasizing the result
of decoupling of nesting from the Mott transition: At 〈n〉 = 3

2 ,
the spins form an alternating pattern “A(B&C)A(B&C)...”
which singles out one species (e.g., A) with the other two (B
and C) behaving interchangeably [13]. This spin arrangement

has period 2 in both the x and y directions, hence giving
rise to a structure factor peak at (π, π ). In this case, the
dependence of the structure factor on lattice size starts as soon
as the interaction U is turned on, implying that the long-range
order develops at Uc1 = 0, similar to the half-filling case in
the SU(2) Hubbard model. This is expected since the SU(3)
case also has the same perfectly nested Fermi surface at k =
(π, π ), as argued in [13].

To determine the nature of the ordered AFM phases, we
apply complementary measurements, with additional non-
self-consistent calculations using multideterminant trial wave
functions. As discussed above, the UHF solutions using dif-
ferent Ueff can produce distinct patterns, which can be used
as trial wave function and the initial Slater determinant to
start our AFQMC calculations at any U . However, this turns
the whole procedure from a linear process (projection) into a
nonlinear process, which can get stuck in local minima. In
this situation, we determine the true ground state by com-
paring the energies obtained from different constraints, as
illustrated in Fig. 4(b). Three regions are seen, with the lowest
energies given by the 3-2, 3-4, and 3-3 states, respectively.
Their boundaries, where two energy curves cross, give two
more transition points, Uc2 and Uc3. AFQMC with single
Slater determinant constraints typically achieves energy ac-
curacy of well over subpercent level [87–89,91]. When the
energy difference becomes much smaller, we augment our
process: in the vicinity of Uc2 we use a superposition of two
Slater determinants corresponding to 3-2 and 3-4 AFM as
the trial wave function. This leads to a finite structure factor
S(2π/3, π ) (3-2 AFM order) on one side, in contrast with
finite S(2π/3, π ) and S(2π/3, π/2) (3-4) on the other, as
illustrated in Fig. 4(b2). Near U ∼ Uc3, we conduct the same
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procedures, as shown in Fig. 4(b3). Beyond U/t ∼ 8.25, how-
ever, even this procedure leads to ambiguous results, where
both 3-4 and 3-3 structure factors can become finite, depend-
ing on the random number seed. This combined with the tiny
energy differences indicates that, to within the resolution of
the current calculations, the 3-4 and 3-3 orders are essentially
degenerate for the larger-U values investigated here.

IV. DISCUSSION

Using a high-accuracy many-body numerical computation,
we have mapped out the ground-state phase diagram of the
two-dimensional SU(3) Hubbard model at 1

3 filling (one par-
ticle per site). We find a metal-insulator phase transition at
the QCP Uc1 ∼ 5.5, above which long-range magnetic orders
develop. Compared to the more ubiquitous SU(2) counterpart,
the SU(3) case allows the separation of strong interaction
effects at integer filling from nongeneric features of band
structure: nesting of the Fermi surface and a van Hove sin-
gularity in the density of states. An immediate consequence is
the nonzero value of Uc.

Above Uc1, our results suggest two intermediate magnetic
orders (3-2 and 3-4 AFM phases) before the final, strong
coupling 3-3 phase. We determined the critical interaction
strengths for the ordering wave vectors by comparing their
energies and also by using a superposition of two states as the
initial and trial wave functions in our AFQMC calculations.
The results given by these two approaches are consistent. Be-
yond Uc3 ∼ 8.25, the 3-3 AFM energy appears to be slightly
lower than 3-4 AFM, but they are almost degenerate at the
interaction strengths considered in the study.

The metal-insulator transitions and magnetic ordered
phases predicted in our work provide important steps to un-
derstand SU(N ) physics. This is especially timely with the
intense experimental efforts to emulate such systems using
ultracold AEAs. How these magnetic orders evolve at finite
temperature and other potentially exotic phases in the doped
systems emerge are interesting questions for future work,
especially in the experimental context.
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APPENDIX

In this Appendix, we present additional details concerning
(1) self-consistency procedures we conduct in the constrained
path auxiliary-field quantum Monte Carlo (CP-AFQMC)
method; (2) comparisons of energies in different phases and
finite lattice size effect analysis in the Hartree-Fock.

1. Self-consistency: Real-space spin correlations

In this paper we have implemented a self-consistent CP-
AFQMC approach, described in [69]. An example of the
convergence of the same-spin density-density correlations
〈nA

i nA
j 〉 is given in Fig. 5 to illustrate this process. The cal-

culation is initiated from a Slater determinant given by the
Ueff = 3.5 Hartree-Fock 3-2 AFM solution and the one-body
density matrix is obtained from QMC. We diagonalize the
one-body density matrix and find the eigenvectors which cor-
respond to the largest Nσ eigenvalues. Those eigenvectors are
used to construct a new Slater determinant, which is then

FIG. 5. Illustration of convergence of real-space density-density
correlation. We have chosen Uc1 < U = 7.5 < Uc2, where the system
is in the 3-2 AF phase. Spin correlations converge from lower and
higher values when the starting point is in the 3-2 phase using an
initial Slater determinant with Ueff = 3.5 and 10, respectively. The
legend indicates the number of self-consistent iterations.
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(a)

FIG. 6. (a) The energy difference �E = E − E3-4 AFM (3-4 AFM
energy is viewed as a reference) per site given by Hartree-Fock as
a function of interaction strength. 3-2, 3-4, 3-3 AFM energies are
depicted by red, green, and blue curves respectively. (b) Energy
per site E/Ns vs 1/Ns, given by the Hartree-Fock calculation for
U = 4, 5, 7, corresponding to “3-2,” “3-4,” and “3-3” AFM phases,
respectively. The lattice sizes Lx × Ly are labeled next to the data
points in panel (2) as examples. Different symbols in the legend
represent the possible “local minimum” orders.

used as the initial Slater determinant for the next iteration of
simulation. The number in the legend of Fig. 5 indicates the
self-consistent iteration value. Blue right triangles (“5” in the
legend) and blue stars (“6”) are almost on top of each other,
implying the density-density correlations converge after ∼6
self-consistent iterations.

As a check that the results are independent of initialization,
we also start our simulation with another initial Slater deter-
minant, obtained from the Ueff = 10, 3-2 AFM Hartree-Fock
solution. The results (red stars) agree with the one starting
from the Ueff = 3.5 Hartree-Fock (blue star). All results pre-
sented in the main text are given by the last self-consistent
(fully converged) iteration.

2. Finite lattice size effects: Energy

In Fig. 6, we explore finite lattice size effects in the
Hartree-Fock calculations. First, similar to Fig. 4(b), we show
the total energy difference per site �E/Ns given by Hartree-
Fock as a function of U for a 12 × 12 square lattice in
Fig. 6(a). The 3-2, 3-4, and 3-3 AFM phase has the lowest en-
ergy for U MF

c1 � U � U MF
c2 , U MF

c2 � U � U MF
c3 , and U � U MF

c3 ,
respectively. In order to detect whether the small energy dif-
ference at strong interactions is due to the finite lattice size
effect, we choose U = 4 (3-2 phase), U = 5 (3-4 phase), and
U = 7 (3-3 phase) and present the energy per site E/Ns as a
function of 1/Ns in Fig. 6(b). Different symbols in the legend
represent the local minimum 3-2, 3-4, 3-3 AFM states. Lattice
sizes are labeled next to the data points in Fig. 6(b)(2). We can
extrapolate the energy to the thermodynamic limit 1/Ns → 0.
There is no crossing between different AFM phases, implying
the energy ordering between the three magnetic phases on the
12 × 12 lattice in Fig. 6(a) still holds in the thermodynamic
limit. We have also verified that this conclusion is robust to
the application twisted boundary conditions to the lattice and
taking the average of energies for different twist angles. This
method effectively samples a finer mesh of momentum points
and hence larger spatial sizes [94–96].
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