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Probing vacuum field fluctuations and source radiation separately in space and time
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Source radiation (radiation reaction) and vacuum field fluctuations can be seen as two inseparable contribu-
tions to processes such as spontaneous emission, the Lamb shift, or the Casimir force. Here, we propose how
they can be individually probed and their space-time structure revealed in electro-optic sampling experiments.
This allows us to experimentally study causality at the single-photon level and to reveal space- and timelike cor-
relations in the quantum vacuum. A connection to the time-domain fluctuation-dissipation theorem is also made.
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I. INTRODUCTION

Analyzing the physical mechanisms behind the structure
and dynamical properties of an atom interacting with the
electromagnetic vacuum, e.g., the Lamb shift and sponta-
neous emission, one finds two inseparable contributions [1]:
(i) Fluctuations of the atom’s charged constituents lead to
the emission of source radiation which can act back on the
atom (radiation reaction) [2-5], (ii) the atom can interact with
vacuum fluctuations of the electromagnetic field [2]. It is
the intricate interplay between these two contributions which
leads to the stability of ground-state atoms: The loss of energy
due to the emission of source radiation by the fluctuating
charges is canceled by the process in which the atom absorbs
energy from the vacuum [1].

These “two sides of the same quantum-mechanical coin”
[6] also play the pivotal roles in Fermi’s two-atom Gedanken-
experiment [7,8], in which two atoms are placed at a distance
R in empty space and interact with the vacuum electromag-
netic field for a finite time t, see Figs. 1(b) and 1(c). When
considering the generation of correlations between the two
atoms [9] one finds that the atoms become correlated since
atom A interacts with the source radiation emitted by atom
B (or vice versa), i.e., the two atoms exchange photons, or
they can individually interact with vacuum field fluctuations
and thereby correlations pre-existing in the vacuum field are
swapped to the atoms [8].

The influence of source radiation and vacuum field fluc-
tuations onto the dynamics of atoms, however, can not be
uniquely identified in general, since their relative contribu-
tions depend on the chosen initial operator ordering in the
Hamiltonian [6,10], see Fig. 1(a). This indetermination can be
removed by the requirements that (i) the source and vacuum
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field contributions must be individually Hermitian and (ii)
expressed in terms of Hermitian field and atomic operators.
This is known as the DDC (Dalibard, Dupont-Roc, Cohen-
Tannoudji) procedure [11,12].

Here, in Sec II, we revisit Fermi’s two-atom setup and show
that to lift the indetermination of the relative contributions
of source radiation and vacuum field fluctuations one can
replace (ii) in the DDC procedure by the following equivalent
causality requirement: The source field should not lead to
correlations between spacelike separated atoms. This leads to
the same unique operator ordering as in the DDC formalism
and implies that any other operator ordering suffers from the
complication that either the source and vacuum field contri-
butions are in general not real numbers or the source field
mediates correlations faster than the speed of light.

The interpretation of the resulting unique source and vac-
uum field contributions are in-line with previous results,
discussing how fundamental features of quantum field theory
can be revealed in Fermi’s two-atom setup: (a) Existence of
space- and timelike correlations in vacuum [9,13—17]: Space-
like separated atoms, so atoms which are completely causally
disconnected from each other, can become correlated, only
because they can harvest spacelike correlations existing in the
quantum vacuum [9,13,18]. As no information is transferred
between the atoms via this process, this result is in accor-
dance with special relativity [9]. Similarly, if the separation
of the two atoms is purely timelike, then they also cannot
exchange a photon traveling at the speed of light. Still they
can become correlated by extracting so-called past—future
correlations from the quantum vacuum [17,19]. (b) Causality:
The two atoms can infer information about each other via the
exchange of source radiation. According to special relativity,
its contribution must therefore vanish, when the atoms re-
main spacelike separated (R > ct, c: Speed of light). Whether
this is strictly true in a quantum mechanical treatment, had
led to a debate in the past [7,9,20,21], which was eventu-
ally settled theoretically in favor of strict causality [22,23].
An experimental verification [24] is, however, still missing.
(c) Time-domain fluctuation-dissipation theorem (FDT) [25]:
The FDT is usually considered in frequency space. Here, we
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(a) Single-atom dynamics

(b) Influence from one atom onto another

(c) Correlations between the atoms
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FIG. 1. Source radiation vs vacuum field fluctuations for single-atom dynamics or the Fermi two-atom setup. (a) The structure and
dynamical properties of a single atom coupled to the electromagnetic field in vacuum is influenced by vacuum field fluctuations (green)
and radiation reaction (red), i.e., the back action of the source field emitted by the atom onto itself. Although the sum of these effects remains
independent of the chosen operator orderings, their individual contributions differ, e.g., the vacuum field contribution to spontaneous emission
vanishes using normal ordering while it does not vanish for symmetric or antinormal ordering. (b, ¢) Fermi’s two-atom setup: Two atoms at a
distance R apart from each other interact for a finite time t with the electromagnetic vacuum field. (b) The influence of atom B onto atom A
is always (independent on the chosen operator ordering) described by the fully retarded source radiation of atom B, E, 5. As E g vanishes for
spacelike separated atoms, there is no faster-than-light signaling. (c) Correlations between the two atoms arise either due to an exchange of
source radiation or since correlations from the vacuum field are swapped to the atoms. Only for symmetric operator ordering (as in the DDC

formalism) the former contribution vanishes for spacelike separated atoms, as illustrated above.

find a direct implication of its time-domain form: It relates
correlations arising from source radiation or vacuum field
fluctuations in Fermi’s two-atom problem. This also allows
for an experimental verification of the time-domain FDT.

The experimental implementation [24,26] of the Fermi
two-atom setup is challenging, especially since the interac-
tion with the vacuum has to be switched on and off on very
short timescales. Recently, an analog version has been intro-
duced [27] based on electro-optic sampling (EOS) [28-36],
leading to the first observation of spacelike correlations in
the quantum vacuum [27]: Two tightly focused laser pulses,
separated in space and time by §r and §t, respectively, prop-
agate through a nonlinear crystal. They effectively induce an
interaction between the THz quantum-vacuum field and two
near-infrared (NIR) field modes (replacing the atoms) via the
nonlinear coupling of the crystal (laser pulses entering and
leaving the crystal switches the interaction on and off); see
Fig. 2(b).

In Sec III, we analyze the potential of EOS experiments
and find that source-radiation and vacuum field contributions
can be accessed individually. This is achieved by simply ex-
changing two wave plates in the detection scheme. We then
show how this allows one to probe (a)—(c) experimentally
with state-of-the-art EOS setups.

II. VACUUM AND SOURCE FIELDS IN FERMI’S
TWO-ATOM SETUP

We consider Fermi’s two-atom setup [7] consisting of two
two-level atoms interacting for a finite time t with the quan-
tized electromagnetic field initially in its vacuum state. The

interaction Hamiltonian reads
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FIG. 2. EOS analog of Fermi’s two-atom setup. (a) Two atoms
interacting with the quantized electromagnetic field in its vacuum
state can either become correlated by exchanging source radiation
or by “harvesting” correlations existing in the vacuum field Eou:
see also Fig. 1. (b) EOS setup: Analogously, correlations between
two probe-field modes £(-? can arise, which copropagate with two
coherent laser pulses £!? through a nonlinear crystal (gray), in
which they can effectively interact with the THz electric field E.
These correlations can be accessed via a balanced detection scheme
for each laser pulse consisting of a wave plate with angles 0, 5, a
Wollaston prism (WP) and two balanced photodiodes (PD). (c) For
certain 60, the EOS signal Gy, is only sensitive to correlations
stemming from source radiation or vacuum field fluctuations, given
by the response (R) and correlation (C) function, respectively.
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Here, d and d® are the dipole operators of atom A and
B, respectively, E is the electric field operator, r4 and rp are
the center of mass positions of the smeared out atoms with
smearing function F', and n(¢) is a switching function, which
switches the interaction between field and atoms on and off
on a timescale t. For simplicity, we assumed a unidirectional
dipole moment of the two atoms, requiring consideration of
only one field polarization direction.

Note, that all conclusions of this section qualitatively also
apply to the more generic setting, in which two quantum sys-
tems (here the atoms) are interacting linearly and weakly with
a joint bath (here the electromagnetic field); cf. Refs. [11,12].

A. Source and vacuum field contributions
to single-atom dynamics and causality

We follow Refs. [1,11] to identify source and vacuum
field contributions to single-atom dynamics. As the interaction
Hamiltonian in Eq. (1) is linear in the electric field operator,
the solution to Heisenberg’s equation of motion for the field is
given by [1]

E(r,t) = Euc(r,t) + Esa(r, 1) + Ep(r, 1), 2)

where E,,. is just the vacuum electric field in absence of the
two atoms, and ESJ is the source radiation emitted by atom i.

To identify the influence of source radiation and vacuum
field fluctuations onto the atoms’ dynamics, we insert the
field in Eq. (2) into the equation of motion for the atomic
observable of interest O. The terms proportional to B (r, 1)
and to EAS,A(r, t)+ ES,B (r, t) are then identified as the vacuum
and source field contributions, respectively, see Refs. [11,12]
and also Appendix B 1. In the former contribution, the atoms
respond to fluctuations in the field, while in the latter, fluc-
tuations of the atomic dipoles induce a response in the field,
which acts back on the atoms.

In the equation of motion of O, the total electric field £ and
d® commute, such that we can write them in any order. The
overall dynamics are, of course, independent of the chosen
operator ordering. The vacuum and source-field contribu-
tions, however, individually depend on the chosen operator
ordering [6,10,11], since E.ac and lf}’i do not commute with
d®, respectively. For example, it has been shown that using
normal operator ordering (all positive [negative] frequency
components of the field ordered to the right [left]) sponta-
neous emission arises only due to source-radiation (radiation
reaction), whereas using symmetric operator ordering vacuum
field effects also contribute [1,2]; see Figs. 1(a) and 1(b).
We thus find an indetermination in the separation into source
and vacuum field contributions, which can only be lifted by
an additional constraint. References [11,12] suggest to use a
symmetric ordering, as only in this case source and vacuum
field contributions remain individually Hermitian and are ex-
pressed in terms of Hermitian field and atomic operators. This
procedure is known as the DDC formalism, which has been
used to identify source and vacuum field contributions for a
variety of different processes; see, e.g., Refs. [1,11,12,37-43].

This indetermination is not present when it comes to
the question of causality in Fermi’s two-atom problem, i.e.,
whether faster-than-light signaling is possible; see Fig. 1(b).
Atom A only interacts with atom B via the field in Eq. (2).

Thus, atom A can only infer the presence of atom B by
interacting with £ . As we show in Appendix B 1, this con-
tribution is independent of the chosen operator ordering. As
pointed out in Refs. [1,22], EAS,[ is fully retarded, which en-
sures that no-faster-then-light signaling is possible in Fermi’s
two-atom setup.

B. Correlations

We quantify correlations between an observable of atom
A and atom B, O and O®, respectively, via the correlation
function

GP@) = (0WOP) = (0D)(0). 3)

Analogous to the case of single-atom observables discussed
in the last section, we find that again both “sides of the
same quantum-mechanical coin” [6], source radiation and the
vacuum field, contribute to the dynamics of the correlation
function in Eq. (3). So far, to the best of our knowledge, for
Fermi’s two-atom setup these contributions have only been
identified in Ref. [8]. However, in the interaction picture cal-
culation employed in Ref. [8], the connection to the above
results on single-atom observables, including the issue of the
initial operator ordering, could not be clarified.

Identifying source and vacuum field contributions to the
dynamics of the correlation function in Eq. (3) follows along
similar lines as for the single-atom observables and is de-
scribed in detail in Appendix B 2. The resulting expression
for the source and vacuum field contributions again depend
on the operator ordering. For symmetric ordering, as used in
the DDC procedure, and assuming that the atoms are initially
uncorrelated such that G4 (ty) = 0, we find the following
vacuum and source-field contributions to the two-point cor-
relation function:

t t
G(AB)(t)|VaC — /d3r/// dt///d3r// dt’
i o

% L(A)(l'/, l‘/, l)L(B)(l'//, l‘”, l‘)C(l‘/, l'//, l/ _ l//),
)

and

t t
GAB (1)), = / d’r f dt” / d’r' / dt'LW', 1, 1)
T I

< L®a’ t", YR, v, i —t")+A < B.
(5)

Here, +A < B means adding the previous term subject to the
replacement A <> B, and we defined

LOW ' 1) = %n(t’)F(Ar;)([ﬁ(i) @), 0L.®]), (6

vac vac

and

LG '.1) = Ly FAr) ({20, 09.1))

= 2d @) OL®)). ™

with Ar; =1’ —r;, and {-, -} denotes the anticommutator. The
electric field operator enters Egs. (4) and (5) via its correlation

043207-3



LINDEL, HERTER, FAIST, AND BUHMANN

PHYSICAL REVIEW RESEARCH §, 043207 (2023)

and response function, which are given by
CP, ) = 5({Evac(r, 1), Evac(r', 1)), ®)

Rp.7) = %e(n[évac(r, 1), Eve(r',1)]. )

Here, 1 =t —1t, p =r —r/, and 6(7) is the Heaviside step
function. C and R are well-known quantities from linear re-
sponse theory; see Appendix A for a brief summary of their
main characteristics. In free space they read

,bLoFl 1 P P
C(p, = —d—-] —— s 10
(b.7) = £ p<5_7+§+r> (10)
1
Rp.7) = ﬂm—a(f - r), (1)
T p \c

with [0 = % — Cza)?_az)a and P the Cauchy principal value.
We see from Eqgs. (10) and (11) that the response function R
only has support along the light-cone, i.e., if p = |r — 1’| =
ct, whereas the correlation function does not vanish for space-
or timelike separations. Equations (4) and (5) thus give the
expected result, which is in line with the discussion of Fermi’s
two-atom setup found in previous works [8,9,16,22]: Either
the two atoms get correlated due to an exchange of source
radiation, propagating at the speed of light from one atom
to the other (source-field contribution), or they individually
interact with the vacuum field and thereby correlations in
the vacuum field are swapped to the atoms (vacuum field
contribution), see Fig. 1(c). Thus, correlations between space-
or timelike separated atoms can only arise due to vacuum field
contributions.

The particular separation into source-radiation and vacuum
field contributions in Egs. (4) and (5), however, is only found
using symmetric operator ordering, see Appendix B 2. For all
other orderings, either the source-radiation contribution leads
to correlations between space- and timelike separated atoms,
or the source and vacuum field contributions are not given
by real numbers, see Appendix B 2. For example, in case of
normal ordering we find that the vacuum field contribution
vanishes, i.e., GA®(t)|yac = 0, whereas GAB) (1)), is given by
the sum of the right-hand sides of Eqs. (4) and (5).

To conclude this discussion, for single-atom observables,
the DDC procedure is motivated by the requirements that (i)
the individual contributions from the source and vacuum field
should be individually Hermitian and (ii) expressed in terms
of Hermitian field and atomic operators. Considering corre-
lations in the Fermi two-atom setup, one finds that (ii) can
also be replaced by the physical requirement that the source
radiation contribution does not induce correlations between
space- or timelike separated emitters, allowing one to interpret
this contribution as mediated by a field propagating at the
speed of light from one atom to the other.

Interestingly, using the symmetric operator ordering, there
are certain choices of 0¥ and O® for which the source-
radiation contribution vanishes while the vacuum field one
does not, and vice versa: We find that G“B(¢)|yee =0
and GYP ()|, #0 if OW =6" and OB =6, while
GB) (t)|yae # 0 and GUB (1), =0 if OW =6W, 0B =
68, and each atom is initially either in the ground or the

excited state (6, and &, are Pauli matrices, see Appendix B).
This implies that only source radiation leads to correlations
between 6 and (), while only the vacuum field correlates

6" and 6{7. This allows one to access these two ‘insepa-
rable two sides of the same coin’ [6], i.e., source radiation
and vacuum field effects, individually by probing correlations
between specific single-atom observables. Changing the time
interval and points in space at which the atoms interact with
the electromagnetic field further allows one to individually
probe the space-time structure of these two contributions [8].
We analyze how this can be experimentally achieved in the
EOS analog of Fermi’s two-atom setup in Sec. III.

Note that the correlation and response function of the
field in Egs. (10) and (11) are connected via the fluctuation-
dissipation theorem. This also connects the source and
vacuum field contributions in Egs. (4) and (5), which is again
further discussed in Sec. III E for the EOS analog of Fermi’s
two-atom setup.

III. ELECTRO-OPTIC SAMPLING

In the following, we analyze how source radiation and
vacuum field fluctuations lead to correlations in the two-
beam EOS setup, which has been experimentally realized in
Refs. [27,32], and which can be seen as an analog of Fermi’s
two-atom setup discussed in the last section [27].

A. Experimental setup

We consider the two-beam EOS setup in Fig. 2(b): Two
tightly focused, uncorrelated, near-infrared coherent probe
pulses £ and £?), linearly polarized into y direction, are
propagating along the [110] axis (z axis) through a zinc-
blende-type nonlinear crystal. Inside the crystal they can
effectively interact via the nonlinear coupling of the crystal
with the x-polarized THz quantum field E (parallel to [TIO]),
which is initially in its vacuum state E,.. [31,44,45]. The
interaction is given by the Hamiltonian [34]

H,(z)=2x<2>2/ drEQ @, HE@, HEV(r,1), (12)

i=1,27 Ve

where V¢ is the crystal volume and x ® the nonlinear suscep-
tibility. The interaction of the laser pulses with the quantum
field £ leads to x-polarized NIR signal fields £, E®
emerging from the crystal, which are co-propagating with the
coherent fields £, £@), respectively, due to phase-matching
constraints.

Comparing Eqgs. (1) and (12), we see the close similarity
between the two-beam EOS and Fermi’s two-atom setup,
as has been already discussed in Refs. [27,34]. In Fermi’s
two-atom problem, two two-level systems are coupled to
the electromagnetic field £ via their dipoles. The effective
space-time volume in which the interaction takes place, is
determined by their spatial smearing and the switching func-
tion F and n, respectively. In the EOS analog, the two atoms
are replaced by two paraxial field modes £, which are
co-propagating with the focused laser pulse £¥ and cou-
ple to the vacuum field via the nonlinear coupling in the
crystal. Here, the interaction takes place in the space-time
volume of the ultrashort laser pulses inside the crystal given
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by [y, d*r€D(r, 1) in Eq. (12). Note, that E® and £@ are
initially in their vacuum state, corresponding to two ground-
state atoms in the Fermi two-atom setup. As we show below,
in close analogy to the atoms in Fermi’s two-atom setup,
E®M and E£® become correlated either because they exchange
source radiation or because correlations from the quantum-
vacuum field £, are swapped to £ and £®. To measure
these correlations we consider the EOS signal G4, which
probes correlations between the signal fields £V, E® via
the correlations between two ellipsommetry measurements
SM@;) and §@(6,) of the fields emerging from the crystal
[46], i.e.,

Goyo, = é[(S“)(el )8@(62)) — (SPONEP6))],  (13)
with the detection efficiency C defined in Eq. (C25), and
[31,47]

8D6,) =4meyene / d*r f da)—
0

x [POHED*(r), )EV(r), w) +Hel.  (14)

Here, € is the vacuum permittivity and n. the refractive
index at the central frequency of the laser pulses. P(6;) =
/ —cos(6;) + iﬁcos(@i /2) accounts for the influence of wave
plates in the detection setup, which induce phase shifts 6; €
[ /2,37 /2] between the signal fields () and the laser
pulses (%) after emerging from the crystal, see Fig. 2(b).
Such a detection scheme was recently considered in the
single-beam EOS setup [34,35,47,48], whereas previous ex-
perimental [27,32] and theoretical [44,45] works on the
two-beam EOS setup only considered 6, , = 7 /2. As we will
discuss below, tuning the two different angles 6, , allows one
to individually probe contributions from vacuum fluctuations
and source radiation.

To obtain the EOS signal, we solve Heisenbergs equa-
tions of motion for the quantum and signal fields £ and £®
perturbatively in orders of x®. This follows along the same
lines as the calculation of the correlations in Fermi’s two-atom
setup discussed in Sec. II B, see Appendix C for details. Em-
ploying a symmetric operator ordering as motivated in Sec. II,
we find that up to second order in x ) there are two different
processes which lead to correlations between £ and E@,
and, thus, to an EOS signal Gy, [see Fig. 2(b)]: Either the
two laser pulses individually mix with the vacuum fluctuations
Eac, thereby harvesting correlations from the latter, or one
of the laser pulses generates THz source radiation E; which
propagates to and then interacts via the nonlinear coupling
with the other laser pulse.

B. Vacuum field contribution

We start discussing the former process. The mixing of the
laser pulses with the vacuum field via one nonlinear pro-
cess (sum- or difference-frequency generation processes [49])
leads to a contribution to the signal field £@ which is linear
in x@:

EO(r 1) = —24® / RO, YEVW, 1) Eyae (X, 1),
r'.t
(15)

Here, fr,,l, = fVc d3r’ ffooo dt’, and R®(p, 1) is the linear re-
sponse function of the signal field, i.e., the classical Green
tensor that propagates the field from a source at r’, ¢’ to an-
other space-time point r, ¢, see also Eq. (9) and Appendix A.
The generated NIR signal fields £ and E® are correlated
only because there exist correlations in the quantum vacuum
field Eyye. Inserting Eq. (15) for both i = 1, 2 into Eq. (14)
thus leads to the EOS signal stemming from vacuum field
correlations:

Gooy |,y = Pvac/ Li(r, )L (x', 1" )Cru(p, 7). (16)
r.r'.tt

Here, P,,c = Im[P(6;)]Im[P(6,)]. Equation (16) has the same
structure as the vacuum field contribution to G“A® in Fermi’s
two-atom setup, compare Eq. (4), and shows that Gg,g, |, 1S
obtained by averaging the vacuum two-point correlation func-
tion of the vacuum field C over the spatio-temporal profiles of
the two laser pulses L;. For 8; = 6, = 7 /2 this result has also
been obtained in Ref. [27].

C. Source-radiation contribution

In the second process which correlates EWD and E®, the
broadband laser pulses generate source radiation Ej via, e.g.,
difference-frequency generation. In close analogy to Eq. (15),
E, is given by

Eyr,1)=—2x? f R(p, DEDW, HED. (', 1), (17)
't

where R is the response function of the field £ defined in
Eq. (9). The source field £, can propagate to the other laser
pulse 7 where it can interact with it via the nonlinear coupling.
This process thus relies on the exchange of source radiation
between the two laser pulses and leads to the following con-
tribution to the EOS signal (see Appendix C for details)

_ h ;o
Gools =—= Li(r,t)Lr(r', 1)
r,x' .zt

x [PgR'(p, T) + PgR"(p, D], (18)

with P, =Im[P(6,)P(6,)], P, = Im[P(0;)P*(6,)] and we
introduced the symmetric (reactive) R'(p, 1) = [R(p, ) +
R(p, —71)]/2 and antisymmetric (dissipative) R"(p, t) =
[R(p, t) — R(p, —7)]/2 part of the response function.

D. Individually probing source and vacuum fields
in space and time

We find that up to second order in x® the vacuum
field and source-radiation contributions in Eqgs. (16) and
(18), respectively, are the only ones such that Gy, =
Go,0, lvac + Go,0,15- Tuning 6; and 6, all three contributions
Gz 1= G%z lvac = Gyqe (only vacuum correlations [Eq. (16)
Wlth P.. = 1)), G2T 4 G4*r i = = 2Gr/, and Gﬂ — Gy =
2Gr~ (only source radlatlon descrlbed by the symmetrlc and
antisymmetric part of the response function [first and second
term in Eq. (18)], respectively) can be individually probed.
Note that G and G~ are obtained via the difference be-
tween two different measurements. For 6, = r/2and 6, = 7
one can also probe the full response function corresponding
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to source radiation propagating from mode 2 to mode 1, i.e.,
Gzn = Gy with

h
Go=-3 [ Lo ORe. (19)
2 r,r't,t'

The combinations of #; and 6, which allow one to access
the different contributions individually, are summarized in
Fig. 2(c).

Equations (16) and (19) show that using EOS one can indi-
vidually probe source and vacuum field contributions, which
are given by the correlation and response functions C and R
averaged over space-time regions defined by the envelopes of
the two laser pulses L; », respectively. We next use this result
to show how EOS experiments can reveal causality at the
single-photon level and space- and timelike correlations in the
quantum vacuum field. The former implies that source radia-
tion (and with it information transfer via a single photon) can
only propagate at the finite speed of light inside the medium
cn. This is ensured by the fact that R(p, 7) is strictly zero
if p > ¢, 7, i.e., only connects causally connected space-time
points. The existence of correlations in the quantum vacuum
between space- and timelike separated space-time regions im-
plies C(p, t) # 0 even if p > ¢,T or p < ¢,7, which leads
to an EOS signal even if the two laser pulses are completely
space- or timelike separated.

We first consider the idealized scenario in which the laser
pulses have a rectangular shape and we can neglect disper-
sion and absorption inside the nonlinear crystal by assuming
that the refractive index of the crystal in the THz n(2) is
constant and real. We use n(2) = n = 3.33 similar to the
one in GaP [50]; see Appendix D for details. In this case
we find that the correlation and response functions are still
given by Egs. (10) and (11) subject to the replacement ¢ —
¢p. Clearly, if p 2 ¢,7, then we find R(p, v) = 0, whereas
C(p, ) # 0. We assume that the rectangular laser pulses have
a beam waist w = 10 um and duration 7, = 185fs, as in the
experiment in Ref. [27], and we set the length of the crystal
to L =0.1mm [see Fig. 2(b)]. Using these parameters we
can identify three different regimes [see Fig. 3(a)]: During
the time the laser pulses are inside the crystal, they can (I)
remain completely spacelike separated (for large 8r > 8ry11),
(II) be causally connected, i.e., a signal can propagate in
the crystal with the speed of light from one to the other
(8rygy111 > 6r > 8ryypp), (III) remain completely timelike sep-
arated (for large delays 8¢ or 8r < Sryyrr). We identify these
three regions numerically in Fig. 3(a) (color code) and find
that they are all within reach of current experimental setups
[27]. The boundaries between the three regions can also be
found analytically: If 87 > w, then we have dry/y = w +
\/(cn[(St + 7,1 + Lng/n)* — L?, and for ¢,8¢ > w and §r > w
we find 8ry/ = —w + /(cal8t — 1p] — L2ng/n)* — L2; see
black solid lines in Fig. 3(a).

In Figs. 3(b) and 3(c) we show the vacuum field and source-
radiation contribution to the EOS signal Gy,. and G, obtained
via Egs. (16) and (19), respectively, as a function of &t for
dr = 200 um, see Appendix C 8 for details. As expected, in re-
gions (I) and (III) the source-radiation contribution is exactly
zero, i.e., Gy = 0, whereas in region (II) we find G, # 0 indi-
cating that the two laser pulses can exchange source radiation.

II: causally connected

III: time-like

— Gyac rect.
- Gyac Gauss

- = Gg Gauss
T T

0 1 2 3 4
ot [ps]

FIG. 3. Source radiation vs vacuum fluctuations contributions
to the EOS signal: (a) For THz refractive index n = 3.33, NIR
group refractive index n, = 3.556, crystal length L = 0.1 mm, and
rectangular pulses with duration 7, = 185 fs and width w = 10 um,
we identify numerically (shaded areas) and analytically (black lines)
the three different regions I (completely spacelike), II (causal com-
munication possible), and III (completely timelike) depending on
the spatial distance §r and delay &t between the center of the
pulses. (b) EOS signal from vacuum field fluctuations Gy, (green) or
source radiation G (red) with rectangular (solid) or Gaussian shaped
(dashed) pulses for ér = 200 um [pink dashed line in panel (a)].
For the rectangular pulses we used the same parameters as in panel
(a), for the Gaussian pulses we included dispersion and absorption
effects, see main text. (c) Absolute values of the signals in panel
(b) on a logarithmic scale.

The contribution from vacuum fluctuations Gy,., however, is
nonzero in all three regions (I)—(III). This shows that the two
laser pulses can become correlated although they remain com-
pletely space- or timelike separated and thus cannot exchange
source radiation.

In a next step, we turn to the more realistic scenario of
two Gaussian laser pulses with the same beam waist w and
duration 7, as used for the rectangular pulses above. Also,
we account for dispersion and (linear) absorption effects,
by considering the complex valued, dispersive permittivity
of GaP in the THz frequency range €(w) as measured in
Ref. [50]. Using macroscopic QED [51] we find the response
and correlation function accounting for the full polaritonic
quantum vacuum in the presence of absorption and dispersion
[44,45], see Appendix A and C9. As can be seen in Figs. 3(b)
and 3(c), we find a very similar result for the EOS signal
compared to the dispersion- and absorptionless case with two
rectangular pulses considered above. The main features are
slightly washed out by the frequency dependence of the speed
of light due to the dispersive refractive index. Furthermore, the
exponentially decaying tails of the Gaussian pulses cause the
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0.1 +

[V2/m?]

0.0 +

G(6t)

—0.1 1

T T
-5.0 -25 00 25 5.0
ot [psl]

6t [psl]

FIG. 4. Time-domain fluctuation-dissipation theorem: For the
same parameters as the dashed lines in Figs. 3(b) and 3(c), the EOS
signals stemming from vacuum fluctuations Gy,. (green dashed) and
from the dissipative part of the response function 2G~ (solid red)
are shown for spatial separations of the pulses of (a) §r =0 and
(b) 6r =200 um. According to the time-domain FDT 2Gr~(6t) is
the Hilbert transform of G,,.(8t); compare Eq. (22).

source radiation contribution to also decrease exponentially
in regions I and III which is in sharp contrast to the algebraic
decay of the vacuum fluctuation contribution. Thus, also for
Gaussian pulses and including dispersion and absorption ef-
fects, one can identify the regions (I) and (III) in which the
two pulses become correlated due to harvesting of correlations
from the quantum vacuum, although their ability to exchange
source radiation is exponentially suppressed.

E. Fluctuation-dissipation theorem

The fluctuation-dissipation theorem (FDT) in frequency
domain connects the dissipative part of the response function
to the correlation function and reads (at zero temperature)

iC(p, w) = hisgn(w)R" (p, ), (20)

where sgn[x] is the sign function. In time domain it reads [25]
h oo R// /

C(x) = ——P/ a0 o). @
T oo T—T

Here, H denotes the Hilbert transform. For the EOS signal this
implies (see Appendix C 6)

Gr(3t")

. 22
ot — ot’ @2)

2 o0
Gyac(8t) = —73/ dst’
44 —00
We thus find a direct and somewhat surprising implication of
the time-domain FDT for two-beam EOS: The correlations
harvested from vacuum field fluctuations for a given time
delay &t can be obtained via a Hilbert transformation from
the distribution of correlations for different §¢ due to the anti-
symmetric part of the response function, and vice versa. This
also means that EOS can be used to probe the FDT inherently
in time domain. Equation (22) is illustrated in Fig. 4, where
we display Gr~(8t) and Gy, (6t) for two different values of
or.

Being able to probe the FDT locally in time, i.e., as a func-
tion of &¢, implies that it is probed over a broad range of fre-
quencies at once. As discussed in previous works [32,44,45],
Fourier transforming the EOS signal with respect to 6¢ gives
access to the correlation and response function in frequency
domain. Defining G;(Q) = 5= [~ d5t €' G;(8t), with i =

=

vac, s, R”, the frequency-domain fluctuation-dissipation the-
orem in Eq. (20) implies

$gn(2)Gyae () = 2i G/ (Q) = —2ImGy(Q). (23)

By obtaining G- (2) or G4(2) and Gyac(€2) from the ex-
perimental data for Gg/(8t) or Gy(6t) and Gy,(6t), one
can thus also use EOS experiments for a broadband test of
the frequency-domain fluctuation-dissipation theorem. The
resolved spectral range in the THz is mainly determined
by the temporal extent 7, of the lasers. For laser pulses
with 7, = 185fs as in Ref. [27] this range is roughly
Q € [0, 4] THz.

IV. CONCLUSION AND OUTLOOK

We have identified the contributions of the source and
vacuum field in generating correlations in Fermi’s two-atom
setup. Our analysis revealed that these quantities can be
uniquely identified by the constraint that they are individ-
vally Hermitian and that the source-radiation contribution
vanishes for spacelike separated atoms. We further determined
source and vacuum field contributions in the EOS analog of
Fermi’s two-atom setup. We have discussed the potential to
use state-of-the-art EOS experiments to probe the causal na-
ture of source radiation at the single-photon level, as originally
proposed by Fermi in 1932 [7], the existence of space- and
timelike correlations in the quantum vacuum, and the time do-
main FDT. By expressing the EOS signal in terms of general
correlation and response functions of the THz field, our find-
ings can be extended to investigate the influence of complex
environments such as cavities [52], thermal fluctuations, or
material resonances. This approach also enables the analysis
of how the space-time structure of correlations, present in THz
quantum fields other than the quantum vacuum, can be probed
in EOS experiments. In the future, it may be possible to create
an analog of Fermi’s two-atom setup in curved space-times by
introducing an additional strong laser pulse to the nonlinear
crystal, along with the two probe beams [53-55].
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APPENDIX A: CORRELATION AND RESPONSE
FUNCTIONS OF THE POLARITONIC QUANTUM VACUUM

We review some basic definitions from macroscopic quan-
tum electrodynamics and linear response theory.

1. Electric field operator and the Green tensor

Using the framework of macroscopic quantum electrody-
namics [51,56], the electric field operator in general dispersive
and absorptive environments, described by a complex permit-
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tivity €(w), is given by

o0
By (r, 1) = / dwe Ry, (r,w) +Hec., (Ala)
0

N > | h
Eype(r,w) =1 > Im[e(w)]
2\ me

X /d3r/D(r,r’,a))~f'(r',a)). (Alb)

Here, H.c. denotes the Hermitian conjugate and f and £ are
polaritonic annihilation and creation operators, respectively,
satisfying the commutation relations

[fer, w), f(r', o)) = [fT(r, w), £ (', )] = 0, (A2)

[f(r, ), fT (@, )] =8 —r)s(w — o). (A3)

Also, we made use of the classical Green tensor D of the
vector Helmholtz equation defined via

2
(v WV x —%e(w))D(r, P =8r—1)  (Ad)

and the boundary condition D(r,r’, ) — 0 for |[r — 1’| —
oo. A useful relation connects the two-point correlation func-
tion of the frequency domain field operator to the imaginary
part of the Green tensor [51,56]

(Bve(r', QE! (1", Q)

vac

= %925(9 — Im[D(, ", Q)].  (AS5)

In the following, we only require the xx component of the
Green tensor D, = D. In a general dispersive and absorptive
bulk medium, D can be expressed as [51,56]

ek —ry) K2\ . ,
D(r,r',w) = —/ (1 — k_z)elkzlzz_

(A6)
In the case that the field propagates only in the positive z
direction, one can use the paraxial approximation by assuming
k) < k [57], which leads to

D(r. ¥, @) = 2-8(r) — e, (A7)

For the case of lossless and dispersionless media, i.e.,
media with a real-valued constant permittivity €(w) = € € R,
one can find an expansion of the x-polarized electric field in

normal modes [58,59]

. Doy
i 3
Bvac(r. 1) _I/d k\/ 167 3eqn?

< [ D7 ek, Mack, e T L He. ],
r=1,2

(A8)

where e(k, 1) and e(k, 2) are two transverse polarization vec-
tors, n = /€ is the constant refractive index, and w, = ¢,k =
ck/n.

2. Response function

The response function R(r, r’, ¢ —t’) of one polarization
direction (glven by a unit basis vector ¢;) of the electric field
operator E-e=Eis given in Eq. (9) of the main text. The
Fourier transform of this quantity is proportional to the classi-
cal Green tensor defined in Eq. (A4):

1
R(r, v, w) = / dT é“"R(r, ¥, 7) (A9)

27

pow?
- (A10)
or
/ —iwr HO@

R(r,r,t):/a’we 7 D(r r'w). (A11)

These relations can be derived by inserting Eq. (Al) into
Eq. (9). The response function describes the response of the
field at time ¢ and position r to a source at time ¢" and position
r’. One thus finds R(r,r',t —t')=0fort =t -t < |r—
r'|/c as required by special relativity. As R is not symmetric
under T — —1, one can divide it into symmetric (reactive) R’
and antisymmetric (dissipative) R” parts:

R'(t) = 3[R(x) — R(—1)] (A12)
i " ' / /

= ﬁ[E(r,t),E(r,t IR (A13)

R'(1) = HR(T) + R(—71)]. (A14)

In frequency domain one finds R"(w) = ilm[R(w)] and
R (w) = Re[R(w)].

3. Correlation function

The correlation function of one polarization direction of
the electric field operator is defined in Eq. (8). In frequency
space it can be evaluated via Eq. (A5) and one obtains

h
cC, v, w) = %sgn[a)]a)zlm[D(r’, r’, w)], (A15)
b4
where sgn[x] = 26(x) — 1 is the sign function. The correla-
tion function has the following symmetry properties: C(t) =
C(—1),C(w) = C*(—w).
From Egs. (8) and (A13) one finds the useful relation
(EVaC(r’ t)Evac (r/v t’))

=C(p, 1) —ihR (p, 7). (Al6)
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4. Normal mode QED

In an absorptionless and dispersionless medium, i.e., in
case the refractive index is constant and real, we can use
the normal-mode expression for the quantized electric field in
Eq. (A8). This can be used to find the response and correlation
functions via Egs. (9) and (8):

1
Rip,7) = ﬂmn—a<ﬁ - r>, (A17)
47 " p \cn
/Loh 1 P P
Clp,7)==0,— , Al8
.0 872 p(cﬁ—r+cﬁ+r (Al8)
where we have also defined [, = % - cﬁ% In case

n = 1 they reduce to the free-space response and correlation
functions of the electric field operator, which can be found in
standard quantum optics textbooks, see, e.g., Ref. [60], and
Egs. (11) and (10) of the main text. The space-time structure
of R and C in Egs. (A17) and (A18) is apparent: For t < p/c,,
R is strictly zero whereas C is not. Also, the response and
correlation functions in Eqs. (A17) and (A18) satisfy the time-
domain fluctuation dissipation theorem in Eq. (21) as can be
verified by using that H[5(t)] = P/(xT).

APPENDIX B: DETAILS ON FERMI’S
TWO-ATOM PROBLEM

In Appendix B 1, we consider the equations of motion
of single-atom observables in Fermi’s two-atom setup and,
following Refs. [11,12], discuss how contributions from the
source and vacuum field can be identified. In Appendix B2
we determine source radiation and vacuum field contributions
to the generation of correlations between the two atoms as dis-
cussed in Sec. II B of the main text. This includes a derivation
of Egs. (4) and (5).

1. Single-atom observables

We consider the Hamiltonian of the Fermi two-atom setup,

which reads
H=H+H:+HA", (B1)

with Hr is the free-field Hamiltonian, and A, the free atomic
Hamiltonian, which reads

~ h .
— 5 (i)
Hy = za)o A E 6,
i=A,B

(B2)

Furthermore, wy is the transition frequency of the two atoms,
and 6 = 676" — 6969 with the raising and lowering
operator 6}? and 6 of atom i, respectively. H,(F) is given
in Eq. (1) with the dipole moment for a two-level system
dD =ds® with 6 =6 4 6. Before considering the
|

ot

0 A [ A A j L ” R 0 A
—0W ()~ %[HA, O] — %n(t) / d*rF(r — r)OfEvec(r, 1), [dD 1), OL) )]} + 50%)

equation of motion for a generic observable of atom A, we
first solve the Heisenberg equations of motion of £ and d¥
up to first order in the interaction Hamiltonian and find

E(r,1) ~ Eve(r,1) + Ega(r, 1) + Egp(r, 1),
dO(t) ~ dD (1) +dO).

(B3)
(B4)
The solution in lowest order in A ,(F ), denoted by the subscript
vac, are just the solutions of the uncoupled field and dipole

operator. The first-order corrections are the source terms given
by

o0
Egi(r,t) = /d3r’F(r’—r,~)/ dt'n(t")
fo

x R, v/, t —1)d ("), (B5)
and
dP @) = f d*rF(r — 1)) f di'n(t")
)
x ROt —tHE(x,1). (B6)

Here, we defined the linear response function of the dipole
operator

RY@ —1) = %e(r —HdY@), dP ). (B7)

Next, we consider the Heisenberg equation of motion for a
general observable of atom A, O, which reads
d A I o~ i
— 0N ()= =[Hy, ON ()] — =n(t fd3
a7 () h[A ()] hn() r
x F(r = r)O{E(r,0), [dV (1), 0V )]}
(B8)
Note that as £(r,¢) and [d?(r), OO (1)] commute, one can
continue the calculation with different orderings of these ex-
pressions in Eq. (B8). To account for that, we introduced an

operator ordering function O. For symmetric operator order-
ing, for example, it is given by

O{E(r,1), 0 (1)) = HE®, )0 () + OM()E(r, 1)},
(B9)
and for normal operator ordering by
O{E(r,1), 0N (1)} = EP(x, HON(t) + OV HET(x,1).
(B10)

Here, £ and £ are the positive- and negative-frequency-
field components. To obtain the equation of motion of O™
up to second order in the interaction Hamiltonian, we insert
Egs. (B3) and (B4) into Eq. (B8) and only keep terms up to
second order to find

9 5
— 0t
t3 ®)

s

(B11)

vac
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Here, we identified second-order terms proportional to the vacuum field E,, and source field E;, which read

%OA(*‘)@) = —%n(t)/d%F(r —12)O{Evc(r, 1), [dM (1), 0% ()] + [dD @), O ()]}, (B12)
aOA(A) _ i d3 O 7 Cj(A) A(A) 3
& | = —gn(r) rF(r—ry) Z {Ei(r, 1), [, 0L )]}, (B13)

K i=A,B

respectively. In Egs. (B12) and (B13) we also introduced the zeroth and first-order contribution of the observable OY@), ie.,
0Y(1) and OW (1), respectively. In case that [Hy, OW] = —h@O™, with some frequency @, we find O)(r) = 7@~ O (1)

vac

and
A i ! ’ NV l A 7 /
OW(1) = —gfd3rF(r — rA)/ dt'n(@)[d ), 0L ] Evec(r. ). (B14)
fo
We integrate Eq. (B11) assuming [Hy, OW] = —h@O™ and we also take the vacuum expectation value with respect to the
field degree of freedom (-) and obtain
(00 = (0%2O)y + OV )|, + OV Ok 00 (B15)

with

<0<A><r>>E|Vac=—% f di'e =0 (¢ / &*rF (= 1p)(OfEvac(r, 1), [P (1)), 0L2H] + [d22(), 0P @]}, (BI6)

to

and

OY ) gls = _%/ dt’e_i&’(’_’”)n(t/)/d3rF(r —1a) > (OB i(x. 1), [dR). 091},

fo

Equations (B16) and (B17) are the vacuum and source-field
contribution to the atoms dynamics, respectively. One can
analyze the above equations for different observables O™
and initial states of the atom to find the vacuum field and
source-radiation contribution to different physical processes.
For example, spontaneous emission can be analyzed if the
atom is initially excited and using O“ = 61(/‘) [11]. The only
term in Eq. (B15), which depends on the state of atom B, is the
term proportional to E;  in the source radiation contribution
in Eq. (B17). As also discussed in the main text, atom A
thus only notices the presence of atom B through the source
radiation emitted by atom B. As E,g(r,t') is independent
of the state of atom A, it commutes with [d%)(z"), O04)(t")],
making this contribution independent of the chosen operator
ordering.

2. Correlations

In this section we obtain the source-radiation and vacuum
field contribution to the two-point correlation function G“&.
The calculation follows along similar lines as the one for
single-atom observables in the last section. For simplicity,
we assume that the two atoms are initially uncorrelated, i.e.,
G4 (1y) = 0.

We consider the Heisenberg equation of motions of the
two-point correlation function G5 (¢) defined in Eq. (3).

J

(B17)
i=A,B

(

The first term on the right-hand side of Eq. (3) evolves
according to

- . .
- 047w = %[HA, 0P (1)) — %n(t) [ d’r
x Y F@r—r)O(E(r, 1), [dV(), 0P )]}
i=A,B

(B18)

Here, we introduced the shorthand notation OWP)(r) =
OM(1)O®)(r). We insert Eqs. (B3) and (B4) into Eq. (B18)
and only keep terms up to second order in the interaction
Hamiltonian to find

d A 1~ A i
@By — Lig. 0By — L 3
50 ()= 1Hy, 077 ()] hn(t)/d r

X Y F(r —1)O{Evc(r, 1), [dn 1),
i=A,B
vac

. d 4 3 5
x 0L O]} + 00|+ 0"

vac

s

(B19)

We have again identified vacuum field and source-radiation
contributions as before, which read

%0“3)(:) = —%n(t) f d*r Y F(r = 1)O{Eye(r, 1), [d0 (), 042 ()] + [dln (1), 0P ()]}, (B20)
vac i=A,B
D pamy| = —in(t)fd3r > F@r—r)O{E(r, 1), [d 1), 052 )]}. (B21)
al Fl S vac 4 vac

s i=A,B
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Here, assuming that

[Hy, ONOP] = @™ + ®)OWO®),

(B22)

we find O%5) (1) = OW (1)OB)(t) and OUP) (1) = OW(1)OE) (1) + 0L (1)OP (1) with OW(¢) given in Eq. (B14) and OP)(¢)

vac vac vac

vac

can be obtained by replacing A <> B in Eq. (B14). Using Eq. (B22), we integrate Eq. (B19) and average over the field degree of

freedom to find

(0P (1)) = OLE (1) + (0P (1)) g lvac + (OB (1)) s,

with

(B23)

: t
0P (Olyae = =7 / di'e @Oy ) / d*r Yy Fr=1)O{Eve(r,1). [d7("), 052 ()] + [d0). 08P ()]},

fo i=A,B

and

: t
0w, = & [ are @ IOy [ 3 FE - np0 (e, [ 4060, 080}

i,j=AB

o

(B24)

(B25)

The second term on the right-hand side of Eq. (3) reads (O“))(O®) and can be obtained by using the solution for O found in
Eq. (B15). An equivalent expression for (O®)) is obtained by exchanging A <> B in Eq. (B15). Using this together with the result
in Eq. (B23) and remembering that the two atoms are initially uncorrelated, which also implies (048 (1)) — (O (1)) (OB)(1)) =

0, we find for the two-point correlation function

GAB (1) = G*P(t)]vae + GAP (1),

with the vacuum and source-field contribution

i ! 1 —i(@™+a -t ’ £ ’ 5G) 1o\ A A
GO0 =~ [ are @) [ 3 =m0l 0, [ 02000V @),

fo i=A,B

and

GYB(1)|, = —% f di'n(t") f d*r Y F(e = r)[di @), 090 (O{E,;(x. 1), 00u0)}) = £z, i) (05 0))).

i=A,B

Here, we defined A =B and B = A. Choosing different
operator orderings in Eqs. (B27) and (B28) leads to dif-
ferent relative contributions to the two-point correlation
function stemming from source radiation and vacuum field
fluctuations.

a. Symmetric ordering

Using the symmetric operator ordering defined in Eq. (B9)
in Egs. (B27) and (B28), we obtain the vacuum field and
source-radiation contributions to the two-point correlation
function given in Eqs. (4) and (5), respectively. Equations (4)
and (5) can also be written as

G (O)vae = S({OM (1), OP (1)}), (B29)
and
1 s e
Gl =5 Y [(10Y0). 0%.0})
i=A,B
— (09 O)OD.0))]- (B30)

We see from Eq. (B29) that the vacuum contribution is given
by the correlations between the source terms O and O®).
OW and O'P describe the individual interaction of atom A
and atom B with the vacuum field, compare Eq. (B14). The
source radiation contribution in Eq. (B30) is given by the

vac vac vac

(B26)

(B27)

(B28)

(

correlations between the free space atomic operator OA‘(,QC and
Og)(t). Og)(t) is the contribution to O® stemming from the
process in which atom i interacts with the source radiation
emitted by atom i. It is obtained by replacing E.,. in Eq. (B14)
by E®. This is in line with the interpretation that the vacuum
field contribution arises due to the individual interaction of
the atoms with the vacuum field and thereby swapping cor-
relations present in the vacuum to the atoms, whereas the
source-radiation contribution arises in case one atom interacts
with the source radiation emitted by the other atom.

b. Normal ordering

Using the normal operator ordering defined in Eq. (B10) in
Egs. (B27) and (B28), we obtain the following vacuum field
and source-radiation contributions to the two-point correlation
function:

G(AB)([)|Vac =0 (B31)
and
By — Loy o® 1
G ()]s = 2({OS (), 0% (t)})+2i§3
x ({09 @), 0%)}) = (0P ) OL.0))]-
(B32)
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As expected, the sum of the vacuum and source field contri-
bution using normal operator ordering [Eqgs. (B31) and (B32)]
is the same as in the case of symmetric operator ordering
[Eqgs. (B29) and (B30)]. However, the individual vacuum
and source field contributions in Egs. (B29) and (B31) and
in Egs. (B30) and (B32), respectively, differ. While using

J

symmetric operator ordering one obtains that correlations
between the atoms arise due to source and vacuum field con-
tributions, they only arise due to source radiation if one uses a
normal operator ordering.

To obtain Eq. (B32) we used that using normal ordering we
find

;
(O{E;i(x, 1), 0L.(1)}) = / d*rF@E —r;) / dt"n(@" (R, vt — AP ")OL. (1))
0

+ RO @, r 1 =) 00.(1)d" ")), (B33)
where we defined
RP (@, v 1 —1)= %9@ — EG (X, 1), Evae (', 1)]. (B34)
R satisfy the following relations to the response and correlation function
Re[RF(r,r,t —1)] = iR, ¥/, 1 — 1)), (B35)
1
Im[RFP(r, vt — )] = —Im[RO(r, ¥, t — )] = ge(t —C(r, ¥, t —1). (B36)

To obtain the last equality, we made use of the fluctuation-dissipation theorem in Eq. (21). To obtain Eq. (B32), we use Eqs. (B35)
and (B36) in Eq. (B33) and insert the resulting expression into Eq. (B28).

c. Other operator orderings

We consider more generic operator orderings and find that in all cases other than the symmetric one, either the source-radiation
contribution does not vanish for spacelike separated atoms or the vacuum and source-radiation contributions are not real. First,

we consider operator orderings of the form
OlE(r,1), 0 (1)} = REx, DO (1) + (1 = HODDE(r, 1)}, (B37)

with A € [0, 1]. For A = 1/2 we recover the symmetric operator ordering. Using Eq. (B37) in Eq. (B27) we find using Eq. (A16):

t t
G(AB)(I)|vac — /d3r/// dl‘// / dSr// dl/L(A)(l'/, l/, l)L<B)(1‘//, l‘//, l‘){C(l'/, l'”, l/ _ t//)
Iy Iy

+iAR (', ", — ") — (1 = VR, ", — )]} (B38)

The second row vanishes if A = 1/2, i.e., in case of symmetric operator ordering. For all other values of A, it does not vanish in
general and leads to a purely complex contribution to G45)(t)|,,..

Another type of operator orderings is

O{E(r, 1), 0V (1)} = (MED (x, )OD (1) + OV OET (r, )] + (1 — MIET (r, HOP (1) + OV E P (x, 1)1},

Here, again A € [0, 1] and we we recover the symmetric (nor-
mal) operator ordering for A = 1/2 (A = 1). In this case we
find that

G(AB)(t)|s =)»[G(AB)(I)|SSym + G(AB)(t)|SYm]

vac

— GUB ()|,

vac

(B40)

— (1 = »[GB o)™

s

Here, GAB(1)[>™ and GUE)(1)[>™ are the vacuum and
source-field contribution in Eqgs. (4) and (5), respectively,
obtained using symmetric operator ordering. For space-
like separated atoms, we found that G“® ()™ £ 0 and
G(AB)(I)|fym = 0. Thus, the source-radiation contribution in
Eq. (B40) only vanishes in general for spacelike separated

atoms if A = 1/2.

(B39)

[
APPENDIX C: ELECTRO-OPTIC SAMPLING SIGNAL

In this Appendix we include a detailed derivation of the
EOS signal by perturbatively solving the equations of motion
for the electric field operator emerging from the crystal. We
further identify the contributions from source radiation and
from vacuum field fluctuations using a symmetric operator
ordering.

1. Preliminaries
a. Electric field contributions

As discussed in the main text, there are three different con-
tributions to the electric field, which are relevant for the EOS
signal. First, there are the two y-polarized, near infrared (NIR)
probe pulses £V and £ which will be treated classically
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[61] and are given by

o0
ED0(r, 1) = / do gi(r)ED (@) (C1)
—00

Here, we have defined the transverse mode function of the
two laser pulses g; and g, respectively, which we assume to
be equal but shifted by the spatial distance in transverse direc-
tion between the laser pulses dry, i.e., g1(r)) = g (r) — dry).
Furthermore, £!(w) and £@(w) have the form £9(w) =

& (a))e’“s" ', with the normalized, real laser spectrum & ().
Note that £(w) = E(—w). Also, we assume that the spec-
tra are symmetric around the central laser frequency, i.e.,
E(w —w) = E(a) + w,), and that the width of the spectrum is
much smaller then the central frequency of the laser pulses w,.
We approximate the wave vector k(w) = n(w)w/c of the laser
pulse using a Tailor expansion around the central frequency
of the laser pulse w,. by assuming that the real refractive
index n(w) in the NIR is sufficiently flat in the spectral range
of the laser pulse. Introducing the group refractive index n, =
cdk,/dw|,, and defining n(w.) = n. we obtain

g(i)(l', t) = 2COS|:6()C (}’lcE - l)]gl‘(l')
C

o0 .
x f dw &(w — w.)e @H="5) — (C2)

oo

E(t+8n—"8

This can be used to find the time-domain expression for the
laser pulse

ED(r, 1) = /2L Ly(r, t)ZCos|:a)C <ncE - 5;,-)}, (C3)

L, = —52 (l + 6t; — _>gz (I‘H) (C4)
2w L

Here, L is the crystal length, and L; are the pulse envelopes

normalized such that

/d%»/ dtLy(r,1) =1, (C5)
V(j —00

where Ve is the volume, i.e., fvc d’r =

f dx f dy |- Lﬁz

The second and thlrd relevant part of the electric field are
the x-polarized, quantized electric fields £, which we split
into a component in the THz (£) and NIR (E®) frequency
ranges, i.e., £y = E + E®. Without the nonlinear coupling,
these fields can be expressed by their vacuum expressions

crystal

A
Evac(r, t) = / d2 e_iQtEvac(r, Q)’ (C6)
—A
ED(r,t)= / dwe @ ED (r, w). (C7)
|lw|>A

E\oc(r, Q) is given in Eq. (A1b), and we have introduced the
transition frequency A which separates THz frequencies from
NIR ones. The NIR field £@ is, as the pulses, given in the
paraxial approximation [57] such that E®) (r, w) is given by
Eq. (Alb) with the Green tensor in the paraxial approxima-

tion; see Eq. (A7). This can be used to find

B (e w) === | " Ime(w)
L W) =— —Ime(w
vae 2cn.\ mweo

x / dz M PO, W), (C8)

Note that the bosonic creation and annihilation operators
in the NIR and in the THz, f®(r,w) and f.(r,Q), re-
spectively, commute. Furthermore, the field operators of the
two modes are uncorrelated, i.e., f(r, w), fV(r, w) and
fx(z)(r, w), fx(z)T(r, w) commute. This is assured in the two-
beam experimental setup by generating the two laser pulses
via a beam splitter from a single pulse; see Appendix C of
Ref. [62].

b. Interaction Hamiltonian

The nonlinear coupling inside the nonlinear crystal in-
troduces an effective coupling between the three different
field components which is given by the following interaction
Hamiltonian [34]:

H,(t)—x(z)Z/ drEy (v, E(r, E(r,1)  (C9)

i=1,2

x® Z / &rED @, HE @, HED(r, 1).

i=1,2
(C10)

Here, we used £, = E + > E®, and the fact that £ and
E® commute. Furthermore, we have neglected contributions
which are proportional to E£2 or E®2, since they will be
rapidly oscillating and are thus assumed to average to zero
[63]. We also have neglected terms proportional to £ME?)
or EOEM_If the two pulses are well separated in space,
then these terms do not contribute as there is no spatial
overlap between £? and EM or £V and £, respectively.
But also, if there is spatial overlap between the two pulses,
then these terms can be neglected, as in the experimental
setup the two pulses propagate into slightly different direc-
tions and pulse i can only efficiently couple to NIR fields
which are co-propagating with it due to phase-matching
constraints.

2. Heisenberg equation of motions for the fields

To eventually obtain the EOS signal, we solve Heisenbergs
equations of motion for the quantized fields £® and E up to
second order in the interaction Hamitlonian in Eq. (C10). We
use this approach instead of the Dyson series approach em-
ployed in Refs. [44,45,52] to highlight the similarities to the
calculation of source radiation and vacuum field contributions
to the dynamics of atoms discussed in Appendix B.

Solving the Heisenberg equations of motion for £ and
E up to first-order perturbation theory, we find £ ~ E,. +
E, with the free fields defined in Egs. (C6) and (C7),
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and the source fields

o0
EQw, 1) =—2x% / a>r / dt' RO, v, t — 1) ED, 1) E e (¥, 1),
VC —0oQ

o0
Er,t)=—25x® Z/ d3r/f di'R(r, v’ 1 —t)EDY HED (', 1)),
Ve —00

i=1,2

(C11)

(C12)

We used that £ and £® commute and defined the response functions of the fields £ and £, namely R and R, according
to Eq. (9). Transforming Egs. (C11) and (C12) to frequency space and using Eq. (A9) we find

ED(r, w) = =2x® poo® / &°r'D(r,x', )
Ve

Ey(r, Q) = —2xPpuo@> Y
=127V

d*rD(r,r, Q)

We will also need the second-order expression for the field £@ which is given by

o0
EQ(r,1) = —2X<2)/ d3r’/ At RO, ¥, t —t)EOW, tHE,X, 1).
VC —0o0

The three different fields contributing to £© up to second or-
der in the interaction Hamiltonian have a clear interpretation:
E®Y is the vacuum field also present without the nonlinear
coupling or the laser pulses; EAs(i) is the field generated by the
mixing of the laser pulse £@ with the THz vacuum field £;
Ez(’) is the field generated by the mixing of laser pulse i with

the THz source radiation E;.

3. Identifying source and vacuum field contributions

In this section we identify source and vacuum field contri-
butions to the EOS signal using symmetric operator ordering.
To do so, we solve Heisenbergs equations of motions for the
EOS signal operator Gy,g, up to second order in x® using
symmetric operator ordering between £ and E®. This cal-
culation follows along very similar lines as finding G“® in
Appendix B 2. We thus skip the details and give the resulting
expressions, which are just the equivalent of Eqs. (B29) and
(B30) in case of Fermi’s two-atom setup.

As E(1) and E2) are uncorrelated there is no contribution
to the EOS signal in zeroth order in x®. The lowest-order
nonvanishing contributions are of second order in x ).

We obtain

Go,0, = Go,0,Ivac + Goyo,ls- (Cl6)
Here, the vacuum field contribution to the EOS signal is given
by

1 am &
Goyo lvae = 5= ({87, 82},

. Cl17
2c\ (17
with
A © ]
8w =4neocn6/d2r||/ do—
0 ha)
x [PONED*(r), ) EX (r), 0) + He.].  (CI8)

The fields at position rj are understood as fields evaluated
at position r = (rj, L/2)7, i.e., in the plane of the backside
of the nonlinear crystal. Gg,g, |y, probes correlations between

dQEVW, » — Q)E (1, Q), (C13)
Q<A
do 90, Q — w)ED (v, »). (C14)
|lo|>A
(C15)

(

EWand E®. As EM and E® are generated via the individual
mixing of each of the two uncorrelated laser pulses with the
quantum vacuum, respectively, correlations between Es(l) and
EAS(Z) only arise due to correlations present in the quantum
vacuum.

The source radiation contribution in Eq. (C16) is given by

1 A A 2 A 1 A
Guls = 5o (1SR 3PN +((8.32)). €19)
with
30 2 [T, 1
8 =4 o | d do—
2 JTEQCH/ I‘H/O a)hw
x [POHEV* (x), w)E(r), ) + Hee.],  (C20)
and
8D — Az eyen /dzr /mdcoL
vac c II ) ho
x [PO)EV*(r), )EQ.(r), ») + He.].  (C21)

Ez(i) given in Eq. (C15) is the field generated by the mixing
of laser pulse i with the THz source radiation E,. E, can in
turn be generated either by the mixing of £ with £{}) or
E® with E2). Only the process in which laser pulse 1 (2)
interacts with the source radiation generated by the mixing of
E® with E2) (of £V with E£{1)) leads to correlations between
the two modes £ and £®, and, thus, to a contribution to the
EOS signal. In this case Ez(l) (Ez(z) ) is correlated with the NIR
vacuum field in the other mode £2) (E(})) and thus with the
shot noise contribution in the other detector.

Note that if we would have used a different operator or-
dering, we would have obtained a different splitting of the
EOS signal into source and vacuum field contributions. In the
following we find explicit expressions for the vacuum field
and source-radiation contributions in Egs. (C17) and (C19),
respectively.
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4. Vacuum field contribution

To evaluate Eq. (C17) we first insert the first-order solution for Eg”(h w) in Eq. (C13) into the expression for S"g") in Eq. (C18)
and find

o0 [o.¢]
8D = —8mepene x® o / d*r / da)% / d*r / dQIPOHE*(ry, @)D(ry, v', 0) EP ', 0 — Q)Eye (¥, Q) + Hee.].
0 VC —0oQ

(C22)

To simplify this expression we first insert the Green tensor in the paraxial approximation found in Eq. (A7) and use
k(w) =~ n(wC)wc + 20— w,), (C23)

c
which gives
(@ \/E * 3.2 (v = 5 / Q81 —in Q7 Jes -
SO =37 | do | @) | def B ) @M P £(—R) — P 6)F(@)]
0 Ve 0 e

+ Bl (', Q) ¢ IPHETELP ) f(R) — P (6)f (— )] } (C24)

=A;(—Q,7)

Here, we also defined the total number of detected photons N, the average detected frequency w,, the normalized spectral
autocorrelation function f(£2), and the detector efficiency C [32] via

dwE? o0 | R
wp = M, N = 47‘[6061%/ da)—E(’)z(a)),
Jo do+ED2(w) 0 ho
fooo dwED()ED(w + Q) 2LxPNw
Q) = : , VJC="—P C25
f( ) fOOO dwg(,)z(w) €0CN, ( )
Inserting Eq. (C24) into Eq. (C17) for both 3'51) and §§2) we find the EOS signal stemming from vacuum fluctuations
1 * * » / » / / ’
G e = 575 / & / & / a9 / 49 (e, QEL (. 2|8 (1)DBEDAI(R DA~ )
+ )G (XA, )AL, 2} (C26)

We can take the vacuum expectation value using Eq. (A5), use the Onsager reciprocity relation D(r’, r, Q) = D(r, v/, ) [56],
and Schwartz reflection principle, i.e., D(—Q) = D*(2) [56] to find

1 o0
G e = —— / & / @ DA ] / dQA1(R, A (=2, ) ¥, Q). (27)
4L2 VC VC —0o0
Here we have identified the correlation function in frequency domain C(r',r”, Q) = g—’;’sgn[Q]Qzlm[D(r/,r”, Q)], see

Eq. (A15). We use f1(R2) = f2(R2) = f(2) and f(—Q) = f(R2), and set §t; = 0, and §t, = §¢, such that Eq. (C27) reduces
to

o0
Gortyhae = Im[P@)Im[P@:)] [ d*F / &r / dQF (X 7', QC(K. 1", Q). (C28)
VC VC —0oQ
with
/ 1 11 ,—ingQ( —z")/c ,—i
F(,r', Q) = gl (rgy(re e ™2 £2(Q), (C29)
In case P(6;) = P(6,) = i this result has been previously obtained in Refs. [44,45]. In time domain, we use Eq. (C27) and
00 .
) / dQe M A(R, 7)) = —4xL L (r, )Im[P(6))], (C30a)
&) / dQe Ay (=, 7)) = —4r L Ly(r, 1)Im[P(6,)], (C30b)
—00
to find
Gortr e = Im[P@)Im[P@)] [ d*F f P / dr / 4Ly DL £)Clp. 1), (©31)
V(; VC -0 -0
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This is Eq. (4) of the main text. Equation (C31) has been previously obtained in Ref. [27] in case both modes are detected using
quarter wave plates so that P(0;) = P(6,) = i in which case

Gue = Gzz| . / ' / a’r" f dt / di'Li(t', )Ly (x", 1')C(p, T). (C32)
VC VC

5. Source-radiation contribution

To evaluate the source radiation contribution to the EOS signal in Eq. (C19). We start with simplifying the expression for Ez(i )
by Fourier transforming Eq. (C15):

EP(r, 0) = —2x @ uow? f a3 / dQD(r, ¥, 0) EV X, w — Q)E,(r, Q). (C33)
VC —0o0
Inserting Eq. (C14) into Eq. (C33) we find
EP(r, 0) = 4x®? 1l 2/ d’r f d’r / dQSZZ/ do/'D(r, v, 0)D(, ¥, Q) EV(, w — Q)
Ve Ve 0

x [0, @ — ED (", o) + EV", @ + HED (", )] (C34)

vac vac

Here, i = 2, 1 if i = 1, 2. Note that we have only included source terms Qf tk_}e THz field stemming from the other laser pulse,
since otherwise the expectation value in Eq. (C19) would vanish as (EWE®) = 0. Physically, this is also clear: To generate
correlations between E@ and E®, we have to consider the influence of the source radiation from mode i onto £® and vice

versa. Eventually, we need to evaluate {Sg), S } which can be written in terms of Ez(i ) as

{880} = 167€lc*n? / d’r, f d*r| / do f do~

x [POHED* (xy, w)E(r), ®) + H.c.] + [P(O[)S(’)*(r||, ®)EY (1), w) + HeJP* 6)ED(x), oHEL (r), o)),
(C35)

P(Q')g(l)*(r“’ w )E‘E;)C(l“/‘ o)

where we also used £()[0) = 0 and (0|EQ = 0. We thus encounter terms of the form (E\” (v}, )EQ! (¥}, @)) into which we

insert Eq. (C34) and use Eq. (AS) to find

vac

o 4 (2)2’:[ 3 2 2
(ED (), )ED (7], @) = F——H02 2 f & / &r / dQQ*D(ry. v, o)
Ve Ve

x DI, ", Q) EVM, 0 — QEP X", Q — @MD", T, @). (C36)
We use the paraxial form of the Green tensors in the NIR frequency range in Eq. (A7) to further simplify this expression:
. 22 L/2 L/2 o0 )
(i A — 1)( lipgwwc? , ; ; _ _
(B (), ) EQ) (7). @) = ———2— f dz f dz / dQ*ED(w — Q)EV(Q — @)gi(r))g:(T))
2mng L/2 L/2
x eﬂﬂgﬂ(z -7 )/CD({I‘”, Z/}, {FH’ ZN}, Q) (C37)

Similar expressions can be obtained for the other terms in Eq. (C35) and we eventually find

(i) (z) ZCh/J’O 3./ 30 200N 20 OO 2 —ing Q7 —7")/c+i(8t;—58t)Q -
({SZ ’Svac 16L2 d d r g,(l‘”)g;(l'“) dQ Qe e XD, 1", Q)
—00

X I[P(Qi)P*(&i)f (—Q) — P*(0)P* () (Qf (=) — P*(0)P0) f2(Q) + POHPO)f(Q)f(—Q)].  (C38)
Using R(r', r", Q) = Q%‘—;D(r/, r’, Q)as well as f(—Q) = f(RQ) and f1(RQ) = () = f(R), Eq. (C38) simplifies to

A 2Ch 0 O Y ot
(189500 =32 [ d3// Pr' gy [ da e eI o 1, g)
VC —0oQ0
x Im{P(6;)P* (6) + P(6)P(6)]. (€39)

Summing over i and multiplying by 1/2C, we find the source radiation contribution to the EOS signal [compare Eq. (C19)]

h o0 )
Gols = =55 | @™ / &r'g (g (r)) / dQ fA( Q) {Im[R’, v, Q))Im[P(6))P*(62)] + Re[R(r, 1", Q)]
Ve —00
x Im[P(6,)P(6>)]}. (C40)
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Here, we have defined ® = —n,(z' — 2”)/c + (611 — 8t,). Shifting to positive frequencies, we get

Gy, =5 / v / dr'g (r)g(x]) / dQ fAQ){Im[R(, 1", Q)]sin[®Q]Im[P(6; )P*(6,)]
Ve

—Re[R®, 1", 2)]cos[®QIIm[P(6,)P(6)]}. (C41)

Note that Re[R(2)] = R/(R2) and ilm[R(2)] = R"(2). To find the source radiation contribution to the EOS signal as a function
of the time-domain response function, we Fourier transform the reactive and dissipative part of the response function and find

A
Goen|, = —5[ , ,Ll(l',l)Lz(l‘/,l’){Im[P(Gl)P(Gz)]R’(P,T)+Im[P(91)P*(92)]R”(p,f)}~ (C42)

This is Eq. (7) in the main text.
For a quarter and half wave plate for modes 1 and 2, respectively, we find P(0; = 7 /2) =i and P(6, = ) = 1 such that

h / " h
Gix| =G =—3 / Li(r. DL (. )R (p. 7) + R"(p. 1)} = =5 / Li(r, HLy(x' .t YR(p, 7). (C43)
r,r' .zt r,r' .zt

This is Eq. (8) of the main text. We see that for this arrangement of the detection scheme the setup is sensitive to detect source
radiation propagating from mode 2 to mode 1.
Furthermore, we find P(27r /3) = (1 +1i)/+/2 = P*(4m /3) such that

(Guax —Girsn) = ——/ Li(r,HL, (', YR (p, 1), (C44)
o o r,rt,t'

(61— Gos) = =3 [ LiDL(.0)R (b, ). (C45)
r,r' ¢t

6. Fluctuation-dissipation theorem

The implication of the time-domain fluctuation-dissipation theorem in Eq. (21) onto the EOS signal can be found by
calculating the Hilbert transform of G~ with respect to §t:

h
HGRr(8t) = —57'1 Li(r, )Ly (r', YR (p, T) (C46a)
r.r .t

h / / "

- _Ef Li(e, DLa(x, £ — 8 YHR (p, T + 81) (C46b)
r,r',t,t

1 ., 1
_1 / L, DLa(, )C(p, T) = ~ Grae(51). (C46c)

2 Jevir 2

Note that L,(r’,#" — 8t) is independent of 8¢ and in the last line we used the time-domain fluctuation-dissipation theorem in
Eq. (21). Equation (C46) gives Eq. (22) of the main text.

By Fourier transforming the different contributions to the EOS signal with respect to 8¢ one obtains the frequency domain
EOS signals (remember G;(Q) = 5= [ dét €' G;(8t), with i = vac, s, R")

1 ’ 1 ’ " —in '—7")/c ’o
Guac(Q) = —/ d%f d*r' g @G TN ( Qe "=l v, Q), (C47)
Ve
o8t = = 2L2 ar f '@ (DRI A Qe MR ¥, ), (C48)
Ve
Gr(Q) = _E d3 ’ / &' g (xS EN Qe DR (1 v, Q) = iImG(Q). (C49)

These expressions can be verified by using Egs. (C28) and (C40) for Gv,c and Gy, respectively. The last equality sign in Eq. (C49)
can be seen from ilImR(2) = R"(RQ).

7. Energy conservation

Here, we add a discussion on the issue of energy conservation in EOS experiments. In close analogy to the stability of
ground-state atoms and energy conservation in the atom’s dynamics, where the loss of energy due to the emission of source
radiation by the fluctuating charges is canceled by the process in which the atom absorbs energy from the vacuum [1], we find
that the individual source radiation and vacuum field fluctuation contributions include terms in which energy is extracted from
the quantum vacuum. These contributions only cancel when adding the two contributions.
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To see this, we sum over i in Eq. (C38) to find the source radiation contribution in its most general form (not assuming that
the spectral autocorrelation function f(€2) is symmetric)

h o0 .
Gopo,ls = 10 f v / g (rg ) / dQ QHIm[D', v, Q)1(f*(Q2)Re[e'*P*(8))P(6,)]
4L27T Ve Ve 0
— f2(=2)Re[e” PP (61)P(62)]) — Re[D(r', 1, I () f (—=)Im[e! *?P(01)P(62) + ¢ *P(@1)P(62)]). (C50)
This expression can be compared to the vacuum field contribution in its most general form, which can be obtained from
Eq. (C27):

h o .
Ge,eznac:% / dr / d*r'g (g (x)) / dQQ’Im[D(r', x", Q)1{f*(Q)Re[e'*" P*(6)P(6,)]
T Jve Ve 0
+ fA(=Q)Re[e P P*(6,)P(62)] — 2f (—Q) £ (2)Re[P(6,)P(6>)]cos[ PL]}. (C51)

In the source-radiation and in the vacuum field contribution to the signal in Eqs. (C50) and (C51), respectively, we find energy
nonconserving contributions which are proportional to f2(—). As f(—) o £(w — ). These terms correspond to generating
two photons with energy /iw by absorbing photons from the laser pulse which have the lower energy /i(w — 2), e.g., by sum-
frequency generation of a laser and a vacuum photon. These terms lead to nonvanishing contributions to Gg,g, |y, and Gyg,s, |-
However, when adding both contributions we find that these terms cancel for any values of 6; and 6,, such that there are no energy
nonconserving terms contributing to the experimental accessible full EOS signal Gy, 4,, which is given by adding Egs. (C51) and
(C50)

Gog, = ;L’jo / a*r / *r'g (rg(r)) / dQ Q2 {Im[D(r, ¥, )1 (2)Re[e'®2P* (6))P(6,)]
T Jve Ve 0
— F(Q)f(—Q)cos[®QIm[P(6,)P(6,)D(r', ", 2)]}. (C52)

This illustrates once more the necessity of including both ‘sides of the same quantum-mechanical coin’ [6], vacuum field
fluctuation and source radiation, to ensure energy conservation. It is in close analogy to the stability of ground state atoms
in vacuum, which arises because the process where the atom is excited by a vacuum photon is compensated for by the energy
loss due to the emission of source radiation of the fluctuating charges in the ground-state atom [1].

8. Rectangular pulses

In this section, we derive simplified expressions for the EOS signal stemming from source radiation G, and from vacuum
field fluctuations Gy, in case of negligible absorption and dispersion effects in the crystal, i.e., we assume that n(2) ~ n € R.
We further assume that the laser pulses have a rectangular shape given by

Li(r.1) = Lo(r — 8ry,1 — 8t)Lrlw2H[3:|H[%:|H[I_Z—gZ/C} (C53)
o p

Here, H[x] is a rectangular function, i.e., H[x] =1 if x € [-0.5,0.5] and H[x] = O otherwise. The results found in this
section have been used to generate the solid lines in Fig. 3 of the main text.

a. Source radiation contribution

Since we assume the refractive index to be constant in this section we can use the response function in Eq. (A17). Inserting
Eq. (A17) into Eq. (C43) we find

G f /dt/ &3 /d:/f d*r'Ly(r, D)Ly (¥, 1) & 2 & 15( ) (C54)
= — r r , , —-c - —CuT).
’ 8megcn Ve Ve : ? orar’  "9xdx' ) p P

Next, we insert Eq. (C53) into Eq. (C54), use integration by parts to shift the derivatives to the pulse envelopes, and substitute
the integration variables to t = ¢ — t’ and p = r — r’ and obtain

h px — 8x py — 8y p: |1
Gi=——7—7—77—"— d*pA Al — Al —=|-8(p — ¢
' 8Lwtlmeqocn { ,/ P |: w :| |: w L|p (o = en?)

P ST T S VR 1
t=ngi+— |'=ng%s =01+

S S 1 PYSES Y VR )
t=ngi—7 t'=n, % —8t— 7

A Py—38y A np—ngp,—cdt x:% x’:75x+%
. TpCn fdpz/dp}A[&} [ w ] [ cTp ] . (C55)
w L P x=— Y ly=—2 sy
Here, A[x] = max{l — |x]|, 0} is the triangular function and we have used
L)2 L/2—7 00 0
a7 f do.f(p) =L / dp. A [ﬂf(po. (C56)
—L/2 —L/2—7 —o0
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To simplify the first line of Eq. (C55), we introduce spherical coordinates and use the delta distribution to carry out the p integral.
This way, Eq. (C55) reduces to

4

_ i A - P px—8x [oy—08y], [r:
G = " 8Lw? t2mégen Z(_l) i [ldcos[e]/é d¢|1 — %005(9)|A[ w ]A[ w }A[Z}

=1

A py—3y A np—ngp,—cdt
_ 'L’PC,, /de/dpyAI:&jI [ w ] [ Ty ]
w L Jo

Here, we have introduced py.x = max{,,g—(e)

P=Pmax

. (C57)
ox=p}"

7,0, 5 =Ty =81, T3 =8t — Ty and &4 = 8t + 1, as well as p{¥ = p® = §x,

oD = 8x +w, and p> = §x — w
We can simplify Eq. (C57) further, by setting §x = 0 and assuming §y = dr > w. In this limit, the second row vanishes and
the first becomes

i 4 ,~ 0 8y — psin(@)7 . [ pcos(@)
_8Lwt§neocn ;(_1) /; deos(] sin (9)|1 — "3005(9)|A|: w 1|A|: L i|

This expression was numerically integrated to obtain the solid red line in Fig. 3 of the main text.

G, =

(C58)

— ‘n F
=max 7,0
L {17”7%05(9) -0}

b. Vacuum field contribution

We use the expression for the correlation function in Eq. (A18), which is valid for a real, constant refractive index, and insert
it into Eq. (C32) to find the signal from vacuum field fluctuations

Cnoh [ / o / / , , 2 \1[ P P
Gyac = d’r dt dt'L t t — — . C59
© = gp /VC " L ey b Z oy + Ty (€59)

As in the last paragraph we integrate by parts to shift the derivatives to the pulse envelopes and introduce the coordinates t and
p:
4
h . . — & ,— 36 1 P P
Gue = 55— ) (=1 /d3,oAp ) Y A Y ) +
8Lw2rp2712€0cn p w w Ll plp—cit pHer

A[py;ﬁy]Al:ct—né.pz—cﬁtiI P P
i fon o fan g I )
w L P p—caT  pHcaT ]|,

As before, we use §x = 0 and set §y = §r > w and find that the second row of Eq. (C60) vanishes and the first reduces to

4 .
h (™ 1 psin(@) — ér pcos(6) 1 P P
Guye=——"—"7— -1y d dcos(0)A A -
“ 8Lwtim2eoen l;:( ) /0 P /_1 cos(9) |: w i| |: L i| sin(0) |:p —CnT * P+ c,,r]

= ng 247

} . (C60)
p<i)

r:ng%‘"+‘f,v
(C61)
This expression was numerically integrated to obtain the solid green line in Fig. 3 of the main text.

9. Gaussian pulses

Apart from rectangular pulses, we also consider Gaussian pulses which have been used in the experiments in Refs. [27,32].
They have a Gaussian shape in the xy plane given by

21 o
gl(l'”) = gz(l‘H — (SI'”) = ;EE I . (C62)

Also the normalized spectrum is assumed to be Gaussian and given by

2\ 1/4
ED(w) = ED(w)e® = (;—U) e T lwl—wo)?/4. (C63)
T

leading to the following spectral autocorrelation function:

fZ(Q) — 679213/4 — e*QZ'L’g/Sln(Z). (C64)
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7, is connected to the full width half maximum of the Gaussian pulse 7, via 7, = 7, /2In(2). Equations (C62) and (C63) can be
used to find space-time envelope of the laser pulses

2 3/2 1 2.2 22
L] = (—) —ze_z(ng(?_t)n/fa g_er/wn. (C65)
T T, WL

L, can be obtained via L(r,t) = Li(r 4 or), t 4 61).

a. Vacuum fluctuations

The signal from vacuum fluctuations in case of Gaussian pulses has been considered before [44,52] and is given by

L

vac — 5 _ 13
873 0

2 . k2
dQ Qe ¥/ / d2ky e MV e omik (1 — k-;)Re[n(kz, Q)] cos[Q61], (C66)
where we have defined the phase-matching function

i 1— eiL(%H{Z)

— +
Qg 2
Mol Ttk p(24k)

Here, +(n, — —n,) denotes adding the preceding expression subject to the replacement n, — —n,. Equation (C66) can also
be obtained from Eq. (C28) without any further approximations. It is valid for a general complex refractive index in the THz
frequency range n(£2) and thus includes absorption and dispersion effects. Equation (C66) was numerically integrated to obtain
the dashed green lines in Figs. 3 and 4 of the main text.

Tk, ) =

+ (ng = —ny). (C67)

b. Source radiation
To obtain the signal stemming from source radiation, we insert the Green tensor in Eq. (A6) into Eq. (C40) and find
Goro } _ ok / d3r/g(l)2(r/) d3r”g(2)2(r”) /oo aQ szz(g) / de”eikw(ri‘—l‘i") 1— k_)%
1021 167312 Ve I Ve I . k2

ik, |z’ —7"| ik, |z —7

"
x {Im[P(e, )P(92)]Im|:e ] cos[Q¢] + Im[P(6, )P*(Qz)]Re|:e } sin[sz¢]}. (C68)

Z Z

Introducing polar coordinates k, = kjsin(¢) and k, = kjcos(¢), and performing the r|, z, and ¢ integrals, we find

h o0 ) o0
Goor|, =+ / ds2 QZE_QZT”M/ dkey ke "B ky , 5y
0 0

~ 1672
x {Im[P(6,)P(6:)]Im[T1(k,, 2)] cos[28¢] — Im[P(6,)P*(62)]Re[T1(k,, 2)] sin[25¢]}. (C69)
Here, we have defined
1 Jolky8y] — ok, [ky 8] if 5r) = Sye,
E'B(k”’ 81'”) = . (C70)

(1 — 2L )Jolky5x] + L Ji [kydx]  if 8ty = Sxe,
where J,, denotes the Bessel functions of the first kind. If P(6,) =i and P(6,) = 1 [64], then we find

h o0 [o.¢]
G, = % / dQ Qe ¥/ / dky kye 4 B(ky, 8r))(Im[TT(k., )] cos[Q81] — Re[TI(k,, Q)] sin[Q57]).  (C71)
7= Jo 0
This expression was numerically integrated with dr = 6re, to obtain the dashed red curve in Fig. 3 in the main text. The signal
stemming from the dissipative part of the response function Gz~ shown in Fig. 4 can be obtained similarly from Eq. (C69):

I *© >
Grr = — 1‘2(7’13 /0 dQQPe ¥/ /0 dky kye /4B (ky, 8x)Re[T1(k,, )] sin[Q1]. (C72)
(
APPENDIX D: REFRACTIVE INDEX central wave-length of the laser pulse of 835 nm. In the THz

we use the complex valued, dispersive refractive index for
GaP given in Ref. [50]. For the solid lines in Fig. 3 in the
main text we used n, = 3.556 and n(2) ~ n = 3.33 as also
stated in the main text.

The refractive index used to simulate the EOS signal dis-
played in Figs. 3 (only dashed lines) and 4 in the main text, is
the one measured in Ref. [50] for GaP. The group refractive
index for the NIR laser pulses is given by n, = 3.556 at a

043207-20



PROBING VACUUM FIELD FLUCTUATIONS AND SOURCE ...

PHYSICAL REVIEW RESEARCH §, 043207 (2023)

[1] P. W. Milonni, The Quantum Vacuum: An Introduction to Quan-
tum Electrodynamics (Academic Press, San Diego, CA, 1994).

[2] T. A. Welton, Some observable effects of the quantum-
mechanical fluctuations of the electromagnetic field, Phys. Rev.
74, 1157 (1948).

[3] J. R. Ackerhalt, P. L. Knight, and J. H. Eberly, Radiation re-
action and radiative frequency shifts, Phys. Rev. Lett. 30, 456
(1973).

[4] P. W. Milonni, Radiation reaction and the nonrelativistic theory
of the electron, Phys. Lett. A 82, 225 (1981).

[5] P. W. Milonni, Casimir forces without the vacuum radiation
field, Phys. Rev. A 25, 1315 (1982).

[6] I. R. Senitzky, Radiation-reaction and vacuum-field effects in
Heisenberg-picture quantum electrodynamics, Phys. Rev. Lett.
31, 955 (1973).

[7] E. Fermi, Quantum theory of radiation, Rev. Mod. Phys. 4, 87
(1932).

[8] E. Tjoa and E. Martin-Martinez, When entanglement harvesting
is not really harvesting, Phys. Rev. D 104, 125005 (2021).

[9] A. K. Biswas, G. Compagno, G. M. Palma, R. Passante, and F.
Persico, Virtual photons and causality in the dynamics of a pair
of two-level atoms, Phys. Rev. A 42, 4291 (1990).

[10] P. W. Milonni, J. R. Ackerhalt, and W. A. Smith, Interpretation
of radiative corrections in spontaneous emission, Phys. Rev.
Lett. 31, 958 (1973).

[11] J. Dalibard, J. Dupont-Roc, and C. Cohen-Tannoudji, Vacuum
fluctuations and radiation reaction: Identification of their re-
spective contributions, J. Phys. 43, 1617 (1982).

[12] J. Dalibard, J. Dupont-Roc, and C. Cohen-Tannoudji, Dynamics
of a small system coupled to a reservoir: Reservoir fluctuations
and self-reaction, J. Phys. 45, 637 (1984).

[13] S. J. Summers and R. Werner, The vacuum violates Bell’s
inequalities, Phys. Lett. A 110, 257 (1985).

[14] S. J. Summers and R. Werner, Bell’s inequalities and quantum
field theory. I. General setting, J. Math. Phys. 28, 2440 (1987).

[15] S. J. Summers and R. Werner, Bell’s inequalities and quantum
field theory. II. Bell’s inequalities are maximally violated in the
vacuum, J. Math. Phys. 28, 2448 (1987).

[16] J. Franson, Generation of entanglement outside of the light
cone, J. Mod. Opt. 55, 2117 (2008).

[17] S. J. Olson and T. C. Ralph, Entanglement between the future
and the past in the quantum vacuum, Phys. Rev. Lett. 106,
110404 (2011).

[18] B. Reznik, A. Retzker, and J. Silman, Violating Bell’s inequali-
ties in vacuum, Phys. Rev. A 71, 042104 (2005).

[19] S. J. Olson and T. C. Ralph, Extraction of timelike entangle-
ment from the quantum vacuum, Phys. Rev. A 85, 012306
(2012).

[20] D. Buchholz and J. Yngvason, There are no causality problems
for Fermi’s two-atom system, Phys. Rev. Lett. 73, 613 (1994).

[21] Gerhard C. Hegerfeldt, Causality problems for Fermi’s two-
atom system, Phys. Rev. Lett. 72, 596 (1994).

[22] P. W. Milonni, D. F. V. James, and H. Fearn, Photodetection and
causality in quantum optics, Phys. Rev. A 52, 1525 (1995).

[23] E. A. Power and T. Thirunamachandran, Analysis of the causal
behavior in energy transfer between atoms, Phys. Rev. A 56,
3395 (1997).

[24] C. Sabin, M. del Rey, J. J. Garcia-Ripoll, and J. Leén, Fermi
problem with artificial atoms in circuit QED, Phys. Rev. Lett.
107, 150402 (2011).

[25] N. Pottier and A. Mauger, Quantum fluctuation-dissipation the-
orem: A time-domain formulation, Physica A 291, 327 (2001).

[26] E.Zohar and B. Reznik, The Fermi problem in discrete systems,
New J. Phys. 13, 075016 (2011).

[27] E. F. Settembrini, F. Lindel, A. M. Herter, S. Y. Buhmann, and
J. Faist, Detection of quantum-vacuum field correlations outside
the light cone, Nat. Commun. 13, 3383 (2022).

[28] Q. Wu and X.-C. Zhang, Free-space electro-optic sampling of
terahertz beams, Appl. Phys. Lett. 67, 3523 (1995).

[29] Q. Wu and X.-C. Zhang, Ultrafast electro-optic field sensors,
Appl. Phys. Lett. 68, 1604 (1996).

[30] C. Riek, D. V. Seletskiy, A. S. Moskalenko, J. F. Schmidt, P.
Krauspe, S. Eckart, S. Eggert, G. Burkard, and A. Leitenstorfer,
Direct sampling of electric-field vacuum fluctuations, Science
350, 420 (2015).

[31] A. S. Moskalenko, C. Riek, D. V. Seletskiy, G. Burkard, and
A. Leitenstorfer, Paraxial theory of direct electro-optic sam-
pling of the quantum vacuum, Phys. Rev. Lett. 115, 263601
(2015).

[32] I.-C. Benea-Chelmus, F. F. Settembrini, G. Scalari, and J. Faist,
Electric field correlation measurements on the electromagnetic
vacuum state, Nature (London) 568, 202 (2019).

[33] S. Virally, P. Cusson, and D. V. Seletskiy, Enhanced electro-
optic sampling with quantum probes, Phys. Rev. Lett. 127,
270504 (2021).

[34] S. Onoe, T. L. M. Guedes, A. S. Moskalenko, A. Leitenstorfer,
G. Burkard, and T. C. Ralph, Realizing a rapidly switched
Unruh-Dewitt detector through electro-optic sampling of
the electromagnetic vacuum, Phys. Rev. D 105, 056023
(2022).

[35] E. Hubenschmid, T. L. M. Guedes, and G. Burkard, Complete
positive operator-valued measure description of multichan-
nel quantum electro-optic sampling with monochromatic field
modes, Phys. Rev. A 106, 043713 (2022).

[36] S. Giindogdu, S. Virally, M. Scaglia, D. V. Seletskiy, and A. S.
Moskalenko, Self-referenced subcycle metrology of quantum
fields, Laser Photonics Rev. 17, 2200706 (2023).

[37] L. Rizzuto, Casimir-Polder interaction between an accelerated
two-level system and an infinite plate, Phys. Rev. A 76, 062114
(2007).

[38] L. Rizzuto and S. Spagnolo, Lamb shift of a uniformly acceler-
ated hydrogen atom in the presence of a conducting plate, Phys.
Rev. A'79, 062110 (2009).

[39] L. Rizzuto and S. Spagnolo, Energy-level shifts of a uniformly
accelerated atom between two reflecting plates, Phys. Scr.
T143, 014021 (2011).

[40] G. Menezes and N. F. Svaiter, Radiative processes of uniformly
accelerated entangled atoms, Phys. Rev. A 93, 052117 (2016).

[41] J. Marino, A. Noto, and R. Passante, Thermal and nonthermal
signatures of the Unruh effect in Casimir-Polder forces, Phys.
Rev. Lett. 113, 020403 (2014).

[42] S. Cheng, W. Zhou, and H. Yu, General framework for in-
teratomic interaction energy of two ground-state atoms in a
thermal bath, Phys. Rev. A 107, 012815 (2023).

[43] W. Zhou and H. Yu, Radiation-reaction-induced transitions of
two maximally entangled atoms in noninertial motion, Phys.
Rev. D 101, 025009 (2020).

[44] F. Lindel, R. Bennett, and S. Y. Buhmann, Theory of polari-
tonic quantum-vacuum detection, Phys. Rev. A 102, 041701(R)
(2020).

043207-21


https://doi.org/10.1103/PhysRev.74.1157
https://doi.org/10.1103/PhysRevLett.30.456
https://doi.org/10.1016/0375-9601(81)90191-2
https://doi.org/10.1103/PhysRevA.25.1315
https://doi.org/10.1103/PhysRevLett.31.955
https://doi.org/10.1103/RevModPhys.4.87
https://doi.org/10.1103/PhysRevD.104.125005
https://doi.org/10.1103/PhysRevA.42.4291
https://doi.org/10.1103/PhysRevLett.31.958
https://doi.org/10.1051/jphys:0198200430110161700
https://doi.org/10.1051/jphys:01984004504063700
https://doi.org/10.1016/0375-9601(85)90093-3
https://doi.org/10.1063/1.527733
https://doi.org/10.1063/1.527734
https://doi.org/10.1080/09500340801983129
https://doi.org/10.1103/PhysRevLett.106.110404
https://doi.org/10.1103/PhysRevA.71.042104
https://doi.org/10.1103/PhysRevA.85.012306
https://doi.org/10.1103/PhysRevLett.73.613
https://doi.org/10.1103/PhysRevLett.72.596
https://doi.org/10.1103/PhysRevA.52.1525
https://doi.org/10.1103/PhysRevA.56.3395
https://doi.org/10.1103/PhysRevLett.107.150402
https://doi.org/10.1016/S0378-4371(00)00523-9
https://doi.org/10.1088/1367-2630/13/7/075016
https://doi.org/10.1038/s41467-022-31081-1
https://doi.org/10.1063/1.114909
https://doi.org/10.1063/1.115665
https://doi.org/10.1126/science.aac9788
https://doi.org/10.1103/PhysRevLett.115.263601
https://doi.org/10.1038/s41586-019-1083-9
https://doi.org/10.1103/PhysRevLett.127.270504
https://doi.org/10.1103/PhysRevD.105.056023
https://doi.org/10.1103/PhysRevA.106.043713
https://doi.org/10.1002/lpor.202200706
https://doi.org/10.1103/PhysRevA.76.062114
https://doi.org/10.1103/PhysRevA.79.062110
https://doi.org/10.1088/0031-8949/2011/T143/014021
https://doi.org/10.1103/PhysRevA.93.052117
https://doi.org/10.1103/PhysRevLett.113.020403
https://doi.org/10.1103/PhysRevA.107.012815
https://doi.org/10.1103/PhysRevD.101.025009
https://doi.org/10.1103/PhysRevA.102.041701

LINDEL, HERTER, FAIST, AND BUHMANN

PHYSICAL REVIEW RESEARCH §, 043207 (2023)

[45] Frieder Lindel, Robert Bennett, and Stefan Yoshi
Buhmann, Macroscopic quantum electrodynamics
approach to nonlinear optics and application to polaritonic
quantum-vacuum detection, Phys. Rev. A 103, 033705
(2021).

[46] In previous works [27,32] the two-beam EOS signal was ex-
pressed as G, = ({$1(0)), $?(62)}/(2C). As $V(6,) and
8®(8,) commute [they commute before the interaction with
the other fields take place and the Hamiltonian time evolution
preserves that commutation relation], and (S (6,))(S@(6,))
vanishes in second-order perturbation theory, Eq. (13) can
equivalently be used instead.

[47] M. Kizmann, A. S. Moskalenko, A. Leitenstorfer, G. Burkard,
and S. Mukamel, Quantum susceptibilities in time-domain
sampling of electric field fluctuations, Laser Photon. Rev. 16,
2100423 (2022).

[48] P. Sulzer, K. Oguchi, J. Huster, M. Kizmann, T. L. M. Guedes,
A. Liehl, C. Beckh, A. S. Moskalenko, G. Burkard, D. V.
Seletskiy, and A. Leitenstorfer, Determination of the electric
field and its hilbert transform in femtosecond electro-optic sam-
pling, Phys. Rev. A 101, 033821 (2020).

[49] R. W. Boyd, Nonlinear Optics (Elsevier, San Diego, 2003).

[50] A. Leitenstorfer, S. Hunsche, J. Shah, M. C. Nuss, and W. H.
Knox, Detectors and sources for ultrabroadband electro-optic
sampling: Experiment and theory, Appl. Phys. Lett. 74, 1516
(1999).

[51] S. Scheel and S. Y. Buhmann, Macroscopic QED concepts and
applications, Acta Phys. Slovaca 58, 675 (2008).

[52] F. Lindel, E. F. Settembrini, R. Bennett, and S. Y. Buhmann,
Probing the Purcell effect without radiative decay: Lessons in
the frequency and time domains, New J. Phys. 24, 013006
(2022).

[53] M. Kizmann, T. L. M. Guedes, D. V. Seletskiy, A. S.
Moskalenko, A. Leitenstorfer, and G. Burkard, Subcycle
squeezing of light from a time flow perspective, Nat. Phys. 15,
960 (2019).

[54] Jonathan Drori, Yuval Rosenberg, David Bermudez, Yaron
Silberberg, and Ulf Leonhardt, Observation of stimulated
Hawking radiation in an optical analogue, Phys. Rev. Lett. 122,
010404 (2019).

[55] T. G. Philbin, C. Kuklewicz, S. Robertson, S. Hill, F. Kénig, and
U. Leonhardt, Fiber-optical analog of the event horizon, Science
319, 1367 (2008).

[56] S.Y. Buhmann, Dispersion Forces I, Vol. 247 (Springer, Berlin,
2013).

[57] G. E Calvo, A. Picén, and E. Bagan, Quantum field theory
of photons with orbital angular momentum, Phys. Rev. A 73,
013805 (2006).

[58] K. J. Blow, R. Loudon, S. J. D. Phoenix, and T.J. Shepherd,
Continuum fields in quantum optics, Phys. Rev. A 42, 4102
(1990).

[59] R. Loudon, The Quantum Theory of Light (Oxford University
Press, New York, NY, 2000).

[60] C. Cohen-Tannoudji, J. Dupont-Roc, and G. Grynberg, Photons
and Atoms Introduction to Quantum Electrodynamics (Wiley,
Weinheim, Germany, 2004).

[61] The full y polarized field in the vacuum picture is given by
E, =Y., ED + E; ., where the scalar functions £ are the
coherent, classical field amplitudes and EAivvaC is the contribution
from vacuum fluctuations. As the vacuum fields co-propagating
with the two laser pulses are uncorrelated ((El,vacEAz,vac) =0),
we neglect Ei_vac. Ei,m lead, however, to shot noise on each
balanced detector, respectively.

[62] T. L. M. Guedes, 1. Vakulchyk, D. V. Seletskiy, A. Leitenstorfer,
A. S. Moskalenko, and G. Burkard, Back action in quantum
electro-optic sampling of electromagnetic vacuum fluctuations,
Phys. Rev. Res. 5, 013151 (2023).

[63] The exponents of the phase factors ¢ 2%+®) and e @+¢'+®) peyer
add to something close to zero.

[64] This means that source radiation propagating from mode 2 to
mode 1 is probed. If § > 0, then mode 1 is delayed with respect
to mode two.

043207-22


https://doi.org/10.1103/PhysRevA.103.033705
https://doi.org/10.1002/lpor.202100423
https://doi.org/10.1103/PhysRevA.101.033821
https://doi.org/10.1063/1.123601
https://doi.org/10.2478/v10155-010-0092-x
https://doi.org/10.1088/1367-2630/ac434e
https://doi.org/10.1038/s41567-019-0560-2
https://doi.org/10.1103/PhysRevLett.122.010404
https://doi.org/10.1126/science.1153625
https://doi.org/10.1103/PhysRevA.73.013805
https://doi.org/10.1103/PhysRevA.42.4102
https://doi.org/10.1103/PhysRevResearch.5.013151

