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The ideal honeycomb lattice, featuring sublattice and SU(2) spin rotation symmetries, is a fundamental model
for investigating quantum matter with topology and correlations. With the rise of the moiré-based design of
model systems, realizing a tunable and symmetric honeycomb lattice system with a narrow bandwidth can open
access to new phases and insights. We propose the ABBA-stacked twisted double bilayer WSe2 as a realistic and
tunable platform for reaching this goal. Adjusting the twist angle allows the bandwidth and the ratio between
hopping parameters of different ranges to be tuned. Moreover, the system’s small bandwidth and spin rotation
symmetry enable effective control of the electronic structure through an in-plane magnetic field. We construct
an extended Hubbard model for the system to demonstrate this tunability and explore possible ordered phases
using the Hartree-Fock approximation. We find that at a hole filling of ν = 2 (two holes per moiré unit cell), an
in-plane magnetic field of a few tesla can “dope” the system from a semimetal to a metal. Interactions then drive
an instability towards a canted antiferromagnetic insulator ground state. Additionally, we observe a competing
insulating phase with sublattice charge polarization. Finally, we discuss the experimental signatures of these
insulating phases.

DOI: 10.1103/PhysRevResearch.5.043173

I. INTRODUCTION

The ideal honeycomb lattice with both sublattice and SU(2)
spin rotation symmetries is an important platform for studying
many-body physics with topology and electronic correlations.
Graphene has been widely studied as a material realization
of this lattice. Yet, the system’s wide bandwidth limits the
exploration of the full phase space of honeycomb lattice sys-
tems. Realizing a symmetric honeycomb lattice with a narrow
bandwidth and enhanced tunability would significantly ex-
pand the accessible phase space, enabling the exploration of
higher doping levels and stronger correlations. Among other
possibilities, this advancement would facilitate experimental
investigations of various intriguing correlated phases pro-
posed earlier, such as charge and spin density waves [1–3],
chiral superconductivity [4,5], and topological Mott insulators
[6]. Over the past few years, moiré superlattices in transi-
tion metal dichalcogenide (TMD) multilayer structures have
emerged as a highly tunable platform for quantum simulation
of two-dimensional lattice models with narrow bandwidth
[7–21]. Triangular superlattices [7–14] and honeycomb su-
perlattices with spin-orbit coupling (SOC) or asymmetric
sublattices [14,19,21–23] have been realized. In this paper, we
aim to find a twisted TMD multilayer structure that realizes an
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ideal honeycomb lattice with both sublattice and SU(2) spin
rotation symmetries.

Theoretically, a strategy to create an ideal emergent hon-
eycomb lattice with sublattice and SU(2) spin symmetries
in TMD multilayer structures follows three criteria as first
pointed out in Refs. [24–26]: (1) The � valley of each TMD
layer, where SOC is negligible, appears at the valence band
edge (rather than the K and K ′ valleys), forming an emergent
lattice for the doped holes [24–27]; (2) a symmetry relates
the independent high-symmetry-stacking MX and XM sites
[see Fig. 1(b)], which form the two sublattices of the emer-
gent honeycomb lattice; and (3) the energy at the MX and
XM sites is higher than that at the MM site (another high-
symmetry stacking location) [28]. However, previous papers
only proposed these strategies in TMD bilayers. The correct
energetics [in criteria (1) and (3)] in these proposals are
yet to be confirmed and realized by experiments. For exam-
ple, Refs. [29,30] have experimentally identified the �-valley
physics in twisted bilayer WSe2 but found it to appear at
energies much below the valence band edge, which is located
at the K and K ′ valleys.

Here, we pursue realizing an ideal emergent honey-
comb lattice in ABBA-stacked twisted double bilayer WSe2

(tdbWSe2), i.e., two AB- and BA-stacked WSe2 bilayers with
a small relative twist angle [see Fig. 1(a)]. As experimen-
tally shown in a closely related system, the ABAB-stacked
tdbWSe2, the increase in the number of layers enhances the
interlayer hybridization driving the � valley to the valence
band edge [27,31]. However, the ABAB-stacked tdbWSe2

does not have the symmetry needed for criterion (2) and only
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FIG. 1. (a) A schematic picture of the ABBA-stacked tdbWSe2.
Within each of the AB- and BA-stacked bilayers of WSe2, the
orientation of the two layers differs by 180◦. The two bilayers are
twisted so that the middle two layers have a small twist angle
θ between them. (b) The real-space moiré pattern created by the
twisted central two layers (blue and orange) with the darker (lighter)
shade of color for the metal (chalcogenide) atom. The three high-
symmetry-stacking sites in one moiré unit cell (black dashed lines)
are MM (brown; metal atoms on one layer aligned with metal atoms
on the adjacent layer), XM (blue; chalcogenide atom on one layer
aligned with metal atoms on the adjacent layer), and MX (gray; metal
atom on one layer aligned with chalcogenide atoms on the adjacent
layer). Here, the alignment of atoms refers to the central two layers
in the double bilayer structure. (c) Moiré Brillouin zone with four
high-symmetry points γ , m, κ , and κ ′. G1,...,6 are the moiré reciprocal
vectors. (d) Moiré band structure obtained from the continuum model
at twist angle θ = 2◦ along the path γ -m-κ-γ [blue dashed line
shown in (c)]. The red dashed line indicates Fermi energy at hole
filling ν = 2 (two holes per moiré unit cell).

realizes a �-valley-based emergent triangular lattice. In this
paper, we show that the ABBA-stacked tdbWSe2 can pass the
three criteria and realize a tunable ideal honeycomb lattice
with both sublattice and SU(2) spin rotation symmetries.

The remainder of this paper is organized as follows. In
Sec. II, we provide the microscopic analysis that the ABBA-
stacked tdbWSe2 can pass the three criteria above and, hence,
leads to an emergent honeycomb lattice with both sublattice
and SU(2) spin rotation symmetries. We construct a contin-
uum model for this tdbWSe2 system, enabling estimations of
the hopping parameters of the emergent honeycomb lattice.
In Sec. III, we demonstrate the intriguing tunability of this
system by studying orders induced by an in-plane magnetic
field at the hole filling ν = 2, namely, the half filling of the
emergent honeycomb lattice. The phase diagram is obtained
using the Hartree-Fock analysis of the extended Hubbard
model on the emergent honeycomb lattice. Finally, in Sec. IV,
we summarize our results and experimental signatures of the
predicted orders.

II. MODELING THE EMERGENT HONEYCOMB LATTICE

The ABBA-stacked tdbWSe2 can satisfy the three crite-
ria above for the following reasons. First, this structure’s
increased number of layers leads to stronger interlayer tun-
nelings compared with a single bilayer, pushing the � valley
to the top of the valence bands [32,33]. Second, inherited from
the D3h point group symmetry of each WSe2 layer, the ABBA-
stacked tdbWSe2 manifests a threefold rotation C3z around the
z axis, and a twofold rotation C2y around the in-plane y axis,
where the y axis is chosen to align with the xy-plane projection
of a bond between the tungsten atom and the selenium atom
in the monolayer WSe2. These crystal symmetries ensure a
sublattice-symmetric honeycomb lattice composed of the MX
and XM sites. Third, from the ab initio tight-binding model in
Appendix A, we find the correct energy hierarchy among the
MX , XM, and MM sites to ensure an emergent honeycomb
lattice.

To estimate the hopping parameters in the emergent honey-
comb lattice based on the three criteria, we need to obtain the
dispersion of the two topmost moiré valence bands. Adapting
the approach in Refs. [25,31], we begin with a four-layer con-
tinuum Hamiltonian for our twisted ABBA-stacked system
that preserves C2y, C3z, time-reversal, and SU(2) spin rotation
symmetries (due to negligible SOC near the � valley [34]):

H4L = − h̄2k2

2m
+

⎛
⎜⎜⎝

�1(r) �12(r) 0 0
�

†
12(r) �2(r) �23(r) 0
0 �

†
23(r) �3(r) �34(r)

0 0 �
†
34(r) �4(r)

⎞
⎟⎟⎠.

(1)
H4L is identical for both spin species. The intralayer

potentials take the forms �1(r) = �4(r) = V1 for the first
and fourth layers and �2(r) = V (0)

2 + 2V (1)
2

∑
i=1,3,5 cos(Gi ·

r + φ) and �3(r) = V (0)
2 + 2V (1)

2

∑
i=1,3,5 cos(Gi · r − φ)

for the second and third layers (the opposite sign
of φ as a result of C2y symmetry). The interlayer
tunnelings take the forms �12(r) = �34(r) = V12

and �23(r) = V (0)
23 + 2V (1)

23

∑
i=1,3,5 cos(Gi · r). Here,

Gi = 4π√
3aM

(cos ( (i−1)π
3 ), sin ( (i−1)π

3 )) for i = 1, 2, . . . , 6
are the six first-shell moiré reciprocal lattice vectors [see
Fig. 1(c)]. The moiré lattice constant aM is determined by
the small twist angle θ through aM ≈ a0/θ with the lattice
constant a0 of monolayer WSe2 being 3.28 Å [35]. At θ ∼ 2◦,
aM ≈ 10 nm. We adopt the effective mass m = 1.2me with
me being the electron rest mass [27,31]. The moiré reciprocal
lattice vectors Gi only show up in �2 = �3 and �23 because
the small-angle twisting only appears between the second and
third layers of WSe2 in the twisted double bilayer structure.

We now estimate the parameters in the intralayer poten-
tials and interlayer tunnelings in Eq. (1). These potentials
and tunnelings in the tdbWSe2 evaluated at the MM, MX ,
and XM sites should be fitted according to the band
structures of the untwisted ABBA-stacked double bilayer
WSe2 in the three high-symmetry stacking configurations
MM, MX , and XM (see Appendix A for more details)
[36]. The angle-independent parameters for the potentials
and tunnelings are estimated as follows: (V1,V (0)

2 ,V (1)
2 ) =

(200,−159,−8) meV, φ = −0.17, and (V12,V (0)
23 ,V (1)

23 ) =
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(184, 356,−9) meV. We comment that these parameter esti-
mates are obtained based on assumptions about the interlayer
distances in the double bilayer WSe2 detailed in Appendix A.
The assumed interlayer distances produce a representative ex-
ample of tdbWSe2 satisfying the energetics criteria allowing
us to estimate the bandwidth and demonstrate the tunability
of the emergent honeycomb lattice, which are the main pur-
poses of our work. With the above parameters, we can solve
Hamiltonian (1) for the moiré valence bands of tdbWSe2.
For example, Fig. 1(d) shows the band structure along the
γ -m-κ-γ path in the moiré Brillouin zone (mBZ) at a twist
angle of θ = 2◦. From the two topmost moiré valence bands,
especially the presence of a Dirac cone between them, we
confirm that ABBA-stacked tdbWSe2 with a hole filling of
less than four holes per moiré unit cell captures an emergent
honeycomb lattice with both sublattice and SU(2) spin rota-
tion symmetries. At a twist angle of θ = 2◦, the bandwidth
is around 10 meV (which is much smaller than the ∼2 eV
bandwidth of graphene [37]).

At hole filling ν = 2, i.e., two holes per moiré unit cell, the
Fermi level is precisely at the Dirac point protected by C3z and
C2y symmetries. This results in a semimetal (noninteracting)
ground state, as shown in Fig. 1(d). The narrow bandwidth of
the tdbWSe2-realized honeycomb lattice allows for an intrigu-
ing way to tune the electronic structure: a realistic in-plane
magnetic field can “dope” the semimetal and create finite
Fermi surfaces located around both κ and κ ′ points of the
mBZ for both spin species. Note that such tuning is impos-
sible for the K-and-K ′-valley-based TMD moiré system due
to the strong SOC therein. The “doping” under the in-plane
magnetic field is the result of the Zeeman effect. The thinness
of the double bilayer structure allows us to ignore the orbital
effect of the in-plane field. Without loss of generality, we
assume that the in-plane magnetic field B is applied along
the x direction, resulting in a Zeeman energy of hx = 1

2 gμBB,
where μB is the Bohr magneton (5.79 × 10−2 meV/T), and
the g factor is roughly 2 due to the negligible SOC near the
� valley. For example, at a twist angle of θ = 2◦, a magnetic
field of 13 T, typically achievable experimentally, creates a
Zeeman splitting energy of 0.8 meV. This Zeeman splitting
leads to a finite Fermi surface of each spin species roughly
halfway in energy between the Dirac point (at the κ point
in the mBZ) and the van Hove singularity (at the m point),
as shown in Fig. 2. In the presence of the in-plane field, a
magnetic particle-hole instability that opens a charge gap is
expected even at weak interactions because of the nesting
between the Fermi surfaces of the two spin species. This
instability would lead to a magnetic order that spontaneously
breaks the remaining U(1) spin rotation symmetry about the x
axis, namely, the in-plane field direction.

Conceptually, a similar in-plane-field-induced particle-
hole instability applies to graphene. Previous work [3] shows
that the resulting state is a canted Néel antiferromagnetic
(AFM) insulator, whose magnetizations projected onto the
plane perpendicular to the applied field are opposite in the
two sublattices of the honeycomb. However, realizing such
a state in graphene requires a very high in-plane field of
∼102–103 T [3]. As we show below, a similar canted Néel
AFM insulator can be found in the tdbWSe2-realized honey-

FIG. 2. The two topmost moiré valence bands shown in
Fig. 1(d) split by the Zeeman energy shift due to an in-plane magnetic
field of 13 T. The arrows indicate the spin along the in-plane field
direction. The red dashed line indicates the Fermi energy at hole
filling ν = 2, i.e., two holes per moiré unit cell and half filling for
the emergent honeycomb lattice.

comb lattice, whose bandwidth is engineered around the meV
scale, at a realistic in-plane field of a few tesla.

III. EXTENDED HUBBARD MODEL AND PHASE
DIAGRAM UNDER AN IN-PLANE FIELD

Aside from the bandwidth distinction with graphene, the
band structure of the tdbWSe2-realized honeycomb lattice
exhibits a more pronounced contribution from the next-
nearest-neighbor (NNN) hopping t2 on the honeycomb lattice.
The effect of t2 is manifested by the asymmetry (about the
Dirac cone) between the two topmost valence bands shown
in Fig. 1(d). In contrast to the graphene-inspired model of
Ref. [3] with only the nearest-neighbor (NN) hopping t1 and
the on-site Hubbard interaction, we consider an extended
Hubbard model with longer-range hoppings and interactions
pertaining to our tdbWSe2-realized honeycomb lattice sys-
tem. Our Hamiltonian consists of three terms: the hopping
Hh, the Zeeman energy HZ from the in-plane magnetic field,
and the extended Hubbard interaction Hint. The term Hh =
−t1

∑
〈i j〉

∑
σ c†

iσ c jσ − t2
∑

〈〈i j〉〉
∑

σ c†
iσ c jσ contains both NN

hopping t1 and NNN hoppings t2. Here, ciσ is the fermion
operator of the hole with spin σ at site i of the emergent
honeycomb lattice. Both t1 and t2 are real because of the SU(2)
spin rotation symmetry and the time-reversal symmetry. t1 and
t2 are tunable by the twist angle θ . For instance, at θ = 2◦,
we estimate t1 = 1.8 meV and t2 = 0.2 meV based on the
moiré band structure obtained from the continuum model
equation (1). The ratio t2/t1 varies as we change the twist
angle: 0.018 for θ = 1◦, 0.11 for θ = 2◦, and 0.12 for θ = 3◦.
In the search for possible phases below, we treat t2/t1 as a
parameter to explore the effect of longer-range hopping. The
Zeeman energy HZ is given by HZ = hx

∑
i(c

†
i↑ci↑ − c†

i↓ci↓),
where the spin quantization axis conveniently is chosen along
the x direction. Under HZ, the spin symmetry is reduced to
a U(1) spin rotation in the yz plane. We fix hx = 0.4t1 in the
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AFMAFM

FIG. 3. (a) The color wheel shows the six spin orientations in the yz plane. (b) The phase diagram as a function of U0 and t2. (c) The
phase diagram as a function of U0 and U1. Here, the size of the dot indicates the number density of each site, while the color indicates the spin
orientation in the yz plane as shown in the color wheel. The black dots in the sublattice-polarized state indicate zero spin polarization.

following. For the twist angle θ = 2◦, hx = 0.4t1 (correspond-
ing to a 13 T in-plane magnetic field) sets the Fermi level
roughly halfway between the Dirac point at the κ or κ ′ point
and the Van Hove singularity at the m point of the mBZ.

The range of interactions in TMD-based superlattices typ-
ically extends beyond on-site interactions. Here, we consider
the extended Hubbard interaction

Hint = U0

∑
i

c†
i↑ci↑c†

i↓ci↓ + U1

∑
〈i j〉

∑
σ,σ ′=↑,↓

c†
i,σ ci,σ c†

j,σ ′c j,σ ′ ,

(2)

with the on-site interaction strength U0 and the NN Hubbard
interaction of strength U1. In the following study of the phase
diagram, we treat U0 and U1 as two free parameters to ex-
plore their effect on the canted Néel AFM insulator and other
phases.

We start with understanding the effect of the NNN hop-
ping t2 and present the ground-state phase diagram obtained
using the Hartree-Fock method in Fig. 3(b). In this phase
diagram, we consider a parameter range U0 ∈ [t1, 9t1] and t2 ∈
[0, 0.6t1] while setting U1 = 0. Using the numerical Hartree-
Fock method, we find three possible phases: the canted Néel
AFM insulator, a canted

√
3 × √

3 spin density wave (SDW),
and a metal. At hole filling ν = 2, the Fermi surfaces of the
two spin species are always perfectly nested for t2 � t1/3
at both the κ and κ ′ points of the mBZ. This perfect nest-
ing results in a Fermi surface instability towards a robust
canted Néel AFM insulator, spontaneously breaking the U(1)
spin rotation symmetry in the yz plane as mentioned above.
Beyond t2 > t1/3, the system’s ground state is metallic at
small U0. The metallic state is due to an extra Fermi surface
of the spin-down hole appearing around the γ point when
t2 > t1/3. Consequently, the Fermi surfaces of the two spin
species are no longer nested at ν = 2. As U0 increases, the
system can enter an insulating SDW phase with an enlarged√

3 × √
3 unit cell. This SDW phase exhibits a 120◦ AFM

order in the yz plane on each sublattice of the honeycomb.
The chiralities of the two 120◦ AFM orders are opposite. For
the tdbWSe2-realized honeycomb lattice, t2/t1 < 1/3 for twist
angle θ < 4◦. Hence, restricted to only on-site interactions,
the canted Néel AFM insulator is the most relevant in-plane-
field-induced phase for this material at hole filling ν = 2.

In addition to the NNN hopping t2, we also study the
effect of the NN Hubbard interaction U1. We present the
phase diagram obtained from the Hartree-Fock calculation
as a function of U0 and U1 as shown in Fig. 3(c). For this
phase diagram, we set t2 = 0 for simplicity. The canted Néel
AFM insulator is robust at small U1. As U1 increases, the
system is driven to an insulating phase with the charge dis-
tribution polarized to one of the sublattices, spontaneously
breaking the system’s C2y symmetry. In contrast to the canted
Néel AFM insulator, the yz-plane U(1) spin rotation symme-
try is preserved in this phase. The phase boundary between
the AFM insulator and the sublattice-polarized insulator is
roughly at U1 ∼ 1

3U0 + 2
3 hx. This is the exact phase boundary

in the strong-interaction limit (where the hopping terms Hh are
neglected). In the tdbWSe2-realized honeycomb lattice, the
screening of the Coulomb interaction determines the relative
strength between U0 and U1. Stronger screening favors the
canted Néel AFM insulator, while weaker screening favors
the sublattice-polarized insulator. In Appendix B, we present
an analytical mean-field analysis in the weak-coupling limit
U0,1 � t1 and find that the canted

√
3 × √

3 SDW insulator
can also compete with the canted Néel AFM insulator when
U1/U0 increases.

IV. SUMMARY AND EXPERIMENTAL IMPLICATIONS

In summary, we show that the ABBA-stacked tdbWSe2

can serve as a realistic and tunable platform to simulate a
�-valley honeycomb lattice with both sublattice and SU(2)
spin rotation symmetries. We develop a continuum model to
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estimate the relevant hopping parameters of this honeycomb
lattice model, including the NN and the NNN hoppings t1
and t2. The small bandwidth, found to be at the meV scale,
and the ratio t2/t1 are both tunable via the twist angle θ . We
show that the small bandwidth enables the effective control
of the electronic structure via an in-plane magnetic field. At
a hole filling ν = 2, an in-plane field of a few tesla can
dope this system from a Dirac semimetal to a metal hav-
ing finite Fermi surfaces with instabilities. To demonstrate
this tunability and understand the resulting instabilities, we
construct an extended Hubbard model for this honeycomb
lattice and perform a numerical Hartree-Fock calculation for
the ground-state phase diagram at ν = 2. We find a robust
canted Néel AFM insulating phase when the on-site Hubbard
interaction U0 dominates. This phase is conceptually similar
to the magnetic-field-induced canted AFM insulator studied
in the context of graphene in Ref. [3]. However, our finding
resides in a more realistic parameter regime. Moreover, a
competing sublattice-polarized insulator is found in our ex-
tended Hubbard model when the NN Hubbard interaction U1

increases beyond a threshold.
The results presented in this paper have direct experi-

mental implications. First, for ABBA-stacked tdbWSe2 at
hole filling ν = 2, an in-plane magnetic field is predicted to
induce an insulating ground state. There are two possible
insulating ground states: the canted Néel AFM insula-
tor and the sublattice-polarized insulator. The former can
be detected through its spin texture perpendicular to the
in-plane field direction, potentially using spin-polarized scan-
ning tunneling microscopy [38]. The finite-temperature phase
transition into the canted Néel AFM order is a Berezinskii-
Kosterlitz-Thouless transition associated with the remaining
U(1) spin rotation symmetry under the in-plane field. This
metal-insulator transition can be accessed by lowering the
temperature at a given in-plane field or by increasing the
in-plane field at a low temperature starting from the Dirac
semimetal. To be more precise, at zero temperature (and in
the absence of disorder), there should be no threshold for
the interaction strength or in-plane magnetic field: As long
as they are both finite, the insulator phase exists. However, at
a finite temperature, one has to turn on an in-plane field and
interaction strength beyond certain thresholds to observe the
insulating phase with the spin orders. The thresholds can be
estimated by comparing the temperature with the gap sizes
of the insulating phase at zero temperature. Therefore, at
sufficiently low temperature, one can access a metal-insulator
transition using an in-plane magnetic field. The sublattice-
polarized insulator has no nontrivial spin texture (other than
the magnetization along the in-plane field direction). Instead,
the spontaneous charge polarization in the two sublattices
of the emergent honeycomb lattice leads to a finite electric
polarization in the tdbWSe2 sample along the z direction.
Consequently, a signature of this sublattice-polarized insulat-
ing phase is the hysteresis of the z-axis electric polarization
as a function of the z-direction electric field. The finite-
temperature phase transition into the sublattice-polarized
phase is in the Ising universality class. Switching between the
two insulating phases can be implemented by tuning the ratio
between U0 and U1, which is achievable via adjusting the twist
angle and/or the sample’s distance from the gates.
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APPENDIX A: BAND STRUCTURE CALCULATION
AND PARAMETER ESTIMATE

To show that criteria (1) and (3) introduced in the main
text can be satisfied by the tdbWSe2, the first task is to obtain
its band structure. However, it is not easy to derive the band
structure of tdbWSe2 directly at the atomic level because the
emergent moiré superlattice contains up to 10 000 atoms even
within just one moiré unit cell. One way to approximate the
band structure of the twisted system is to use a continuum
model with parameters fitted according to the untwisted sys-
tem in the high-symmetry stacking configurations (MM, MX ,
and XM) that appear in the moiré unit cell of the twisted
system [36]. We will provide the details later in this Appendix.
Therefore, in this Appendix, we will first discuss the method
to obtain the band structure of untwisted systems.

We calculate the band structure of the untwisted system
using the ab initio tight-binding Hamiltonian [34]. The logic
is to first construct a tight-binding model for the monolayer
by considering five d orbitals of one tungsten atom and six
p orbitals of the two selenium atoms in the monolayer unit
cell, and including spin-orbit coupling over the entire mono-
layer Brillouin zone (BZ) (i.e., not just the small mBZ). It
is called ab initio because hopping parameters are evaluated
from the density functional theory. After constructing the
tight-binding model for the monolayer, we can model the in-
terlayer tunneling between the adjacent layers by considering
the hopping between the two selenium atoms on the adjacent
layers. Combining these considerations, we can construct the
Hamiltonian for the (untwisted) double bilayer WSe2. Finally,
we diagonalize the matrix of size 88 × 88 (11 orbitals ×
2 spins × 4 layers) at each momentum to obtain the band
structure Er (k), where r = {MM, XM, MX } represents the
high-symmetry stacking configuration and k is the momen-
tum in the entire monolayer BZ. For the full recipe and the
numerical details, we refer the reader to Ref. [34].

Our goal is to show that tdbWSe2 can satisfy criteria (1)
and (3) so that a honeycomb lattice with both sublattice and
SU(2) spin rotation symmetries emerges at the moiré scale.
That is to say, we require Er (�) > Er (K ) for r = MM, MX ,
and XM, and EMX (�) = EXM (�) > EMM (�). Obtaining these
energies from the model above requires us to make a choice
for the interlayer distances in the tdbWSe2 structure, which
are unknown parameters. Our main goal is to demonstrate the
possibility and the tunability of the emergent honeycomb lat-
tice from tdbWSe2 and estimate the relevant energy scale. We
will not attempt to calculate the relaxed interlayer distances.
Instead, we will make assumptions on them based on the
following reasoning. In light of the C2y symmetry which flips
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FIG. 4. The valence band of tdbWSe2 in the monolayer Brillouin
zone for (a) the MM stacking configuration and (b) the MX and XM
stacking configurations.

the layers, the distance d12 between the first and second layers
should be the same as the distance d34 between the third and
fourth layers. For the distance between the central two layers
d23, because the MM stacking corresponds to the case where
all tungsten atoms (also for selenium atoms) on both layers
are stacked with perfect alignment, respectively, the repulsion
from the interlayer interaction should be the strongest. There-
fore the value of d23 in the MM stacking configuration should
be larger than d12 and d23 in the MX and XM stacking config-
urations. With these considerations, we perturb the interlayer
distances d12 and d23 for the MM stacking and the interlayer
distance d23 for the MX and XM stacking, around the inter-
layer distance from the bulk WSe2 data, ∼ 6.5 Å [35], and find
that the system can satisfy the energetics hierarchy in criteria
(1) and (3) in a large parameter space around d12 = 6 Å. As
an example that passes criteria (1) and (3), we choose the
following interlayer distances: (d12, d23, d34) = (6, 6.25, 6) Å
for MM stacking and (d12, d23, d34) = (6, 5.8, 6) Å for MX
and XM stacking for the estimation of the parameters in the
continuum model. Note that this choice has smaller layer
distances than the bulk data. In principle, one can consider
adding pressure to reduce the interlayer distance if needed.
For example, a range of d23 from 6 to 6.5 Å (from 5.7 to 6.3 Å)
for MM (MX and XM) stacking with d23 = 5.8 Å (d23 = 6.25
Å) for MX and XM (MM) stacking fixed can also satisfy both
criteria.

Now, we present the valance band structure for the un-
twisted MM stacking in Fig. 4(a) and for untwisted MX and
XM stacking in Fig. 4(b). The corresponding valence band
edge energies at the � and K valleys for these two stackings,
listed in Table I, validate the two criteria.

TABLE I. First four valence band (from the top to bottom) ener-
gies (eV) at the � and K valleys for MM stackings and for MX and
XM stackings.

Band EMM (�) EMX -X M (�) EMM (K ) EMX -X M (K )

0 0.341112 0.410080 0.334569 0.323034
1 0.244373 0.242830 0.286263 0.289225
2 −0.050321 0.042969 −0.182268 −0.179475
3 −0.553378 −0.564056 −0.232956 −0.232795

To model the twisted moiré system from the untwisted
system, we can represent the energy at the high-symmetry-
stacking sites in one moiré unit cell using the energies in an
untwisted system with the same type of stacking configura-
tion. Then we interpolate them using up to the first harmonics
of the moiré periodicity [36]. Therefore, by extracting the
four topmost valence bands at the � valley for the untwisted
systems in the MM, MX , and XM stacking configurations, we
can estimate the unknown parameters in the moiré continuum
Hamiltonian equation (1) in the twisted system. To do that,
we first will drop the kinetic term in Eq. (1), as it is near the �

valley, and then diagonalize the potential term with r = MM
and r = MX or XM, respectively, which gives four discrete
energies for each site. The fitting procedure is to adjust these
four energies at r = MM or r = MX or XM to match the
energies obtained from the four valence bands in the ab initio
tight-binding Hamiltonian at the � valley, i.e., the first two
columns in Table I.

APPENDIX B: PHASE COMPETITION
IN THE WEAK-INTERACTION LIMIT

In this Appendix, we present the analytical mean-field
study of the Fermi surface instabilities in our extended
Hubbard model (with the in-plane magnetic field) in the weak-
coupling limit U0,1 � t1 at hole filling ν = 2. We find that,
at zero temperature, dominant instabilities include both the
canted Néel AFM order and the canted

√
3 × √

3 SDW order.
Their competition is controlled by the ratio U1/U0. We also
discuss the relationship between our weak-coupling analysis
and the Hartree-Fock phase diagrams in Fig. 3 obtained in the
stronger coupling regime U0 � t1.

We start with the noninteracting part of the Hamiltonian
H0 = Hh + HZ containing the hopping term and the Zeeman
energy. At hole filling ν = 2, for small t2 and hx compared
with t1, the Fermi surfaces are centered at the κ and κ ′ points
of the mBZ. We expand the dispersion around the κ or κ ′
point:

H0
κ,σ =

∑
k


c †
κ,σ (k)(hxσ�0 + vF 
� · k)
cκ,σ (k),

H0
κ ′,σ =

∑
k


c †
κ ′,σ (k)(hxσ�0 − vF 
�∗ · k)
cκ ′,σ (k). (B1)

Here, k is the momentum measured from the κ or κ ′ point.
The dispersion is expanded to the linear order of k, which
suffices to study the Fermi surface instabilities. The Fermi
velocity vF = √

3/2|t1|aM , which is ∼2.2 × 104 m/s at a
twist angle of θ = 2◦. 
cτ,σ = [cτ,A,σ , cτ,B,σ ]ᵀ is the fermionic
spinor in the sublattice space at valley τ = κ or κ ′ with spin
σ = ↑,↓ along the in-plane field direction x̂. 
� comprises the
Pauli-X and Y matrices acting on the sublattice space. Note
that t2’s contribution only starts to appear in the order-k2 terms
of the dispersion. This contribution is independent of valley,
spin, and sublattice. Hence a small t2 is unimportant for the
Fermi surface instability in the weak-coupling limit.

At nonzero hx, the Fermi surfaces of the spin-up fermions
are perfectly nested with those of the spin-down fermions.
Consequently, particle-hole instabilities towards magnetic
ground states with spontaneous hybridization between the
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two spin species are expected. The magnetic orders in these
ground states spontaneously break the U(1) spin rotation sym-
metry in the yz plane (perpendicular to the in-plane field
direction). In the limit hx → 0, the instabilities towards such
magnetically ordered ground states vanish along with the
Fermi surfaces in the noninteracting band structure. Hence
these magnetic orders, to be discussed in detail below, are
dubbed in-plane-field-induced magnetic orders.

At hole filling ν = 2 (and with finite hx > 0), we begin our
analysis of possible instabilities by writing down the nonin-
teracting bands crossing the Fermi level:

Hτ =
∑

k

E+,↓(k)c†
τ,+,↓(k)cτ,+,↓(k)

+ E−,↑(k)c†
τ,−,↓(k)cτ,−,↓(k), (B2)

for the two valleys τ = κ, κ ′ and the two spin species σ =
↑,↓. The energies E±,σ (k) are given by E±,σ (k) = hxσ ±
vF |k| with ± playing the role of a band index. This band index
± is locked with the spin index σ for the bands that cross the

Fermi level. The fermion operators cτ,±,σ are defined as(
c†
κ,+,σ (k)

c†
κ,−,σ (k)

)
= 1√

2

(
1 eiθ (k)

1 −eiθ (k)

)(
c†
κ,A,σ (k)

c†
κ,B,σ (k)

)
(B3)

and (
c†
κ ′,+,σ (k)

c†
κ ′,−,σ (k)

)
= 1√

2

(−eiθ (k) 1
eiθ (k) 1

)(
c†
κ ′,A,σ (k)

c†
κ ′,B,σ (k)

)
, (B4)

where θ (k) is the azimuth angle of k. The spin-up (spin-
down) fermions have two particlelike (holelike) Fermi surface
pockets, one around the κ point and the other around the
κ ′ point. Hence possible particle-hole instabilities (at weak
couplings) can occur through either intervalley or intravalley
hybridizations of the two spin species.

First, we consider the intervalley hybridization associ-
ated with the mean-field order parameter 〈c†

τ,−,↑(k)cτ̄ ,+,↓(k)〉.
Here, τ̄ represents the opposite valley of τ . The mean-field
decomposition of the extended Hubbard interaction corre-
sponding to the intervalley hybridization reads

H inter
int = −

∑
k,k′,τ,σ

(
U0

2N
cos (θ (k) − θ (k′)) + 3U1

2N

)
〈c†

τ̄ ,σ̄ (k′)cτ,σ (k′)〉c†
τ,σ (k)cτ̄ ,σ̄ (k)

+
∑
k,k′,τ

(
U0

2N
cos (θ (k) − θ (k′)) + 3U1

2N

)
〈c†

τ,↑(k′)cτ̄ ,↓(k′)〉〈c†
τ̄ ,↓(k)cτ,↑(k)〉. (B5)

Here, σ̄ represents the opposite spin of σ . N is the sys-
tem size. The band index is suppressed in the shorthand
cτ,↑(k) = cτ,−,↑(k) and cτ,↓(k) = cτ,+,↓(k) due to the locking
of the spin and the band indices for the bands that cross the
Fermi level. In the derivation of H inter

int , the terms irrelevant to
the intervalley hybridization of opposite spin species and the
terms of linear or higher order in k are dropped. Note that
the first (second) term in the quadratic terms in the first line
of Eq. (B5) only couples to the p-wave (s-wave) channel of

the order parameter 〈c†
τ,−,↑(k)cτ̄ ,+,↓(k)〉. We can consider the

s-wave channel (with orbital angular momentum |l| = 0) and
the p-wave channel (with orbital angular momentum |l| = 1)
separately. At the mean-field level, the saddle point equa-
tions in the s-wave channel only depend on U1, while those
in the p-wave channel only depend on U0.

For the intravalley hybridization associated with the mean-
field order parameter 〈c†

τ,−,↑(k)cτ,+,↓(k)〉, the mean-field
decomposition of interaction terms reads

H intra
int = − U0

2N

∑
k,k′,τ,σ

(〈c†
τ,σ̄ (k′)cτ,σ (k′)〉 − 〈c†

τ̄ ,σ̄ (k′)cτ̄ ,σ (k′)〉)c†
τ,σ (k)cτ,σ̄ (k)

− 3U1

2N

∑
k,k′,τ,σ

cos (θ (k) − θ (k′))〈c†
τ,σ̄ (k′)cτ,σ (k′)〉c†

τ,σ (k)cτ,σ̄ (k)

+ U0

2N

∑
k,k′

(〈c†
κ,↑(k′)cκ,↓(k′)〉 − 〈c†

κ ′,↑(k′)cκ ′,↓(k′)〉)(〈c†
κ,↓(k)cκ,↑(k)〉 − 〈c†

κ ′,↓(k)cκ ′,↑(k)〉)

+ 3U1

2N

∑
k,k′,τ

cos (θ (k) − θ (k′))〈c†
τ,↑(k′)cτ,↓(k′)〉〈c†

τ,↓(k)cτ,↑(k)〉. (B6)

Similar to the intervalley case, based on the form of H intra
int ,

we only need to consider the s-wave and the p-wave chan-
nels of the order parameter 〈c†

τ,−,↑(k)cτ,+,↓(k)〉. Also, it is
natural to expect that the order parameters in the two valleys
τ = κ, κ ′ share the same orbital angular momentum. With this

expectation, we find that the saddle point equations in the
s-wave channel only depend on U0 while those in the p-wave
channel only depend on U1.

At zero temperature, we find the two most dominant mean-
field solutions with the largest gaps opened around the Fermi
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surface. The corresponding orders are then expected to have
the highest mean-field transition temperatures. One of these
mean-field solutions is given by the intervalley hybridization
in the s-wave channel with 〈c†

κ,−,↑cκ ′,+,↓〉 = 〈c†
κ ′,−,↑cκ,+,↓〉,

which gives rise to the canted
√

3 × √
3 SDW order, as il-

lustrated in Fig. 3(b). In this phase, the gap opened at the
Fermi surface is given by 2hx exp(− 2

3U1ρ
), where the density

of states ρ can be approximated to a constant 4hx

3πt2
1

within the
energy interval between two Dirac points (at energies −hx and
hx relative to the Fermi level). The other dominant mean-field
solution is given by the intravalley hybridization in the s-wave
channel with 〈c†

κ,−,↑cκ,+,↓〉 = −〈c†
κ ′,−,↑cκ ′,+,↓〉, which gives

rise to the canted Néel AFM order, as shown in Figs. 3(b)
and 3(c). In this canted Néel AFM phase, the gap size is given
by 2hx exp(− 1

U0ρ
).

By comparing the gaps, we expect the canted Néel AFM
phase to be the energetically favorable ground state for

U1 < 2
3U0 in the weak-coupling limit. When U1 increases

beyond 2
3U0, the ground state goes through a first-order

phase transition into the canted
√

3 × √
3 SDW phase. We

comment that it is challenging to extend our numerical
Hartree-Fock calculation, which includes all the interaction
terms, to the weak-coupling limit because of the exponen-
tially small gap sizes. From the Hartree-Fock phase diagram
with U0 > t1 as shown in Fig. 3(c), the sublattice-polarized
phase is more energetically favorable than both the canted√

3 × √
3 SDW insulator and the canted Néel AFM insulator

when U1 � 1
3U0 + 2

3 hx. However, there is no Fermi surface
instability towards the sublattice-polarized insulator in the
weak-coupling limit. It would be interesting to investigate
the competition between the canted Néel AFM insulator, the√

3 × √
3 SDW insulator, and the sublattice-polarized insula-

tor in the regime with U0 < t1, which we will leave for future
study.
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